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Abstract—The performance of Zak-OTFS modulation is criti-
cally dependent on the choice of the delay-Doppler (DD) domain
pulse shaping filter. The design of pulses for L?(R) is constrained
by the Balian-Low Theorem, which imposes an inescapable trade-
off between time-frequency localization and orthogonality for
spectrally efficient systems. In Zak-OTFS, this trade-off requires
balancing the need for localization for input/output (I/0) relation
estimation with the need for orthogonality for reliable data
detection when operating without time or bandwidth expansion.
The well-known sinc and Gaussian pulse shapes represent the
canonical extremes of this trade-off, while composite construc-
tions such as the Gaussian-sinc (GS) pulse shape offer a good
compromise. In this work, we propose a systematic DD pulse
design framework for Zak-OTFS that expresses the pulse as a
linear combination of Hermite basis functions. We obtain the
optimal coefficients for the Hermite basis functions that minimize
the inter-symbol interference (ISI) energy at the DD sampling
points by solving a constrained optimization problem via singular
value decomposition. For the proposed class of Hermite pulses,
we derive closed-form expressions for the I/O relation and
noise covariance in Zak-OTFS. Simulation results of Zak-OTFS
with embedded pilot and model-free I/O relation estimation in
Vehicular-A channels with fractional DDs demonstrate that the
optimized pulse shape achieves a bit error rate performance that
is significantly superior compared to those of the canonical sinc
and Gaussian pulses and is on par with that of the state-of-the-
art GS pulse, validating the proposed framework which provides
greater design flexibility in terms of control of ISI and sidelobe
energies.

Index Terms—Zak-OTFS modulation, delay-Doppler domain,
pulse shaping filter, Hermite basis functions, ambiguity function,
I/0O relation estimation, equalization/detection.

I. INTRODUCTION

RTHOGONAL time frequency space (OTFS) modula-
Otion is a delay-Doppler (DD) domain modulation de-
signed to provide robust performance in wireless channels
characterized by high Doppler spreads [1]-[3]. While early
works on OTFS focused on the multicarrier version of OTFS
[1]-[10], Zak transform based OTFS (Zak-OTFS) has emerged
[11],[12] as a compelling alternative, offering a rigorous math-
ematical framework and enhanced robustness over a wider
range of delay and Doppler spreads [13]-[26]. In Zak-OTFS,
the information symbols are multiplexed in the DD domain,
and the conversion to a time domain signal for transmission is
done using inverse Zak transform. At the receiver, the received
time domain signal is converted to DD domain using Zak
transform.

A critical component of the Zak-OTFS transceiver is the
DD domain transmit pulse shaping filter, which is used to
limit bandwidth and time duration of transmission. The choice
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of this filter is not trivial as it directly shapes the effective
channel, which is a cascade of the transmit filter, the physical
channel, and the receive filter. Consequently, the characteristics
of the pulse in terms of localization and orthogonality in the
DD domain profoundly influence the performance of the two
primary receiver tasks, namely, estimation of the DD input-
output (I/O) relation and subsequent equalization and detection
of data symbols. The pulse shaping filter, therefore, should
be carefully designed to enable both of these tasks to be
performed with good accuracy and efficiency.

The design of pulses for the space of square-integrable func-
tions on R, LQ(R), is constrained by the Balian-Low Theorem
(BLT), which imposes an inescapable trade-off between time-
frequency localization and orthogonality for spectrally efficient
systems [27]. Good localization, characterized by concentrated
energy and low side lobes, is essential for accurate 1/O
relation estimation in Zak-OTFS, as it reduces DD aliasing
(i.e., interference from quasi-periodic replicas) and pilot-data
interference. Conversely, orthogonality which manifests as
nulls at the DD domain Nyquist sampling points, is critical
for minimizing inter-symbol interference (ISI) energy which
is beneficial for reliable data detection. The well-known sinc
and Gaussian pulse shapes represent the canonical extremes
of this trade-off. The sinc pulse has perfect orthogonality
(nulls at sampling points) by satisfying the Nyquist criterion
for zero ISI but poor localization (high sidelobes), whereas
the Gaussian pulse achieves optimal localization (very low
sidelobes) by reaching the minimum time-bandwidth product
allowed by the Heisenberg uncertainty principle at the expense
of significant ISI (no nulls at sampling points). Root-raised co-
sine (RRC) pulse gives lower sidelobes compared to sinc pulse,
but at the cost of bandwidth/time expansion. Composite pulse
designs, such as the Gaussian-sinc (GS) pulse which inherits
the complementary strengths of Gaussian and sinc pulses, offer
a better compromise [23]. However, sinc, Gaussian, and GS
pulses do not offer design flexibility without bandwidth or
time expansion.

In this paper, we move beyond the well-known sinc, Gaus-
sian, and GS pulses, and propose a systematic pulse design
framework for Zak-OTFS with no bandwidth or time expan-
sion. The core of our framework is to express the pulse as a lin-
ear combination of Hermite basis functions. This approach has
a strong foundation in multicarrier systems [28],[29], where
it has been used to design well-localized pulses for different
lattice structures [27]. Recently, the use of Hermite functions
has seen renewed interest in various OTFS applications. For
example, the time-frequency (TF) localized pulse designed and
solved in [28] as a linear combination of Hermite functions
has been used to mitigate fractional delay effects in discrete
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Zak transform based OTFS (DZT-OTFES) in [30]. In [30],
the pulse shaping is performed in the time domain (TD). It
adopts the pulse coefficients in the fixed design in [28] which
are determined by enforcing ambiguity function annulation at
selected TF lattice points to ensure orthogonality on the TF
lattice. The design explicitly targets a half-density lattice (i.e.,
TF lattice density py; = 0.5) to satisfy the BLT constraints.
In contrast, our current work develops a new flexible pulse
design framework tailored for Zak-OTFS and the DD domain.
We perform pulse shaping in the DD domain and enforce
orthogonality on the DD grid by formulating and solving an
optimization problem that minimizes the total ISI energy at
DD lattice points under critical DD lattice density (i.e., DD
lattice density ppp. = 1). Also, individual single-order Hermite
functions have been employed for multiplexing of users in
OTFS-NOMA in [31]. We select the Hermite functions in
our work since they provide a flexible design framework.
Hermite functions are a set of mutually orthogonal functions,
each formed by the product of a Hermite polynomial and
a Gaussian envelope. The set of Hermite functions forms a
complete orthonormal basis for L?(R), which is the key to the
flexibility of the framework, as it allows the construction of
a desired pulse shape by choosing the appropriate coefficients
for the linear combination. Furthermore, these basis functions
are considered the most time-frequency localized orthonormal
basis for finite-energy signals [27]. This optimal localization
stems from their foundation on the Gaussian pulse, the unique
function that achieves the minimum of the Heisenberg uncer-
tainty principle. This unique duality—a complete orthonormal
basis composed of individually localized functions—makes the
Hermite set a good choice for systematically engineering high-
performance DD pulses. The new contributions in this paper
are summarized as follows:

e« We propose a systematic pulse design framework for
Zak-OTFS based on a linear combination of Hermite
basis functions. By offering the capability to tune the
localization-orthogonality trade-off without bandwidth or
time expansion, this framework serves as an enabler for
integrated sensing and communication (ISAC) scenarios,
where communication demands very good orthogonality
and sensing demands very good localization.

o« We formulate the coefficient design as a constrained
optimization problem with ISI energy as the objective
to minimize, which we solve efficiently using singular
value decomposition (SVD).

o We quantitatively evaluate the designed pulse’s ISI and
sidelobe energies as a function of the number of basis
functions used in the construction, providing key insights
into the trade-off between localization and orthogonality.

o For the proposed class of Hermite pulses, we derive
closed-form expressions for the I/O relation and noise
covariance in Zak-OTFS. The derivation transforms com-
putationally intensive integrals into finite summations by
leveraging the ambiguity function and Fourier eigenfunc-
tion properties of the Hermite basis, which significantly
reduces simulation run times.

o Through extensive simulations of Zak-OTFS with em-

bedded pilot and model-free I/O relation estimation
in Vehicular-A channels [32] with fractional DDs, we
demonstrate that the proposed optimized pulse signif-
icantly outperforms the canonical sinc and Gaussian
pulses in terms of bit error rate (BER) and achieves a
BER performance which is on par with that of the state-
of-the-art GS pulse.

The rest of the paper is organized as follows. Section II in-
troduces the Zak-OTFS system model. Section III presents the
proposed pulse design including the formulation and solution
of the constrained optimization problem, and the derivation of
closed-form expressions for I/O relation and noise covariance.
Simulation results and discussions are presented in Sec. IV.
Conclusions and future work are presented in Sec. V.

II. ZAK-OTFS SYSTEM MODEL

Figure 1 shows the block diagram of a Zak-OTFS
transceiver. In Zak-OTFS, a pulse in the DD domain is the
basic information carrier. A DD pulse is a quasi-periodic
localized function defined by a delay period 7, and a Doppler
period v, = —. The fundamental period in the DD domain
is defined as DO ={(r,v) : 0 <7< 7,0 <v<ul,
where 7 and v represent the delay and Doppler variables,
respectively. The fundamental period is discretized into M
bins on the delay axis and N bins on the Doppler axis,
as {(k3, 1)k =0,...,M — 1,1 = 0,...,N — 1}. The
time domain Zak-OTFS frame is limited to a time duration
T = Nt and a bandwidth B = Muy,. In each frame,
M N information symbols drawn from a modulation alphabet
A zlkl] e A, k=0,....M-1,1=0,....,.N — 1,
are multiplexed in the DD domain. The z[k,[]s are encoded
according to the following equation to obtain a quasi-periodic
extension of the signal in the discrete DD domain:

xaalk + nM,l+ mN] :x[kz,l]eﬂ””%, n,mé€Z. (1)

These discrete DD domain signals zqq[k, {]s are supported on
the information lattice Agq = {(k ]TJ},ZV”)UC,Z € Z}. The
continuous DD domain information signal is given by

Zaa(T,v) = Z .%‘dd[k‘,l](S(T - %)5(1/ - %), 2)

k,IEZ

where §(.) denotes the Dirac-delta impulse function. For
any n,m € Z, we have zqa(7 + nm,v + my,) =
eIV 144 (7, 1), so that xqq(7,v) is periodic with period
v, along the Doppler axis and quasi-periodic with period 7,
along the delay axis.

The DD domain transmit signal xy}*(7,v) is given by
the twisted convolution of the transmit pulse shaping fil-
ter wex(7,v) with zqq(7,v) as z35(7,v) = w(T,V) %4
2q4(7,v), where *, denotes the twisted convolution'. The
transmitted time domain (TD) signal syq(t) is the TD real-
ization of a4 (1,v), given by sw(t) = Z; ' (25 (1,v)),

where Z, denotes the inverse time-Zak transform operation.

ITwisted convolutlon of two DD functions a(7, ) and b(T v) is defined
as a(7,v) *o ff b — 7 v — 1)ed2 =T qr gy
Inverse tlme Zak transform of a DD functlon a(r,v) is defined as

Z;l(a(T7 v)) 2 Vo Oup a(t,v)dv.
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Figure 1: Block diagram of Zak-OTFS transceiver.

The transmit pulse shaping filter wi (7, v) limits the time and
bandwidth of the transmitted signal siq(¢). The transmit signal
stq(t) passes through a doubly-selective channel, resulting in
the output signal 7¢q(¢). The DD domain impulse response of
the physical channel Ay (7, V) is given by

P
hony (T,V) = Z hid(r — 11)6(v — vy), 3)
i=1

where P denotes the number of DD paths, and the ¢th path
has gain h;, delay shift 7;, and Doppler shift v;.

The received TD signal y(t) at the receiver is given by
y(t) = ra(t) + n(t), where n(t) is AWGN with variance
No, ie., E[n(t)n(t + t')] = Nod(t'). The TD signal y(t) is
converted to the corresponding DD domain signal yqq(7, V)
by applying Zak transform?, i.e.,

Yad(T,v) = Zy(y(t)) = raa(r,v) + naa(r,v), “)

where r44(7, V) = hphy (T, V) %6 Wex (T, V) %5 Taa(T,v) is the
Zak transform of 7¢q(t), given by the twisted convolution
cascade of x4q (7, V), Wi (T, ), and hpny (7, v), and ngq (7, V)
is the Zak transform of n(t). The receive filter is matched to
the transmit pulse, i.e., Wy (T, V) = Wi, (—7, =)™ [15]-
[19] and acts on yqq(T, V) through twisted convolution to give
the output

Wrx

Yad (7_7 V) = wrx(Tv V) *o ydd(Tv V)

= Wix(T, V) *¢ Aphy (T, V) %6 Wix (T, V) % Taa (T, V)

A
= hest(T,v)

+ Wi (T, V) *¢ naa (T, v), (®)]

2 nyr* (r,v)

where he(7,v) denotes the ‘effective channel’ consisting of
the twisted convolution cascade of wx(7,v), hpny (T, ), and
Wik (T,v), and ni3*(7,v) denotes the noise filtered through
the receive filter. The DD signal y{:*(7,v) is sampled on the
information grid, resulting in the discrete quasi-periodic DD

domain received signal yqq[k, ] as

w kT, ly,
= Yad (T = MPWZ ]\;)

=" helk — k',1 — Vlzaalk',V]e>™ 375+ ngqlk, I]. (6)
k' '€L

yadlk, 1]

Hence, the yqql[k,!] samples are given by yqalk,!]
hett [k, ] *oa Tadlk,1] + naalk,l], where *,q is twisted con-
volution in discrete DD domain, i.e., heg [k, (] *oq xaalk,l] =

1>

3Zak transform of a continuous TD signal a(t) is defined as Z; (a(t))
VT ke AT + krp)e 2T RT.

dopveg helk — K1 — l’]xdd[k",l/}ejz”%, where the
effective channel filter heg[k,l] and filtered noise samples
naqlk,l] are given by

kT v

heti[k, 1] = hegr (T = MPW = ]\;) , @)
kT v

naalk, 1] = ngg™ (T = MPW = ]\?) . (8)

Because of the quasi-periodicity in the DD domain, it is
sufficient to consider the received samples yqq |k, (] within the
fundamental period Dy. Writing the yqq[k,{] samples as a
vector, the received signal model can be written in matrix-
vector form as [11],[12]

y = Hex + 1, )]
where x,y,n € CMN>1 quch that their (kN 414 1)th entries
are given by zpnyi+1 = Zadlk, ], yenti+1 = Yaalk, 1],

NeN+ie1 = Nadlk, ], and Heyp € CMNXMN g the effective
channel matrix such that

He[K'N + '+ LEN +14+1] = Y heglk' — k= nlM,
m,n€Z

- mN]ej%ml/Neﬂw—“'*l’"k]fvz)v(H"M) . (10)
where ¥,k = 0,....M — 1, I';)] = 0,...,N — 1. At the
receiver, the I/O relation captured in (9) needs to be estimated
for data detection. I/O relation estimation refers to the task
of estimating the heg[k,l] coefficients at the receiver and
constructing an estimate of the H. g matrix using (10), which
is used for data detection.

A. DD pulse shaping filters

In the absence of pulse shaping, i.e., w(7,v) = d(T,v),
the transmit signal has infinite time duration and bandwidth.
Pulse shaping limits the time and bandwidth of transmission.
We consider transmit DD pulse shaping filters of the form
wi(T,v) = wq(7)ws(v) [12],[15]. The time duration 7" of
each frame is approximately related to the spread of wsy(v)
along the Doppler axis as % Similarly, the bandwidth B’
is approximately related to the spread of wi(7) along the
delay axis as %. That is, a larger bandwidth and time
duration imply a smaller DD spread of w(7,v), and hence
a smaller contribution to the spread of heg(7,v). Sinc, root-
raised cosine (RRC), Gaussian, and Gaussian-sinc (GS) filters
have been considered in the Zak-OTFS literature. RRC filter
incurs expansion in bandwidth/time depending on the roll-off
factor. Sinc, Gaussian, and GS filters do not incur bandwidth
or time expansion. We consider filters which do not incur
bandwidth or time expansion. The sinc, Gaussian, and GS
filters are described below.
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Sinc filter: The DD domain sinc filter is given by
wi (1,v) = VBsine(B7) VTsinc(Tv) .

w1 (T)

(1)

wa (V)

For sinc filter, the frame duration 77 = 7T and frame
bandwidth B’ = B (i.e., there is no time or bandwidth
expansion), resulting in a spectral efficiency of BB,g/ =1
symbol/dimension. Sinc filter has the advantage of nulls at
the sampling points, which is optimum for data detection with
perfect channel knowledge. However, it has high sidelobes
which is detrimental for I/O relation estimation.

Gaussian filter: The DD domain Gaussian filter is given by

1 1
20. B2\ * 2 2 20, T2\ 1 2 2
N ) I = I

™ ™

w1 (7) w2 (V)

(12)
which can be configured by adjusting the parameters «, and
a,.. Due to the infinite support in Gaussian pulse, its effective
time duration 7" and bandwidth B’ are defined by 99% energy
containment. To achieve no time and bandwidth expansion
(i.e., 7" = T, B’ = B), the roll-off factors are set to o, =
a, = 1.584. Gaussian filter has very low sidelobes, because
of which it is attractive for I/O relation estimation. However,
its lack of nulls at sampling points cause ISI leading to poor
detection performance.

GS filter: For GS filter, wy(7) and ws(v) are given
by wi(r) = Q.vBsine(Br)e 57 and wy(v) =
Qv Tsinc(Tv)e=T*"* | so that

w (7, V) = 0, BTsinc(BT)sinc(Tu)e_o‘TBzTQe_a“TQ”Z.
13)
The roll-off parameters are chosen to be a., = o, = 0.044
for no bandwidth/time expansion and the energy normalization
parameters are 2, = (2, = 1.0278 [23]. The GS filter inherits
the complementary strengths of both sinc and Gaussian filters,
achieving a better BER performance compared to sinc and
Gaussian filters under model-free 1/O relation estimation [23].

B. Model-free I/0 relation estimation

Zak-OTFS has the advantage of a simple model-free I/O
relation estimation in fractional DD channels, when the system
is operated in the crystalline region [12]. A system is said
to be operating in the crystalline region if the crystallization
condition is met. The crystallization condition is said to be
met if the delay spread of the effective channel is less than the
delay period 7;, and the Doppler spread of the effective channel
is less than the Doppler period v;,. Model-free estimation
does not require explicit estimation of the channel parameters
{hi,7,v;},i=1,..., P, and a simple read-off operation from
a suitably defined read-off region around the pilot location in
the received frame gives the 1/O relation estimate [12],[23].

III. PROPOSED HERMITE PULSE SHAPING FILTER

In this section, we present the proposed DD pulse design
framework using Hermite basis functions. We begin by intro-
ducing the Hermite functions and their excellent localization

Table I: Key notations used in the proposed framework.

Notation | Description

Un(:) nth order Hermite basis function

On(y) nth order scaled Hermite basis function

Nc Number of Hermite basis functions

Or,0p Scaling parameters along delay and Doppler axes

Br, Bu Roll-off factors along delay and Doppler axes

c,d Vector of pulse coefficients along delay and Doppler axes
L Number of sampling points to capture ISI energy

properties. We develop the structure of the proposed pulse as a
scaled linear combination of these basis functions. The core of
the framework, i.e., formulation of a constrained optimization
problem (solved via SVD) to derive the optimal coefficients
that minimize the ISI energy, is then detailed. Next, we analyze
the key characteristics of the optimized pulse, focusing on
the trade-off between localization and orthogonality. Finally,
for the proposed Hermite pulses, we present the derivation
for the closed-form expressions of the I/O relation and noise
covariance in Zak-OTFS. Table I summarizes the key notations
used in the proposed framework.

A. Hermite functions as an orthonormal basis

The challenge in pulse design, as highlighted by the Balian-
Low Theorem, is to find a function that simultaneously offers
good TF localization and orthogonality. The Hermite functions
are particularly well-suited for this challenge. The set of
Hermite functions, {,,(t)}22, forms a complete orthonormal
basis for the Hilbert space of square-integrable functions
L?(R). This means any practical pulse shape can be accurately
represented as a linear combination of Hermite functions.
Furthermore, each individual function is highly localized in
time and frequency. The Hermite functions are defined using
the Hermite polynomials, H,(t), which are given by the
Rodrigues’ formula:

2 db 2
H,(t) =(—-1)"e el
The nth order orthonormal Hermite basis function, 1, (t), is
constructed by multiplying the Hermite polynomial with a
Gaussian envelope as

(14)

—1/4

n(l) = /==
= e
Each basis function v, (t) is well localized, with the zeroth-
order function () being the Gaussian pulse that achieves
the minimum possible TF spread allowed by the Heisenberg
uncertainty principle.

H,(t)e /2, (15)

B. Construction of the proposed pulse shape

For practical implementation in a communication system
with a given bandwidth and time duration, we introduce a
scaled version of the Hermite basis. A real-valued scaling
parameter o > 0 is used to control the pulse width, which is
analogous to a roll-off factor. The scaled orthonormal Hermite
basis functions are defined as

¢n<0a t) = \/Ewn(o—t) (16)
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This transformation scales the function’s argument by o and
its amplitude by /o, a structure that conveniently preserves
the orthonormality of the basis set.

We propose to construct the pulse shaping filters for the
delay and Doppler axes, wi(7) and wa(v), respectively, as a
linear combination of a finite number of these scaled basis
functions. To ensure that the resulting pulse is symmetric (an
even function), we use only even-ordered Hermite functions.
The proposed pulses are thus defined as

N.—1

wi(r) = Y contpon(or,7), (17)
Nt

we(v) = Y danton(0y,v), (18)
n=0

where N. is the number of even-ordered basis functions.
{con}Negt and {dg, }Dey! are the sets of real-valued co-
efficients that need to be optimized, and are represented
by the vectors ¢ = [cg co CQ(NC_U]T € RNex1
and d = [dy do donv.—1y]T € RNeX1 respectively.
To ensure energy normalization in the resulting pulses, we
impose a unit-norm constraint on these coefficient vectors,
ie., ||c|| = ||d|| = 1. This follows from Parseval’s theorem
for orthonormal bases, where the pulse energy equals the
squared norm of its coefficients [33]. This constraint also
makes the subsequent optimization problem well-posed. The
scaling parameters o, and o, are directly linked to the system
parameters and roll-off factors 5, and 3, as

r=B+28, and o,=T

2, .

The roll-off factors /3, and 3, are critical for energy contain-
ment within bandwidth B and time duration 7', respectively.
However, since the final pulse shape (and its energy distri-
bution) depends on the optimized coefficients cqp and dopy,
which are themselves derived for given roll-off factors 3, and
B, respectively, these parameters must be determined jointly.
For the proposed design with no time/bandwidth expansion,
we have symmetric pulse shape along the delay and Doppler
axes, implying 8, = B, and cop = dop. We employ the
following iterative search procedure to find the maximum roll-
off that satisfies the energy containment criterion:

19)

o Step 1 (Initialization): Define a search range for the
roll-off factor 3, (e.g., 5, € [0.1,2.0)).
o Step 2 (Optimization loop): For each candidate 53,
1) compute the scaling factor o, using (19),
2) solve the optimization problem to obtain the optimal
coefficients cqp, and
3) construct the resulting pulse w; (7) and calculate its
in-band energy ratio 7.
o Step 3 (Selection): Select the maximum [, such that the
pulse maintains 7, > 0.99.
This systematic approach ensures that the resulting pulses
are both spectrally efficient (meeting the 99% time/bandwidth
constraint) and optimized for minimum ISI.
Remark on exact synthesis within finite subspace: We em-
phasize that the Hermite representation adopted in this work is
not a truncated approximation of a pre-existing infinite series.

Instead, the pulse is synthesized directly within the finite-
dimensional subspace

Vn, = span{o(t), ¢2(t), ..., pan,—1)(t)},

and the coefficients are optimized within this space. Therefore,
the resulting pulse is exact and no truncation or approximation
error is incurred. The parameter N, governs the dimension-
ality of the design space and its impact on the localization-
orthogonality trade-off is analyzed quantitatively in Sec. III-E.

C. Derivation of optimal coefficients

We formulate the coefficient design problem as a con-
strained optimization problem with the ISI energy as the
objective to minimize. The ISI energy is the energy of the
pulse at the non-zero Nyquist sampling instants. For the delay
domain pulse w; (7) which is even/symmetric by construction,
i.e., wi(7) = wy(—7), the ISI energy in L sampling points on
either side of the zero sampling point (7 = 0) is given by

L
Erstw, = 22|w1(p/3)\2
p=1
L |Ne—1
2 Z 627,,(,252”(0'7—,}7/3)
p

=1| n=0
2] c|2.

2

(20)

The last step in (20) follows from expressing the inner sum
as the pth element of the vector ®,.c, where ®, € RE*Ne
is a matrix with entries (®;),, = ¢2n(0o-,p/B), for p =
1,...,Land n=0,...,N. — 1. We choose a large value of
L > N,, leading to a tall matrix ®... The design problem is to
find the coefficient vector ¢ that minimizes the energy Fisy ), -
This amounts to minimizing ||®.,c||? subject to the unit-norm
constraint, which is formally stated as

m‘inimize | ®c|?. 1)

lell=1

The solution to this constrained optimization problem is given
by the following theorem.

Theorem 1. Given the SVD of the real matrix
D = U, X, VL, where U, e  RLXL gpd
V, = [vi1 Vi vr N, € RNexNe  qre orthogonal

matrices, and X, € RE*Ne s a diagonal matrix whose

diagonal entries o; ; are the singular values of ®, arranged
in descending order (01, > 02, > -+ > on,r > 0). Then
the optimal coefficient vector cqp, that solves the constrained
ISI energy minimization problem in (21) is the last right
singular vector of the matrix ®,, i.e.,

(22)

Copt = Vr,N,-

Furthermore, the minimum ISI energy achieved by the result-
ing pulse is Ejg, = 203 .-

Proof: See Appendix A. [ ]

In a similar way, for the Doppler domain pulse ws(v),
the design objective is to minimize the ISI energy, which is
concentrated at the Nyquist sampling instants ¢/7" for integers
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q # 0. The ISI energy expression is analogous to (20) and is
given by

L
Eistw, = 22|w2(q/T)|2
q=1

L |N.—1 2
2> | > dandon(ow,q/T)
g=1| n=0

= 2[|®,d|*. (23)

The matrix ®, € RL*Me is constructed with entries
(®L)gn = ¢an(ov,q/T), for ¢ = 1,...,L and n =
0,...,N. — 1. The optimization problem for the Doppler
coefficient vector d can be stated as
minimize ||®,d|?.
lldfl=1
As in the case of obtaining the optimal vector ¢y, the optimal
vector dop is found from the SVD of ®, = U,X, VL.
The optimal coefficient vector is the last right singular vector,
vV, N, corresponding to the smallest singular value oy, ., i.€.,

(25)

(24)

dopl = Vu,N.;»

and the minimum IST energy for the optimum Doppler domain
pulse is Efg, = 20% . The optimized overall DD domain
transmit pulse wix(7,7) is obtained as the product of the
optimized w1 (7) and ws(v).

D. Pulse design complexity analysis and online adaptability

A key practical advantage of the proposed framework is
its low computational complexity during the pulse design
phase, which can facilitate online or semi-online adaptation.
The optimization problem relies on the SVD of the matrices
., ®d, € RL*Ne The asymptotic complexity of this operation
is O(LN?). Since N, is typically small (e.g., 9) and the
number of sampling points L required to capture the ISI
energy is also limited (typically 20), the computational cost
is small. Consequently, if the receiver detects a significant
shift in channel statistics, it can potentially adjust N, and
recompute the optimal pulse coefficients in an online or semi-
online manner.

E. Analysis of the characteristics of the optimized pulse

In this section, we analyze the key characteristics of the
proposed Hermite pulses designed for different N, values
without incurring bandwidth/time expansion. The analysis
focuses on the impact of N, on the fundamental trade-off be-
tween orthogonality (quantified by ISI energy) and localization
(quantified by sidelobe energy). To illustrate this relationship,
we present the heatmaps of the optimized Hermite pulse
shapes for different N., followed by a quantitative evaluation
of their energy distribution.

Figure 2 shows the delay pulse magnitude |ws(7)| (in dB
scale) as a function of the normalized delay B7. The figure
compares the proposed Hermite pulses for different N, values
(N. = 4,6,9) with baseline pulses including sinc, Gaussian,
and Gaussian-sinc pulses. It can be seen that increasing N,

- - =Sinc

ol - - - Gaussian
Gaussian-Sinc
Hermite (N, = 4)
Hermite (N, = 6)

Y .
9l ol “, —— Hermite (N, =9)
' ' 1.
:
1)

jwa()| (dB

.

60 +

-80

-10 -5 0 5 10
Normalized Delay, Bt

Figure 2: Sinc, Gaussian, Gaussian-sinc, and proposed Hermite
pulse shapes.

improves orthogonality by extending the number of effective
nulls at the Nyquist sampling points. For example, the pulse
for N. = 9 maintains its critical null structure up to the seventh
sampling instant from 7 = 0, while the energy of the pulse
for N, = 4 decays rapidly beyond the third sampling instant.
Furthermore, the first major sidelobe that appears after this
primary region of nulls is significantly higher for smaller N..
This peak is at approximately -25 dB for N, = 4, while for
N, = 9 it is suppressed to below -40 dB. This enhanced
orthogonality comes at a direct cost to localization. As N,
increases, the overall energy envelope of the pulse becomes
significantly wider, signifying poorer energy containment. This
is evident as the pulse for N, = 9 is spread across a much
larger range of delays compared to the more compact shape of
the N, = 4 pulse. Figure 2 therefore captures the fundamental
trade-off: a larger N, provides superior orthogonality at the
expense of localization.

The above trade-off behavior naturally extends to the DD
pulse wy (7, v) = wi(7T)wa(v), as captured in heatmap form
in Fig. 3. This figure illustrates how the optimization process
fundamentally redistributes the pulse’s energy in the DD plane
to promote orthogonality. For the case of N, = 1, the pulse
is the canonical Gaussian pulse with its energy optimally
concentrated around the origin, which has the best localization
but lacks the nulls required for orthogonality. As N, increases,
the ISI minimization carves out a sharp grid of nulls along the
delay and Doppler axes—the visual signature of a pulse de-
signed for low ISI energy. This process of suppressing energy
at the Nyquist sampling points inherently forces that energy
to be distributed resulting in the formation of a prominent
cross-shaped sidelobe structure. As shown in the progression
from N, = 4 to N. = 9, this structure becomes more
pronounced and spreads further from the origin, providing a
clear visual illustration that improved orthogonality is achieved
by sacrificing the pulse’s compact localization.

In order to quantify the trade-off pictorially observed in
Figs. 2 and 3, we evaluate the two key metrics plotted in Fig. 4:
IST energy (blue curve) to quantify orthogonality and sidelobe
energy (red curve) to quantify localization as a function of
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Figure 3: Heatmaps of the proposed Hermite pulses for dif-
ferent values of N.. N. = 1 corresponds to the canonical
Gaussian pulse.

N,. The ISI energy is computed analytically for the delay
pulse using the result from Theorem 1, which states that the
minimum achievable ISI energy is directly given by ZU?VC. The
effectiveness of this optimization is clear from the blue curve,
which shows that the ISI energy drops from approximately -10
dB at N, =1 to-40 dB at N. = 9, a large improvement of 30
dB. This confirms that adding more basis functions allows us
to create progressively deeper and more effective nulls. The
sidelobe energy is numerically computed for the complete DD
pulse, wi (7, v), to capture the total energy leakage in the DD
plane, as the energy outside the region [— 7, &) x [— &, “2).
The red curve shows that the gain in orthogonality comes at
a direct cost to localization, as the sidelobe energy increases
sharply from a low of 2% at N. =1 to over 10% at N, = 9.

The above analysis demonstrates that the choice of N, is not
arbitrary, simply increasing its value to improve orthogonality
is suboptimal due to the detrimental effect on localization. The
selection of N. must, therefore, be based on balancing this
trade-off to achieve the best overall system performance. We
determine the optimal value based on the BER performance
(see Fig. 6 presented in Sec. IV) and this value is used in
subsequent BER simulations.

F. Discussion on design philosophy

The proposed framework achieves a balance between lo-
calization and orthogonality through a bottom-up construction
that decouples the control of these two attributes as described
below.

e Implicit localization via design subspace constraint: The
requirement for low sidelobes is enforced implicitly by
the choice of N.. Our pulse construction starts from
the Oth order Hermite function (Gaussian), which is
maximally localized but suffers from high ISI. By re-
stricting the pulse to a low-dimensional subspace Vy,,
we systematically limit the pulse’s dispersion. As detailed

-10 12
20| 110_
(=) =
>
S 30} 18 &6
> [}
&6 =
a £a)
& -40} 162
— —
[op] [}
~ =
501 —-o-ISI Energy 14&
—-Sidelobe Energy
—600 : : 2
1 1
5 N, 0 5
Figure 4: ISI energy and sidelobe energy of the proposed

Hermite pulses as a function of N..

in Sec. III-E, keeping N. small constrains the design
subspace to enforce tight localization, preventing the
high sidelobes associated with sinc-like pulses without
requiring an explicit sidelobe minimization term in the
objective function.

e Explicit orthogonality via optimization: With localization
effectively constrained by the design subspace, we utilize
the degrees of freedom allowed by N, to focus the
explicit optimization objective exclusively on minimizing
ISI. This allows the optimizer to force nulls at the
sampling points, thereby correcting the inherent ISI of the
Gaussian starting point without breaking the localization
constraint.

We further note that the proposed framework is general
and can support multi-objective optimization within the same
Hermite framework, where, for example, the objective function
can be extended to minimize a weighted sum of ISI and
sidelobe energy.

G. I/0 relation and noise covariance closed-form expressions

To facilitate the theoretical analysis and simulation of Zak-
OTFS with the proposed Hermite pulse, we have derived
closed-form expressions for the I/O relation and the noise co-
variance. The derivation transforms computationally intensive
integrals into finite summations by leveraging the ambiguity
function and Fourier eigenfunction properties of the Hermite
basis. These closed-form expressions reduce simulation run
times significantly. For the system parameters in Fig. 9, the
simulation run times taken for the computation of heg[k, I]s
with closed-form expression and without closed-form ex-
pression (i.e., with numerical integration) for 1000 channel
realizations at a given SNR are found to be 14.8 min and
37.4 min, respectively*. The derived closed-form expressions
are presented in the following Theorems 2 and 3, with their
corresponding derivations detailed in the Appendices B and
C, respectively.

4The simulations are run on a PC with a 13th Gen Intel Core i7-13700
processor (16 cores, 24 threads) and 48.0 GiB of RAM, using MATLAB
R2023b.
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Theorem 2. The DD domain effective channel heg(T,v) for
the proposed Hermite pulse is given by

P
heg(T,v) = ™7 g h; e 7TV
i=1
N,—1

Vi
X ( Z Con, C2m, A¢2n171/}2m1 <UT(Ti - 7')5 _O':->>
n1,m1=0
N.—1 T
X ( Z d2n2 d2m2 Aw2n271/"27712 <UV(Vi o V)’ Uu)) ’
n2,m2=0
(26)

where Ay, .. (-, ) is the symmetric cross-ambiguity function
of the Hermite basis functions, given by [34]

nlm!

b An+m _j(n—m)tan”! (52—
Awnﬂbm (Tv V) =7 on+m (_.]) +m i )t (27”/)
=3 T @)
x ];) Vk,n,m wn+m—2k f s 27

and the coefficient vy, ,, y, is defined as

1

Vknom =
B ok (n+m — 2k)!
min(k,n,m)
—4) — 2u)!
o ul(m — u)!l(n — u)l(k — u)!
Proof: See Appendix B. ]

Remark on computational complexity: While the pulse de-
sign phase requires small complexity (as discussed in Sec.
III-D), it is also important to note that the derived closed-
form expression for the I/O relation significantly reduces the
computational complexity of system simulation compared to
numerical integration. We evaluate the computational com-
plexity of calculating heg(7,v) using the derived closed-
form expression, in terms of the number of floating-point
operations (FLOPs) required for a single DD point, i.e., for
a specific value of (7,v). This cost is dominated by the
evaluation of the cross-ambiguity function Ay, ., (-, ) whose
computation over the N. x N, grid requires 2N3 + 2N?2
FLOPs. Then, the overall computational cost for heg(T, V)
becomes 4PN?2 + 12PN? + 10P + 4 FLOPs, yielding an
asymptotic complexity of O(PN2) per DD point. For the
parameters considered in our simulations (P = 6, N, = 9),
this translates to roughly 2.3 x 10* FLOPs. In comparison,
evaluating heg (7, v) for standard pulses like sinc and Gaussian
in closed-form requires evaluating a single fixed expression
per path, resulting in an O(P) complexity per DD point.
Since N, value is usually small to maintain localization tight,
the implementation complexity in the proposed framework is
moderate making simulations efficient.

The filtered noise samples, nqq[k, (], are obtained by sam-
pling the continuous filtered noise njy*(7,v) defined in (8).
The statistical correlation between these samples is captured
by the noise covariance matrix. The closed-form expression for
the elements of this matrix is given by the following theorem.

Theorem 3. For the proposed Hermite pulse, the element
of the noise covariance matrix corresponding to DD indices
(k1,01) and (k2,15) is given by

a2l2—a1ly

. 21Ny, o
E[ngalk1, l1]ngalk, l2]] = % Z i

q1,92€7Z
N.—1
X ( Z C2ny C2m, sznlﬂbzml (UT(TkLCIz - Tklle)v 0))
77,1,7711:0
g na 27TTk71-q1
X Z (_1) d2n2 ¢2n2 E—
7l2:0 UV
g mo 271—77€2»q2
< [ (1) damy tom, | —22) |, (29)
ngO O-V
kTp
where T, ¢ = TF + qTp.
Proof: See Appendix C. [ ]

IV. RESULTS AND DISCUSSIONS

In this section, we evaluate the normalized mean-squared
error (NMSE) and BER performance of Zak-OTFS with the
proposed Hermite pulse and compare them with those of the
sinc, Gaussian, and GS filters. No bandwidth/time expansion
(B’ = B,T' = T) is considered for the pulses. Vehicular-A
channel model having P = 6 paths with fractional DDs and
a PDP as detailed in Table II is used. The maximum Doppler
shift is v,,x = 815 Hz, and the Doppler shift of the ith path
is modeled as v; = vpaxcos;, i = 1,..., P, where 6;s are
independent and uniformly distributed in [0, 27). Unless stated
otherwise, a system configuration with frame size M = 12
and N = 14 is used. A Doppler period of v, = 15 kHz is
considered, with a resulting bandwidth of B = Mwv, = 180
kHz and frame duration 7' = N1, = 0.93 ms. The considered
system parameters satisfy the crystallization condition. Also,
in the simulations, the range of values of m and n in
(10) is limited to -2 to 2, and this is found to ensure an
adequate support set of heg[k,l] that captures the channel
spread accurately. BPSK and 8-QAM modulation alphabets
are considered. Model-free I/O relation estimation with an
embedded pilot frame [12],[23], where a pilot symbol and
data symbols are embedded with guard space in between, as
shown in Fig. 5. The pilot symbol is located at (k,, {,,) and the
pilot region P spans from k, — p1 t0 kp + kmax + D2, and the
guard region G is defined by the boundaries k, — Kmax — g1 and
kp+Emax—+g2. Here, kmax = [ B max(7;)] represents the max-
imum delay spread of the physical channel and p1, ps, 91, 92
are non-negative integers. The additional bins within these
regions represented by pi, P2, g1, g2 accommodate the signal
spread caused by the pulse shaping filters and can be chosen
according to the system bandwidth. The following parameters
are used: (kp,l,) = (M/2,N/2), p1 = p2 =1, g1 = 1,
g2 = 2, and kppx = [Bmax(7;)] = 1. A pilot-to-data power
ratio (PDR) of 0 dB is used. Minimum mean square error
(MMSE) detection is used for recovery of data symbols.
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Figure 5: Embedded pilot frame with pilot symbol, pilot region
P, guard region G, data region D, and support set of the
effective channel S.

Table II: Power delay profile of Veh-A channel model.

Path index (7) 1 2 3 4 5 6
Delay 7; (us) 0| 031 | 071 | 1.09 | 1.73 | 2.51
Relative power (dB) | 0 -1 -9 -10 -15 -20

A. Effect of the number of basis functions (N_.)

The key design parameter is V., the number of even-ordered
Hermite basis functions used in the linear combination. This
parameter controls the degrees of freedom available for the
optimization and governs the fundamental trade-off between
orthogonality and localization, as established in Sec. III-E.
This, in turn, controls the balance between different sources
of interference. To determine the optimal operating point for
this trade-off, we evaluate the impact of IV, on the end-to-end
system performance. In Fig. 6, we plot the NMSE (defined
as the average of % where I:ICH is the estimated
effective channel matrixe) and BER as a function of N, for
a fixed data SNR of 25 dB. The results show three distinct
regions of behavior as follows.

1) For small N. (< 5), the optimization is overly con-
strained, and the resulting pulse has poor orthogonality
(high ISI energy). This has a twofold negative impact.
First, significant leakage from the data symbols corrupts
the pilot, leading to an inaccurate I/O relation estimate
and high NMSE. Second, the BER is severely degraded
due to both the direct ISI between data symbols and the
poor estimate.

2) For intermediate values of N, (5 < N, < 10), perfor-
mance improves dramatically as the optimization gains
enough degrees of freedom to promote orthogonality.
The improved null structure reduces data-pilot interfer-
ence, leading to a steady improvement in the NMSE.
The BER curve shows a much more rapid decline (i.e.,
improved BER). This is because the BER benefits from
a twofold improvement: 1) the drastic reduction in direct
data-data interference, which is the primary source of de-
tection errors, and 2) the more accurate estimate (lower
NMSE), which allows the MMSE detector to operate
more effectively. This behavior is a direct reflection of

102 10—t
-o-BER
-&-NMSE
N PDR = 0 dB
O % Data SNR = 25 dB
1073+ 0.
0-0-6-0-
o <)
A 1022
M 1 =
Z
1074}
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B =180 KHz, T" = 0.93 ms, BPSK
Tmax = 2.01 U8, Vmax = 815 Hz
- Veh-A channel, MMSE detection 3
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P

Figure 6: Effect of the number of basis functions (V) on the
NMSE and BER performance.
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Figure 7: Time domain amplitude and frequency domain PSD
of the optimized Hermite pulse with N, = 9.

the underlying ISI and sidelobe energy trade-off. As
seen in the analysis from Sec. III-E, the ISI energy
plummets with increasing N, while the sidelobe energy
rises slowly. The BER is highly sensitive to the ISI,
and its steep improvement in this region mirrors the
plummeting ISI energy curve, which is the dominant
performance factor.

3) For large N. (> 10), the performance saturates. The
BER reaches its minimum around N. = 9 and then
slightly degrades. This indicates that beyond this point,
the minimal gains from further ISI reduction are out-
weighed by the detrimental effects of poorer localization
(i.e., higher sidelobe energy).

Based on this analysis, we choose N, = 9 as a near-optimal
choice that strikes a good balance between orthogonality and
localization, and this value is used in subsequent simulations.

In Fig. 7, we plot the TD amplitude and frequency domain
PSD of the optimized Hermite pulse with N, = 9 for a point
pilot transmission. Numerical evaluation confirms that over
99% of the total energy is contained within the time duration
[-T'/2,T/2] (Fig. 7a) and within the bandwidth [-B/2, B/2]
(Fig. 7b), verifying that the optimized pulse does not incur
time or bandwidth expansion.
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Figure 8: NMSE vs data SNR performance comparison be-
tween the proposed Hermite pulse and other pulses (sinc,
Gaussian, and GS pulses).

B. Performance comparison with other pulses

Here, we compare the NMSE and BER performance of the
proposed Hermite pulse with those of the sinc, Gaussian, and
GS pulses.

NMSE Performance: In Fig. 8, the NMSE performance as
a function of data SNR is shown for the Hermite pulse with
N, =9 and the sinc, Gaussian, and GS pulses. As established
in prior work [23], the best-localized Gaussian pulse sets the
performance benchmark, achieving the lowest NMSE across
all SNRs. In contrast, the sinc, GS, and Hermite pulses exhibit
much higher NMSE. This is a direct consequence of their
compromised localization manifesting as sidelobes, which
introduces two primary sources of estimation error: 1) pilot-
data interference, wherein the sidelobe energy from adjacent
data symbols leaks into the pilot region used for estimation,
and 2) interference from quasi-periodic replicas, wherein the
energy leakage from beyond the fundamental period causes
DD aliasing. Their combined effect causes the degraded
NMSE performance. The sinc pulse, with its high sidelobes,
is most susceptible to these effects and, consequently, has
the poorest NMSE performance. The proposed Hermite pulse
and the GS pulse achieve a much lower NMSE. The fact
that their NMSE performance is nearly identical indicates that
promoting ISI-free nulls, whether by composite construction
(GS) or systematic optimization (proposed Hermite), results
in a similar localization penalty relative to the Gaussian ideal.

BER performance: In Fig. 9, we show the achieved BER
performance corresponding to the NMSE performance in Fig.
8. The BER performance of the sinc pulse with perfect channel
state information (CSI) is also plotted as a benchmark. This
plot represents the ideal performance limit, as it assumes
perfect channel knowledge and has optimal orthogonality due
to the nulls at the sampling instants. At low SNRs, where the
noise dominates the interference effects, the Gaussian pulse,
despite its excellent estimation accuracy, performs poorly due
to overwhelming ISI. The sinc pulse suffers a high error
floor at high SNRs, which is a direct result of the poor
NMSE performance. Both the GS pulse and the proposed
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Figure 9: BER vs data SNR performance comparison between
the proposed Hermite pulse and other pulses (sinc, Gaussian,
and GS pulses).

Hermite pulse (N. = 9) successfully navigate this compro-
mise. They significantly outperform the sinc and Gaussian
pulses, achieving nearly identical BER performance that is
the best among the tested pulses. In Fig. 10, a similar BER
performance behavior can be seen for a larger frame size
(M = 32, N = 48) and a higher-order modulation alphabet
(8-QAM). In Fig. 10, we have used the same pulse with
N, =9 which is optimized in Fig. 6 for M = 12, N = 14,
BPSK. The achieved good performance in Fig. 10 indicates
that the considered pulse, though optimized for a smaller
frame/alphabet size, turns out to be a robust design for a larger
frame/alphabet size.

The impressive BER performance achieved by the pro-
posed Hermite pulse is a direct result of a successful design
philosophy. Our systematic optimization engineers a pulse
that combines two critical properties: 1) the ISI-free null
structure of a sinc pulse, which is imitated in the proposed
design by construction to ensure robust data detection, and 2)
strong localization properties, which, as seen from the NMSE
results, lead to a much lower estimation error floor compared
to that of the sinc filter. By unifying these two competing
requirements, the proposed framework could achieve a state-
of-the-art performance level.

C. Robustness to high Doppler spreads

In Fig. 11, we show the BER performance of the optimized
Hermite pulse with N, = 9 and other pulses as a function
of maximum Doppler shift v, for M = 12, N = 14,
BPSK, at 0 dB PDR and 18 dB data SNR. The Hermite pulse
is found to offer robust performance over a wide range of
Doppler spread (on par with the GS pulse). This robustness
can be explained as follows. As the Doppler spread 2v,,x
approaches the Doppler period v, the performance degrades
for all pulses due to Doppler domain aliasing. However, the
onset of this degradation depends critically on the pulse’s
sidelobe levels. Pulses with poor localization, such as the sinc
pulse, exhibit a significantly larger effective spread due to
high sidelobes, causing them to suffer from aliasing-induced
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Figure 10: BER vs data SNR performance comparison be-
tween the proposed Hermite pulse and other filters. M =
32, N =48, 8-QAM.

degradation much earlier (i.e., at a much smaller vy, value).
This is evident in the figure where the degradation for sinc
pulse begins at around vp.x = 2 kHz. In contrast, the
degradation for Hermite and GS pulses starts beyond vy = 4
kHz, due to better localization in these pulses. Also, while
the degradation for Gaussian pulse starts beyond vmax = 5
kHz due to its maximal localization, its performance remains
inferior due to its high non-orthogonality.

D. Hermite versus GS pulse designs

While the BER performance of Hermite pulse is on par
with that of the GS pulse, the Hermite pulse has some unique
advantages over GS pulse as detailed below.

Systematic generalization: The GS pulse is a specific com-
posite construction representing a single operating point with
a fixed compromise between localization and orthogonality.
In contrast, the proposed framework utilizes the completeness
of the Hermite basis in L?*(R) to span a broad class of
finite-energy pulses. This enables systematic navigation of
the continuum between the canonical extremes of Gaussian
(pure localization) and sinc (pure orthogonality) pulses. This
generalizes the pulse design problem, encompassing the GS
pulse as just one instance within a vast, tunable design space.

Design flexibility and tunability of trade-off: Unlike the
fixed GS pulse, which offers a static compromise, the proposed
framework provides two distinct mechanisms to systematically
tune the localization-orthogonality trade-off. First, the frame-
work supports versatile objective functions. Beyond the ISI
minimization used here, the design can be formulated as a
weighted joint optimization to explicitly prioritize localization
or orthogonality based on performance requirements. Second,
even within the specific instance of ISI minimization, we
can tune the trade-off by varying NN, as demonstrated in the
results. This gives the designer precise and systematic control
over pulse characteristics without changing the underlying
framework.

Adaptability and low-complexity optimization: This design
flexibility can translate into practical adaptability to channel
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Figure 11: BER vs vy,.x performance of different pulses at 18
dB data SNR and 0 dB PDR.

conditions and system requirements. The pulse can be op-
timized for environments with severe Doppler spread, delay
dispersion, or specific performance priorities by adjusting the
objective function or V.. Crucially, for the ISI minimization
problem, the optimal coefficients admit a closed-form solu-
tion via SVD, avoiding iterative searches and yielding low
computational complexity. This efficiency can enable real-time
re-optimization in response to changing channel statistics or
system requirements, which static composite pulse designs do
not support.

Enabler for ISAC: By offering the capability to tune the
localization-orthogonality trade-off without bandwidth or time
expansion, the Hermite pulse design framework serves as
an enabler for integrated sensing and communication (ISAC)
scenarios, where communication demands very good orthog-
onality and sensing demands very good localization. This
tunability makes the proposed framework better suited for
ISAC applications, offering a practical advantage over fixed
composite pulse designs.

V. CONCLUSIONS

Localization and orthogonality attributes of the DD domain
pulse in Zak-OTFS influence the I/O relation estimation and
data detection performance, respectively. Recognizing the need
to strike a fine balance between these two attributes, we
developed a systematic framework for designing DD pulses
with no bandwidth or time expansion for Zak-OTFS using
Hermite basis functions. By constructing the DD pulse as
an optimized linear combination of Hermite basis functions,
we engineered an optimized pulse that minimized the ISI
energy at the DD sampling points while ensuring low sidelobe
levels, offering greater design flexibility in terms of control of
IST and sidelobe energies. The optimum coefficients for the
linear combination were obtained by solving a constrained
optimization problem with ISI energy as the objective to
minimize. We derived closed-form expressions of the effective
channel and noise covariance, which reduced the simulation
run times significantly. Simulation results of Zak-OTFS using
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embedded pilot and model-free I/O relation estimation in Veh-
A channels with fractional DDs showed that the proposed
optimized pulses achieve significantly better BER performance
compared to that of the canonical sinc and Gaussian pulses
and an on-par performance compared to that of the state-of-
the-art GS pulse. We note that, among the DD pulses with
no bandwidth or time expansion considered in the Zak-OTFS
literature so far (sinc, Gaussian, GS, and proposed Hermite
pulses), the proposed Hermite pulse and the GS pulse seem to
offer the best BER performance with model-free I/O relation
estimation. Investigation of other possible pulse designs with
further improved localization-orthogonality attributes for Zak-
OTES is open for future research.

APPENDIX A
PROOF OF THEOREM 1

The objective function in (21) can be written as ||®.c||? =
CT‘l)Z(I)TC. Using SVD of the real matrix ®, = UTZTVZ,
where U, and V., are orthogonal matrices, the objective
function becomes

[®rc)® = (U, 2, V])T (U, =, V])c
=c'v,22v7le

= zI'%?%z,. (30)

The last step in (30) follows from a change of variable z, =
VZc. Noting that the norm is preserved (i.e., ||z, || = ||c|| = 1)
since V is orthogonal, the problem can now be restated as

minimize z’ 32z, . (31)
llz-[|=1
T$2 Ne 2 .2
The term z; 37z, expands to ) ;') 07 27, where 0; s are

the singular values of ®. in descending order (o, > 02 7 >
- 2 on,,r = 0). This sum is minimized subject to the
constraint )27 = 1 by selecting z, = [0 0 17,
which places all the energy on the component corresponding
to the last singular value, o, .. The optimal solution is
therefore z, o = [0 0 ... 1]7, which yields a minimum
value of the objective function to be UJQVC’T. Expressing the
matrix V., in terms of the right singular vectors v.; as
V,; = [vs1 Vz2 ... V], the optimal coefficient vector
Copt 18 given by
Copt = Vrzr,opt = Vs N.- (32)
That is, the optimal coefficient vector cop is the last right
singular vector of ®,.

APPENDIX B
PROOF OF THEOREM 2

The effective channel, h.g(7,v), is given by the twisted
convolution cascade of the transmit filter wy(7,v), the
physical channel hppy(7,v), and the matched receive filter
Wk (T, V), Where wix(7,v) = wy(T)wa(v) and wy(1,v) =
wi (—T,—v)el? ™7 Therefore, we can write

het (T, ) = Wi (T, V) %6 hphy (T, V) %6 wix (T, V)

P
:wrx(Ta V) *o (Z hlé(’r - Ti)é(’/ - Vz)) *o wl(T)w2(V)
i=1

_ jo
=wi(—7)wi(—v)e?* ™7 %, (Zhﬂm(T — )wa (v — 1)

i=1
6]27r1/i('r7'i)>
P

=> ( / wi (=7 )w (1 — 75 — T')eﬂ‘%wf’dT')

i=1

(/wS(—V/)wz(u —v; — I/)eﬂwleVl) hied2mvi(r=i)

P
= " hie?? i TTTIE (1) KPR (7, v), (33)

i=1

where the two integral kernels /C}"* (7) and K2 (7,v) corre-
spond to the delay and Doppler pulses, respectively, given by

K (r) = /w’{(—T’)wl (r—7— T’)e_ﬂ’”’"/drl, (34)
Ko (r,v) = / wi (= )wa(v — vy — V)eP>™ TdY . (35)

These kernels can be related to the symmetric ambiguity
function. The symmetric cross-ambiguity function between
two functions f(t) and g(¢) is defined as [34]

Apgl(rv) 2 / P+ 7/2)g° (- 7/2> . (36)

By performing a change of variables, the kernels can be related
to the auto-ambiguity functions of w; and ws as

KP(r) = e ™04, (1 — 1, 1),

K2 (r,v) = ej”T(”f’”)Aw?,wZ(Vi —u,T).

(37
(38)

We use the definition of ambiguity function in (36), expand
w1 (7) using (17), and use the linearity property to express the
auto-ambiguity function of the pulse as a double summation of
the cross-ambiguity functions of its constituent basis functions
to write

N.—1
Awl’wl (T’ V) = Z C2n, C2my Afb‘;)nl yP2mq (7—7 V)’ 39)
ni,my =0

where Af;n)’ (-, ) denotes the cross-ambiguity function be-
tween the scaled Hermite basis functions parameterized by o..

The basis functions ¢, (c,t) = +/o¢,(ot) are scaled
versions of the unscaled basis functions v, (¢). The ambiguity
function of such scaled functions has a known scaling property.
For two functions f(t) = /o f(ot) and §(t) = \/og(ot), the
ambiguity function is given by

Ajs(mv) = Apglor,v/o). (40)
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A?plymg this property to our basis functions, we get
A, D (r,v) = Ay, ¢, (0;7,v/0;). This leads to the ex-
pansion for the ambiguity function of the pulse w; as

N.—1 4
!/ / /
Aw1,w1 (T v ) = E : C2n102m1Aw2n1,¢12m1 (UTT 70> :
n17m1:0 T
(4D
A similar expansion applies to A, w, (", 7") that yields
N.—1 1"
A 4 dony Ao, A "I
wa, W2 (V T 2n2 U2ma 1on ., Yom, oyv -, 0_7 .
na,mo=0 v

(42)
Substituting the expansions in (41) and (42) into the expres-
sions for the kernels in (37) and (38), which when used in
(33) yields the expression (26) in Theorem 2.

APPENDIX C
PROOF OF THEOREM 3

We begin with the definition of the filtered noise in the
continuous DD domain, which is given by the twisted convo-
lution of the receive filter w;x(7,v) and the DD domain noise
Nndd (T7 V), i.e.,

Wrx

gy (T,V) = Wi (T, V) *6 naa (7, v). (43)

Using the definition of the matched receive filter wy(7,v) in
the definition of twisted convolution, the expression becomes:

wrx
ng> (T, v) //w1

x el 2 (=) a4y

V’)eﬂ””/T/ndd(T -7 v =1
(44)

Substituting the Zak transform of n(t), naa(r,v) =
Vo 2oqez MT 4 q7p)e 7™ and separating the integrals,
this can be written as a sum over the index ¢ from the Zak
transform of the noise as

gy (Tv) = 7 ) e PTI  (n)T(T),  (45)
qEL
where the two integral kernels are
i) = [wiCrnlr =7+ an)ir,  @o)
T (1) = / wi (=1 )ed?™ (T gy (47)

The discrete noise samples nqgq [k, [|s are obtained by sampling
ngs*(T,v) at the DD grid points (7,v) = (%7 =£). Using

(45) and sampling, the noise covariance can be expressed as

* iopd2la—aily wa le
E[naalky, hlnjalke, ] = 7 Y &2 g ( Mp>

q1,92€Z

wWo * k27— w1 le Wy * k2T
o (57 ) el (57 i (57 )| o

Next, using the fact that ws(¢) is real and even, we solve for
the deterministic kernel J,%(7) as

jqwg (T) — /w;(_y/)ejZﬂ'V'(T+qu)dV/
= Fwa ()} (7 + q7p))

N.—1

Z d2m]:{¢2m (UV7 t)}(T + qu))

F >
(49)

The final step uses the Fourier transform of the scaled Hermite
basis function (derived below) and simplifies using (—;)?™ =
(-1

The derivation for the scaled Hermite function ¢(o,t)
uses the fact that the standard Hermite function ) (t) is an
eigenfunction of the Fourier transform operator [35]:

2w (T + qT,
mded}Qm < ( p ¢ p)) .

Flun(}(f) = Var(=j) v (2rf). (50)
Substituting this property, we write
Flor(o,t)}(f) = F{Vovu(ot)}(f)  (by definition)

= L‘EF {vh(t)} (i)] (by scaling property)
_ Yo [\/ﬂ(—ﬁ’“wk (chﬂ

g

— /(=) (T) .

g

(using (50))

(S

Next, solving the expectation over the stochastic kernels using

the property of white noise, E[n(t1)n*(t2)] = Nod(t1 — ta),
we write
ki, ko,
B | (57 ) g (7 )] J[ wit-rhun(-)
le
E[n(ﬁ +aq1p — )0’ (W + qo1p — 15)] dTidT)
:Nols(Tszl*W*(QZ*QI)Tp)
= No [wrlryur(] = (i = izl
= NOAw17w1 (Tk27Q2 - Tkla(Il’O)
N.—1
= No Z C2n1c2m1Aw2n1,wzm,l(UT(Tk2~,q2 - Tklvql)’o)' (52)
ni,mi1=0

Finally, substituting (49) and (52) in (48), we arrive at the
result presented in Theorem 3.
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