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Abstract—In this paper, we present a novel low-complexity
receiver that performs detection and channel estimation tasks in
Zak-OTFS modulation using over-sampling in the delay-Doppler
(DD) domain. Towards this, we partition the over-sampled signal
into multiple two-dimensional (2D) blocks, which is equivalent
to parallel branch conventional sampling of delay- and Doppler-
shifted signals. This partitioning along with processing only a
subset of the partitioned 2D blocks aids in reducing complexity.
Specifically, in terms of detection, we propose a symbol-wise
selection-based detection (SSD) algorithm which makes symbol-
wise decisions based on selection among parallel branch outputs.
While the partition based processing reduces complexity, the
selection-based symbol decisions offer good performance. We also
exploit the proposed partitioning for low-complexity path-wise
estimation of the DD channel taps based on maximum energy
across blocks. Simulation results with fractional DDs show that
the proposed detection and channel estimation algorithms for
Zak-OTFS achieve good performance at low complexity.

Index Terms—Zak-OTFS modulation, delay-Doppler domain,
DD over-sampling, detection/channel estimation.

I. INTRODUCTION

Orthogonal time frequency space (OTFS) modulation is a
state-of-the-art modulation that multiplexes information sym-
bols in the delay-Doppler (DD) domain. It effectively handles
the high Doppler spreads of the channel in high-mobility
environments and achieves robust performance. The multicar-
rier version of the modulation (called MC-OTFS) introduced
in [1] uses an inner multicarrier modulation block for time-
frequency (TF) domain to time domain conversion, along with
an outer pre-processing block for DD domain to TF domain
conversion. MC-OTFS has been shown to perform better than
OFDM in high-Doppler channels [1]- [3]. Recently, a new
version of OTFS using Zak transform [4], [5], called Zak-
OTFS, has been introduced. Zak-OTFS was first introduced in
[6], [7], where the authors present the foundational principles
and key attributes of Zak-OTFS. Zak-OTFES directly uses the
basis functions of the Zak transform for modulation. It has
the advantages of a formal mathematical framework using Zak
theory to describe the waveform [6], [7].

Detection and channel estimation are two crucial tasks in
the Zak-OTFS receiver. Minimum mean square error (MMSE)
detection has been widely adopted in the Zak-OTFS literature
[7]- [9]. Detection based on a local neighborhood search
has been investigated in [10]. For the purpose of detection,
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knowledge of the effective DD channel consisting of the
transmit (Tx) filter, the physical channel, and the receive (Rx)
filter is needed. This can be obtained using a model-dependent
approach or a model-free approach [7]. In model-dependent
approach, the parameters of the physical channel (i.e., delays,
Dopplers, and gains of the paths in the physical channel) are
estimated using a channel estimation scheme and the estimated
parameters are used to construct the effective channel for
detection. On the other hand, in model-free approach, the
effective channel is obtained by reading off the pilot response
in the DD domain at the receiver [7], without the need to
separately estimate the physical channel parameters. Our focus
in this paper is on an over-sampling based low-complexity
framework for detection and channel estimation in Zak-OTFS.
The motivation for the over-sampling framework is presented
below.

Inspired by the pioneering work in [6], [7], more research on
Zak-OTFS have been reported in recent literature [8]- [15]. In
[11], the authors study the practical implementations of Zak-
OTFS transceiver, where they realize the DD domain twisted
convolution through equivalent time domain and frequency do-
main windowing, thus enabling DD domain signal processing.
The work in [12] addresses the question of optimal Zak-OTFS
receiver for a doubly-selective channel. It shows that a Rx
TC filter that is matched to the twisted convolution of the
physical channel with the Tx TC filter, sampled at the DD
grid points, is the optimal Zak-OTFS receiver that recovers
sufficient statistics for maximum likelihood (ML) detection of
the data symbols. Talking about the implementation challenges
of this optimal receiver (in Sec. VIIL.D), it points out that when
the channel path DD parameters are integer valued and align
with the DD transmission grid, the sufficient statistics can be
computed from the samples taken on the integer points, and
fractional samples are not required. It further notes that when
the path parameters are non-integer valued (i.e., fractional DD
values), samples taken between the grid points are required to
recover the sufficient statistics under the time-frequency based
TC filter implementation, and that finer sampling between the
grid points (i.e., over-sampling) is required to get accurate
measurements of output sample values corresponding to path
locations, which can potentially yield more capacity. However,
this increases the receiver complexity. The above observations
provide a motivation to devise low-complexity algorithms for
Zak-OTFS receiver under the over-sampling framework!.

!Further, in Appendix A, we present an analysis that provides a theoretical
insight on the motivation/rationale for over-sampling, through a comparison
between the performance of conventional sampling and over-sampling using
a minimum distance measure and pairwise error probability (PEP).



Receiver time domain over-sampling in OTFS was first stud-
ied in [16] in the context of for MC-OTFS, where a modified
message passing detection was proposed for channels with
fractional DDs. They demonstrated significant performance
improvement over a conventional sampling receiver. Avoiding
joint processing of the full over-sampled vector for complexity
reasons, the later work in [17] proposed a low-complexity
over-sampling receiver based on maximum ratio combining
for MC-OTFS.

In this paper, we consider DD domain over-sampling in
the case of Zak-OTFS, which has not been reported so far
(e.g., Zak-OTFS work in [6]- [15] consider conventional DD
sampling on the information grid). The key novelties in our
present work are two-fold.

« First, we analytically show that over-sampling offers im-
proved minimum distance and hence better bit error rate
(BER) performance compared to conventional sampling
(See Appendix A).

e Second, recognizing the issue of increased complexity
in direct over-sampling, we 1) propose a novel over-
sampling approach which performs conventional sam-
pling on multiple parallel branches, where each branch
samples a different delay- and Doppler-shifted version of
the received DD signal (see Sec. III-B), and 2) devise
low-complexity algorithms for processing the resulting
parallel branch samples for channel estimation and signal
detection (see Sec. IV). The proposed over-sampling ap-
proach and low-complexity algorithms are shown to offer
superior performance compared to conventional sampling
(see Sec. V).

The key contributions in the paper can be summarized as
follows.

e« We propose a novel DD domain over-sampling based
receiver for Zak-OTFS, derive the end-to-end DD domain
1/O relation.

o To reduce the complexity involved in processing the full
directly over-sampled vector, we partition the directly
over-sampled vector into multiple two-dimensional (2D)
blocks and process only a subset of these blocks. The
partitioning has a simple structure which can be viewed
as conventional sampling of delay- and Doppler-shifted
signals. The same partitioning is exploited to achieve low-
complexity detection and channel estimation.

« For detection, we propose a symbol-wise selection-based
detection (SSD) algorithm, where symbol-wise decisions
are made based on selection among the parallel branch
outputs. While processing on the partitions reduces com-
plexity, the selection-based symbol decision in the pro-
posed SSD algorithm offers good performance.

« Exploiting the same over-sampling and partitioning ap-
plied on a received pilot frame, we devise a low-
complexity algorithm for estimation of the delays,
Dopplers, and gains of the DD channel taps based on
maximum energy across blocks. We present a perfor-
mance comparison between the proposed channel estima-
tion scheme and the model-free estimation of I/O relation.

o Simulation results demonstrate good performance and

complexity attributes of the proposed over-sampling

based detection and channel estimation algorithms.
The rest of the paper is organized as follows. The Zak-OTFS
system model is introduced in Sec. II. The end-to-end 1/O
relation of the over-sampled system and the proposed parti-
tioning are presented in Sec. III. The proposed detection and
channel estimation algorithms for the over-sampled receiver
are presented in Secs. IV-A and IV-B, respectively. Results and
discussions are presented in Sec. V. Conclusions are presented
in Sec. VL

II. ZAK-OTFS SYSTEM MODEL
The block diagram of a Zak-OTFS transceiver is shown in
Fig. 1. M N information symbols from a modulation alphabet
A are embedded on a fundamental DD grid defined as Agq =

{(kAT,ZAV)’k =0,1,-- M 1,0 = 0,1,--- N — 1},
where AT = % and Av = % are the resolutions along the

delay and Doppler domain, respectively. B ~ My, is the
bandwidth and T ~ N, is the frame duration, where 7, and
v, are fundamental periods along delay and Doppler axis, such
that 7,1, = 1. The information symbols [k, [|s are encoded as
per the following equation to obtain a quasi-periodic extension
of the signal in the discrete DD domain:

Zaalk +nM,l + mN] :az[k,l}ej%"%,n,mez. (D)

The discrete quasi-periodic signal in (1) is converted into
a continuous quasi-periodic DD signal by mounting on a
continuous quasi-periodic DD impulse train, as

> waalk, 116 (= kAT) S (v — 1AV),  (2)
k,lEZ

Idd(T, I/) =

where §(-) denotes dirac delta function. Note that (2) occupies
infinite time and bandwidth. In order to restrict the time and
bandwidth to + and 7., respectively, ink(2) is filtered through
the DD domain Tx filter wex(7,v), as [7]

(T, v) = Wi (T, V) *4 Taa (T, V), 3)
where *, denotes the twisted convolution. Twisted convo-
lution is a mathematical operation that generalizes classical
convolution by incorporating a twist factor related to phase
shift, rendering the operation non-commutative [19]. Twisted
convolution between two functions a(7,v) and b(T,v) is
defined as

a(t,v) *, b(T, V) / / a(t',V)b(r =7, v =1

127”/ (r—71 )dT/dl/ (4)

Also, twisted convolution operation between the quasi-
periodized DD signal z4q(7,v) and a general DD fil-
ter/function wy (7,v) preserves the quasi-periodicity at the
output (Appendix 2.G. [19]), i.e., the DD signal z;*(T,v)
is quasi-periodic. This quasi-periodicity of z3}*(7,v) ensures
the existence of the corresponding time domain (TD) signal
through inverse Zak transform operation. Accordingly, the TD
transmit signal is obtained using inverse Zak transform as

= Z;7 (2 (r,v) \/>/

sta(t) rg(tv)dv.  (5)
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Fig. 1: Block diagram of Zak-OTFS transceiver.

The transmitted signal passes through a doubly-selective chan-
nel having P paths whose DD domain impulse response is

P
h(r,v) = Z hid(r — 1)6(v — v3), (6)
i=1

where h;, 7;, and v; are the channel gain, delay, and Doppler
of the th path, respectively. At the receiver, the TD signal is

rea(t) = // h(T,v)swa(t — 7)™ D drdy + n(t), (7)

where n(t) is the additive white Gaussian noise (AWGN) with
one-sided power spectral density Ng. At the receiver, Zak
transform is used to convert the received TD signal r4(t)
to DD domain. Zak transform exists for finite energy time
domain signals, i.e., any time domain signal in L?(R) space
is mapped to a unique quasi-periodic DD domain signal by
Zak transform [5]. The quasi-periodic DD signal at the Zak
transform output is given by

= Zy(rea(t))
= V7 3l + k1p)e TR nga(r,v), (8)

keZ

ydd(Ta V)

where nqq(7,v) = Z¢(n(t)) is the noise in DD domain. Next,
yad (7, v) is filtered through the Rx DD domain filter w,. (7, V),
which is matched to the Tx DD filter, i.e.,

Wy (T, V) = wis (=T, —I/)ejzw”. 9)

The output of the Rx DD filter is given by [7]

Wrx

Yad = wix(7, V) %o Yaa(7, V)

haa(T,v) %o zaa(T,v) + niy(r,v), (10)

(1,v)

where hqq(7, V) is the effective continuous DD channel (con-
sisting of the cascade of the Tx DD filter, physical DD channel,
and Rx DD filter), given by

had (7, V) = Wik (7, V) %4 h(T, V) %o wix (T, V), (11)
and ny5* (7, V) = wix (T, V) %5 naa (7, v) is the filtered AWGN
in DD domain. Here again, y};* (7, ) is quasi-periodic due to
the property of twisted convolution. The received DD signal

yasx(r,v) is sampled for further receiver processing in the
discrete DD domain®.

Now, let z(7,v) denote the received information signal
in the absence of noise. Using the definition of twisted

convolution, z(7,v) is written as

2(1,v) = haa(1,v) *¢ 2aa(7, V)

://hdd(T', Waaalr — 7', v =)™ T=ar'ay’ . (12)
Substituting (2) in (12), we get

z(t,v) = Zxdd[k, lhaa(m — kAT, v — lAV)
k,IEZ
ejZﬂ(VflAu)kA'r. (13)
Using the quasi-periodicity in (1) and restricting the DD
indices to k € {0,...,M —1} and | € {0,...,N — 1} in
(13), we obtain
M-1N-1

z(r,v) = Z Z xaalk, Nhes (T, v, k, 1),

k=0 =0

(14)

where heg (7,1, k,1) is given by (15) at the top of the next
page.

III. PROPOSED DD DOMAIN OVER-SAMPLING

In this section, we consider over-sampling of the contin-
uous DD domain received signal in (10). First, we describe
direct over-sampling (DOS). Following this, we describe the
proposed parallel branch sampling (PBS) and derive its DD do-
main I/O relation. The sampling of the signal in (10) involves
sampling of the information signal z(7,v) = hqq(7,V) *4

Wrx

244 (7, v) and noise Ny * (7, V) = Wex(T, V) *5 Naa (T, V).

A. Direct over-sampling

1) Over-sampling of information signal: The signal in
(14) is sampled to obtain the discrete DD domain samples.
Sampling is done with an over-sampling factor of @), along

21t is noted that implementing the continuous DD domain Zak transform on
the continuous time domain signal r(t) (i.e., yaa(7,v) = Z¢(rwu(t))) and
the matched filtering operation 3™ (7,v) = wix (7, V) *o Yaa(7,v) in the
continuous DD domain at the receiver would require complex analog signal
processing. Similar issue arises in the transmitter side as well. Therefore,
digital implementation of Zak-OTFS transceiver is of interest. We note that
this issue is addressed in Appendix 8.A of [19]. In [19], Appendices 8.A.1
and 8.A.2 present the digital implementations of the Zak-OTFS receiver and

transmitter, respectively. Appendix 8.A.1 shows that the receiver output, i.e.,

X ) lvp
Yaalk, 1] = Yua\T= Y=~
cessing of the discrete time samples of the received continuous time domain
signal rq(t). Likewise, Appendix 8.A.2 shows the digital implementation of
the Zak-OTFS transmitter.

, can be computed through suitable pro-
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Fig. 2: DOS in the DD domain and partitioning Y 4,s matrix into multiple Y ;s matrices.

the delay axis and (), along the Doppler axis. The sampling

resolutions along the delay and Doppler axes are AT and 2%

respectively, and the fundamental DOS grid is defined as

{(wgrrgd)]

k’:O,l,...,MQT—1,l’:0,1,...,NQV—1}. (16)

Ados =

The direct over-sampled signal obtained by sampling (14) on
Agos 18 given by
,l) .(17)

M—-1N-1

= > > waalk. Dhen (k/Q o
k=0 1=0

2) Over-sampling of noise: While sampling yi>*(7,v)

given by (10) on Ao, the noise nyi*(7,v) also gets sam-

pled on Agos, resulting in the noise samples ny;*[k', '],

whose covariance statistics affect performance. The [k; NQ, +

l1, ko NQ, + l2]th element of noise-covariance matrix Rqos €
CMNQ-QuXMNQ-Qu ig given by

Zdos k l

Rdos[klNQu + lla kZNQV + 12] -

Elngd* [k1, h]ngg ke, L]), (18)

where k1,k2 € {0,...,MQ-—1} and l1,l> € {0,...,NQ, —1}.
The samples of the DOS signal are given by

Yaos[K'NQy + '] = zaos[K', U] + nf [K', 1] (19)

The DD domain I/O relation in matrix-vector form for direct
over-sampling can then be written as

Ydos = HdosX + Nyos, (20)
where Vdos € (CMNQTQVX17X c (CIWle, Hdos c
CMNQ-QuxMN "and ny,, € CMNQ-Qux1 with x[kN +1] =

zaalk, 1], Haos K’ NQy + U, kN + 1] = heg (K 57,1 5%, k, 1)
given by (21) at the top of the next page, ngos[k NQ,+ Ul =
nags [k, '], and yaos[k'NQ, + '] given by (19). Note that
by setting , = @, = 1, we get the sampling instants
corresponding to the case of conventional sampling, which
is sampling on the DD grid Aq4gq.

Remark: Using the DOS system model in (20), in Appendix
A, we present an analysis that provides a theoretical insight

on the motivation/rationale for over-sampling. Our analysis
in Appendix A shows that over-sampling provides a larger
minimum distance and smaller PEP compared to conventional
sampling, and hence can achieve better BER performance (see
Fig. 12).

B. Proposed parallel branch sampling

The detection and estimation complexity using the DOS sys-
tem model in (20) increases as the over-sampling factors Q.
and @, are increased. Therefore, in order to reap the benefits
of over-sampling at low complexity, we propose partitioning
the 2D over-sampled signal into blocks of manageable sizes.
The partitioning procedure is equivalent to parallel branch
conventional sampling of the delay- and Doppler-shifted re-
ceived signal. We first describe the procedure of partitioning
the 2D discrete DD domain received signal obtained using
DOS. Following this, we establish the equivalence between
the partitioned DD domain blocks and the blocks obtained
using parallel branch conventional sampling of the delay- and
Doppler-shifted versions of the received signal.

1) Partitioning the DOS signal vector: The DOS signal
Vector ygos of size MNQ,-Q, x 1 in (20) is partitioned into
Q-Q, 2D blocks/matrices, each of size M x N, as follows. Let
Yé%;+QTq”) denote the (¢, +@-q, )th partitioned block of size
M x N for a given ¢, and g, where ¢, € {0,1,...,Q, — 1}
and g, € {0,1,...,Q, — 1}. The 2D block Y\ * %) is
obtained from yg4os as

YI(;{;—SJFQT%) = Ydoslgr : Qr : MQr — Q7 + ¢,

QV:QV:NQV*QVJFQVL (22)

where Yqos[k, ] = Yaos[kNQ, +1] and [a : ¢ : b] = {a+ sc|
$=0,1,2,... and a+ sc < b}. Note that, in the Y 4,5 matrix
of size M@, x N@Q,, the spacing between two adjacent cells
of the (¢, + Qg )th partition along delay and Doppler axis
is (Q-—1) and (Q, — 1), respectively. Also, each partition in
Y 405 consists of M N cells which constitute one Y 1, matrix
of size M x N. In Fig. 2, we present an illustration of the
proposed partitioning for a system with M = N = 2 and
Q- = Q, = 2, where Fig. 2(a) shows the direct over-sampling
of y32(7,v) and the corresponding M Q- x NQ,-sized Y gos



Haos[K'NQ, + U, kN +1) = 3 hag (k’ — (k+nM)Ar, z'Q— —(+mN)Av ) e

m,n€”Z

matrix (i.e., 4 X 4 matrix in this case), and Fig. 2(b) shows
the partitioning of Y 4,s matrix into Q;Q, number of Y ¢
matrices each of size M x N (i.e., 4 matrices, each of size
2 x 2) as per (22).

2) Equivalence of proposed partitioning to parallel branch
conventional sampling: The partitioning described in the pre-
vious subsection can be viewed as performing conventional
sampling (i.e., @ = @, = 1) on parallel branches as
shown in Fig. 3, where each branch samples a delay- and
Doppler-shifted version of the received signal. That is, each
branch is sampled at a delay resolution of A7 and a Doppler
resolution of Av. The input to the ¢' = ¢, + Q-q,th branch,

q € {0,1,...,Q-Q, — 1} is delayed along delay domain by
L & A7 and along Doppler domain by e Au i.e., the input
s1gna1 to the ¢'th branch is yui*(1 — 4=A7,v — F=Av).
The above is illustrated in Fig. 3 for QT @, = 2. The

samples from the ()@, branches can be processed for symbol
detection and channel estimation.

Note that for the ¢’ branch, the sampling resolutions along
delay and Doppler axis are A7 and Av, respectively. However,
the signal that is sampled on ¢’th branch has a fixed offset of
5—* and 2= along delay and Doppler axis, respectively. Thus
effectlvely, the sampling on ¢’th branch is at (k' + QT = )AT
along delay axis and (I’ + ggu )Av along Doppler axis, where
kK =01,....M —1and !’ = 0,1,...,N — 1. Note that
these sampling points are fractional in nature. This fractional
nature of the sampling points is exploited while formulating
the proposed channel estimation algorithm in Sec. IV-B.

3) Sampling of information signal: The sampled signal ob-
tained from ¢’th branch by sampling z(7 — &AT, v— %AI/)
(see (14)) on Agq is given by

M-1N-1

=YY zaalk,1]

k=0 [=0

hest ((k’+£2:)A (z’ QV)AV k z) 23)

4) Sampling of noise: Delaying the input to the ¢’th branch
results in the noise signal ng* (r— &= A7, v — &= Av). For q'th

branch, with filtered noise samples nw"‘<q >[k’ l ], the [klN +
l1, k2N +15]th element of the noise covariance matrix R(@) is
R [kyN 4 1y, ko N + L] =
Efn sy, bnfy T ko, 1],
where R(4) ¢ CMNXMN '} |, ¢ {0,1,...,. M
li,l2 €{0,1,...,N —1}.

The matrix-vector DD domain I/O relation corresponding
to the ¢'th branch, with parallel branch sampling, is given by

(a")

(Q)k’ /

(24)
— 1}, and

=H@)x +n),

y (25)
where y(@) € CMNx1 y ¢ CMNx1 F(d') ¢ CMNXMN
and n(@) € CMN*1 guch that x[kN + 1] = =zaalk, 1],

Av q U UEmN Qu)(htnM) o i
j27rW. (21)
v
Y(Y) € CMxN
pbs
T=kAT,v=1Av pp_
yaax(m,v) 7( k|
1
0
01, N—-1
l
YS‘L € CMxN
T=kAT,v=1Av pAf_ 1
-3 — ]
1
0
0 1 --- N -1
l
v®?) ¢ cMxN
T=kAT,v=I1Av M —1
s A 7( k|
yig(r— 55 v)
1
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Fig. 3: Parallel branch sampling for Q, = Q, = 2.

HO KN+, kN+1) = herr (K + &) A7, (I'+ &) Av, k, 1)
glven by (26) at the top of the next page, nEN+ 1] =
e >[k’ V), and y @ [K'N + '] = 29[k 1] + n2= Ok 1),
Let Y(4) denote the M x N matrix corresponding to the ¢'th
branch constructed such that Y (4 [k, ] = y@)[kN +1]. While
the detection algorithm proposed in Sec. IV-A uses the y(q/)
form of the received signal, the channel estimation algorithm
proposed in Sec. IV-B uses the Y (@) form. Also, note that the
covariance matrices for the noise vectors in (20) and (25) for
DOS and PBS, respectively, are required for both detection
and channel estimation. These covariance matrices for DOS
and PBS with sinc filter will be derived in Appendix D.

IV. PROPOSED ALGORITHMS FOR DETECTION AND
CHANNEL ESTIMATION

Using the over-sampled system model developed in the pre-
vious section, here, we present the proposed low-complexity
algorithms for detection and DD channel estimation.

A. Proposed symbol-wise selection-based detection algorithm

The proposed symbol-wise selection-based detection (SSD)
algorithm performs, as described below. For an over-sampling
factor of @) along delay and @), along Doppler axes, we have
Q- Q. parallel branches or equivalently Q)-@, sampled blocks
of size M x N. The DD domain I/O relation corresponding



@)t / — ry 4
HY KN+, kN +1] —M;Zhdd((k 5

*TLM)AT, (l/Jr é—" — me)Au

oV FE = mN)) (kM)
el%r MN e?“TN |

(26)

v

to the ¢ = (¢r + @Q,q )th branch, ¢, = 0,...,Q, — 1,
¢ =0,---,Q, — 1, is given by (25). Minimum mean square
error (MMSE) equalization is considered on each branch. The
MMSE equalizer on the ¢th branch is given by

Hgf(ll') — H((I’)H(H(q/)H(q/)H + R(Q'))—l’ 27)

where R(4) is the noise covariance matrix corresponding
to the ¢’th branch whose elements are given by (24). The
equalized signal on ¢’th branch is given by

g = Hg‘é’)y(q/)‘ (28)
For each equalized symbol y@)[i],i € [1,..., MN], that
symbol from A having minimum Euclidean distance from
¥(@)[i] and the corresponding minimum distance are

e([i] = arg min{|3)[i] — al}, (29)
ac€h
A = min{[y"[i] - al}, (30)
ac
respectively, where | - | denotes the absolute value. Using the
/ T u_l . .
vector {d? )}f,:g ,  is obtained as
G=  arg min d@) [i], (31)
¢'=0,,Q+Qu—1

and ith symbol in the Zak-OTFS frame is detected as X[i] =
e(@[i]. Algorithm 1 gives the listing of the SSD algorithm
described above.

Complexity: The SSD algorithm involves computation of the
inverse of M N x M N matrices, Q,Q, times. So, the com-
putational complexity is Q,Q, O(M?>N?). This complexity is
less compared to the complexity of joint MMSE detection (JD)
carried out on the full DOS vector, which is O(M2N3Q3Q3).

1) Subset selection among parallel branches: To reduce
complexity, we propose to choose and process only a subset
of the parallel branches. Specifically, out of the available
@Q-Q, branches, choose those branches having equal relative
shifts along the delay and Doppler domains, i.e., choose those
branches for which ¢, = ¢,°. So, the number of selected
branches is min(Q,,Q,). For the sampling illustration in
Fig. 3 with Q, = Q. = 2, for M = N = 2, the first and
fourth branches will be chosen, i.e., the 2D blocks Y(?))S and

Yé?s in Fig. 2(b) are chosen for processing and Yplb)S and
Y;()Qb)s are ignored. In general, this corresponds to choosing

3Remark on the choice of subset selection: We note that the relative shifts
along delay and Doppler is 0 for the case of conventional sampling, i.e.,
qr = q» = 0. Along these lines, for subset selection, we have chosen
symmetric sampling along the delay and Doppler axes with ¢ = ¢, =
1,2, ... for over-sampling. We note that this is a simple choice and that more
research is possible to determine the optimum subset selection. Specifically,
the proposed choice is one way out of (min((QQTf),a,,)) possible ways of
choosing min(Q~, @, ) branches from the available set of Q-Q, branches.
More research can be carried out to optimize the minimum number of branches
needed and the choice of branches in order to achieve performance close to
that with processing all the branches, as future work.

Algorithm 1 Proposed SSD algorithm
1: Inputs: y(@) H) RV ¢ = (¢; + Qrqp), ¢r €

[0,...,Qr—1] and ¢, € [0,...,Q, — 1], A
2: for ¢ =0to Q,Q, — 1 do
3 Obtain HY) = H@H (HEHE@H { R@))-1
4 Compute y(7) = Hg(é/)y(q/)
5: fori=1to MN
6: e@)[i] = arg min{|y?)[i] — a|}
a€h
o A9 = minflf] - al}
: end for "
9: end for
10: for: =1to MN do
11:  Obtain = argmin  d@)[4]
q'=0,...,Q:Q,—1
12: x[i] = e@[4]
13: end for

14: Output: x

¢r(Q+ 4+ 1)th branch, V ¢. € [0,...,Q. — 1], from the available
Q-Q, branches. For detection with subset selection, in line
2 of Algorithm 1, only a subset of ), — 1 branches, i.e.,
q €{0,(Q:+1),2(Q,+1),...,(Q-—1)(Q-+1)}, is considered,
and the resulting complexity is min(Q,, Q,)O(M3N?3).

B. Proposed channel estimation algorithm

The proposed DD channel estimation algorithm that uses
the parallel branch outputs is presented here. An exclusive
DD pilot frame* is transmitted for the purpose of channel
estimation. The M x N pilot matrix, denoted by X, has
a pilot symbol at location (k = kpu,! = lpu) and zeros in
all other locations. The received pilot signal is subjected to
parallel branch sampling at the receiver. The resultant M N x 1
vector at the output of ¢’th branch, ¢’ € {0,1,...,Q-Q,—1}, %s
denoted by y}(gl) (see (25)). The M x N matrix form of yl(;fl)
is constructed as Yé‘fll k1] = y;‘i]; J[kN +1]. The idea behind
the proposed channel estimation algorithm for fractional DD
channels is described in the following paragraph.

Consider the case when the path delays and Dopplers
are integer multiples of conventional sampling resolutions
along delay and Doppler axis, i.e, A7 and Av, respectively.
Then the received pilot symbol corresponding to :th path is
shifted by a; = - along delay axis and 3; = X% along
Doppler axis with respect to the transmitted pilot location
(k = kpi, | = lpun). Hence, estimating a; and 3; amounts to

4The use of exclusive pilot frame in the current work is aimed at
demonstrating the effectiveness of the over-sampling framework for channel
estimation and detection in Zak-OTFS. Exclusive pilot frames, though simple,
result in throughput loss and high peak to average power ratio (PAPR).
Embedded and superimposed pilot frames that can alleviate these issues can
be considered in the over-sampling framework as future work.
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Fig. 4: Response to the pilot as observed at the output of the parallel branches for M = N = 16, kpyj = Iy = 8, P =1,

hy =1, a3 =145, 1 = 3.65, Q. = @, = 2, and no noise.

finding the location of the maximum energy bin in the received
pilot matrix and calculate its shift along delay and Doppler
axis with respect to (k = kpi1, ! = lpi). When the DD channel
is fractional, i.e., o; and f3; are fractional multiples of A7t
and Av, respectively, the procedure described above cannot
recover the fractional parts of a; and (; with conventional
sampling. In order to estimate the fractional DD accurately, it
is required that sampling must be done at fractional multiples
of At and Av, i.e., over-sampling along delay and Doppler
axis. This islillustrated in Fig. 4, which shows the parallel
matrices Y(‘fl) obtained by transmitting a 16 x 16 pilot frame
with pilot located at kpy = [,y = 8. One path channel with
hy =1, oy = 1.45, 1 = 3.65 and an over-sampling factor of
@, = @, = 2 are considered. Recall that the ¢ = ¢, +Q,q,th
branch sampling grid has {k‘Jr |k = 0 -, M— 1} indices
along delay and {I + &=l = 0 — 1} along Doppler
axis. The illustration in Fig. 4 shows that each matrix has
peaks in bins corresponding to relative shift of a; and f;
from kpi and [, respectively. Note that the localization of
the received pilot and the intensity of the peaks depend on
qr and ¢,. For the block with ¢, = ¢q, = 0 (Ist block),
the intensity of the peak is minimum among the four blocks
with the peak at (9,12). The corresponding estimates are
(&,3) = (9—8,12—8) = (1,4), resulting in an absolute error
of |1.45—1] = 0.45 in the delay index and |3.65—4| = 0.45 in
the Doppler index. However, for the block with ¢, = ¢, =1
(4th block), the intensity of the peak is maximum among the
four blocks, with the peak at (9.5,11.5). The corresponding
estimates are (&, §) = (9.5—8,11.5—8) = (1.5, 3.5), resulting
in an absolute error of (0.05,0.15), which is the least among
the errors of the four blocks.

Based on the illustration above, we proceed to devise the
channel estimation algorithm using parallel branch sampling.
Towards this, we formulate an alternate DD domain input-
output relation equation to facilitate channel estimation. In
formulating the algorithm, we do not assume separability of
paths in the delay or Doppler domain, i.e., paths can interfere.
The alternate DD domain input-output equation is given by

y;(;h) =

&%) +nll), (32)
‘I’gg )(Tvap) Xpil] €
Xpil [kv 1]7
denotes transpose operation,

where <I>(‘§1) = [\Ilgq )(71,1/1) Xpil -
CMNXP, Xpil € RMNX1 guch that Xpil kN + 1] =
h = [hy ... hp]T, where []T

and \Ilgql)(n, ;) € CMNXMN g the effective channel matrix
when the channel has only ith path, given by
‘If(ql)(Ti,Vi) — g

with h; = 1,7, = vy = hy = 0,Vu # 4, ue {1,...,

(33)
P},

As mentioned above, the proposed channel estimation algo-
rithm operates on Yé’j‘ﬂ matrices, ¢ € {0,1,---,Q-Q, — 1}. It
is iterative in nature and progresses path-wise, i.e., one path
is estimated and canceled in one iteration. Let j denote the
iteration index such that 1 < j < Py, where Ppax >
P denotes the maximum number of paths estimated after
which the algorithm terminates. The jth iteration comprises
two major operations. First, estimate the delay, Doppler, and
channel gain of the jth path. Second, construct the @@,
path responses corresponding to jth estimated path denoted
by {Yj(-q )}3;%”71, and remove them from {Ypll }Q Qv
At the end of each iteration, we define a temporary matrix
referred to as the residue matrix that contains the residue of
{Ypll }2;%“_1 after removal of the currently estimated path.

The residue matrix is denoted by Wﬁ.q/), where the subscript j
is the iteration index and the superscript ¢’ is the branch index,
q €{0,1,...,Q-Q, — 1}. Let w?) denote the corresponding
residue vector, obtained as w(" )[kN +1 = W, (a >[l~c 1. Tt is
updated as Wﬁi W(q ) Y(q ) and used in the (j+ Dth
iteration to estimate the G+ )th path. In the first iteration,
ie., j = 1, it is initialized with parallel branch matrices,
ie., qu/) = Yé‘iﬂ/),q’ € {0,1,...,Q-Q, — 1}. The algorithm
progresses until either the residue energy, defined as E,.s =

ZQTQY/ 1 ||W<q/)

J+1||2

oN0p where || - ||2 denotes the Frobenius norm
of matrix, is less than a threshold ¢ or the number of estimated
paths exceeds Ppax, i.€., j > Ppax. The threshold e is taken
to be the average noise energy across the residue matrices of
all the branches, i.e., ¢ = M NN>.

At the end of the algorithm, the estimated vectors of channel
delays, Dopplers, and gains, i.e., 7,2, and h, respectively,
are used to construct the estimated effective channel matrices
HY) ¢ € {0,1,...,Q.Q, — 1}, i.e, (7,0,h) when used in
(6) gives h(T, v), which when used in (11) gives hdd(r, v),

SRemark on the choice of e: Note that as the iterations progress by canceling
the contribution of estimated paths, ideally, after all paths are estimated, the
residue matrix will contain only noise. Hence, we have chosen the average
noise energy across branches as the threshold and compute Eies as the average
residual energy across branches post estimated path cancellation.



which when sampled and used in (26) gives H@) ¢ €
{0,1,...,Q,Q., — 1}. The estimated H) matrices are input
to the SSD algorithm in Sec. IV-A for detection. A detailed
step-by-step description of the operations in the jth iteration
of the channel estimation algorithm is provided below.

Step 1(a): Estimation of delay and Doppler indices

For the jth path, the algorithm finds the energy and location
of the maximum energy bin among all the residue matrices in
the jth iteration. This is done is two steps. First,,the maximum
energy bin and its location in each of the WSq ) matrix, ¢’ €

{0,1,...,Q-Q, — 1} are obtained as
(Q) — W(_q/) k1 2 34
e k-e{o,...,M—Iﬁ?l)é{o,...,N—u| J [k, 2%, 34)
(k{140 = arg max (WO, 112, (35)
ke{o,...,M—1},1€{0,...,N—1}

respectively. Second, the branch whose matrix has the highest
energy bin relative to the rest of the branches is obtained as

). (36)

q= arg max v

q'€{0,....,Q:Q,—1}
The estimates of the delay and Doppler indices for the jth
path, denoted as k[ j] and 1[7], respectively, are determined as

k[ ] — k(‘l) + @ _ kplh l[ ] — Z(Q) QV _ lpib
where ¢ = (§)q., G = LQiTj, and (-)x denotes modulo-K
operation.

Step 1(b): Refinement of delay/Doppler estimates

A further refinement of the fractional estimates R[j] and
1[j] obtained in Step 1(a) can be carried out using a low-
complexity approach presented in Appendix B, by which a
refined estimate of the jth path delay and Doppler indices,
denoted by k[j] and 1[5, is obtained as (see (58))

(37)

o o ~H .\ — ~

k[j],1[j]) = arg max |w'? R@ 1I‘(-Q)

(k7] 15 g i ;
D XDy
(FEQ)HR(Q)fll-\Eﬁ))—1F§_§)HR(§)71W§_§) , (38)

where Dy, and D; are the search spaces for delay and Doppler,
F(g) = ‘I’EQ) (dkAT, dlAl/) Xpils dp € Dy, di € Dy,
@7 (dy A7, diAv) is obtained using (33), and w'? [kN +1] =
Wy}) [k,]. The search spaces Dy, and D; comprise of equally
spaced points in the interval éT and Qi around R[]] in delay

axis and i[j] in Doppler axis, respectively, given by

= [Rm “ w0 g, K 2@127] )
along delay axis and
D, = [i[j] R 1 1} (40)
2Qu (|Dl| - 1)@1/ 2QV

along the Doppler axis, where |Dy| and |D;| denote the
cardinality of the sets Dy, and D, respectively.

If the above refinement is performed, the estimates of delay
and Doppler indices for jth path at the end of Step 1 are
k[j] = k[j] and 1[5] = I[j], _respectively. If the refinement is
not performed, then k[j] = k[j] and 1[j] = I[j]. The estimated

delays and Dopplers for the jth path are obtained as 7[j] =
k[j]A7 and ©[j] = 1[j]Av.

Step 2: Estimation of channel gain

Using the delay and Doppler estimates 7 and & from Step
1, the estimate of the channel gain is obtained using (59) in
Appendix B as

hlj] = (0RO PO IROTRO T WD 4y
where T = &9 (#[j], [j]) xpn € CMN*1,

Step 3 Cancellation of estimated path

Using I‘(q) the estimated response of ¢'th branch is ob-
gl = I‘(q )h[ }, and the corresponding

matrix is obtained as Y (a >[k l] q >[kN +1]. The estimated
path is removed and the residue matnx is updated as

tained using (32) as y,

W(q ) W(q )

L) = ~ Y, 42)

The corresponding residue vector is updated as w'?) [kN+1] =

Jj+1
Wﬂ“k ,v¢ € {0,1,...,Q,Q., — 1} and the residual energy
ZQTQI -1 Hw(‘l )H%
is computed as s = %

Step 4: Stopping criteria

The algorithm continues to estimate the paths iteratively by
repeating Steps 1-3 until either j > P, or the residual en-
ergy goes below a threshold, i.e., Eis < €, where e = M N Nj.

The channel estimation algorithm described above is listed
in Algorithm 2. In Fig. 5, we present an iteration-wise
illustration of the evolution of the residue matrices W(q)
qd =1,2,3,4 for j = 1,2,3. A system with M = Nf16
pilot located at kpy = lpn = 8, pilot SNR of 20 dB, and
@, = Q, = 2 is considered. A two-path channel with unity
gain (P = 2, hy = hy = 1), delays @ = [1.45,0.65],
and Dopplers 3 = [3.65,1.95] is considered. It can be seen
that, in the first iteration, significant inter-path interference
is present in the residue matrices. However, as the algorithm
proceeds to iteration 2, the interference profile of the residue
matrices improves due to removal of the estimated first path.
The improvement is even more significant in iteration 3
due to removal of the estimated second path as well. This
leads to improved normalized mean square error (NMSE)®
performance.

Remark on error propagation: The proposed channel es-
timation algorithm estimates channel paths sequentially in
a path-by-path manner. While such iterative schemes may
potentially suffer from error propagation as iterations progress,
its impact is limited in the proposed approach. This can be
observed in Fig. 5, where the energy in the residue matrix
decreases as the iterations progress. This is because, 1) in each
iteration, the path corresponding to the maximum energy bin
across all over-sampled parallel branches is selected, ensuring
that the strongest remaining path is estimated first, 2) DD-
domain over-sampling improves energy localization for frac-
tional DD paths, resulting in accurate estimation and effective
cancellation, and 3) the use of a residual energy based stopping

%The NMSE across parallel
1 QrQu—1 HI:I(q/)_H(q/)Hg

QrQu o [|H(2) |2

branches is  computed as

=0



Algorithm 2 Proposed channel estimation algorithm

1: Inputs: Received signal and noise covariance matrices
on Q,Q, branches : Y;‘y and R , pilot vector: Xy,
maximum number of estimated paths Puax, € = M NNy

2: Initialize: path index j = 1, residue matrix/vector in Ist
ZQTQu 1 I\W(q )Hz

iter: W) = YO, w(®) =y g, = .
3: while j < Ppax OF Eres < € do
: for ¢ =0 to Q-Q, — 1 do
(a") _ (q") 2
5: W[k, 1
Vs " ke{o,...,M— 1} le{o ,,,,, }‘ [k, 4]
6: &7, 1490) = arg max  [W' [k, ]2
k€{0,....M—1},1€{0,-- ,N—1}
: end for
8 Obtaing= arg max [1\"]. 3 =9, &=

o kil =k + & — koa, 1] = 6% + & — L

10: Construct Dy = [k[j} - m  K[j] + 2&27]
and D, = [i[j]—ﬁ:m;imjLﬁ

11:  Obtain (k[s],1[j]) by solving (38), where I''? =
‘IJ;Q)(dkATv diAv) xpi1, ¥V di, € Dy, and d; € D.

1 Obtain (K[j],i[j]) = { (K1} 7)), no refinement
(k[4],1[5]), with refinement
13: Obtain 7[j] = [j]AT and o[j] = 1[j]Av
14: Compute hij]
where T07) = & (+(5], 2[4]) xpn and \ilgq>(+[j],1>[j]) is
obtained using (33).
15: Compute jth path contribution as y
obtain Y[k, 1] = 3\ [kN + 1]
16: Update residue WJ(‘Q = W("
PO A we
QrQu

= 1{")hj] and

Y, Wl kN 1) =

W;ii[k»l], and FEyes = +1H2
17: update j = j + 1
18: end
19: end while

20: Output: 7,0, h

criterion prevents estimation of noise-dominated paths. This
is evident from Fig. 6, where the NMSE performance of
the proposed algorithm decreases as the number of iterations
increases. Consequently, the BER performance with estimated
CSI using the proposed scheme approaches the performance
with perfect CSI (shown in the results in Sec. V).

V. RESULTS AND DISCUSSIONS

In this section, we present the performance of the proposed
detection and channel estimation algorithms. For this, we
consider the following system parameters: M = N = 16,
v, = 15 kHz, 7, = 1/v, = 66.66 us, B = My, = 240
KHz, T' = N7, = 1.06 ms, and 4-QAM. We consider two
channel models to evaluate the proposed algorithms under
different channel conditions. The first channel model considers
P = 4 paths and an exponential power delay profile (PDP).
The maximum delay and Doppler spreads of the channel are
taken to be Tyax = 4A7T and vy, = 4Av, respectively,
where AT = % = 4.16 ps is the delay resolution and
Ay = % = 937.5 Hz is the Doppler resolution. The path

(aH ™ 1@y —17@)F m (@)1 (@
_(rj R@™ r]. )~ I‘j R@ w;?,

TABLE I: Veh-A channel PDP

Path index (7) 1 2 3 4 5 6
Delay 7; (us) 0| 031 ] 071 | 1.09 | 1.73 | 2.51
Path power (dB) | 0 -1 -9 -10 -15 -20

delays and Dopplers are such that 7; ~ Unif[0, Tiyax] and
v; ~ Unif[—Vmax, Vmax), Where Unif]-,-] denotes uniform
distribution. The channel gains follow exponential PDP given

by h; ~ CN(0, 2 e~ ar

= ? The second
channel model is the Vehicular A (Veh A) channel model
defined in the standard [23]. The PDP of the Veh-A channel
model is given in Table I. The path Dopplers are distributed
according to Jakes Doppler spectrum, i.e., ¥; = Vmax cos(6),
0 € Unif[—7, 7], and vpax 18 taken as 815 Hz. For channel
estimation, the pilot symbol is placed at (kpi, lpi) = (%, %)
The maximum number of paths estimated before the algorithm
terminates is taken as P,y = 12. The DD domain transmit

filter wi (7, V) is considered to be a sinc filter, given by

2), where o

wi (7, v) = vV BTsinc(Br)sinc(Tv). (43)

The DD domain receive filter wx(7, /) is matched to transmit
filter, as shown in (9). The expression for the effective contin-
uous DD channel response hgq(7,v) in (11) for the case of
sinc filter is derived in Appendix C. Likewise, the covariance
matrices of the filtered noise in (18) for DOS system and (24)
for PBS system for sinc filter are derived in Appendix D. We
consider Q) = ), = @ in all the simulations.

A. Performance/complexity of SSD algorithm

In Fig. 7, we present the BER performance of the proposed
detection algorithm, assuming perfect knowledge of the 1/O
relation at the receiver. The channel model with exponential
PDP is used. Results are shown for the following cases: i)
conventional sampling () = 1) with MMSE detection, and
1) over-sampling (QQ = 2,3,4) with SSD detection. We
abbreviate the SSD algorithm as SSD-AB when the outputs
of ‘all branches’ are used and as SSD-SB when the ‘subset
of branches’ (as described in Sec. IV-A1) is used. In addition
to the performance of SSD-AB and SSD-SB, the performance
of the joint MMSE detection (abbreviated as JD) carried out
on the full DOS vector is provided. From Fig. 7, it is seen
that the performance obtained with over-sampling using the
proposed SSD algorithm and JD are superior to that obtained
by performing MMSE detection with conventional sampling.
With Q = 2, SNR gains of about 4 dB, 4 dB, and 2.5 dB at
103 BER are achieved by performing JD, SSD-AB, and SSD-
SB, respectively, when compared to MMSE detection using
conventional sampling. Note that although the performance of
JD and SSD-AB are comparable for () = 2, the performance
with JD saturates for () > 2, while that of SSD-AB improves
with increasing sampling factors of () = 3,4. This is due to
the high covariance in the full DOS noise vector (used for JD)
compared to that with PBS (used for SSD-AB and SSD-SB).
Further, the performance of SSD-AB is superior compared to
that obtained with SSD-SB. This is because, while all branches
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Fig. 6: NMSE performance of proposed estimation algorithm
as a function of number of iterations.

are processed in SSD-AB, only a select subset of branches is
processed in SSD-SB.

Complexity: Recall from Sec. IV-A and Sec. IV-Al that
JD, SSD-AB, and SSD-SB algorithms have complexities of
O(QSM3N?), Q?O(M3N?), and QO(M?>N?3), respectively.

That is, the complexity grows exponentially, quadratically,
and linearly in @ for JD, SSD-AB, and SSD-SB algorithms,
respectively. The simulation results in Fig. 7 show that SSD-
SB with Q = 4 (4 parallel branches) achieves performance
which is very close to those of SSD-AB algorithm with
@ = 4 (16 parallel branches) and JD algorithm, making the
proposed SSD-SB algorithm attractive from both performance
and complexity perspectives.

B. Performance/complexity of channel estimation algorithm

The NMSE and the corresponding BER performance of
the proposed channel estimation algorithm (detailed in Algo-
rithm 2) for () = 1 are shown in Figs. 8a and 8b, respectively.
We abbreviate the proposed algorithm as ‘with refinement
(WR)’ if the refinement step (Step 1 (b) in Algorithm 2)
is included and as ‘no refinement (NR)’ if Step 1 (b) is not
included. The Veh-A channel model is used. For comparison
purposes, the performance of the model-free (MFr) and least-
squares-based model-dependent (MD-LS) channel estimation
algorithms reported in [7] are also included. MMSE detection
is used to obtain the BER performance. The NMSE and BER
performance of the proposed algorithm with no refinement
(NR) is plotted as a function of pilot SNR in Fig. 8a and 8b.
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Fig. 8: NMSE and BER performance of the proposed channel
estimation algorithm for () = 1 in comparison with MFr and
MD-LS algorithms in [7].

It is seen that the proposed NR algorithm has a superior NMSE
and BER performance when compared to MFr algorithm up
to a pilot SNR of 15 dB, beyond which the performance of
MFr algorithm is good. In Fig. 8a, the NMSE performance of
the proposed algorithm with refinement (WR) is also depicted
for |Dy| = |Dy| = 7 as a function of pilot SNR. The
proposed WR algorithm is found to achieve better NMSE
performance compared to the MFr and MD-LS algorithms.
This is attributed to its ability to estimate fractional delays
and Dopplers accurately, whereas the MFr algorithm is noise-
limited and the MD-LS algorithm is constrained by imprecise
integer estimates of path delays and Dopplers. The better
NMSE performance of the proposed WR algorithm translates
into better BER performance, as shown in Fig. 8b.

Complexity: Table II presents the worst-case complexity
of the proposed algorithm in terms of the number of real
multiplications and additions involved. For comparison, the
complexities of the MFr and MD-LS algorithms are also
included. For the specific parameter values of M = N = 16,
P =6, Pnax = 12, |Dg| = |Di] = 7, Q = 1, the resultant
complexity for MFr, MD-LS, proposed WR, and proposed NR
algorithms are 8.192 x 10°,4.522 x 10%,3.5275 x 10°, and

“©-Est. CSI, Exp. PDP
-O-Perf. CSI, Exp. PDP

% Est. CSI, Veh.A PDP
-%-Perf. CSL, Veh.A PDP

10 Fe-Exp. PDP
%-Veh-A PDP

M =N =16,
Pilot SNR = 15 dB,

Data SNR=15 dB
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M = N = 16, prop. NR ch. est.
Pilot SNR=15 dB
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Q Q

(a) NMSE vs Q (b) BER vs SNR

Fig. 9: NMSE and BER performance of the proposed receiver
as a function of the over-sampling factor Q).

1.0712 x 10, respectively’. Considering the case of PBS with
@ = 2, the complexities of the proposed WR and proposed
NR algorithms increase to 4.9184 x 109 and 2.7416 x 109,
respectively. The proposed NR algorithm with @ = 2 has
a lower complexity than the proposed WR algorithm with
@ = 1. Furthermore, the performance results reported next
(see Fig. 11) show that the proposed NR algorithm with ) = 2
over-sampling and a computational complexity of 2.7416 x 10°
performs better by about 1.5 dB at a BER of 1.2 x 1073
compared to the proposed WR algorithm with Q = 1 and
a complexity of 3.5275 x 10°, highlighting the effectiveness
of the NR algorithm with ¢ > 1 as a good low-complexity
approach achieving good performance.

C. NMSE/BER performance as a function of Q and SNR

In Figs. 9a and 9b, we present the NMSE and BER perfor-
mance of the proposed low-complexity receiver incorporating
both the SSD-SB detection algorithm and the NR algorithm
for channel estimation. Results for exponential PDP channel
model and Veh-A channel model are presented. In Fig. 9a,
the NMSE performance of the NR algorithm is shown for a
pilot SNR of 15 dB as a function of over-sampling factor Q.
It is seen that the NMSE performance of the NR algorithm
improves as the over-sampling factor increases. This is at-
tributed to the increasingly more accurate fractional estimates
of path delays and Dopplers for increasing values of ), which
helps to obtain better estimates of channel gains, resulting in
an improved estimate of H. The improvement in performance
beyond ) = 3 for Veh-A channel model and @Q = 4 for
exponential channel model is marginal. In Fig. 9b, the BER
performance of the NR algorithm is shown in comparison with
that obtained using perfect channel knowledge. A data SNR
of 15 dB is considered for illustration. It can be observed
that the BER performance with both estimated channel state
information (CSI) and perfect CSI improve with @ and the
performance with estimated CSI approaches that obtained with
perfect CSI as () increases. Further, the performance gain is
only marginal as () increases beyond 3 and 4 for Veh-A and
exponential channel models, respectively.

"When constructing the H matrix using (26), the effective channel is
constrained to span two DD periods on either side of the fundamental period
along both the delay and Doppler axis, such that [m| < 2 and |n| < 2.



TABLE II: Complexity of the channel estimation algorithms.

M = N = 16, M = N =16,
Algorithm Number of real multiplications Number of real additions P=6Q=1 P=6,Q=2
De| =D =7 | [Dk|=1Di|=7
MFr 100M2N?Z 25M?2N? 8.192 x 10° -
50M?N?2(15P + 6)+ 350M°N?P + M N 3
MD-LS MN2P? + P)+ P34 P (P?2+42P —2)+ P3—3P 4.522 <10 i
M3N3 + Pnax[M?N? M3N3 + Prax
(41d2% + 529Q, Q. + 16)+ [M2N?(16d? + 175Q- Q. )+ 9 9
Prop. WR 1OMN(@® + 1) 1+ 50. 0 + 12+ | AMN + QrQy — 4d° 4 2]+ 3.5275 x 10 4.9184 x 10
25 M2 N?(15Pyax + 16) 175M2N? Pypax
3 N3
, MONT + Pax M3N3 4 Prax[M2N2(179
[M?N*(529Q,Q, + 16)+ 9 9
Prop. NR QrQv +12) + 12M N+ 1.0712 x 10 2.7416 x 10
12MN +5Q,Qy + 8]+ O Ou 1 1TMEN2P,
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Fig. 10: NMSE performance of the proposed NR channel
estimation algorithm for different over-sampling factors.

In Figs. 10 and 11, we show the NMSE and BER perfor-
mance of the proposed low-complexity receiver as a function
of SNR for Veh-A channel model. In Fig. 10, the NMSE
performance is shown as a function of pilot SNR for @ =
1,2,3. It is observed that the NMSE performance improves
as pilot SNR increases. In addition, the performance improves
substantially with over-sampling factor. In Fig. 11, the BER
performance of proposed algorithm is shown as a function of
data SNR for a pilot SNR of 20 dB. It is observed that as )
increases, the performance with estimated CSI gets closer to
the corresponding performance obtained with perfect CSIL.

D. Diversity performance

For diversity analysis, the I/O relation in (20) is alter-
nately written in the form y4os = Xh + nges, Where
X = [@y(r, 1) -+ Cp(rp,15)](Ip @ x) € CHNR-QuxP
and ‘I’i(Ti,Vi) = Hdos with hl = ].77'” = Uy = hu =
0,V u # i, u € {1,---, P}, Ip denotes P x P identity
matrix, and ® denotes Kronecker product. Note that X is a
function of transmitted vector, path delays and Dopplers, and
h = [h1hy---hp]T is a Px 1 vector. Then, the diversity order

SNR (dB)

Fig. 11: BER performance of the proposed receiver for differ-
ent over-sampling factors.

(DO) achieved by the system in (20) is given by the minimum
rank of the difference matrices [21], i.e.,
DO = min rank(X; — X;),

6,J iFE] “4
where X,; corresponds to the transmitted vector x; €
AMN e {1,2,--- [ |AMN|}. Table III shows the rank profile
of the difference matrices X; — X; for different DD channel
profiles (A, B, C, D) with conventional sampling and over-
sampling. It is observed that the minimum rank obtained in
all cases is equal to the number of paths, i.e., P. Hence, the full
DD diversity of P is achieved with conventional sampling and
over-sampling. This result is further corroborated through BER
simulations in Fig. 12 for DD profile-B. The diversity slopes
of the BER versus SNR curves for conventional sampling and
over-sampling are found to be 2 (the same as the number of
DD paths), which agrees with the diversity order observed
through the rank profile in Table III.

VI. CONCLUSIONS

We considered a DD domain over-sampling framework
for Zak-OTFS receivers. We presented an analysis using a
minimum distance measure and PEP that indicated improved



TABLE III: Rank profile of the difference matrices.

Number of difference
System parameters matrices with rank Minimum rank
1 2 3 4
M=2N=2P=2 DD profile-A T= 8’ } ﬁz 0240 | -| - 2
Tmax = 1.2AT, Umax = 1.2Av — :TO 2’ TIAT
Qr=Q, =12 DD profile-B v = [~0.4,0.6]Av 0 | 240 | - - 2
M=4N=2P=4 DD profile-C T } g‘z’ ﬁ; 0ol o | o/ 6528 4
Tmax = 3AT, Vmax = 1.2Av T=[02 11,25 LO]AT
Qr=Q,=1,2 DD profile-D v = [=03.1.2,0.8 —0.2] Av 0 0 0 | 65280 4

performance with over-sampling compared to conventional
sampling. We proposed detection and channel estimation
algorithms to reap this performance improvement in a low
complexity manner. To achieve low-complexity detection in
the over-sampling framework, a parallel branch sampling,
which can be viewed as conventional sampling of delay- and
Doppler-shifted signals, was proposed. A novel partitioning
of the frame along with processing of a subset of partitions
was shown to achieve improved detection performance with
over-sampling. Applying over-sampling and partitioning on the
received pilot frame, we devised a low-complexity algorithm
to estimate the delays, Dopplers, and gains of the DD channel
taps based on maximum energy across partitions. The pro-
posed algorithm was shown to achieve better NMSE perfor-
mance compared to the model-free approach of I/O relation
estimation. The proposed channel estimation algorithm, along
with the proposed detection algorithm, was shown to achieve
good BER performance.

APPENDIX A
MOTIVATION/RATIONALE FOR OVER-SAMPLING

In this Appendix, we present an analysis that compares the
performance of conventional sampling and over-sampling in
Zak-OTFS using a minimum distance measure and PEP.

A. Analysis

Dropping the subscripts in (20) for notational simplicity,
we write the DD domain received vector for conventional
sampling, i.e., when Q. =@, =1, as

y = Hx +n, (45) (45)

where y and x are the received and transmitted vectors, respec-
tively, H is the effective channel matrix, and n ~ CA(0,R,,;,)
is the additive noise. The ML detection rule for estimating the
transmitted vector is

% = arg min (y — Hx)" R ! (y — Hx).

X

(46)

Let x;,4 € 1,2,---,|A|MY denote the set of all possible
OTFS transmit vectors of length M N. Defining a = H(x; —
x;) and d;; = a R, ! a, the PEP that the receiver will decide
in favor of x; when x; is transmitted is [21]

P(x; — xj‘xi sent, H) = Q ( dij/2> . 47

Note that as d;; increases, the PEP decreases (due to mono-
tonicity of the Q-function). Now, consider the case when
over-sampling is performed on the received signal in delay
and/or Doppler domain, i.e., @, > 1 and/or @), > 1. Let
y’, n’, and H’ denote the vectors and matrix consisting of
the additional samples of received signal, noise, and channel,
respectively, resulting due to over-sampling, i.e., samples at
points in between the information grid points. The resultant
overall over-sampled signal can be written as

H n
Yos = l:}},’/:| = |:H/:| X+ |:n/:| = Hysx + ngs. (48)

The covariance matrix of n,g is given by Reos = E[nsnll] =
Rnn Rnn’
Rffn, R,
block matrix inversion formula as [22]

-1 R’r_w% + Rr_n% Rnn’S_IR{z{n’R'r_L%
Ros = _S—IRH /R_l
where S = R,/ — Rf,L/R:”}R,m/ is the Schur complement

of R,,,,. The ML estimate of the transmitted vector and the
PEP for the over-sampled case are obtained as

} The inverse of R,s can be obtained using

—RgﬁRnn/S‘l}
S—l )

% = arg min(yos — HOSX)HR(;SI(yOS — H,:x), (49)
P(x; — xj‘xi sent, Hos) = Q (, /d;j/Q) , (50)

where d}; = (Hos(x; — x;)) "Ry (Hos(x; — X;)). With the
above, we make and prove the following claim.

Claim: PEP is lower in case of over-sampled receiver when
compared to conventionally sampled receiver.

Proof: Let a’ = H'(x; — x;). Then, d;; can be simplified as
di;=a"R;la+a"R, R.vST'RI R, 1a—
a’R 'R, S 'a’ —
a"ST'IRY R la+a'’s 'a’

= d; + (R R:la—a)"S"Y(RE R-la—a').(51)

nn nn nn nn

Note that the quadratic term in (51) is non-negative since S
is positive semi-definite. Hence, dj; > d;; and Q(\/(m) <

Q( di; / 2). That is, the over-sampled receiver can have lower
PEP and hence lower average probability of error compared
to the conventionally sampled receiver. We verify this through
computation of PEP-based analytical BER upper bound (UB)
obtained using union bound and averaging over fading dis-
tribution as well as BER simulation in Fig. 12, as described
below.



100
X Q. =Q, =1, sm.
; -¥-Q, =Q, =1, ana. UB
Q. =Q, =2, sim.
1072 -©-Qr = Q, =2, ana.
5 1071
jan}
1070}

M=N=2P=2,v,=375kHz
Tmax = 1.2AT, Upay = 1.2A0
BPSK, ML detection

108 ‘
0 10 20 30

SNR (dB)
Fig. 12: BER performance comparison between conventional
sampling and over-sampling.

B. BER performance

In Fig. 12, we show the BER performance of Zak-OTFS
for conventional sampling (Q, @, = 1) and direct
over-sampling (Q, = @, = 2) under ML detection with
perfect CSI. BER upper bound (UB) obtained using PEPs
as well as simulated BER are plotted. The following system
parameters are used: M = N = 2, P = 2,1, = 3.75 kHz,
Tp = y— = 0.2667 mS, Tmax = 1.2A7 and vy = 1.2A0.
The DD npairs, i.e, (1i,1v4)s, of the two paths are fixed as
(0.2A71,—0.4Av) and (1.1A7,0.6Av), and the channel gains
are distributed as h; ~ CN(0, %) The symbols are drawn
from BPSK constellation. From Fig. 12, it is observed that
over-sampling achieves better BER performance compared to
conventional sampling, which is consistent with the analytical
prediction in the previous subsection.

APPENDIX B
REFINEMENT OF DELAY-DOPPLER ESTIMATES OF jTH PATH

In this Appendix, we present a low-complexity framework
that enables refinement of the estimates of the delay and
Doppler indices obtained in Step 1(a) of the channel es-
timation algorithm. For notational simplicity, we drop the
frame type indication denoted by subscript ‘pil’ in input-output
relation in (32). Then, for the ¢’th branch, we have

y@) = @) 4 @) (52)

where n(?) ~ CA/(0, R(?)) and R(4") is the noise covariance
matrix correspondlng to the ¢'th branch. The conditional
distribution py(y(?) |7, v, h) ~ CA(®h,R(?)) is given by
_ 1

~ TMNdet(R(4))
e_(y(Q')_q,(q/)h)HR(Q’)_l(y<Q')_q,(q')h)7 (53)

p (y(Q/) ‘T7 v, h)

where det(-) denotes determinant operator, and the ML esti-
mate of (7,r,h) is given by

(+,%,h) = arg max p,(y')|7,v,h). (54)

(7,v,h)

The optimization problem in (54) can be solved to obtain [20]

(f,0) = arg max [y(q,)HR(q,)_lq)(q/)(q,(fI’)HR(q’)_l
(rv)

(I>(q’))*1q,(q’)HR(q’)*ly(q’)]7 (55)

h= (.1;(‘1')11{:5{(11')_1@.(q'))—1(I,(fi')HR(q')_ly(q’)7 (56)

where (7,v) is the joint DD search space. Note that 7
and © are P-dimensional vectors. Hence, obtaining joint
estimates (7,2) by solving optimization problem in (55) is
computationally complex. The term (<I>(‘1/)HR(‘1')71<I>(q,))’1
in (55) is diagonally dominant. Hence, approximating the off-
diagonal terms in (@(q/)HR(q/)A@(q/))_l to zero [20], (55)
can be written as

(T,7) = arg max Z y@) " R@)” F(q)
(T.v) i=1

(1‘*1(_ )" R :[‘5‘1/))—1:[‘2(,’1/)HR((1')71y(Q')7 (57)
where I‘Eq/) = W) (7, 1)xpn (see (33)). In (57), observe
that the objective function depends on :th path parameters
(74, v;) only through ith term in the summation. Hence, the
estimation of delay, Doppler, and channel gains of the different
channel paths can be carried out separately. Thus, we obtain
an estimate of ¢th path parameters by using path separability

in (55) and (56) as

(#[).2[4]) = arg [max w(")"R@) ) (0 RE)
T€RT vER

)i RO W), (58)

and
fl[ ] = (F(-q’)HR(q/)ﬂI‘(.q'))_1F(.q')HR(Q’)’1w§_q')’ (59)
where F(q )= ‘I’(q )(7,v) xpi1 and w(q ) is the residue vector

in jth 1terat10n

APPENDIX C
EFFECTIVE CHANNEL RESPONSE IN DD DOMAIN

The expression for the effective channel response (see (11))
when sinc filter is used is derived here. Considering a(7,v) =
h(T,v) %o wx (7, V) and using w (7, ) given by (43) and the
definition of twisted convolution gives

a(t,v) = h(1,v) *; wix (T, V)

P
VBT hie 7" isine(B(r — 7;))

i=1

sinc(T' (v — v;))ed? i, (60)
Using (60) in (11) and simplifying, we get
hdd(ﬂ V) = wrx(77 V) *o CL(T, V)
P
= BT Z hie 27TV T, (61)

i=1

where

I, :/ sinc(Br)sinc(B(1 — 1/ —7;))e?2 =T Widr! - (62)



o

Br, &
A(T17V177—2)V2): Tp Z

g1=—00 q2=—00

—_ n+aTy, _;
d eI irect(——— L ) e T2 TR T pect(

T2 + q2Tp

T T )

(67)

/ / sinc( BTy )sinc(B1y)E[n(r) — 7 + q17p)n* (T2 — 75 + qa7p)dTadT] .
T JT)

and
I, = / sinc(TV )sinc(T(v — V' — 1,))e’>™ ™ dv'. (63)

It is noted that a general expression for hyq(r,,) for an arbi-
trary pulse-shaping filter in the matched filtering configuration
is presented in [12] (see Eq. (57) in [12]). This hgq(r,.)
expression in [12] is in a form of two separable integrals,
corresponding to the auto-ambiguity functions of the time and
frequency domain representations of the Doppler and delay
domain components of the pulse-shaping filter, respectively.
Observe that the integrals in (61) are similar to those of the
auto-ambiguity integrals in [12]. Here, for the case of sinc
filter, we further simplify (62) and (63) using the Plancheral’s
theorem and substitute them in (61) to obtain the closed-form
expression as

P
1 . ,
hdd(T, 1/) = 5T E :hie,yw(r—n)uielm(l,_,ji)T
i=1

(T = [7)(B = |wi])sine (v — vi)(T = [71))
sinc ((T — TZ-)(B — |l/2|)) I[{|T‘<T}]l{‘y1’|<3}. (64)

APPENDIX D
COVARIANCE OF NOISE SAMPLES

The covariance of the filtered noise samples in the DD
domain for sinc filter is derived here. The filtered noise is given
Wrx

by ni(7,v) = wex(T,V) *¢ nad(T,v). Using wi(7,v) =

Wix(—7, —1)e?*™ ™ in niyy(7,v), where wi(T,v) is given
by (43), we obtain

nwrx (7_ l/) _ BTP i 67]'27rq'rpl/rect <T + qu)
dd ’ -
VT = T

/ sinc(BT')n(r — 7' + q7p)d7’. (65)
A general expression for the noise covariance for an arbitrary
pulse-shaping filter in the matched filtering configuration is
presented in [12] (see the expression after Eq. (47) in page
4469 of [12]). Here, for the case of sinc filter, using the DD
domain noise in (65), we write the covariance of the noise as

A(ri,v1, 10, 10) = E[n{y (11, v1)ngs ™ (12, 12)],  (66)

which can be written as (67) given at the top of this page. Us-
ing the covariance property of the noise that E[n(7)n*(72)] =
Nod(m2 — 71), where §(-) is the Kronecker delta function, the
closed-form expression for noise covariance is obtained as (68)
given at the top of this page, where |-] and [-] denote floor
and ceiling operators, respectively.

Now, the covariance of the filtered noise samples given by
(18) for the DOS system can be obtained using (68) given at

the top of the next page, where Raos[k1 NQ, + 11, k2 NQ,, +
lo] = A(T1,v1, 72, V2) 7y 2y 47 =1y 82 ramhs BT 1y =1, 42 - FOT
the PBS system, the covariance of the noise samples of the ¢’th
branch is obtained using (68) as R(¢ )[klN +l, ko N +13] =
A(Tl, V1, T2, 1/2) when T = (kl =+ g)AT, vy = (ll + g)AV,
Ty = (]{32 =+ ggi)AT, and vy = (ZQ =+ &)AV
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