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On the Effect of Pulse Shaping Filters in Zak-OTFS Waveform for

Radar Sensing
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Abstract—In radar sensing, self-ambiguity function of the
probing waveform plays a crucial role in the resolvability and
detection of multiple targets. A desired distribution of the ambi-
guity volume (volume under squared self-ambiguity function) for
good sensing performance is characterized by 1) narrow main
lobe, 2) low peak sidelobe ratio, and 3) low integrated sidelobe
ratio. With Zak-OTFS waveform, this volume distribution is
achieved by choosing appropriate delay-Doppler (DD) pulse
shaping filter. In the recent Zak-OTFS based radar literature,
Gaussian pulse shaping filter has been considered, and it has
been shown to offer better range/velocity estimation performance
compared to the traditional chirp waveform in scenes with
multiple targets. While the self-ambiguity function with Gaussian
filter has very low side lobes, its main lobe is wide which
compromises resolvability and performance. Motivated by this,
we seek filters with better ambiguity characteristics. Specifically,
in this paper, we explore two other known filters, namely, sinc and
Gaussian-sinc (GS) filters, and demonstrate that these filters offer
better performance compared to Gaussian filter under different
scenarios and receiver processing. Towards demonstrating this,
we derive closed-form expressions for the self-ambiguity functions
of Zak-OTFS waveform with Gaussian and GS filters, which
have not been reported before. The ambiguity functions of sinc
and GS filtered waveforms have narrow main lobes, resulting in
better resolvability in scenes with densely populated targets for
the basic peak-detection based receiver. The ambiguity function
of Gaussian filtered waveform has very low sidelobes, resulting in
better performance in sparsely populated scenes. When a receiver
with inter-target interference mitigation is used, the sinc and GS
filters perform better in both dense and sparsely populated scenes
compared to Gaussian filter.

Index Terms—Zak-OTFS waveform, radar sensing, self-
ambiguity function, delay-Doppler domain, pulse shaping filter.

I. INTRODUCTION

Integrated sensing and communication (ISAC) is projected
to be a prominent feature in the next generation of wireless
communication systems [1]. Waveforms that can deliver robust
communication as well as good radar sensing performance
will be crucial for ISAC [1]-[3]. One such waveform is the
orthogonal time frequency space (OTFS) waveform which is
a pulse in the delay-Doppler (DD) domain and a pulsone
in the time domain [4]-[7]. Earlier works on OTFS have
focused on the multicarrier version of OTFS (MC-OTES)
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for communication and radar sensing [8]-[14]. Recently, Zak
transform based OTFS (Zak-OTFS) waveform has been shown
to give more robust communication performance in wireless
channels characterized by large Doppler spreads [15]-[19].
Also, in the recent literature, Zak-OTFS waveform has been
shown to be a better radar waveform for resolvability/detection
of multiple targets compared to the traditional chirp waveform
[20],[21].

In radar sensing, self-ambiguity function of the probing
waveform plays a crucial role in the resolvability and detection
of multiple targets [22]. Formally, the self-ambiguity function
is defined as the cross-correlation of the waveform with its
delayed and Doppler-shifted version. The volume under the
ambiguity surface can be interpreted as an inherent “blur” that
limits the ability to distinguish multiple targets. According to
Moyal’s identity [23], the total volume under the squared self-
ambiguity function is finite and equals the squared energy
of the waveform, implying that this blur is fundamentally
unavoidable. Consequently, radar waveform design focuses on
distributing this volume in a manner that minimizes perfor-
mance degradation.

The self-ambiguity of the traditionally used chirp waveform
is supported on a line in the DD domain. To detect a single
target, an up-chirp and a down-chirp signals are transmitted
successively. The intersection point of lines corresponding to
self-ambiguity of the up-chirp and the down-chirp gives the
target’s DD location, which gives the range and velocity of
the target. For a radar scene consisting of multiple targets,
this approach results in intersection points not corresponding
to any real target, giving rise to the so called “ghost” targets.
To distinguish ghost targets from real targets, multiple pairs of
up-chirp/down-chirp are transmitted, which compromises the
delay (range) and Doppler (velocity) resolution [20],[24].

In contrast, the self-ambiguity of a Zak-OTFS waveform is
supported on a lattice in the DD domain [17],[25], providing
better localization leading to unambiguous target detection.
A filtered Zak-OTFS waveform has the volume under the
ambiguity function concentrated around these lattice points.
Specifically, the volume/blur around the origin plays a signifi-
cant role in the detection and resolvability of multiple targets.
In Zak-OTFS, the distribution of this volume is affected by
the DD domain pulse shaping filter used in the waveform
generation. Different pulse shaping filters will result in dif-
ferent distributions of the volume, and hence different sensing
performance.

Recently, in [20], a Gaussian filtered Zak-OTFS waveform
has been considered for radar sensing in a multi-target scene.
It has been shown to achieve significantly better range/velocity
estimation performance compared to the traditional chirp



IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. XX, NO. XX, OCTOBER 2026 2

waveform due to the favorable characteristics of its self-
ambiguity function. Although the self-ambiguity function of a
Gaussian filtered Zak-OTFS waveform has very low side lobes,
its main lobe is wide. Consequently, the targets which are
close to each other in the DD domain are difficult to resolve.
This motivated us to seek filters with better ambiguity function
characteristics that can achieve better target resolvability and
detection performance, which forms the basic premise in this
paper.

Towards this end, in this paper, we consider two other
known filters, namely, sinc and Gaussian-sinc (GS) filters
[16],[26],[27], and demonstrate that these two filters offer bet-
ter performance compared to the Gaussian filter under different
scenarios and receiver processing. The key contributions and
insights in this work can be summarized as follows.

o Closed-form expressions for self-ambiguity functions:
The Zak-OTFS framework enables obtaining exact ex-
pressions for the self-ambiguity function of the waveform
generated using different pulse shaping filters [17]. Ex-
ploiting this attribute, a closed-form expression for the
ambiguity function of Zak-OTFS waveform with sinc
filter has been reported in the literature [17] (Ch. 10, Th.
10.5). In this paper, we derive closed-form expressions
for the ambiguity function of Gaussian and GS filtered
waveforms, which are new and useful contributions. The
availability of the expressions is summarized in Table
I. The derived expressions allow significant reduction in
simulation run times compared to numerical evaluation
of integrals, e.g., simulation run times get reduced by
factors of about 10 and 80 for GS and Gaussian filters,
respectively, compared to numerical evaluation.

o Characteristics of the self-ambiguity functions: As the
structure of the self-ambiguity function of a waveform
plays a vital role in determining its sensing performance,
we characterize the self-ambiguity functions of Zak-
OTFS waveform with sinc, Gaussian and GS filters in
terms of 1) main lobe width, 2) peak sidelobe ratio
(PSLR)' and 3) integrated sidelobe ratio (ISLR)>. The
ambiguity function of the Gaussian filtered waveform
exhibits a wider main lobe than those of the sinc and GS
filters, and almost no discernible sidelobes. In contrast,
the sinc and GS filters have a narrow main lobe and sig-
nificant sidelobes (see Fig. 3). Although both sinc and GS
filters exhibit similar PSLR, they differ in terms of ISLR,
with the sinc filter having a significantly higher ISLR
compared to that of the GS filter. These characteristics
are summarized in quantitative terms in Table II.

o Comparative sensing performance of different filters: We
present a comparison of the sensing performance with
sinc, Gaussian, and GS filters in terms of detection
capability (receiver operating characteristic - ROC) and
range/velocity estimation accuracy in two different radar
scenes: 1) scene with densely populated targets, and 2)
scene with sparsely populated targets. When a basic peak-

IPSLR is defined as the ratio of the peak of the highest sidelobe to the
peak of the main lobe in the ambiguity function.

2ISLR is defined as the ratio of area under the sidelobes to the area under
the main lobe in the ambiguity function.

DD filter type || Closed-form expression for self-ambiguity function
Ref. [20] | Ref. [17] (Ch. 10) | This paper
Sinc X v X
Gaussian X X v
Gaussian-sinc X X v

Table I: Availability of closed-form expressions for the self
ambiguity functions for different filters.

DD filter type Self-ambiguity function characteristics
Main lobe width PSLR ISLR
(@ -25 dB level)

Sinc 1.99 -6.65 dB | 2.31 dB

Gaussian 5.39 - -

Gaussian-sinc 2.12 -6.92 dB | -3.12 dB

Table II: Characteristics of the self-ambiguity functions of
different filters.

detection based receiver is used, the sinc and GS filters
provide better detection and estimation performance com-
pared to those of the Gaussian filter in densely populated
scene, due to the narrow main lobe of their ambiguity
functions. In sparsely populated scenes, good detection
performance is dictated by low ISLR in the ambiguity
function. Thus, in sparse scenes, the Gaussian filter
provides the best detection capability among the three
filters, followed by the GS filter. Whereas, the high ISLRs
of the sinc and GS filters result in weaker targets getting
affected by stronger targets in sparse scenes, leading to
poor estimation accuracy.

To improve performance, we consider a receiver with
inter-target interference (ITI) mitigation which involves
estimation of delay, Doppler, and fade parameters as-
sociated with a target, and subsequently reconstructing
and subtracting its contribution from the whole cross-
ambiguity function, to aid better estimation of parameters
associated with the other targets. When the ITI mitigating
receiver is used, because of effective interference estima-
tion and mitigation enabled by their narrow main lobes,
the sinc and GS filters perform better in both dense and
sparsely populated scenes compared to the Gaussian filter.

The rest of the paper is organized as follows. Section II
introduces the Zak-OTFS system model for radar sensing. In
Section III, we derive closed-form expressions for the self-
ambiguity functions of Zak-OTFS waveforms filtered through
different pulse shaping filters. In Section IV, we highlight
the effect of pulse shaping filters on estimation accuracy in
different radar scenes and present an ITI mitigation scheme
to improve performance. Section V presents the performance
results and discussions. Conclusions and possible future work
are presented in Section VI.

II. ZAK-OTFS SYSTEM MODEL FOR RADAR SENSING

In a Zak-OTFS based radar system, a pulse in the DD
domain is used as the probing waveform for sensing. A pulse
in the DD domain is a quasi-periodic function, parameterized
by delay period 7, and Doppler period v, with 7,1, = 1.
The fundamental region Dy in the DD domain is defined as
Do ={(r,v) |0<7 <71, 0<v<up}, where 7 and v are
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Figure 1: Block diagram of Zak-OTFS transceiver for radar sensing.

the delay and Doppler variables, respectively. Dy is divided
into M bins along the delay axis and N bins along the
Doppler axis, where M = BT, and N = Tv, for a probing
waveform limited to bandwidth B and time duration 7. In
order to generate the probing waveform, a unit energy impulse
function in the DD domain, i.e., zp[k, ] = 6[k,{], 0 < k < M,
0 <1 < N, where §[.] is the Kronecker delta function, is
converted into a quasi-periodic discrete DD domain signal
Zpadlk, ] using the following encoding:

Zpadlk +nM, 1+ mN] = z,[k, [e/>™ %, nm e Z. (1)

The discrete DD domain signal in (1) is converted into a
continuous DD domain signal, given by

=Y wpalk, 16 (r—@>5(u—%), )

k,leZ

xpdd T, Z/

where 4(.) is the Dirac-delta function. The continuous DD
domain signal in (2) occupies infinite time duration and
bandwidth. Thus, in order to limit the time duration and
bandwidth of the probing waveform, a transmit DD domain
pulse shaping filter w (7, v/) is applied to 2 q4(7, ). The pulse
shaped continuous DD domain signal is given by

xdd(T7 V) = Wix (7-7 V) *o l'p,dd(7.7 V)a (3)

where *,, denotes the twisted convolution®. The probing wave-
form x(t) is the time domain realization of z4q4(7, v), obtained
as 2(t) = Z; ' (x4a(7,v)) where Z;* denotes the inverse Zak
transform*. The probing signal x(t) is transmitted from the
transmit antenna to sense the radar scene whose DD spreading
function is given by

»
= Z hid(T — 7;)0(

where P’ is the number of targets in the scene, 7;, v;, and
h; are the delay, Doppler, and complex fade associated with
the +th target. The probing waveform interacts with the radar
scene, and the echo signal y(t) is received by the receive
antenna co-located with the transmit antenna. The received
echo signal is given by

t) ://hS(T,I/)x(t

30’(7-711/) *o b(7'7 V) = fj;a(T ,V )b(
427 a(r, ) = 5 o alt,v)dy

v — 1), “4)

)™ N drdy + n(t),  (5)

. ’ 7
71 v—1)el?™V (T=m)dr'dv’.

where n(t) is the additive white Gaussian noise (AWGN) with
variance Ny, i.e., E[n(t)n*(t — t')] = Nod(t'). At receiver,
the echo signal y(t) is converted into a DD domain signal,
given by yaa(7,v) = Z;(y(t)), where Z; is the Zak transform?.
The cross-ambiguity between DD domain signals yq44(7, v) and
x4a(7, V) is given by [20]

Ay (V) = /y(t)x*(t . T)e—jQwu(t_T)dt

(a)
/ / Yaa( v xdd(

D . (T V) %6 Ap o (T,V) + Ap o (T, V)

© Z hiAg o (T
=1

where step (a) follows from Eq. (10.9) in [17], step (b)
follows from Theorem 10.1 in [17], and step (c) follows from
substituting (4) in step (b). Here, A, ,(7,v) denotes the self-
ambiguity function of the probing waveform x(¢), given by

a /_
— 1,V —v)e 2T dr gy

— 7, v —vy)el?™ T L AL (1Lv), (6)

Ay (V) = /x(t) “(t—7)e T2 Ty (7)
/ / zaa (T V)i (7 = 1, = v)e P N ar gy

which is further simplified by substituting (3) and following
Theorem 10.4 in [17] to obtain the self-ambiguity expression
in (8) given at the top of the next page. A, . (7, V) represents
the cross-ambiguity between n(t) and x(t), given by

Ay (T, v) = /n(t)x*(t — 1)e 2= g, )

The covariance of noise in the cross-ambiguity domain is given
by (see Appendix A for the derivation)

E[An,x(Tla Vl)A:L,QC(T27 v2)]

= Noe—j27r1/2(7'2—7'1)A$,$(7-1 — To, V] — 1/2). (10)

The cross-ambiguity A, ,(7,v) is sampled on a DD do-
main lattice finer than the delay and Doppler resolution.
Specifically, a discrete cross-ambiguity function is obtained
as Ay o[k, 1] = Ay.(r = P5.v = gp), where k1 € Z,
and P and () are positive integer constants representing the
oversampling factors along the delay and Doppler domains,

Zi(a(t)) = /Hkeza(T + krp)e I2TVRT,
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Ay o(Tv) =
neEZ meZ

Z Z wtx(Ta V) ¥, (ej27rmup7—wt>§(n7_p — 7, muy, — l/)ej27r(7——n7'p)(u—mup)) ) (8)

respectively. The delay and Doppler parameters of the targets
can be estimated through peak detection in the discrete cross-
ambiguity function, i.e.,

(Ti,04) = (%7%)7

(11)
where (I%iji), 1 =1,2,---, P, denotes the estimated peak
locations in A, .[k,] corresponding to the P’ targets. The
corresponding estimated ranges and velocities of the targets

are given by
A cti vy
(o) = (557 )

(12)

where c is the speed of light and f. is the carrier frequency.

Choice of T, and v, The self-ambiguity function A, (7, V)
is supported on the period lattice A,, given by A, =
{(n7p,mup)|n,m € Z} as shown in Fig. 2. In the cross-
ambiguity function A, ,(7,v), the lattice points other than
(0,0) act as DD aliases which can result in ghost targets while
detecting the peaks. To prevent the DD aliases interference in
the detection of target peaks corresponding to lattice point
(0,0), the delay and Doppler periods are chosen so that
the aliases are separated well, i.e., 7, > (Tmax — Tmin) and
Vp > (Vmax — Vmin), Which is referred to as the crystallization
condition for radar sensing using Zak-OTFS [20]. Here, Ty
and Ty, are the minimum and maximum delays, and vy, and
Vmax are the minimum and maximum Dopplers, of the targets.

Peak detection DD window: The crystallization condi-
tion ensures separation of peaks corresponding to ghost and
real targets. Consequently, this enables the choice of an
appropriate DD window to detect the peaks corresponding
to all the real targets. To achieve this, the delay spread
of the peak detection window should lie between (7Tm.x —
Tmin) and 7,. Similarly, the Doppler spread of the win-
dow should lie between (Vmax — Vmin) and vp. Specifically,
we define the peak detection window by the co-ordinates
{(Tli‘lin7 Vr/nin)’ (Tr:mxv Vllnin)7 (Tr/nin’ Vrlnax)v (Tr;ax? Vr/nax)}' Here, Tri]ax
and v/, are chosen to be greater than Ty, and vmax, by some
delay and Doppler margins, respectively. These margins are
chosen to account for the DD spreading of the self-ambiguity
(which depends on the pulse shaping filter used). Similarly,
Thi, and v are chosen to be lesser than Tyin and Vmin, by
the same delay and Doppler margins, respectively.

Implementation: In practical implementation of the receiver
(Algorithm 1 in [20]), the Zak-transforms of the time domain
echo signal and the probing waveform are obtained for discrete
DD grid points in the fundamental region Dy using fast Fourier
transform (FFT). The discrete cross-ambiguity between the
echo and probing signals is obtained in a discrete peak de-
tection DD window using Riemann sum as an approximation
for continuous integral, and subsequently the peak location are
identified to give range/velocity estimation.

A. DD pulse shaping filters
We consider pulse shaping filters of the form wy(7,v) =

wy (T)wa(v), for which the probing waveform is given by
[17],[20]

w(t) = Z; (waa(r,v)) = wi(t) x (Wa(t) p(1)),

where x denotes linear convolution, p(t) is the point pulsone
in the time domain, given by

p(t) = Z; N(wpas(T,v)) = T Y 6(t = n7p),
nez
and Wa(t) £ [wa(v)e??™tdy. To limit the duration of the
pulsone to 7', the duration of Ws(¢) is limited to 7. Similarly,
the bandwidth of the pulsone is limited to B by limiting the
bandwidth of w; (t) to B. We consider sinc, Gaussian and GS
pulse shaping filters as described below.
Sinc filter: The sinc pulse shaping filter is given by

we (7, ) = V/Bsine(B7)VTsinc(Tv).

13)

(14)

15)

For the sinc filter, the time duration of probing waveform 7"
and bandwidth of the waveform B’ are T" and B, i.e., no time
and bandwidth expansion is incurred.

Gaussian filter: The Gaussian filter is given by

D) TBQ % 2 uT2 %
wtx(r,u>=<o‘ ) emarBi (a ) e T (16)

™ m

where o, and o, are adjustable parameters. As the Gaussian
pulse has infinite support, the time duration 7" and bandwidth
B’ are defined by 99% energy containment. In order to have
no time/bandwidth expansion, ie., T = T, B’ = B, the
parameters are set to o, = o, = 1.584.

GS filter: The GS filter is given by

w (7, V) = Q0 BTSinc(BT)sinc(TV)e*aTB2T2e*a”T2”2.
(17)
The roll-off parameters are set to a, = «, = 0.044 for
no time/bandwidth expansion and the energy normalization
parameters are {2, = 2, = 1.0278 [26].

III. SELF-AMBIGUITY FUNCTION FOR DIFFERENT FILTERS

In this section, we study the self-ambiguity functions of the
Zak-OTFS waveform obtained using different pulse shaping
filters. Towards this, we 1) present heatmaps of the self-
ambiguity functions of sinc, Gaussian, and GS filters, high-
lighting the supporting lattice structure and the spread of the
ambiguity volume, and 2) derive closed-form expressions for
the self-ambiguity functions for these filters.

Figure 2 shows the heatmaps of the self-ambiguity functions
corresponding to different filters. We consider a delay period
of 7, = 100 ps, and so the Doppler period v, = 1/7, = 10
kHz. From Fig. 2, we observe that the self-ambiguity functions
are supported on the period lattice with lattice points at
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Figure 2: Heatmaps of the self-ambiguity functions of Zak-OTFS waveform filtered through sinc, Gaussian, and GS filters.
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Figure 3: Zero-Doppler cut of magnitude of self-ambiguity
functions of Zak-OTFS waveform for different filters.

(n1p, mup) for n,m € Z, and the volume spread around these
lattice points is influenced by the pulse shaping filter. For
the sinc filter, the volume around the lattice points is widely
spread along the delay and Doppler dimensions. In contrast,
the spread is very much localized around the lattice points in
the case of the Gaussian filter. For the GS filter, the spread is
more contained than that of the sinc filter but less than that of
the Gaussian filter.

In Fig. 3, we plot the magnitude of the zero-Doppler cut of
the self-ambiguity functions, i.e., |4, (7, v = 0)| in dB scale,
corresponding to different filters as a function of normalized
delay (BT) around 7 = (0. The ambiguity for the Gaussian
filtered waveform has a wide main lobe, i.e., at —25 dB point,
the main lobe width is 5.39 delay bins, each bin of size 1/B,
and almost no discernible sidelobes. For the sinc filter, the
ambiguity function has a narrow main lobe but has high side
lobe levels. Specifically, the main lobe width is 1.99 delay bins
at —25 dB point, the PSLR is -6.65 dB, and the ISLR is 2.31
dB in the delay range [—7,/2, 7,/2] as indicated by the white
box in the Fig. 2. For the GS filter, the ambiguity function has
a narrow main lobe and a PSLR similar to those of the sinc
filter, but the ISLR is much less than that of the sinc filter.
Specifically, the main lobe width is 2.12 delay bins at -25 dB
point, the PSLR is -6.92 dB, and the ISLR is -3.12 dB in the
delay range of [—7,/2, 7,,/2]. The above characteristics of the
main lobe and sidelobes for different filters are summarized
in Table II. Similar characteristics can be observed for the
zero-delay cut of the self-ambiguity functions.

Remark: We note that the main reason for sidelobes in

ambiguity functions is the finite time/bandwidth of the probing
signal. The ambiguity function of an ideal Zak-OTFS wave-
form with infinite time/bandwidth is a lattice in the DD domain
with Dirac deltas at the lattice points and zero sidelobes. The
DD pulse shaping filter used to limit the time/bandwidth of the
waveform (e.g., sinc, Gaussian and GS filters) influences the
level of sidelobes. Sinc filtering in the DD domain translates
to rectangular pulse shaping in time/frequency domain, and
this causes an abrupt limitation of time/bandwidth, resulting
in significantly high sidelobes along delay/Doppler in the
ambiguity function. On the other hand, Gaussian filtering in
the DD domain translates to Gaussian pulse shaping in the
time/frequency domain. This causes a smooth time/frequency
limitation, which produces very low sidelobes in the ambiguity
function. The GS filter is a composite filter which exhibits
the characteristics of Gaussian and sinc filters, making the
time/bandwidth limitation smoother than with sinc filter but
more abrupt than with Gaussian filter. GS filter, therefore,
exhibits lower sidelobes compared to sinc filter but higher
sidelobes compared to Gaussian filter.

Among the three filters, sinc filter has the highest sidelobes
accompanied with narrowest main lobe and Gaussian filter
has very low sidelobes accompanied with the widest main
lobe. Narrower the main lobe width, better will be the ability
to resolve closely spaced targets. This highlights a trade-off
between main lobe width and sidelobes level, which in turn
influences the range/velocity resolution. The GS filter achieves
a good balance between the main lobe width and sidelobes
level.

A. Closed-form expressions

In this subsection, we derive closed-form expressions for
the self-ambiguity functions of Zak-OTFS waveform with
Gaussian and GS filters (Theorems 1 and 2), which have not
been reported in the literature. For the sinc filter, a closed-
form expression has been reported in [17] (Ch. 10, Th. 10.5),
which we reproduce here (Theorem 3) for immediate reference
purposes.

Theorem 1. The closed-form expression for the self-ambiguity
Sfunction of Gaussian filtered Zak-OTFS waveform is given by

_ 2,2 2702
_ } :E : - K
Ay o(7,v) (e ar B>t} j2mvte 20, B 1)
s 9

n€EZmeZL

T2 f2 0,122
e 0 e 2 |,

(18)
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j2rv—2a, B2tg
4o, B2

where to = T —nT,, fo=v—my,, K= (
2
and Ky = (fo + 520% ).

Proof: See Appendix B. ]

Theorem 2. The closed-form expression for the self-ambiguity
function of GS filtered Zak-OTFS waveform is given by

Apa(rv) = Y > (La(r, ) gez0p + D2(7, ) i—0y)

n€EZ meZ

(I (7, V) fosoy + L2.2(T, o=o01), (19)

where to = T —n7,, fo =v—mu, . The functions I 1(T,v),
I o(1,v), Io1(7,v) and I3 5(T,v) are defined as follows:

_ w22 .
La(7,v) = Pre” 20787 700

w2 K? 2
: — 1 ™
|:e]ﬂBt0€2‘1752 g1 <

200 B2aB+KlaK1>

B w2 K3 7'('2

_ o JmBto 34, B2 — B K K

e ez2arB? gy + Ko, 12
20, B2’ ’

2 K3 2
. _ 2 e
+e]7rBtoe 2, B2 g1 (

%JWJQ*B+K9

. kil 2
_e~imBtogaa B? g (,Kl, —B+K1>] , (20)
20, B2
02 ﬂ
where tg = T —n7y, Pr = H5oeg [atmme T 2, Ky =
oz;232 ((;:252 —l—jﬂ'to), Ky = a;.r2B2 (% _jﬂ'to), and the

function g1(.) is defined as gi(a,t,s) = i -
g 9 s

ﬁ [@ (erf(y/at)—erf(ya s))} where a,t,s are com-
plex numbers and erf{(.) is the error function,

02 T _ewT?i§
pry 2
J2m foT \ 20, 12°€

2
127 L inT T
|:€] f0(2+ p)f (T+nTP7nTP77Tf07 205,,T2>

12,1(7', I/)

2
_e_jgﬂfo(%)f (T + n7,, n1,, —7 fo, QCZTTQ>

2
—efmho(=F4n) ¢ (nTﬂvT+”Tp77Tfoa 2aVT2>

2
j2m z T
+e’ fo(3 )f (m’,,, =T+ n7y, —7 fo, W)] ;@2

where the  function f() 2is defined as

f(ta S,Z,CL) = f: e~ 67jzxd.’]£‘ =
™ e’z2/4“ -z .z

§T [erf (ﬁt—l—jzﬁ) —erf <\/6 s+32ﬁ)} for

complex numbers t, s, z, a,
@ F
B\ 20, B2
2 2
s 7r
[92 <W,V7 —B+ V) — 92 <W’B + V7V>

7.(.2
+(B + l/)gl <20[7_327B + v, V)

72
+(B —v)q (2%327% —B+ V)] ;

1172(7', l/) =

(22)

where  the functions gi1(.) and go(.) are de-
2

fred @ glats) = [lewtd -

L[ erf(van - erf(Va9)] ad giats) =

[l Edy — et em’iszsg_eaa’iztg) for

complex numbers a,t,s, and

-2 T
T\ 2,72
2
92 anTp’—T‘Fm'p

2
—go (W, T + nTp,, n7p>

7T2

+(T + n1p) 01 (W7

12’2 (T, V)

T + n7p, m'p)
2

T _ T
+ ( TLTp) g1 <QOZVT2 )

nTp, —T—l—nTp)] , (23

where the functions g1(.) and go(.) are defined as the same
as in the case of I (T, V).

Proof: See Appendix C. [ ]

The closed-form expression for the self-ambiguity function

of sinc filtered Zak-OTFS waveform is given in [17] (Ch.10

Th. 10.5), which is presented here for immediate reference
purposes.

Theorem 3. The closed-form expression for the self-ambiguity
function of sinc filtered Zak-OTFS waveform is given as
follows. For even N,

-5 &
Apalrv) = S BL SN (e
n=—N m=—X

sinc((B — [V[)(7 + (n = m)m)) Ly j<B, (24)

where 1 is the indicator function. For odd N, the summation
for both n and m variables starts from —(N — 1) /2 and ends
at (N —1)/2.

Proof: See Appendix 10.K in [17]. [ ]

Remark on simulation run time: The closed-form expres-
sions derived above help in significantly accelerating the
simulation run times. For example, generation of 100 re-
alizations of the self-ambiguity functions in a DD window
of [—7p/2,7/2] x [—1,/2,1,/2] (as indicated in Fig. 2) for
sinc, Gaussian and GS filters using numerical integration took
12.62s, 1502.8s, and 8269.1s, respectively. Whereas, using the
closed-form expressions, the run times were observed to be
13.2s, 19.2s, and 842.8s for sinc, Gaussian and GS filters,
respectively®. That is, simulation speed ups by factors of
about 80 and 10 for Gaussian and GS filters, respectively, are
achieved by the closed-form expressions.

6The simulations are run on a PC with a 13th Gen Intel Core i7-13700
processor (16 cores, 24 threads) and 31.1 GiB of RAM, using MATLAB
R2025b.
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Figure 4: Range estimation error vs normalized delay separa-
tion between the two targets in high SNR regime.

IV. EFFECT OF PULSE SHAPING FILTERS AND ITI
MITIGATION

In this section, we illustrate the difference in the sensing
performance of different filtered Zak-OTFS waveforms due to
the different characteristics of their self-ambiguity functions.
We consider range/velocity estimation performance in an illus-
trative experiment with two targets in the high SNR regime and
evaluate the performance as a function of separation between
the two targets. We also demonstrate that an ITI mitigation
scheme applied on the cross-ambiguity output enhances the
achieved performance.

A. An illustrative two-target experiment

To illustrate the effect of pulse shaping on sensing perfor-
mance, we consider a scene consisting of two targets separated
in the delay domain, i.e., 71 # 7o but sharing the same
Doppler shifts, i.e., v; = v = 0 Hz, in the high SNR regime,
where (71,v1) and (72,v2) are the DDs of targets 1 and 2,
respectively. We take bandwidth B = 4 MHz, time duration
T = 20 ms, delay period 7, = 100 us, carrier frequency
fe = 1 GHz, and oversampling factors P = @ = 4. We fix
the delay shift of the first target at 7y = 0.25 pus and vary the
delay shift of the second target 7o. The peak detection DD
window is considered to be [0,5] us x [—1000,1000] Hz.

In Fig. 4, we plot the range estimation error for the two
targets obtained for sinc, Gaussian, and GS filters as a function
of the separation between the targets. We observe that when
the targets are close, the Gaussian filtered waveform gives high
range estimation errors in contrast to the sinc and GS filtered
waveforms, which give much better accuracy in estimation.
On the other hand, when the targets are well separated, the
sinc and GS filtered waveforms give higher estimation errors
compared to that of the Gaussian filtered waveform.

This behavior in estimation performance is attributed to the
respective self-ambiguity functions which is illustrated via the
heatmaps in Fig. 5. The Gaussian filtered waveform has a
broader peak/wide main lobe in its self-ambiguity function,
and hence the targets cannot be distinguished as different
peaks when they are close to each other, as shown in Fig.
5(b). For sinc and GS filters, the ambiguity functions have

narrower peaks (with significant energy leaked into the side
lobes) and therefore the close targets can be distinguished as
different peaks. In the case of well separated targets, due to
high side lobes in the ambiguity functions of sinc and GS
filtered waveforms, the weaker target (target 2) is affected by
the side lobe of the stronger target (target 1). Consequently, it
cannot be detected as a separate peak as shown in Figs. 5(a)
and (c), respectively, and the accuracy in estimation suffers.
For the Gaussian filtered waveform, the weaker target (target
2) is identified as a peak because of very low side lobes
associated to the stronger target (target 1).

B. An ITI mitigation scheme

The sensing performance achieved by the basic process-
ing of the cross-ambiguity (peak detection) can be further
enhanced by additional DD signal processing. Towards this,
we recognize that while the narrow main lobe is a positive
attribute of the sinc and GS filters, which makes them good
for dense target distribution (compared to Gaussian filter), the
high side lobes are detrimental, and if the sidelobe effects are
mitigated properly, their performance can be made good for
a more general target distribution. With this motivation, we
consider an ITI mitigation scheme, which works as follows.

Let (t) denote the unit energy Zak-OTFS pulsone transmit-
ted as the probing waveform. Consider a radar scene consisting
of two targets with hs(r,v) = hid(r — 1)é(v — 1) +
hoo(T — T2)0(v — va). At the receiver, the cross-ambiguity
function A, ,(7,v) is given by A, ,(7,v) = 25:1 hiAg . (T—
T,V — v;)ed2™i(T=m) A (7,v). Let the DD location of
the maximum value of |A, ,(7,v)|?, representing the delay
and Doppler estimate of the closest/strongest target at (7, 1)
be (71,71). To estimate hy, we compute the inner product of
the cross-ambiguity A, .(7,v) and the estimated ambiguity
for the first target in the cross-ambiguity expression, i.e.,
Ay (T —T1,v — ﬁl)e-ﬂ’”;l(T*ﬁ), as in (25) given at the top
of the next page. In (25), step (a) follows from substituting
the A, ,(7,v) expression. We observe that the first term in
step (a) in (25), i.e., the inner product of ambiguity functions
for the same target, is 1 if 74 = 7, and 71 = v; due to the
fact that [, [ ,|Azo(7',1/)[?dr'dV = E? = 1. The second
term, i.e., the inner product of ambiguity functions for different
targets, is approximately O if the targets are well separated
and the support of the self-ambiguity functions centered at
the target locations do not overlap significantly. Assuming that
these conditions are satisfied approximately, we can estimate
hl as

hy = (Ayo(T, 1), Ap o (T — 71,0 — D1)e2™1 Ty - (26)

We reconstruct the contribution of the first target in the
cross-ambiguity function, i.e., Ay@J = B1A$7w(7 — T,V —
P1)e?2m71(7=71) and subtract it from A, ,(7,v) to obtain an
ITI canceled version, i.e.,

Ay wic(T,0) = Ay o (T, V)= hy Ay o (T— 71, v—1y )& 271 (T=T1),

27)
From the obtained A, , (7,v), we find the location of the
peak (72, 72) which corresponds to the estimate of the delay
and Doppler shift of the second target. This procedure can be
extended for more than two targets.
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Figure 5: Heatmaps illustrating the effect of sinc, Gaussian, and GS filters on the sensing performance in a two-target scene.

e]27r1/1 T—71)

(Ay 2(T,v), Ag o (T —

’ﬁﬂ/—ﬁl)

//AszV (

-7, v — Vl)e—]2ﬂ'ul (T_Tl)d’l'/dl/l

) ) ) _ o A
2, Az,a:(T/ ) V1>A;’$(TI A - y1>6327w1(7— ™) =270 (T=71) 1! 1)
,7_/ ]//

1. Inner product of ambiguity functions for same target.

+ h2/ / Ap o (7' = 1o,V = 09) A (1) — 71,0 — i) 22T =m2) = d2mn (T=R0) g g/
T/ V/

2. Inner product of ambiguity functions for different targets.

+ / / Ap o7 V)AG (7 = 31,0 — 0y)e PP dr dy (25)
3. Noise term
Processing of the sampled DD domain signal: The contin- DD window S as
uous DD cross-ambiguity function A, ,(7,v) is sampled on P[Br..] Q[Tv.,] )
a DD domain lattice to obtain the discrete cross-ambiguity 1/ — 1 ‘ Ay oK — oy I — m . (29
function as A, ,[k,l] = Ay .(T = $5,v = 7). kL € Z, ksls P[B! | U=Q[Tv, |

and P and (@) are the oversampling factors along delay
and Doppler, respectively, for further processing to estimate
ranges/velocities of the targets. To limit the computational
complexity of processing and prevent the identification of
ghost targets due to DD aliasing, we consider the A, ,[k,!] in
a limited discrete peak detection DD window given by

S £ {(k,l) | k,l € Z, P| Br}y,] <k < P[Br,
QLT

mmJ <Ii< Q|—Tymax§|}’

max —|

(28)

where 7. and v, are chosen to be greater than the
maximum delay Tn.x and the maximum Doppler vy, of the
targets, by some delay and Doppler margins, respectively. The
margins are chosen to account for the DD spreading of the
self-ambiguity. Whereas, 7., and v/ are chosen to be lesser

than 7, and vy, by the same delay and Doppler margins,
respectively.

The interference mitigation scheme is applied on the sam-
pled DD function A, ,[k,!] in the DD window S via discrete
DD signal processing as follows. The location of the peak
(k1,11) in the over-sampled cross-ambiguity function gives
the estimate of delay and Doppler shift parameters of the
first (closest/strongest) target, i.e., (71 = }ljB,Vl = QT) We
calculate the volume under the squared discrete self-ambiguity
function centered at the estimated first target location, in the

where kg is the discrete delay spread over S, given by ks =
P[B7}.|—P| Bl ]+1 and [ is the discrete Doppler Spread
over S, given by Iy = Q[T ] —Q|TV,;,| +1. The estimate
of h; is obtained as the inner product of the discrete cross-
ambiguity function and the discrete self-ambiguity function
centered at the estimated location of the first target over the
window S, normalized by the volume V, i.e.,

P[Bt! ] QITvp ]

- ksllsv D D Ayalkl]

k'=P|Br, | U'=Q|Tvy,]

>
=

Iy (k' —Fky)
PQMN .

A LK

We reconstruct the contribution of the first target and subtract
it from the cross-ambiguity function to obtain the ITI canceled
version, i.e.,

Ayoclksl] = Ay o[k, 1]
Ay gk — eyl — §y]ed?m R

— ];Zl, l/ — fl]e_jZ” (30)

€1y

The location of the peak in A, , «[k,{] gives the estimate of
delay and Doppler shift parameters of the second target. This
procedure can be extended for more than 2 targets.
Complexity of ITI mitigation scheme: The ITI mitigation
scheme involves the following steps: 1) calculation of cross-
ambiguity function, 2) estimation of strongest peak DD loca-
tion, 3) computation of shifted self-ambiguity and volume V,
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Step Operation l Complexity
1 Calculation of cross-ambiguity function [20] O(PQI|S|+ PQMN log(QN))
2 Estimation of strongest peak DD location O(lS))
3 Computation of shifted self-ambiguity and volume V' O(PQIS|+|S])
4 Computation of inner product and estimating fade parameter | O(|S])
5 Cancellation of the effect of strongest target O(lS))
Overall | Step 1 + Repeat Steps 2-5 for each target O(PQMN log(QN) + PQ|S| + P'(PQ|S]))

Table III: Computational complexity of the ITI mitigation scheme.

4) computation of inner product and estimating fade parameter,
and 5) Cancellation of the effect of strongest target. The
complexities incurred in the above steps are listed in Table
II1, leading to a overall complexity of O(PQM N log(QN)+
PQ|S| + P'(PQ|S])).

Heatmaps without and with ITI mitigation: In Fig. 6, we
demonstrate the effectiveness of the ITI mitigation scheme
described above in the two-target scene via heatmaps of
the cross-ambiguity functions obtained before and after ITI
cancellation. For this illustration, we consider the scenarios
where Gaussian and sinc filtered waveforms perform poorly
(without ITI cancellation) in terms of estimation accuracy.

Accordingly, for the Gaussian filtered waveform, we con-
sider the case of closely spaced targets, where the performance
is poor without ITI mitigation. Figures 6(a) and (b) show
the cross-ambiguity function heatmaps for the Gaussian filter
before and after ITI mitigation, respectively. Due to the
wide main lobe of the ambiguity function, the targets are
not identified as separate peaks without ITI mitigation (Fig.
6(a)). However, once the contribution of the stronger target is
estimated and removed from the cross-ambiguity, the weaker
target could be identified as a separate peak (Fig. 6(b)).

Likewise, for the sinc filtered waveform, we consider the
case of well separated targets, where the performance is poor
without ITI mitigation. Figures 6(c) and (d) show the cross-
ambiguity function heatmaps for the sinc filter before and after
ITI mitigation, respectively. Here, due to the influence of the
high side lobes associated with the stronger target, the peak
corresponding to the weaker target is not identified without
ITT mitigation (Fig.6(c)). However, with ITI cancellation, the
weaker target could be identified as a separate peak (Fig. 6(d)).
Similar improvement is observed in the case of well separated
targets for GS filter as well.

While the above observations from the two-target experi-
ment could reveal some of the key effects at play in determin-
ing sensing performance, a more detailed set of simulation
results obtained by averaging over random realizations of
target locations in a multi-target scenario is presented in the
following section.

V. RESULTS AND DISCUSSIONS

In this section, we present the detection and estimation per-
formance of Zak-OTFS waveforms filtered through different
DD pulse shaping filters (sinc, Gaussian, and GS filters). Two
different types of radar scenes, namely, scenes with densely
populated targets and scenes with sparsely populated targets,
are considered. In the simulations, we consider bandwidth
B = 4 MHz, time duration 7' = 20 ms, delay period

—0

o

B
= (0.25 15, 0 Hz) (0.25 18, 0 Hz)

o 1-10
5]
5 (046 15, 0 Hz) (046 115, 0 Hz) | 50
(a) Before ITT cancellation (b) After ITI cancellation
-30

= (0.25 s, 0 Hz) (0.25 s, 0 Hz) -40
)

= ¥

AN
e (3.06 115, 0 Ha) (3.06 15, 0 Ha)

(c) Before ITT cancellation

(d) After ITT cancellation

Figure 6: Heatmaps illustrating the effectiveness of ITI miti-
gation scheme.

7, = 100 ps, Doppler period v, = 1/7, = 10 kHz,
oversampling factors P = @ = 4, and carrier frequency
fe = 1 GHz. While the Zak-OTFS waveform is applicable
for sensing irrespective of bandwidth and time duration, the
choice of B =4 MHz and T' = 20 ms can be applicable for
surveillance radars [20]. We consider scenes with four targets,
ie., hy(r,v) = Z?zl hid0(T — 71;,)6(v — v;). The fade h; is a
random variable with complex normal distribution with zero
mean and variance E[|h;]?] = (10~7/(7;))*. The minimum
delay of the targets is 7Tyin = 200 us corresponding to a
distance of 30 km. The four targets are uniformly distributed
in DD widows {24 and () for densely and sparsely populated
targets scenes, respectively. The DD window {24 for the scene
with densely populated targets is taken as 4 = [200, 201] us
x [—-200,200] Hz. The DD window € for the scene with
sparsely populated targets is taken as s = [200,205] us x
[—1000, 1000] Hz. The signal to noise ratio (SNR) considered
in the simulation for both scenes is the SNR for a target at the

4
10°7 E

p— BTN, ) , where
E, is the energy of the probing waveform, taken to be 1 and

Ny is the variance of AWGN. For a target at delay 7 > Tpin,
the average received SNR is (1077 /(7 —Tyin))* times the SNR
for a target at delay 7, [20].

minimum delay 7p,, i.e., SNR = (

ROC and range/velocity estimation accuracy: To illustrate
detection performance, we plot the probability of detection
(Pp) as a function of the probability of false alarm (Pr),
i.e., ROC curves, for different filters at a particular SNR.
We define the target present hypothesis (/1;) for the ith
target as |A, . (7i,v;)> and the target absent hypothesis
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Figure 7: ROC curves for different filters in densely populated
scene with four targets.

(Ho) as | 3020 hyjlao(ri — 75,01 — v)ed?™i(Timmi) 4
Ay, (T3, v3)|*. We generate 5 x 10° Monte Carlo instances of
H, and Hj for each of the targets. For a particular threshold -,
Pp is the fraction of times H; > vy averaged over all targets,
and Pr is the fraction of times Hy > v averaged over all the
targets. To illustrate estimation performance, we plot the root
mean square (RMS) range and velocity estimation errors of
the targets as a function of SNR.

A. Scenes with densely populated targets

Here, we consider densely populated scenes with four
targets uniformly distributed in the DD window €24. Corre-
sponding to this window, we consider the peak detection DD
window as [200,203] us x [—600,600] Hz. In Fig. 7, we
plot Pp versus Pr at an SNR of —9 dB for sinc, Gaussian,
and GS filters. We observe that for a particular Pg, the
Gaussian filtered waveform gives a worse Pp compared to
those of the sinc and GS filtered waveforms. This behavior
is attributed to the wide main lobe in its self-ambiguity
function, resulting in a broader peak associated with each
of the targets in the cross-ambiguity domain. As interference
from other targets is significant due to the wide main lobe, the
number of false detections is high, resulting in worse detection
performance. On the other hand, the self-ambiguity functions
of the sinc and GS filtered waveforms have narrow main lobes,
resulting in less interference due to other targets, enabling
better performance compared to that of the Gaussian filtered
waveform. Also, since both sinc and GS filtered waveforms
have similar PSLRs, the number of false detections for both
are nearly equal, resulting in similar detection performance.

In Fig. 8, we plot the RMS range estimation error for the
targets as a function of SNR for different filters, for receivers
without and with ITI mitigation. We observe that, with the
basic peak-detection based receiver without ITI mitigation, the
Gaussian filtered waveform performs much worse than the sinc
and GS filtered waveforms. This is due to the broader peaks
associated with each of the closely spaced targets, rendering
the targets indistinguishable as different peaks. In contrast,
the narrow peaks associated with the targets in the cross-
ambiguity function for sinc and GS filtered waveforms allow
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Figure 8: RMS range estimation error vs SNR in densely
populated scene with four targets for different filters.
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Figure 9: RMS velocity estimation error vs SNR in densely
populated scene with four targets for different filters.

better resolvability and performance. As both sinc and GS
filtered waveforms have narrow main lobes and similar PSLRs,
they give similar performance. We further observe that with
ITI mitigation, the performance of all the filters improves, and
this improvement is more significant for the Gaussian filter.
However, the sinc and GS filters are found to perform better
than the Gaussian filter after I'TI mitigation as well. Similar
performance trends can be observed in the velocity estimation
results presented in Fig. 9.

B. Scenes with sparsely populated targets

Here, we consider sparsely populated scenes with four
targets uniformly distributed in the DD window €). Cor-
responding to this window, we consider the peak detection
DD window as [200,207] us x [—1400,1400] Hz. Figure
10 shows the ROC curve (Pp vs Pr) at an SNR of —9
dB. We observe that, unlike in the densely populated scenes
where the Gaussian filter performed the worst, here in the
sparsely populated scenes the Gaussian filter performs the best
compared to the sinc and GS filters. Also, among the sinc and
GS filters, GS filter performs better. This is attributed to the
fact that there are almost no sidelobes in the self-ambiguity
of the Gaussian filtered waveform, which results in very low
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Figure 10: ROC curves for different filters in sparsely popu-
lated scene with four targets.
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Figure 11: RMS range estimation error vs SNR in sparsely
populated scene with four targets for different filters.

interference from other well separated targets. On the other
hand, the self-ambiguity of the GS filtered waveform has an
ISLR that is higher and lower than those of the Gaussian and
sinc filtered waveforms, respectively. Thus, the interference
encountered by a target from other well separated targets is
much less in the case of the GS filter than that of the sinc
filter, resulting in GS filter performing better than sinc filter.
In Fig. 11, we plot the RMS range estimation error per-
formance as a function of SNR for the sparsely populated
scenes. Here, we observe that, without ITI mitigation, the
Gaussian filter achieves the best performance (due to very low
side lobes). However, with ITI mitigation, the sinc and GS
filters perform better. This is because the narrow main lobes
of the sinc and GS filtered waveforms allow the interference
to be estimated and canceled more effectively compared to the
Gaussian filtered waveform. A similar trend can be observed
in the velocity estimation performance shown in Fig. 12.
Performance for larger bandwidth and higher carrier fre-
quency: In Fig. 13, we illustrate the range estimation per-
formance of Zak-OTFS in densely populated scenario for
a larger bandwidth of B = 6 MHz and a higher carrier
frequency of f. = 4 GHz. Gaussian filter with basic peak
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Figure 12: RMS velocity estimation error vs SNR in sparsely
populated scene with four targets for different filters.
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Figure 13: RMS range and velocity estimation error vs SNR
in densely populated scene for different bandwidths (B = 4,6
MHz) and carrier frequencies (f. = 1,4 GHz).

detection is considered. Performance with B = 4 MHz and
fe = 1 GHz is also shown for comparison. As expected, we
observe that a larger bandwidth improves the range resolution
(x 1/B), providing a better range estimation performance. We
also observe a similar improvement in the velocity estimation
performance for higher carrier frequency (as per (12)).

C. Performance comparison with MC-OTFS

Here, we present a performance comparison between the
MC-OTFS and Zak-OTFS waveforms. Towards this, in Ap-
pendix D, we derive the closed-form expression for the self-
ambiguity function of MC-OTFS with rectangular time domain
pulse shaping. In Fig. 14, we plot the magnitude of zero-
Doppler cut of the ambiguity function in dB scale as a function
of normalized delay (B7) around 7 = 0. We observe that the
self-ambiguity of MC-OTFS waveform is similar to that of
Zak-OTFS waveform with DD sinc filter due to the rectangular
pulse shape in the time domain in both cases. In Fig. 15, we
present a range estimation performance comparison between
MC-OTFS and Zak-OTFS waveforms in sparsely populated
scene with basic peak-detection based receiver. We observe
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that, reflecting their similarity in self-ambiguity, MC-OTFS
and Zak-OTFS with sinc filter achieve similar performance.
Also, Gaussian filtered Zak-OTFS is found to achieve better
performance due to its better PSLR and ISLR.

D. Summary
Based on the results/observations, we infer the following.

o Detection performance: In dense scenes, due to their
narrow main lobes, sinc and GS filters give better detec-
tion performance compared to Gaussian filter. In sparse
scenes, due to its very low sidelobes, Gaussian filter gives
better detection performance compared to sinc and GS
filters.

e Range/velocity estimation performance: When the basic
peak-detection based receiver without ITI mtigation is
used, sinc and GS filters perform better in densely pop-
ulated scenes due to their narrow main lobes, whereas
Gaussian filter performs better in sparsely populated
scenes due to its very low sidelobes. When the I'TI miti-
gating receiver is used, because of effective interference
estimation and mitigation enabled by their narrow main

lobes, sinc and GS filters perform better in both dense and
sparsely populated scenes compared to Gaussian filter.

E. Additional remarks:
o Suitability for MIMO and SAR: Since Zak-OTFS wave-

form naturally operates in the DD domain, it can be a
potential candidate waveform for multiple-input multiple-
output (MIMO) and synthetic aperture radar (SAR) appli-
cations. To demonstrate the use of Zak-OTFS waveform
in a MIMO setting, we use the 2 x 2 MIMO Zak-
OTES architecture considered for communication in [28],
where point pilots at different transmit antennas are
separated in the DD domain to achieve orthogonality
among the transmitted waveforms. At the receiver, we
obtain the cross-ambiguities between the signals received
on multiple antennas and the different pilot waveforms.
To estimate range/velocity, we detect the peaks in the sum
of squared magnitude of the obtained cross-ambiguities.
In Fig. 16, we plot RMS range estimation error as a
function of SNR for sparsely populated scene. The results
in Fig. 16 show that the use of multiple antennas can
improve the sensing performance of Zak-OTFS, which
is expected. More detailed investigation involving larger
MIMO arrays in multiuser settings can be taken up for
future work.

In addition to range/velocity estimation, angle estima-
tion is also crucial in radar sensing. MIMO and SAR
techniques can be investigated for this purpose [29].
Exploring the viability of Zak-OTFS waveform for SAR
imaging applications can be taken up for future research.
Filter design for ISAC applications: Desired attributes of
a waveform to achieve good communication performance
include 1) nulls at critical sampling point in the self-
ambiguity function to reduce inter-symbol interference
and thus achieve good detection performance and 2) low
ISLR to achieve good localization for better channel
estimation performance. Likewise, desired attributes of
a waveform to achieve good radar sensing performance
include 1) narrow main lobe width to achieve good
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range/velocity resolution, 2) low PSLR to prevent erro-
neous detection of peaks, and 3) low ISLR to prevent
significant energy leakage which can result in missed
detection of weaker targets in multi-target scenarios.
Flexible DD filter designs that strike a good balance
between sensing and communication performance (e.g.,
Hermite basis based pulse design framework [32]) can be
considered for ISAC scenarios as future work.

Further, a design process that considers ITI mitigation
by assigning more weight to narrow main lobe width
in the design criteria to achieve improved resolution
performance can also be considered for future work.

VI. CONCLUSIONS

We investigated the effect of DD domain pulse shaping filter
on the radar sensing performance of Zak-OTFS waveform for
different radar scenes (scenes with dense and sparsely pop-
ulated targets) and receivers (receivers without and with ITI
mitigation). Recognizing the key role that the self-ambiguity
function of the waveform generated using different filters plays
on the detection and range/velocity estimation performance,
we characterized the main lobe width, PSLR, and ISLR of the
self-ambiguities of sinc, Gaussian, and GS filtered Zak-OTFS
waveforms. Taking advantage of the analytical tractability of
the Zak-OTFS framework, we derived closed-form expressions
for the self-ambiguities of the Gaussian and GS filtered
waveforms which have not been reported before. These expres-
sions resulted in significant reduction of simulation run times
compared to numerical integrations. Simulation results showed
that different filters influenced the detection and range/velocity
estimation performance differently, depending on the type of
radar scene and receiver used, as summarized in Sec. V-D in
the previous section. Possible future works are highlighted in
the additional remarks in Sec. V-E.

APPENDIX A
DERIVATION OF EQUATION (10)

In the derivation given in (32) at the top of next page, step
(a) follows from substituting the expression for A, ,(7,v)
given in (9). We use the fact that n(t) is AWGN, i.e,
E[n(t1)n*(t2)] = Nod(t1 — t2) in step (a) to arrive at step
(b). Step (c) follows from the sifting property of Dirac-delta
function 6(.). Subsequently, we substitute ¢ = to — 7 in the
integral to get the expression in step (d). The last expression in
step (e) is obtained using the expression for A, ,(7,v) given
in (7). This completes the derivation.

APPENDIX B
PROOF OF THEOREM 1
Using the fact that wy(7,v) = wi(—7,—v) for the
Gaussian filter given in (16), and substituting wy(7,v) =
w1 (T)ws(v) in (8), we get (33). Substituting wq(7) =

(za 32)1/4

we obtain

Il T, U ,2047 / —a,B?%*r '2 —a,B*(r—1'—nm)?

6]27r1/(7' T 7nTp)d7_ )

e~ B*™ in the I, (7, v) expression given in (33),

(34)

Substituting {g = 7 — n7, in (33), we get
200, B2
0

_ 2 12, j27v—2ar B2 to ./
2a,B ( + 20, B2 )
e dr’.
7—/

Completing the square inside the integral in (35), we obtain

2
2 j2rv—2a, B2ty
2aTB e~ or ~B?%t 2 J27Tl/t062a"B ( 40, B2 )

s

2
» 2
_ 2( s j2mv—2arB%tg
2a,. B <T BT d ,
e T.
,T/

e*OtTB2tg€j2ﬂ'l/t0

.[1(7',1/) =

(35)

Ii(r,v)=

(36)
Using the fact that fe‘“(m_b)zdx = /%, we obtain
ILi(r,v) = e—ar Bt gi2mvto e2aTB2 (jzw‘;ia‘;f%oy (37)
Similarly, using wq(v) = % v e TV in the
I5(7,v) expression given in (33), we obtain
(r.v) /QOLVTQ/ a T2 2w n,
e~ TP w=v'=mp)® 0 - (38)

Substituting fy = v — mu,, completing the square inside the
integral in (38), and using the fact [ e—(z=b)% gy — VE, we

obtain (f0+ ]22(17;7;72;) ) 2 .

(39)

Substituting (37) and (39) in (33), we get the result in the
Theorem 1. This completes the proof.

I(t,v) =e T3¢

APPENDIX C
PROOF OF THEOREM 2

Observing that (33) is also applicable for the GS filter glven
in (17) and substituting w; (7) = Q,v/Bsinc(Br)e=* 57" in
the I; (7, ) expression given in (33), we obtain

Ii(r,v) = QzB/ sinc(B7")sinc(B(1 — 7" — n7p))

2_/2 2 2
—a,B*7’ e—aTB (r—7"—nm) e]27ru(7'—7-/—n7'p)d7_/.

e (40)

Let 2(7") = sinc(B7')sinc(B(r — 7" — n1p,)) and y(r') =

—(XTBZT/Ze—()LTBz(T—T’—nTp)zejQTI'IJ(T—T,—nTP). We substitute

e
to = 7 — n1,. When to # 0,

< / x(T')e-ﬂﬂfT’dT')*

(_e_jzw(g—f)to + ej”Bt”) lo<r<n

X (f) =
B 1
~ j27 B2t

j2m (£ —Jjm
+j2ﬂ—TtO (672 (2+Hto _ =7 Bto) I_p<f<o,

wd oy = [yre > ar

B2 .
_ m efa"Ttge]%rutoe
20 B2

Applying Parseval’s theorem, ie., [z* Ndr' =
IX*(f)Y(f)df in (40), we get 1171(7’ l/) = 117171(7', V) —+
I1,9(r,v), where Iy 1 1(7,v) and I 1 2(7,v) are given by

2(f+v)?
2a7B2 ¢ Jﬂ'(f‘H’)tO
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E[An uL(Th 1/1)14

ta

)] @ / /tQE[nul)n*(tQ)]x

= NO/ / 5(t1 - t2)$*(t1 - Tl)l‘(tQ — T2)67j2mj1(tl7Tl)6j27ry2(t277—2)dt1dt2
2

= Noe_JZﬂ'DQ(T?_Tl)AIJ(Tl — T2,V1 — VQ).

*(tl - T1)$(t2 - 7'2)67]27”/1(tl7T1)6j2ﬂy2(t27T2)dt1dt2

= No/ I*(tg — Tl)l‘(tg — 7'2)67j2m}1(tzin)ejQﬂ'Vz(tzim)dtQ

it N06*j27w1(T2f'r1)6j27r(l/27u1)(n77'2) /x(t)x* (t—7 + 7_2>67j27l'(t*71+72)(11171/2)dt

t

(32)

=% [l

nEZL meL T’

wy (1 — 7" = nTp)eﬂ’”’(T_T/_"Tp) dT// wo (VN we (v — v — mup)eﬂ””/(mp)du’ .
V/

(33)

I (m,v) Ix(T,v)
2 22
11,1,1(T,V) 20, B2 o JTF(f'f‘V)tOdf

T or B22 B . . B . _
i T 2e—f (e_]TrBtg o e*j2ﬂ(77f)to> e]27rutoe
j2m Bty \ 2o B 0

7\'27/2 .
(i) Ple*m ejﬂ't/to

7\'27/2 .
O p e sar 57 gVt

. 2 2
e]ﬂBtoemK1 7T
g1 2
20, B

w22 . 2
P Ple_ 20, B2 e]ﬂ'l/to

ejﬂ'Bt(} /Be 20752 (f +2CYTB (in ];2 +J7Tt0)f) 767j7rBt0 /Be 2I1T232 (f +2O‘TB <2a B2
0 0

2
. s K2
B+K1,K1> — eI Blgaa 5T N2 g (

27y

jmm]

. x? g2 B K . x? g2 B w2 Ko)2
eImBto p 30, 52 K1 / e 2(,7_132(f+ 1)? df — e—JimBto 755 57 K2 / e*m(]”r 2) df
0 0

71'2

5o BQ,B+K2,K2)]. A1)

QZ

et T _a,—th% 0
2
j2nBty\ 20, B2°€ /_ 5

Ly 2(7,v)

(a) =2 vt i Bt K32 0
= Ple 2o¢7132 6-7 0 e] 0620‘732 2
—B
2,2 2 2
(b) I al Vil . _n? g2 T
= Pie 20,52 eJm™vto e]ﬂ'BtOeQ(,TB2 2gl =,
2a. B

(ejzw(gﬂf)to
7‘_2
e 2ar gz (fHE)? df — —ijtoeme/

2 2
_ =2 K
K2,B+K2> — e TP B2 N g, <

ft+v
QC(XTB?) e ]ﬂ(f+y)t0df

o e—]T(Bt()) e]?ﬂ'ljtoe

0
e 204 32 (f+K1) df:|

—B
7'(2

5o g K1 B+ Klﬂ. (42)

(41) and (42), respectively. In (41), to arrive at the expressmn

Qz arB2t2
J2rtoB 2a.rB2e 2

to get the expression in step (a). We complete the square
inside the integrals in the step (a) and substitute K; =

oz B? +]7Tt0) and Ko = a;QBQ m’y —jﬂ'to), to

for I 1,1(,v), we substitute P; =

w2 ar 32 a, B2

arrive at step (b). We use the the function g;(.) to obtain
. . 2

the expression in step (c), where ¢1(a,t,s) = fst e ¥ dy =

2\\//%5 (erf(y/at) —erf(y/as)) for complex numbers a,t,s.
Similarly, in the expression for I 1 2(7,v) in (42), we sub-
stitute for P;, K7 and K5 to get the expression in step (a).
Thereafter, we complete the square inside the integrals to

obtain the last expression in step (b). When ¢y = 0,

. B- B+
X*(f) = B2 f]10<f<B+ B2 —51_B<f<0; (43)

and T _n2(f4v)?
Y=\ game ™7 (44)

Applying Parseval’s theorem in (40) and substituting for
X*(f) and Y (f) in I12TI/ [ X*(NY (f)df, we get

/ B — =2 (f+1)?
Il 2(7-71/):972_3 [/ f 20, B2 df
’ 2aT
0 2
B+ f (f v
+ B For 57 df] (45)
Substituting x = f + v, we obtain

&3 T
B\ 20, B2

B+v _ x2,2 B+v  a22
(B+ V)/ e 2erBX gy — / xe
14 v

2ar B2 g
v  x242 v 242
+ / xe 20-B827dx + (B — 1/)/ e 2arB? dl’:| . (46)
B+v —B+v

We deﬁne the functions gi(.) and go(.) as gi(a,t,s) =
Jiem® de = L (erf(v/at) — er f(V/as)) and ga(a,t,s) =

1172(7'7 I/) =
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T—Q—n‘rp

n Tp

QQ T oy, T2 £2 . __x2 22 . _x2 22
Ii(r,v) = —— z€ 2 —e_J”fOT/ e 2aT? e”fomdx—&-e”f"T/ e 2ayT2 " ITI0T gy
JQWfOT 2aVT nTp —T+nTp,
nr 2 T+nT 2
_ei2nfo(=F+nm) j/ L emm T minfer gy i2ndo(54nm) j/ Lo e minhagy | (48)
—T+nTp, nTp
Q2 T T+nTy 2 T+nTp 2
La(r,v)= 2,/ —— (T+nTp)/ ¢ Tt gy / pe T
T 2aUT2 nTp nTp
ntp <2 nTp =2 z2
+(Tfn7p)/ P der/ re 2T | (49)
—T+nTy, —T+nT,
t _ 2 a2 _ 2 . . .
[faede = £ (e as” _ g—at ), respectively. Using get Io(7,v) = Io (7, v)If 20 + I22(T,v)If,—o. Using the

these functions for (46), we get the expression of [ o(T,v)
given in Theorem 2. Thus, we can write I(7,v)
Il 1(7‘ V)]Ito;go —|— Il 2(7’ V)Hto =0-

Now, substituting ws () = Q,v/Tsinc(Tv)e~* T*v* in the
I5(7,v) expression given in (33), we obtain

I(r,v) = Q2T /, sine(TV)sine(T(v — v/ — muy))

2 2 2 2
—a, T?V' efaVT (v—v'—muy) €J2mj,n7—"d7'/.

(47)

Let Y(v/) sinc(Tv')sine(T (v — mu,)) and X (V')
e~ TV gma, T? (v=v'—mw)? 527v'n7y  We  substitute fo
v —mv,. When fy # 0,

/X 6]2#1/ th
V 204,,T2

e

@uTzfo —
e 2(1 T2

(t+nrp)

J7Tf0 (t+nTp)
’

and y t (/Y ]271'1/th>
J27rfoT2 ) L
1 j ; T
+ T2n foT? (e”f‘)T — I?mfo(=3 t)) [-7<t<0-

Applying Parseval’s theorem, ie., [ X(v "dv'
J (t)y*(t)dt in (47), and substituting = = t+m'p, we obtain
(48). We use the function f(.) to arrive at the expression of I5 1
given in Theorem 2, where f(¢,s,z,a) = fst e—az? o—jze jp —

G [er (Vat+iss) —enf (Va s +iz%)] for

complex numbers t, s, z,a. When fy =0,

2

2
I(t) = 2aTrT26 2a T2 (t+”TP) ,
T T+t
yr(t) = 2 lo<t<r + —m- Lr<ico.

Applying Parseval’s theorem in (47) and substituting z =
t + n7,, we obtain (49). Using the functions g;(.) and ga(.)
defined earlier to prove the expression for I; o(T,v), we get
the expression for Iz 2(7,v) given in Theorem 2. Finally, we

expressions obtained for I1(7,v) and I5(7,v) in (33), we get
the result in Theorem 2. This completes the proof.

The erf(.) functions in the derived expressions can be
computed using accurate closed-form approximations for the
er f(.) function [30],[31].

APPENDIX D
SELF-AMBIGUITY OF MC-OTFS WAVEFORM

We consider a MC-OTFS waveform x(t) generated from
DD point pilot at origin given by [14]
1 —1M-1
z(t) = g (t — nT, )eﬂ”m”f’(t ) (50)

where gy (t) = —T]IOSKTP. From the definition of A, ,(7,v)
in (7), the self-ambiguity of z(¢) in (50) is given by

N—-1 N—-1 M—-1 M-1

T IDIDIDY

ny= 0n2 0m1—0m2 0

Ay o (T,v)
/glx(t — M1Tp) g (t — T — naTy)
6j27rm1Vp(tfnlfrp)67j27rm21/p(t777n27'p) dt. (51)

Substituting for g (t), we get
N—1 M—1 M—1

)OS

np= 0m1 Omg_o

A,

(T, V) =

I

MNTp

(n1+1)7
ej27r[(m1 mo)v,—v]t I 2TVT i2Tmany T gy

] (52)

1Tp

Substituting d = (my — mg), we get
1 M-—1 U(d) N-1
Asa(rv) = > X X
MNT,
d=—(M—1) my=L(d) n1=0
) ) (nai+1)7
6]27rurej27rm2up7' / 6]271'(d1/p71/)tdt ) (53)
niTp

Here, L(d) = |d|I4<p and U(d) = (M — 1 — d)Lg>0 + (M —

1)Ig<o. When v =0,

ej27r]WVp‘r
AI$(T V—O)—L— 0o+ —

11—
I 2g. 54
U1 -0 (54)

ej27ryp7'
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When v # 0,
1 N-1
_ ) 2TTTV —j27vnaT
Am,a:(Ta l/) = W’rpej Z e J P
n1:0
Y s (eﬂﬂd%_m = 1) (55)
77- T a_71.. N )
= T-1) j2n(dvy, —v)
where

and g(d,7) =

fld,7) = (M — |d|)l;=o0 + (9(d, T)Ia>0
+e7 2T g(d, 7Y i<0) Lr 20

{_gi2mp(M—ld)T

(56)

T - The expression in (55) can

further be simplified as
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[14]
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[17]

1— e—j2'rruN7-p

ej27r‘rl/ —JjTvTy

Ay o(1,v) = e

1— 67j27r1/7p

MN
M—-1
> fd7)sine((dy, — v)7p). (57)
d=—(M-1)
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