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Abstract

In this thesis, we study problems under the theme of discovering joint structure in a set
of high-dimensional data samples from linear measurements. Qur primary focus is on the
regime where the number of samples available is large, but we are constrained to access
very few measurements per sample. This setting can be used model high dimensional
estimation tasks in a distributed setting, where storing or communicating more measure-
ments per sample can be expensive. We study a basic problem in this setting — that of
support recovery from linear measurements. In this problem, a set of n samples in R,
each having a support of size k, is accessed through m linear measurements per sample.
The goal is to recover the unknown support, given knowledge of the measurements and
the measurement matrices. This problem, also sometimes referred to as variable selection
or model selection, has been extensively studied in the signal processing and statistics
literature, and finds applications in source localization, hyperspectral imaging, heavy hit-
ters detection in networks, and feature selection in regression. It is known that if we
have m = Q(klog d) measurements per sample, then a single sample is sufficient for sup-
port recovery. As such, when we have access to multiple samples, an interesting question
to consider is whether we can perform recovery with m < k measurements per sample.
This measurement-constrained setting is relatively less explored in the literature, and the
optimal sample-measurement tradeoff was unknown prior to our work.

We provide a tight characterization of the sample complexity of this problem, which
together with previous results in the literature gives a full understanding of this prob-

lem for all values of k/m. We propose two algorithms that can perform recovery in the
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measurement-constrained regime, where standard algorithms fail to work. Our first al-
gorithm is a simple, closed-form variance estimation-based procedure, while our second
algorithm is based on an approximate maximum likelihood procedure. We show that
when m < k, the minimum number of samples required for exact support recovery with
high probability scales as O((k?/m?)logd), and the closed-form estimator achieves this
scaling.

To obtain the upper bound on sample complexity, we analyze the closed-form estimator
for both random inputs drawn from a subgaussian prior, and for deterministic, worst-case
inputs. We show that in either case, the upper bound has the same scaling with respect
to the problem dimensions. In our analysis for the worst-case input setting, we provide
some useful results in the form of concentration bounds for heavy-tailed random variables,
which may find use in other problems as well.

Our lower bound construction uses Gaussian samples and Gaussian measurement ma-
trices, and is based on characterizing the distance between pairs of competing output
distributions resulting from linear measurements from samples whose supports are close.
The lower bound that we obtain with Gaussian inputs implies a lower bound for the de-
terministic inputs case as well. In fact, it matches the upper bound that we obtain for the
deterministic input case, in turn showing that the case of Gaussian inputs is the hardest
for the common support recovery problem. In summary, our results settle the question
of tradeoff between m and n in the m < k regime, and show that there exists a phase
transition for the sample complexity of this problem at k/m = 1. Roughly, around this
point, the sample complexity for support recovery undergoes a change from being linear
in the ratio k/m to being quadratic in k/m (up to a factor of logd).

We then consider an extension of the common support recovery problem to the case
of multiple disjoint supports, where the support of each sample is assumed to be one out
of a small set of { allowed supports, each of size k. We propose a two-step algorithm for
this setting, that first estimates the union of the underlying supports, and then estimates
the individual supports using a spectral algorithm. In effect, the first step utilizes second

order statistics of the data to recover the union, while the second step uses fourth order



Abstract iii

statistics to cluster coordinates in the union into ¢ different supports. We analyze this
algorithm for the class of subgaussian inputs and measurement matrices, and show an

upper bound of O(k**/m*) on the sample complexity of this problem when m < k.
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Notation

Sets
R The set of real numbers
N The set of natural numbers
[n] The set {1,...,n}
([Z]) The set of subsets of [d] of cardinality k
S1 X S, Cartesian product of the sets S; and S,
SAS’ Symmetric difference between sets S and &', i.e., (S\S')U(S'\S)
Vectors and matrices
Iy Identity matrix of size d x d
AT Transpose of matrix a A
| Al Determinant of matrix a A
rank(A) Rank of a matrix A
As Submatrix of A obtained by restricting to columns indexed by
the set &
A=B A — B is positive semi-definite, where A and B are symmetric
matrices
| Allop Operator norm of matrix A, i.e. sup,,-1 [[Az|2
| Al 7 Frobenius norm of a matrix A € R1*% je. S Z;lil A3
Tr(A) Trace of a matrix A
vec(A) Vectorized version of a matrix A

vil
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Viil

Vectors and matrices

A®B Khatri-Rao product of matrices A and B
A® B Kronecker product of matrices A and B
diag (a) A diagonal matrix with the entries of vector a on the diagonal
lall, ¢, norm of a vector a € R% p € [1,00], ie., /30, a2
supp (a) Support of the vector a € R?, i.e., the set {i € [d] : a; # 0}
Random Variables and Events
iid Independent and identically distributed
Pr (&) Probability of an event £
E [X] Expectation of a random variable X
var(X) Variance of a random variable X
1X|z, L, norm of a random variable X, p € [1,00), i.e., (E [Xp])%
I(X;Y) Mutual information between random variables X and Y
D(P||Q) Kullback-Leibler divergence between distributions P and Q
X ~ N(u,0?) X is a Gaussian random variable with mean p and variance o

X ~ subG(0?)

X ~ subexp(v?, b)

X is a subgaussian random variable with parameter o2, i.e.,

log E [e?X~EXD] < 6252 /2, for all § € R
X is a subexponential random variable with parameters v? and

b>0,ie., logE [ EXD] < §202/2, for all 6] <1/b

Order notation

Jde > 0 such that f(n) < cg(n) for all sufficiently large n
Je > 0 such that f(n) > cg(n) for all sufficiently large n
de > 0 such that f(n) = cg(n) for all sufficiently large n
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SBM Stochastic Block Model
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Chapter 1

Introduction

Modern applications involving high-dimensional data have led to a resurgence of interest
in several classical problems in the theory of estimation and detection. Unlike the classical
setting, however, the focus has shifted to the regime where the number of observations
available is much smaller than the dimension of the data. This shift can be attributed to
the limitations that are associated with collecting and processing high-dimensional data.
On the other hand, making meaningful inference is still possible in such cases because the
data typically has additional structure, which can be exploited by the inference procedure.

As a concrete example, consider the task of linear regression and the performance
that the least squares estimator achieves. In particular, assume we are given observations
Y = ®x+W € R™, where x € R? are the regression coefficients, ® € R™*¢ is the matrix of
covariates, and W ~ N(0, 021) is additive noise. When m > d, the regression coefficients
can be estimated using the least squares estimator 2y o (®@TP)"1dTY, and the resulting
mean squared error (MSE) can be explicitly characterized. Specifically, a simple calcula-
tion shows that the MSE as a function of @ is given by E [||Z1s — z||3|®] = o2Tr((®7T®)71).
When & has independent, standard normal entries, the MSE averaged over ® simplifies
to O(do?/m). This in turn means that as long as the number of observations scales at
least linearly with the dimension d, the MSE remains bounded above by a constant.

On the other hand, when m < d, it is impossible to estimate x without further

assumptions. If, for instance, most of the coefficients in z are expected to be zero (implying
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that only a few columns of the covariates matrix are active), then a constrained version
of the least squares estimator can instead be used. In particular, if at most £ < d
coefficients are known to be nonzero, then one can perform least squares restricted to the
set {z € R?: |supp (2) | < k}, provided k < m. Unfortunately, unlike the previous case,
the solution is not available in closed form, but it can be shown that for Gaussian design
matrices as before, the MSE scales as O(o?klog(d/k)/m), using a more involved analysis
compared to the unconstrained version [63]. Note that in this case fewer observations are
sufficient to guarantee that the MSE is small.

Although the discussion above was limited to a specific estimator and its variants,
the performance bounds that we saw can be shown to be optimal [63]. Nonetheless, at
a high level, the example illustrates two key points. The first is that fewer observations
suffice when the data has additional structure, as might be expected. The second is that
new estimators and techniques are required that exploit this underlying structure. These
observations have been made in the context of several other problems as well, including
support recovery, covariance estimation, matrix completion, and principal components
analysis (PCA), in similar high-dimensional settings. In each of these problems, additional
structural assumptions such as sparsity and low-rankness lead to error rates that scale
only sublinearly with the dimension d, see [81], [14], [17], [93], [24], [10] for more details
and precise statements.

In spite of a large body of work on these problems, we now point to a canonical
setting that is relatively less understood, which we will refer to as the multiple sample
measurement-constrained setting (or simply, the measurement-constrained setting). In
this setting, there are multiple data samples with some joint structure that we wish
to infer using observations made per data sample (for example, in the form of linear
measurements, quadratic measurements, or random subsamples). The question that we
ask is whether such inference can be done with fewer observations per sample than what
is dictated by the single sample setting. In other words, what is the tradeoff between
the number of samples and the number of measurements per sample? Understanding

this tradeoff can be useful for settings where obtaining more measurements per sample
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is expensive, and we would like to reduce the number of measurements collected per
sample as much as possible. Our goal in this work will be to study this question in the
context of the problem of support recovery from linear measurements. We will do so
by characterizing the sample complexity of this problem in the measurement-constrained
regime. Our results will show that the sample complexity undergoes a change as we move
from the measurement-rich regime to the measurement-constrained regime, with more
samples being required in the latter case. We describe the problem setting in more detail

in the next section.

1.1 Support recovery from multiple samples

In the problem of support recovery from linear measurements, a set of d-dimensional data
samples x1, ..., x, are observed through linear measurements of the form Y; = &;z; + W},
where ®; € R™*? with m < d is the ith measurement matrix and W; is additive noise,
independent across samples. Each sample has a support of size £ < d, and we will be
interested in two kinds of settings. The first one is where the support is common across
samples, i.e., supp (z;) = S for all i € [n] for some unknown S C [d]. The second case
is where the support can vary, but it is drawn from a small unknown set of ¢ allowed
supports. That is, for each i € [n], supp (x;) € {S1,...,S¢} with £ < n, implying that
there will be multiple samples with the same support. Note, however, that the label
associating samples to their respective supports is unknown. Our goal in either case is
to recover the underlying support(s) with high probability. This setting has been used
to model problems in hyperspectral imaging, source localization, anomaly detection, and
mixed linear models [20], [35], [44], 3], [6], [8].

We will first focus on the case of a common support to describe what was known
prior to our work and to highlight our results. As we will describe in detail in subsequent
chapters, the n = 1 case, where there is a single unknown sample, is fairly well-understood.
It is known that m = ©(klog(d — k)) measurements are necessary and sufficient to recover
S exactly with high probability using a Gaussian measurement matrix [81](see the next

chapter for a more precise statement involving conditions on the SNR). Following this, it
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was shown that when multiple samples are available, i.e., when n > 1, mn = O(klog(d/k))
overall measurementsﬂ are necessary and sufficient provided m > k [55]. The upper
bound from [55] uses an exhaustive search decoder, but a similar condition of m > k is
required for other estimators such as ¢; » minimization as well [51], and we call this the
measurement-rich regime. This suggests that regardless of how large n is, we still require
at least k measurements per sample (which is roughly what is required in the n = 1 case).
Furthermore, in this measurement-rich regime, the two resources m and n have a similar
effect on the recovery performance, and only the overall number of measurements mn
matters.

However, when we have multiple samples with joint structure (e.g., common or re-
peating supports), it is natural to expect that we should be able to perform support re-
covery with fewer than k measurements per sample.ﬂ We will call this the measurement-
constrained regime. For both the problems described in the beginning of this section,
we will design estimators that can reliably recover the support(s) in the measurement-
constrained regime. For the problem of a common support, we will also show the op-
timality of our proposed estimator through a lower bound on the sample complexity.
Our results show that compared to the m > k regime, more samples are required in the
m < k regime, and the effect of the parameters m and n on the recovery performance
is different. In summary, our results, together with previous results in the literature for
the measurement-rich regime provide a full understanding of the sample complexity of
this problem for all regimes of m and k. For the setting with multiple supports, we will
derive an upper bound on the sample complexity by analyzing a spectral clustering-based
algorithm. We will also demonstrate the empirical performance of our algorithm on syn-
thetic and real datasets, and show that it can perform support recovery with very few

measurements per sample.

'We refer to the quantity mn as the overall number of measurements in our model.
2Clearly, support recovery with m < k measurements is impossible using a single sample as dictated
by the lower bound for n = 1.
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1.2 Summary of contributions and techniques

In this section, we briefly describe the contributions of this thesis.

1. We characterize the sample complexity n*(m, k, d) of support recovery when there is
a single unknown support, and show that in the measurement-constrained regime of
m < k, n*(m,k,d) = O((k*/m?) - logd). Our results thus demonstrate a change in
the behavior of the sample complexity from linear to quadratic in the ratio k/m (up
to logarithmic factors) as we move from the m > k to the m < k regime. We also
show that a closed-form estimator based on estimating coordinate-wise variances

achieves the optimal scaling. See Theorem [3.2.1for a statement of the result.

2. Our sample complexity bound holds for both random and deterministic inputs. In
particular, we analyze the performance of the closed-form estimator for inputs drawn
from certain subgaussian priors and for deterministic, worst-case inputs. We show
that in either case, the sample complexity upper bound has the same scaling with
respect to the problem dimensions. The proofs of both of our upper bounds rely
on deriving concentration inequalities for heavy-tailed random variables, which in
our case are functions of the measurement matrices. Standard approaches based on
controlling the moment generating function (MGF') cannot be used, since the MGF
is unbounded in this case. In proving the upper bounds, we will derive exponential
tail bounds for quadratic forms of random vectors with heavy-tailed entries using a

moment based method. See Theorems [2.3.6] and [2.4.1] for a statement of our results.

3. Our lower bound is derived using Gaussian inputs, stated in Theorem [3.1.1] and
relies on characterizing the distance between pairs of output distributions resulting
from linear measurements made on inputs with supports that are close to each
other. The lower bound that we obtain for the Gaussian case implies a lower bound
for the deterministic input setting as well. In fact, it matches the upper bound
that we obtain for the deterministic input case, in turn showing that the case of
Gaussian inputs is the hardest for the common support recovery problem. Our lower

bound proof is based on controlling the distance between the covariance matrices of
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competing output distributions measured in terms of their spectrum, and involves
characterizing the expected value of quantities that are a function of the spectrum of
the measurement matrices. In this respect, our lower bound proof differs from those
in previous works, which proceed by controlling the difference ||®srs — Psrxsr]|2

between the means of the output distributions for nearby supports S and S'.

4. For the case of multiple unknown supports, we propose a spectral algorithm and an-
alyze it to obtain an upper bound (stated in Theorem on the sample complex-
ity of the multiple support recovery problem, focusing again on the measurement-
constrained regime. The algorithm first computes the union of the underlying sup-
ports by using the closed-form estimator, and then obtains individual support es-
timates from this union estimate by performing spectral clustering on a certain
matrix that depends on fourth order statistics of the inputs. Our analysis is based
on characterizing the distance between the eigenvectors of this random clustering

matrix from those of the expected clustering matrix.

5. Our estimators for both the single and multiple support recovery problems are
based on the idea that higher order statistics of the data can reveal finer structure.
We use second order statistics of the data for detecting coordinates with nonzero
entries, and fourth-order statistics to further cluster the coordinates (which leads to
recovery of multiple supports). In particular, the construction of the estimator for
both problems is based on the idea of first forming proxy samples using the linear
measurements, and then using second and fourth order statistics of these proxy
samples. Alternatively, one can also view this as forming the sample mean and
covariance after an initial preprocessing step which involves squaring the entries of
the proxy samples. This squaring step makes the estimator robust to “cancellations”
that can occur when averaging across samples that can lead to missed detection

eIrors.
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1.3 Organization of the thesis

We describe the problem of support recovery with a single unknown support in Chapter [2|
Our main result is a tight characterization of the sample complexity of this problem. We
describe two estimators for support recovery and prove an upper bound on the sample
complexity by analyzing one of the estimators. Chapter [3| is devoted to the proof of
the sample complexity lower bound. We also discuss some consequences of our results
including the change in the sample complexity of support recovery as we move from the
measurement-rich to the measurement-constrained regime. In Chapter 4, we consider
the setting with multiple unknown supports. We describe an algorithm for this setting
and derive an upper bound on the sample complexity of the multiple support recovery

problem. We conclude with a discussion of possible extensions of our work in Chapter [f]



Chapter 2

Recovering a Single Support:

Estimators

In this chapter, we study the problem of recovering the common k-sized support of a
set of n samples of dimension d, using m noisy linear measurements per sample. Most
prior work has focused on the case when m exceeds k, in which case n of the order
(k/m)log(d/k) is both necessary and sufficient. Thus, in this regime, only the total
number of measurements mn across the samples matter, and there is not much benefit in
getting more than k measurements per sample. In the measurement-constrained regime
where we have access to fewer than k measurements per sample, we show an upper
bound of O((k*/m?)log d) on the sample complexity for successful support recovery when
m > 2logd. We will see two estimators that can perform recovery in the m < k regime:
the first is an approximate maximum likelihood (ML) estimator, and the second is a
closed-form estimator. The first estimator uses the specific form of the covariance matrix
resulting from linear measurements, and a Gaussian approximation step to then find
the ML estimate using a nonnegative quadratic program. We empirically evaluate the
performance of this estimator and show that it successfully recovers the support in the
m < k regime. Analyzing this estimator turns out to be difficult in general due to the fact

that the ML cost is a complicated function of higher order products of the measurement

The work in this chapter is based on [58], [59], [62].
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matrix. We then consider the closed-form estimator which is more amenable to analysis,
and is in fact sample optimal. Our sample complexity upper bound will thus be obtained
using the closed-form estimator, which we will analyze for both random and deterministic

inputs.

2.1 Introduction

The problem of support recovery in the single sample setting considers the following
question: given noisy linear measurements ¥ = &z + W € R™ of a k-sparse vector
r € RY can we recover the locations of its nonzero entries when m < d? The set of
indices corresponding to the nonzero entries of z is called the support of z, and is denoted
by supp(x). The measurement matrix ® € R™*¢ is a design parameter that is chosen
to enable exact or approximate recovery of supp(z), and W ~ AN(0,02) is noise. This
problem (also sometimes referred to as model selection or variable selection) has received
a lot of attention in the past decade [81], [27], [4], [64], [47], with a focus on designing
recovery algorithms and on determining the number of measurements m required for
successful recovery. In particular, it is known that m = ©(klog(d — k)) measurements
are necessary and sufficient for support recovery with high probability using a Gaussian
measurement matrix [81]. It is important to note that this tight scaling holds in the low
signal to noise ratio (SNR) regime of i, /0% = ©(1/k), where zyin o min;e(g ;. In other
regimes of SNR, either the log dependence changes or the upper and lower bounds are
known to differ by a factor of (log(1+kz2,,/0?))~ ! see [84], [91], [47] for more discussion.

Parallel to the results in the single sample setting, there has been work on the natural
extension of this problem to the multiple sample setting, which is also the focus of our
work. In this setting, there are multiple samples x4, . .., z,, all sharing a common unknown
support S of cardinality k. For each sample z;, we observe measurements Y; = ®;x; + W},
and the goal is to recover S. We can ask the question of how the number of measurements
per sample m and the number of samples n can be traded off for each other, and whether
it is useful to take more samples or more measurements per sample.

While there have been several works in the multiple sample setting [88], [72], [28], [36],
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169], [55], they focus on the regime where one has access to roughly m > k measurements
per sample. In particular, omitting the dependence on SNR, [55] shows that mn =
©(klog(d/k)) is necessary and sufficient assuming m = Q(k) and k = o(d). While the
sufficient condition in [55] is obtained via the analysis of an exhaustive search decoder,
algorithms such as the group LASSO also show a similar scaling of mn = ©(klog(d — k))
provided m > k [51].

From the discussion in the previous paragraph, it is clear that if we have m =
Q(klog(d—k)), then a single sample is sufficient for support recovery. Therefore, given that
we have access to multiple samples now, a more interesting question to consider is whether
we can perform recovery with m < k measurements per sample. This measurement-
constrained regime has received some attention in the past |9], [54], but a characterization
of the sample complexity was not known prior to our work.

In the first part of this chapter, we will show that for the case of random inputs
drawn from a subgaussian distribution, the sample complexity upper bound (ignoring
noise variance and parameters dependent on the generative model for the samples) is
n = O((k?*/m?)logd) for (logk)> < m < k. In the next part, we will focus on the
case of deterministic inputs and show that the tradeoff identified for subgaussian inputs
holds for the worst-case setting as well. This result, together with our lower bound result
from Chapter |3| will provide a tight characterization of the sample complexity of support

recovery.

2.2 Prior work

Information-theoretically optimal support recovery in the single sample setting is well-
understood and [81], [27], |4] were some of the first works to look at this problem. In par-
ticular, [81] shows that for a deterministic input vector, m = ©(klog(d—k)) measurements
are necessary and sufficient to exactly recover the support using a Gaussian measurement
matrix, establishing that support recovery is impossible in the m < k regime using a single
sample. Following these works, several papers proposed algorithms for the multiple sam-

ple setting, that include convex programming methods [44], |[75], [26], thresholding-based
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methods [28], [31], Bayesian methods [88] and greedy methods [77], [25] [79]. Recovery of
the support is important in several practical applications including spectrum sensing |71]
and group testing [83]. Moreover, in settings where there are multiple unknown sup-
ports, the common support recovery algorithm can be used to estimate the union of the
supports. This can be useful in problems of linear regression where there are multiple
unknown subsets of correlated variables [51]. When m > k, support recovery implies
recovery of the data vectors also. Indeed, given the support, one can estimate the data
vectors by solving a least squares problem restricted to the support. In this work, we show
that when m < k, support recovery is still possible. Clearly, recovery of the data vectors
is no longer possible, since there are infinitely many solutions even after restricting to the
support.

A setup similar to ours was studied in [55], but the results are not tight in the m < k
regime. In particular, [55] showed a lower bound on sample complexity of support recovery
of roughly (k/m), much weaker than our (k/m)? lower bound. Another related line of
works [72], [36] studies this problem considering the same measurement matrix for all
samples, under the assumption that the data vectors are deterministic. However, none of
these works characterize the tradeoff between m and n when m < k.

Initial works considering the m < k regime were [54] and [9], followed by [37] and [59],
where it was empirically demonstrated that when multiple samples are available, it is
possible to operate in the m < k regime. We note that the estimator we consider is similar
to the one in [40]. However, the analysis in [40] is conditioned on the measurement matrix
ensemble, and the error probability is expressed in terms of quantities dependent on the
measurement matrix. As such, the final dependence of n on m, k and d cannot be inferred
from this result. In this work, we overcome these shortcomings by showing that the
estimator successfully recovers the support for a large class of subgaussian measurement
matrix ensembles, and we explicitly characterize the dependence of n on m, k and d. We
also provide matching lower bounds, which shows the optimality of the estimator. Two
other related works that consider the m < k setting are [54] and [39]. However, the precise

characterization of sample complexity is not addressed in any of these works.
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We will consider the case of both random and deterministic inputs, and our formulation
in the random setting naturally relates to some of the works on covariance estimation.
A recent work which looks at the problem of covariance estimation from low-dimensional
projections of the data is [7]. As we will see in the next section, support recovery in a
Bayesian setting amounts to estimating a diagonal and sparse covariance matrix, and the
general result in 7, Corollary 3] for this specific case is loose and does not give the correct
scaling for the sample complexity. Two other works that study covariance estimation
from projected samples in the m = 1 case are [15] and [21]. However, these results also
do not give the correct scaling on the number of samples, when applied to the diagonal
sparse case. Further, since m is set to one, the tradeoff between m and n is not clear.

Our setting is also related to the recently considered inference under local information
constraints setting of [2]. We impose information constraints on each sample by allowing
only m linear measurements per sample. Roughly, our results say that when local in-
formation constraints are placed (namely, m < k), support recovery requires much more
than k overall measurements.

Before moving further we make an additional remark about notation.

Remark 2.2.1 (Elaboration on notation.). We use upper case letters to denote random
variables (scalars, vectors or matrices) and deterministic matrices, and lowercase letters
to denote deterministic scalars or vectors. For a matriz A;, Aj; denotes its ith column,
A;(u,v) denotes its (u,v)th entry and (A;)s denotes the submatriz formed by columns

indexed by S. Also, for a vector X;, X;; denotes the ith component of X;.

2.3 The case of random inputs

We start by considering a Bayesian formulation for support recovery, where the input

comprises n independent samples X, ..., X, in R? with each X; having a zero-mean
Gaussian distribution. We denote the covariance of X; by K def diag(A1, A2y ..oy Ad),
def

where the d-dimensional vector A has entries A, Ag,...,Ag, such that A\ € Syq =
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{u e {0,1}* : |supp(u)| = k}. That is, the (random) data vectors have a common sup-
port S = supp()) of size k, almost surely[l}

Each X, is passed through a random m X d measurement matrix ®;,, 1 < ¢ < n,
with independent, zero-mean Gaussian entries with variance 1/m, and the observations
Y, = &, X;+ W, € R™ are made available to a center, where the noise WW; has independent,
zero-mean Gaussian entries with variance o2, independent of X, and ®;. Using the mea-
surements Y7, ..., Y, the center seeks to determine the common support S of Xy,..., X,,.
To that end, the center uses an estimate SR ([Z]), where ([Z]) denotes the set of
all subsets of [d] of cardinality k. We seek estimators that can recover the support of A

accurately with probability of error no more than 4, namelyﬂ
Pr (S(Y”) # supp(A)) <46, VA& Ska (2.1)

This is similar to the nonuniform recovery guarantee in compressed sensing |30, Section
9.2].
We are interested in sample-efficient estimators. The next definition introduces the

fundamental quantity of interest to us.

Definition 2.3.1 (Sample complexity of common support recovery). Form,k,d € N, the
sample complexity of common support recovery né’avg(m, k,d) is defined as the minimum
number of samples n for which we can find an estimator S satisfying for some
5 €(0,1), i.e.,

NG avg (M, K, d) ' min {n :3S s.t. Pr (S’(Y”) # supp()\)) <4, VA e Sk,d} :

We will show the following upper bound on the sample complexity.

!Throughout, we will be considering inputs with support size ezactly k, also sometimes referred to as
exact k-sparsity.

2We will usually choose § = 1/3 in our upper bound results for convenience and it can be replaced
with any acceptable value below 1/2. We also note that although our upper bound results capture the
dependence on ¢, the lower bound which we derive later is stated for a fixed 9.
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Theorem 2.3.1. For (logk)? < m < k and 1 < k < d — 1, the sample complezity of

common support recovery in the noiseless case satisfies

k?2
NG avg (M, K, d) = O (ﬁlog d) :

Remark 2.3.2. Our formulation assumes that the support size k is known. That said,
our proposed estimator extends easily to the setting where we only have an upper bound

of k on the support size, and we seek to output a set of indices containing the support.

Remark 2.3.3. We will use the notation ng ., (m,k,d) to denote the sample complexity
derived under the assumption of random inputs, and né,w(m, k,d) to denote that the inputs
are worst-case or deterministic. The dependence of sample complexity on the problem
dimensions (m, k, d) remains the same in both cases, but we use this notation to point out

the dependence on other parameters in the statement of our results.

We will present performance guarantees for our estimator in the more general noisy
setting in the next section, from which the result above will follow. Our proposed estimator
and its analysis applies to a much broader setting involving subgaussian priors. For X7,
we can use any prior with subgaussian distributed entries, i.e., the entries of X; are
independent and zero-mean with E [XZQJ] = \j for A € § 4 and X;; ~ subG(\)), where
Aj is the variance parameter for the subgaussian random variable X; ;. Our analysis will
go through as long as the variance and variance parameters differ only up to a constant
factor.

Also, the measurement matrices ®; can be chosen to have independent, zero-mean
subgaussian distributed entries in place of Gaussian. However, as above, we assume that
the variance and variance parameter of each entry are the same up to a multiplicative
constant factor. Further, we assume that the fourth moment of the entries of ®; is of the
order of the square of the variance. Two important ensembles that satisfy these properties
are the Gaussian ensemble and the Rademacher ensemble.

For clarity, we restate our assumptions below. These assumptions are required for

the analysis of our estimator; the lower bound proof is done under the more restrictive
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setting of Gaussian measurement matrix ensemble (which implies a lower bound for the

subgaussian ensemble also).

Assumption 2.3.1. The entries of X;, i € [n], are independent and zero-mean with

E [XZZJ} = \j for X € Spq and X, ; ~ subG(c);), where c is an absolute constant;

Assumption 2.3.2. The m x d measurement matrices ®1, ..., P, are independent and
have entries that are independent and zero-mean with E[®;(u,v)?] = 1/m, ®;(u,v) ~

subG(d'/m), and E [®;(u,v)Y] = " /m?, where ¢ and " are absolute constants.

We have restricted A to binary vectors for ease of presentation. Later, in Sec-
tion [2.3.1.2] we will show that our sample complexity results extend almost verbatim
to a more general setting with the nonzero coordinates of A\ taking values between A,
and Apax. The only change, in effect, is an additional factor (Amax/Amin)? in the sample
complexity of support recovery.

We will work with the more general setting with subgaussian random variables sat-
isfying assumptions and 2.3.2 In fact, for simplicity, we assume that X;; and W;
are subgaussian with variance parameter equal to their respective variances, a property
known as strict subgaussianity. We also note that in Assumption [2.3.2] while subgaussian-
ity will provide an upper bound on the fourth moment, we require the fourth moment to
be between ¢/m? and C'/m? for absolute constants ¢ and C. In essence, we are presenting
a unified analysis for Rademacher, Gaussian and other random variables which satisfy
these conditions. For notational simplicity, we will fix the value of the constants and take

E [(I)l@b, 1})2] — , E [q%(u, U)4] _ 2

1
m m
and assume that ®;(u, v) is subgaussian with variance parameter 1/m. These assumptions
of equality can be relaxed to order equality up to multiplicative constants.

Our results also extend to the case when the data vectors are not necessarily sparse
in the standard basis for RY, i.e., the data vectors can be expressed as X; = BZ;, i € [n],
where B is any known orthonormal basis for R? and Z;s have a common support of size k.

Under the same generative model as before, but for Z; this time, Theorem continues
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to hold. This is because when ®; has subgaussian entries, the effective measurement
matrix ®; B also satisfies the properties we mentioned above, namely, it has independent
mean zero subgaussian entries with variance and fourth moment of the order 1/m and

1/m?, respectively.

2.3.1 The closed-form estimator

We now present a closed-form estimator for the support, based on estimating the variance
along each of the d coordinates. To build heuristics, consider the trivial case where we can
directly access samples {X;}"_ ;. Then, a natural estimate for )\; is the sample variance.
But in our setting, we only have access to the measurements {Y;}* ;. We compute the
vector <I>1T Y; and treat it as a “proxy” for X;. When <I>Z-Tq)i = I; and the measurements
are noiseless, this proxy will indeed coincide with X;. We compute the sample variances
using these new proxy samples and use it to find an estimate for the support of A.

Formally, we compute variance estimates

n

7 def 1
Ai = EZ(‘I’;YJ)Qa (2.2)
j=1

where ®j; denotes the ith column of ®;. Since we are only interested in estimating the
support, we simply declare indices corresponding to the largest k& entries of A as the

support, namely, we sort A to get 5\(1) > 5\(2) > > S\(d) and output

S={(1),...,(k)}, (2.3)

where (i) denotes the index of the ith largest entry in A. This is similar in spirit to the
Iterative Hard Thresholding (THT) algorithm [12] from the compressed sensing literature,
where a similar support estimation step followed by least squares is used to estimate the
data vectors. The difference is that IHT is an iterative procedure and the least squares step
requires m > k. Note that evaluating i requires O(nm) operations, whereby the overall

computational complexity of (naively) evaluating our proposed estimator is O(dnm).
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Before we move to detailed analysis in the next section, we do a quick sanity test for
our estimator and evaluate its “expected behavior”. An easy calculation shows that A is
a biased estimate of \; with a bias depending on k, m, and ¢2. In particular, we have the

following result.

Lemma 2.3.4. Let the estimator X be as defined in (2.2). Then, under Assumptions
12.3.1} and [2.3.4 with ¢ = ¢ = " = 1, we have that

E[S\Z}:mT—H)\‘Fk—{—U i€ [d],

where the expectation is with respect to the joint distribution of { X7, T, W]},

Proof. We can rewrite the estimator in (2.2)) as

Z(Z +<I>TW)2, i €[d].

j=1 les

Taking expectation, we note that,

= 0] = 3 (o [ o] s ] ) o]
= Egy E z"; (;(@;‘I’jzf + 02“@]'2'”%)] :

where the second step uses the fact that X; has zero mean entries.
Using our assumption that the columns of ®; have independent mean-zero entries with

variance 1/m and fourth moment 3/m?, it follows from Lemma [2.6.13| that

E[;\i]:mTH/\-f-k-i-O' i€ [d),

which establishes the lemma. O

We work with this biased estimate A and analyze its performance in the next section.

Since the bias is the same across all coordinates, it does not affect sorting/thresholding
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based procedures. The key observation here is that the expected value of the entries of
A for coordinates in the true support exceeds those outside the support, making it an
appropriate statistic for support recovery.

We next compute the variance of the estimator, which would give an idea of the per-
formance of the estimator. In particular, it can be used to bound the error probability
as a function of the problem parameters by an application of Chebyshev inequality. We
will compute the variance for the basic case of Gaussian measurement matrices and Gaus-
sian inputs, with noiseless observations, and it will provide a rough understanding of the
sample complexity of the problem. In later sections, we will obtain more precise results
by deriving concentration bounds for the estimator. We state our assumptions and the

variance bound below.

Assumption 2.3.3. The entries of X;, ¢ € [n], are independent with X, ; ~ N(0,);),
Jj€ld], and X\ € Sk a;

Assumption 2.3.4. The m x d measurement matrices ®1,..., P, are independent, with

entries that are independent and distributed as N'(0,1/m).

Lemma 2.3.5. Let the estimator X\ be as defined in (2.2). Then, under Assumptions

[2.5.5 and |2.5.4), we have in the noiseless setting that

2

T’;—) ifies,

c (1 +
var (\;) <
c’T’fZ—Z, otherwise,

for absolute constants ¢ and ¢ .

We provide the proof of this lemma in Section [2.6
We can now use the bound on var(jxi) to obtain a bound on the probability of error per
coordinate by an application of Chebyshev inequality. In particular, assuming k/m > 1,

we get for every i € [d] and t > 0,
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which indicates that for constant ¢ < 1, the number of samples should scale roughly as
k%/6m? for the probability of error to remain bounded above by §. This, however, only
captures the per- coordinate behaviour of the estimator and an application of the union
bound over all coordinates will inevitably lead to a factor of d, indicating that the sample
size should scale linearly with d. This is not desirable and can be avoided by using sharper

concentration bounds for the estimator. This is the focus of the next section.

2.3.1.1 Analysis

A high level overview of our analysis is as follows. We first note that, conditioned on the
measurement matrices, the entries of \ are sums of independent subexponential random
variables. If we can ensure that there is sufficient separation between the typical values of
A inthe i € S and i € 8¢ cases, then we can distinguish between the two cases. We show
that such a separation holds with high probability for subgaussian measurement matrix
ensembles satisfying the assumptions in Assumption [2.3.2

We now present the performance of our estimator.

Theorem 2.3.6. Let S be the estimator described in ([2.3)), and assume that (logk)? < m

and k < d—1. Then, under Assumptions|2.5.1 and|2.3.9, S equals the true support with

probability at least 1 — 0 provided

k 2 k(d—k
an(—+1+a2) logg,
m 1

for an absolute constant c.

Remark 2.3.7. We note that the result above applies for all k and all m > (logk)?, and
not only to our regime of interest m < k. When o> =0, m <k <d—1, and § = 1/3, we

obtain the upper bound claimed in Theorem [2.5.1.

Proof. While computationally tractable, analyzing our proposed estimator directly may

not be easy. Instead, we analyze an alternative thresholding-based estimator given by

Ai = Liszny (2.4)



Chapter 2. Recovering a Single Support: Estimators 20

We note that if A = ), the largest k entries of A must coincide with the support of .

Therefore,

Pr (S + supp(A)) <Pr <$ + supp(/\)) : (2.5)

where S is the support of . Using this observation, it suffices to analyze the estimator A
in (2.4), which will be our focus below.

The proof of Theorem entails a careful analysis of tails of \; and uses standard
subgaussian and subexponential concentration bounds. To bound the error term in ,
we rely on the measurement matrix ensemble satisfying a certain separation condition;
we denote this event by £ and describe it in detail shortly. Denoting by & the support of
A, the error event Pr <S’ #* S) can be bounded as

Pr (3 4 s) <Pr (5 ” 5|5) + Pr(&9)
< ZPr (5\1 < T|5> + Z Pr (5\1/ > 7'|E> + Pr(&°9). (2.6)

€S i'ese
We show that the first two terms in the equation above, involving probabilities conditioned
on the event &£, can be made small. Also, for the subgaussian measurement ensemble, &£
occurs with large probability, which in turn implies that the overall error can be made
small.

Our approach involves deriving tail bounds for \; conditioned on the measurement
matrices, and then choosing a threshold 7 to obtain the desired bound for ({2.6)); we derive
lower tail bounds for i € S and upper tail bounds for i’ € §¢. The event £ mentioned
above corresponds to the measurement ensemble being such that we can find a threshold
7 that allows us to separate these bounds.

Specifically, note that

3I'—‘

n 2
(Z 1(0]:®5) +<I>;Wj),

j=1 les
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where we used Y; = ®,X; + W;. Conditioned on ®7, \; is a sum of independent subexpo-
nential random variables. Using properties of subexponential random variables described

in Lemmas [2.6.3] and [2.6.4] in Section [2.6.3], we get that conditioned on the measurement

matrices 7, the random variable ); is

subexp< Zaﬂ, - ggz[zxoz Z)

where ¢; and ¢y are absolute constants and

1R5ill3 + 3 (@]@,0)% + 0| @sill3, i€ S,
ol = les\{i}

Z(q);rlq)ji)Q + 02||<I>j¢||§, otherwise.
lesS

Using standard tail bounds for subexponential random variables given in Lemma[2.6.3

and denoting 1; < E [5\2|<I>7f] = >0 a0 € [d], we have for i € S,

~ 2 L — 2 R
Pr (/\7; < T|(I>7f> < exp ( — min {n (Mzn 7-)4 , n(p 72> }),
VIS

and for i’ € §¢,

~ 2 — wp)? — Wyt
Pr ()\i/ ZT\@’{”) Sexp(—min{n <Tn ,LLzZ , n(r Mg) })
C1 Y5y Qg Comax ajgy

jem) 7"

We can upper bound the sum of the first two terms in by 6/2 by showing that
with large probability ®7 takes values for which we get each term above bounded by
roughly & < § /(4max{(d — k), k}). In particular, using a manipulation of the expression
for exponents, each of the conditional probabilities above will be less than ¢’ if 7 satisfies

the following condition for any ¢ € S and i’ € §%

it + Uy S T S i — Vi, (27)
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where

def
V; = max — E a log ,—maxa o
o’'n j€n]

1
85 (

and a similar definition holds for v;;. Thus, the sufficient condition in ([2.7]) can be rewritten

as

n n n

1 2 1 2 C1 1 1 Co 2 1
0 2 @ — E Qjy > max e E aj; log g,grjré%ﬁaﬂlogg
j=1 _]:1 ]:1
C1 = 4 1 Co
+ ma — a;ylog —, — maxaj 2 1o 2.8
X n2 = 7t ga/ n; [)]( ga/ ( )

Let &£ denote the event that for all i € S and i € S, condition is satisfied by
the measurement matrix ensemble.

We will show that for ®} drawn from the subgaussian ensemble satisfying assump-
tion [2.3.2] the event & in fact occurs with high probability. We establish this claim by
showing that each term in concentrates well around its expected value and roughly
nm? > ck?log(1/¢") suffices to guarantee that the separation required in holds with
large probability. The following result, which we prove in Section , shows that
holds with large probability for all pairs (i,7') € S x S°.

Lemma 2.3.8. The separation condition holds simultaneously for all pairs (i,1') €
S x 8¢ with probability at least 1 —§, over the choice of 7, X7 and W', if n > c(k/m +
0%)?log(1/4"), where &' = 6/(4 max{k,d — k}).

Choosing the probability parameter to be §/2 in Lemma , we see that the third

term in can be at most §/2, leading to an overall error probability of at most d.

Further, noting that 2log(1/¢") > log(16k(d — k)/0), we obtain the result claimed in the

theorem. u

Remark 2.3.9. The separation condition (2.8) fails to hold for n = 1, regardless of

which measurement ensemble is used. This is to be expected in our setting of m < k, since
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from our lower bound for sample complexity stated in Theorem |3.1.1), multiple samples

are necessary in the m < k regime.

Remark 2.3.10. We also note that using the same measurement matrix across samples
leads to worse performance for the closed-from estimator. In particular, for the term on
the left hand side of to remain positive (which is necessary since the right hand side
is always positive), m = O(\/E) measurements are required per sample. This dependence
arises due to the deviation terms which only decay with m (instead of both m and n
when different ®; are used). The approximate ML estimator that we will see later can
work with the same measurement matriz across samples, but can only handle k/m ratios
slightly larger than one (see Figure for details). Our lower bound, on the other hand,
continues to hold when all ®; are equal even with m = 1, indicating that better estimators
can be designed that can work with m < 'k even when the same measurement matriz is

used across samples.

2.3.1.2 Extension to nonbinary variances

In this section, we extend our results to the case where A is not necessarily binary. Specif-

ically, we have the following assumption.

Assumption 2.3.5. The entries of X;, i € [n], are independent and zero-mean with
E [ij} =\ for A € {u € R : lullo = b, Anin < wi < Apawp and X;; ~ subG(c);),
where 0 < Apin < Amaz and ¢ is an absolute constant. In addition, we assume that

Amin/ Amaz > k/(k+m —1).

Our sample complexity result continues to hold with an additional scaling by a factor

of A2 /A2. . In particular, we have the following result.

Theorem 2.3.11. The sample complexity of support recovery under Assumptions|2.5.1
and [2.5.9 satisfies

. A2k o2\’ k(d— k)
7’Lcy,m,g(m7 k,d) < C’/\Q— (E + 1+ )\maz) log (T),

min

provided m > (log k)?, where C' is an absolute constant.
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The techniques used for proving the upper bounds remains essentially the same, and
we highlight the key changes in this section.
We start by extending the bias calculation in Lemma to the more general non-

binary setting. We omit the proof since it follows from straightforward calculations.

Lemma 2.3.12. Let the estimator X be as defined in (2.2). Then, under Assumptions
12.3.1} and [2.3.4 with ¢ = ¢ = " = 1, we have that

~ m+1 1 .
EM_TA + —Tr(Ky) + 0% i€ d)

where the expectation is with respect to the joint distribution of (X7, T, WT).

Note that, when A is binary, Tr(K,) = k and the result above reduces to Lemma [2.3.4}
WE now provide the proof of Theorem [2.3.11]

Proof. Our final estimate for the support is the same as before, namely, it computes A and
declares the indices of the k largest entries as the support. However, as before, we work
with a threshold based estimator, with the bias terms in Lemma being accounted
for in the threshold.

Following the same series of arguments as in the binary case, and using the assumption
that A\; € [Amin, Amax|, We have that Pr (S =+ S) < § can be achieved provided that the

following condition holds for every i € S and every ¢ € S

)\min - )\max = C1 u 1 Co 1
n Z(O‘;i)2 T, Z(a;i')2 > Amax | max — ) _(aj;)" log YA max(oz;-i)2 log -
j=1 j=1 j=1

a I V4] l C2 "' )21 l
+ max = 2 (o) log 5 ?éé[ag}c(aﬂ,) g5
where ' = 0/(4 max{k,d — k}), and
[CAEREIC I H%Hw i€S,

((X, )2 _ leS\{i}

D (@), +

X H‘I)jng, otherwise.
€S max
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Incorporating the scaling due to A;, and \., into our concentration bounds in the proof
of Lemma [2.3.8] and simplifying, we get that
A2k 2\? k(d —k
n>C m“<—+1+)\0 > log<g>

A2 m max )

min

samples suffice for Pr <S #+ S> < 6, provided Apin/Amax > k/(k+m —1).

2.3.2 The maximum likelihood estimator

In this section, we will look at another estimator that can perform support recovery in
the m < k regime and is based on the maximum likelihood principle. We will work
with the same setting of random inputs as before. In fact, we will restrict to a Gaussian
prior on the inputs and use the specific form of the output covariance matrix that results
due to the linear model to develop the estimator. We will use the variance parameter
A of the prior to capture the common support structure of the inputs. Our approach
at a high level is to express the sample covariance matrix as a perturbed version of the
population covariance matrix that is parameterized by the measurement matrices and
the prior parameter A\. We then use a Gaussian approximation on the distribution of
the perturbation term, and set up a maximum likelihood problem to estimate the prior
parameter. More specifically, we find the approximate maximum likelihood estimate of A
using a modified reweighted minimization procedure. Empirically, the proposed algorithm
succeeds in exactly recovering the common support with high probability in the m > k
regime with n of the order of m and in the m < k regime with larger n.

To capture the latent structure in X;, we assume that X; ~ N(0, K)) where recall
from the previous section that K = diag (A). This multivariate Gaussian prior to model
sparsity was first introduced in [87]. Also, unlike the previous closed-form estimator, the
maximum likelihood estimator that we will see in this section can work in the setting

where the same measurement matrix is used across samples. We will derive the estimator
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for this setting, but the same approach can be used in the case where different measure-
ment matrices are used across samples. The observations Y; are therefore distributed as
N(0,PK\®" + 02I) and the goal is to estimate the common support S from {Y;, ®;}7 ;.
We observe that under the prior model above, S = supp (X;) = supp (A), since \; = 0
if and only if X;; = 0 almost surely. Hence, support recovery from multiple samples is

equivalent to recovering the support of \.

2.3.2.1 Gaussian approximation based support recovery

Let K € R™™ denote the covariance matrix of the observations. Then, in the noiseless
case, we have K = ®K,®", which can be rewritten after vectorizing as vec (K) = (® ®
@)\, where ® denotes the Khatri-Rao product [38]. The support recovery problem is to
then recover the support of the sparse non-negative vector A from K. However, instead of
solving the problem over a discrete variable (the support), we will solve for the variance
parameter itself and show that this can be done efficiently using a nonnegative quadratic
program. We note that reformulating support recovery as a variance estimation problem

(using a convex optimization procedure) was first considered in [54] as
m}%n IAll1 s.t. (P © P)N\ = vec (K). (2.9)

This model is analyzed in [53|, and conditions under which the model is identifiable are
derived. If we had access to the true covariance matrix K (which corresponds to the
n — oo case), then we could work with the system of equations K = ®K,®' to recover
the support of A which, in turn, would give us the common support of X;s. For finite n,
we can use the sample covariance matrix K = (1/n) 3.1, ¥;¥;" as an estimate for K, but
we need to account for the error arising due to finite samples. In this section, we derive
the statistics of the error due to finite sample approximation to K, and then find the ML
estimate of A. More precisely, the sample covariance matrix can be written as a noisy

version of the true covariance matrix as

K =K + Ko, (2.10)
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where K., represents the error matrix. Equivalently, vectorizing the matrices on either

side of (2.10)), we get
R=(2®P)A+ N, (2.11)

where R % vec (K > and N & vec (Kerr). We now proceed to find the approximate ML
estimate of X\. To that end, we first derive the statistics of the error V.

Our starting point is the following lemma, which provides the mean and covariance
matrix of the vectorized error N. Also, for a random vector X, we will use the shorthand

cov (X) to denote its covariance matrix E [(X — E[X])(X —E [X])T].

Lemma 2.3.13. Consider {Y;}", drawn iid from N(0,K). Let K denote the sam-
ple covariance formed using {Y;}', and let N = vec (K— K). Further, let B =
cov (vec (ZZ")) where Z ~ N(0,1) and let C be a matriz satisfying K = CCT. Then,

1
E[N] =0, and cov(N) = E(C ® C)B(C®O)'.
Proof. The mean computation is straightforward:
1 n
E[N] == E[Y;Y;" — K]) =0.
] = v (B 17 = 1) =0

The covariance matrix can be computed as follows:

1 n
cov (N) = cov (vec (— E YY" — K>)
n
i=1

= %cov (vec (YlYlT — K)) = %cov (vec (YYT)) ,

where we used the fact that Yi,... Y, are independent and identically distributed. We
now represent Y as Y = CZ, where Z ~ N(0,1) and C is a matrix such that K = CC'.

Using this, we obtain

cov (N) = %cov (vec (CZZ'CT))

= lcoV (C®C)vec (227))

n
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_ %(c % C)B(C & C)T,

where B def cov (vec (ZZT)). O

For our model, K = ®K,®" + 02]. Letting C = @D%, with D = K + 02<I>T<I>TT, and

using the lemma above, we get

=

(® @ ®)(D2 ® D2)B(Dz @ D2)(®® @)7, (2.12)

where the second step uses the property that UV @ XY = (U® X)(V®Y). The d* x d?
covariance matrix B of vec (Z Z T) can be computed explicitly for a given d and it can be
verified that the entries of B lie in {0, 1, 2}.

We give an example for the case when d = 3.
Example The matrix B for N = 3.
Let Z = [Zy,Zy, Z3]" with Z, w N(0,1), i € {1,2,3}. We wish to find the covariance

matrix of vec (ZZ"). For example, the (1,1)"and (1,2)" entries can be computed as

follows:

Bii=E[Z{] - (E[2}]"=3-1=2
BLQ - E [ZEZQ} - ]E [le] ]E [leg] = O
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Computing the remaining entries in a similar way, we get

(20000000 0
010100000
001000100
010100000
B=cov(vec(ZZ"))=10 0 0 0 2 0 0 0 0.
0000010710
001000100
000001010
00000000 2

We also note that B is rank-deficient with rank(B) = d(d + 1)/2.

For the noiseless case, we have D = K, and we can further simplify by exploiting
the structure of B. Specifically, it can be shown that B can be expressed as I,,2 + @,
where ) denotes a permutation matrix and I,,2 denotes the m? x m? identity matrix.

1 1
Using this fact and the structure of K7} ® K}, we get

MY cov (N)
= %(@@@)(K} ® K3) (L + Q)(KG © K3) (@ © )T
= %(@@@)B(KAQQKA)(@@@)T. (2.13)

In the next section, we use these statistics to derive an approximate ML estimate of .

2.3.2.2 Maximum Likelihood Estimation of )\

We consider the model derived in the previous section:

where Agg o (® ® ®). We seek the ML estimate of A from R. It is important to note

that the statistics of the noise N also depends on .
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Since R, AgrA and N are vectorized versions of m x m symmetric matrices, they lie in

m(m+1)

m(m+1
an 5 5

) dimensional subspace of R™ . We therefore restrict our attention to the
linearly independent equations in (2.14)). This can be done by pre-multiplying (2.14)) by
m(m+1)

a projection matrix P € R™ 2 Xm2, formed using a subset of the rows of I,,2 that picks

the M independent entries. Thus,

Rp = Ag,pA + Np,

where Rp < PR, Aqp 2 PAg, and Np & PN. Further, we approximate the distri-

bution of Np by N (0, Mp), where Mp = PM PT and M is the noise covariance matrix
derived in the previous section. This Gaussian approximation is motivated from the fact

that the noise vector N is a sum of i.i.d. random vectors, i.e.,

_1(y YT ey ) @ is
N=-— (;vec (YY" —E[vy, ])) = R;U

which implies, from the central limit theorem, that as n — oo, = 37" | Uj SN (0, M).
Using this, the approximate ML estimate of A\, which we denote Ay, can be found by

solving the following optimization problem:

A, = arg max p(rp; A), (2.15)
where
1 — A pA) "M (rp — Agr.pA
p(rp; ) = i) — exp <_(TP kR,P) p (TP KR, P )) ’
(2m) "5 g 2

and rp denotes an instantiation of Rp. Simplifying (2.15)), we get
)\ML = arg 1’/{1>151 10g |Mp| —+ (TP — AKRvp)\)TMgl(’I“p — AKR,P)\)' (216)

The objective function in (2.16]) is nonconvex in A since Mp also depends on A, and
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Algorithm 1: Modified Reweighted NNQP (MRNNQP)

1: Input: Measurement matrix ®, vectorized version rp of upper triangular entries of

sample covariance matrix of {Y;}%,, initial value A® = (1,...,1)7,
K" = diag(A®), i =1

2: While (not converged) do

30 MY« 1lp@@d)B(K{ Ve K ) (@od) P’

£ b0 = —AL LMY

o QY = A;R,PMg)_IAKR,P

6 A\ = NNQP(Q(“, b(i))

7. K\ = diag(A®)

& 1=1+1

9: end While

10: Output: Support of A?

is difficult to optimize directly. In the next section, we propose a heuristic technique to

solve the optimization problem.

2.3.2.3 Modified Reweighted Minimization

In this section, we propose a modified reweighted minimization approach to solve (2.16]).
We fix Mp, solve the resulting convex non-negative quadratic problem, re-compute Mp
using the new A, and iterate.

Now, to solve the convex non-negative quadratic program (NNQP)
arg r§1>1(r)1 (rp — An.p)) " Mp'(rp — Agp)),

we use the iterative technique of [70], which gives the following entry-wise update for A

in the (¢ + 1)th iteration:

INGRINNG —bj + \/b§ +4(QTAD);(Q-AD);
’ g 2(QTAD), !
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Figure 2.1: Support recovery performance of different algorithms.

where b = —A}IRvaglrp, Q= A;RJDM];lAKR,P, Q1 = max(Q,0), Q- = max(—Q,0), with
max(Q, 0) representing the entry-wise maximum of the elements of @) and 0.

Thus, our approach is as follows: we approximate the noise covariance Mp by its
zeroth-order Taylor expansion around a previous estimate of A and then minimize the
resulting cost function over A keeping Mp fixed. This can be viewed as an iterative
reweighted minimization [16] technique where we only consider the zeroth order term in
the Taylor expansion, since gradient computation is difficult. The steps are summarized
in Algorithm 1. The computational complexity of the algorithm is dominated by the
computation of Mp, which requires O(m?*d?) operations. However, increasing the number
of samples only affects the computation of  (which can be computed in O(n) operations).

We point out some important aspects of the model and differences between our
algorithm and existing algorithms in the literature. The statistics of the error term N
depends on n as well as on the parameter \ that has to be estimated, as can be seen
from . As a result of this parameter-dependent noise, the maximum likelihood cost
function is nonconvex in A and difficult to optimize. The Co-LASSO algorithm [54], which
also uses the sample covariance matrix to estimate A\, does not account for the statistics
of the noise/error arising because of the difference between the true covariance and its

finite sample based estimate. Therefore, the algorithm performs well only when n is large,
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i.e., when the error term is negligible. As we illustrate in the next section, the proposed
algorithm performs well at a much smaller n. Also, under our generative model for the
inputs, the ¢, » penalty algorithm [44] and simultaneous OMP [78] perform poorly in the
m < k regime.

Another interesting feature of our algorithm is that the key step, namely, Step 6 in
Algorithm 1, involves solving a nonnegative quadratic program. In particular, no sparsity-
promoting penalty is required. Similar observations were made in [29], where the authors
note that a non negative least squares program can be used for recovering nonnegative

sparse vectors without explicit sparsity-inducing regularization.

2.3.2.4 Simulation Results

In this section, we study the support recovery performance of the proposed algorithm
through simulations.
For a given set of (m, k, d, n) values, we generate the following: an m x d measurement

iid
~Y

matrix ¢ with entries ®;; (0,1/m), a support S C [d] with |S| = k chosen uniformly
at random from (Z) possibilities, A € {0,1}? with support S, {X;}", drawn indepen-
dently from N (0,diag (\)). For each trial, The algorithm is provided with ® and {Y;}",
generated according to the linear model. We run the algorithm 200 times, and a trial is
declared successful if the algorithm exactly recovers the true support. The objective value
decreases as the iterations proceed and stabilizes after about 20 iterations.

Figure shows the probability of successful recovery of the proposed algorithm, the
Co-LASSO approach from [54], the M-SBL algorithm [88], simultaneous OMP (SOMP)
[78], and the ¢; » penalty algorithm [44], as a function of n and k, respectively. Both the
proposed algorithm and M-SBL, which use a maximum likelihood based approach to esti-
mate A\ show similar performance, with the proposed algorithm performing slightly better
in the low n regime. The Co-LASSO approach requires much larger n for reliable support
recovery, while SOMP and ¢, » minimization perform well only in the m > k regime. Thus,

our proposed algorithm provides competitive performance with the attractive benefit that

its complexity scales linearly with n.
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2.4 The case of deterministic inputs

In this section, we analyze the closed form estimator for deterministic, worst case inputs
and derive an upper bound on the sample complexity that matches with the result in
Theorem [2.3.6] with respect to dependence on the problem dimensions. In particular, let
vectors zy, . .., o, in R? have a common support S C [d] of cardinality k. For each of these
vectors, we have access to noisy linear measurements of the form Y; = ®;x; + W;, i € [n].
Here, ®; € R™*¢ with m < d are called the measurement matrices and W; CN (0,0%1)
is noise. The goal is to recover the support S using {Y;, ®;} ;. An estimator for S is
a mapping S Rmxn i Rmxdxn _y ([g]), where ([Z]) denotes the set of all subsets of [d]
of cardinality k. We assume that the estimator has knowledge of k and consider the
probability of exact recovery, Pr <3 #* S), as our recovery criterion. We note that one
could also consider the setting where |S| < k. The estimator that we consider here would
output an S that contains the true support with high probability. In this work, however,
we assume that the true support has cardinality exactly k.

We will assume that the measurement matrices satisfy Assumption [2.3.4 For the

inputs, we make the following assumption.

Assumption 2.4.1. The d-dimensional inputs 1, . .., x, are such that supp(z;) = S, for
all i € [n], where S C [d] is a fived set of cardinality k. Further, || € [Tmin, Tmax), for

alli € [n], u € S, where Tuyin, Tmax € R.

As before, our focus will be on the measurement-constrained setting where we obtain
only m < k measurements per sample, although we will provide results for both m > k

and m < k. We now define the fundamental quantity of interest for us.

Definition 2.4.1. For m,k,d € N, the sample complexity of common support recovery
ng.(m, k,d) is the minimum number of samples n for which we can find an estimator that

satisfies

Pr (3 ”; s) <5, VSe ([d]). (2.17)

Our main result is the following.
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Theorem 2.4.1. The sample complexity of common support recovery under Assumptions

12.3.4| and|2.4.1], for m > 2log(d/d) satisfies

; Tmax ko’ d (k o2 \* d
vt =0 St { (2 Yo (44 527) 5 })

As a special case, in the noiseless setting with m < k and for constant error probability,

we have the following corollary.

Corollary 2.4.2. In the noiseless setting, with m > 2log3d, m < k < d—1, and 6 = 1/3,

we have,

4 k}2
ng.(m, k,d) = 0(%—2 log d).

min

We provide the proof of Theorem in the next section.

2.4.1 Analysis of the closed-form estimator

We will analyze the closed form estimator from Section [2.3.1], but instead of random
inputs, here we will consider deterministic inputs x,...,x,. To see why the analysis
from the random input case does not extend in a straightforward way to this case, we
first recall the form of the estimator. Let ®;, € R™ denote the uth column of ®;. We first

compute proxy samples X Ty--- ,Xn with entries

def

X € DY, = 0] Oy + O W;,  weld], (2.18)

and then the compute sample variance along each coordinate as

n

< def 1 2
)\u_——E Xis € [d]. 2.19
ni:1 m u [] ( )

The support estimate S consists of the & indices of X with the largest value. Analyzing the
estimator would basically involve obtaining tail bounds for the random variable above.

Considering the noiseless case first, note that each summand in (2.19)) is of the form
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(@] ®;7;)?, and can be viewed as a quadratic in either x; or @, ®;.

When z;s are random and subgaussian with independent coordinates, we can exploit
the quadratic form in z; to obtain a tail bound using standard subexponential concen-
tration (after conditioning on ®;) as we did in the proof of Theorem [2.3.6f On the other
hand, when z; are deterministic, the summands in are quadratic in ®; ®;, resulting
in a heavy-tailed random variable, and standard methods based on bounding the MGF
do not work.

We explain in the next section how a careful analysis involving conditioning on a
certain column of ®; followed by a moment based bound can be used to get exponential
tail bounds for heavy-tailed random variables. The analysis in Section also deals
with heavy-tailed random variables that are functions of ®;, but uses a more elementary

approach which would not work here.

2.4.1.1 A separation condition for support recovery

We will analyze the error probability of the threshold-based version of the closed-form
estimator as before. In particular, we will use the estimate A& (>} for an appropriate
threshold 7, since Pr (5’ #+ 8) < Pr (S =+ S), where S and S denote, respectively, the
supports of A and A. The error probability Pr (3 #+ S) will essentially be determined by
the tail behaviour of the variance estimate A. Recall from the last section that variance
estimate is an average of random variables of the form (®; ®;z; + ®/ W;)%. The ®; ®,z;
term will be indicative of whether the coordinate u lies in the support or not, since it will
have a ||®;,]|3 term only when u € S.

The analysis is greatly simplified once we condition on ®;,, because then the summands
in are noncentral chi-square distributed, for which tail bounds can be obtained using
standard methods. The error probability can be made small provided these tail proba-
bilities (parameterized by ®;,) can be made small, which eventually leads to a condition
on the measurement ensemble. We will show using tail bounds for heavy-tailed random
variables that this condition is satisfied with high probability for the Gaussian ensemble

when the parameters (n,m, k, d) scale as indicated in Theorem [2.4.1] thus finishing the
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proof.

The probability of error can be bounded as

Pr (S’ # S) < ZPr (S\H < 7']8) + Z Pr (S\U/ > T|5> + Pr (&9, (2.20)
ues w'eSse
where £ denotes the event that the measurement ensemble satisfies a certain condition,
which we will describe shortly. For the right hand side to remain below ¢§, we require
the summands in the first two terms to be at most §/(3max{k,d — k}). For simplicity,
we will work with a requirement of §/3d. Now, using and , we can see that
X’iu\@w ~ N (u;,v?) for u € S with

1 = || i3,

and

D, 1|2
=12l 2y e,z
veS\{u}

Similarly, we have Xiu’lq)iu’ ~ N(0,v?), for u' € 8¢, where

o 1wl

7 'T7,2v+0—2”q)wl”g

veS

A direct application of Lemma [2.6.11] then yields, for every u € S,

Sl

Ao v+ Vi)

Pr <5\u < T|{<I>,-u}?:1> < exp (

def o X o o
where 1 = E [/\u|{(I>w}?:1]. For u' € §¢, we can obtain in a similar manner from Lemma

2.6.11}

n2(r — ) n@—w)})

16 >0 vt 8 maxep, v/

i=1"1

Pr (5\1/ > T]{@iu/}?:1> < exp ( — min {
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where i/ & E P\U/HCDW}?:J . For the missed detection and false alarm probabilities above

to remain bounded above by d/3d, we require

n

4 3d
T<p— nZZ(V + piv}) log — 5
=1

and

3d 8 3d
7 > 1/ + max 2ZV"‘log— Erlrel%}]cVQIOgF

Therefore, for the existence of a threshold 7, we can see upon simplification that it suffices

to have

n

) 4 3d

3d
= > ﬁ;(u + v uz)log?—l—max —Z 1 og; ﬁnel?)](y *log — 5

(2.21)

A simple calculation shows that the conditional mean of the estimator under the u € S
and u' € S¢ cases are separated roughly by a constant term (after averaging over the
measurement matrices), which makes the distinction between the two cases possible. In

particular,

1 n
,LL == ﬁ Z ( 7,u”¢zu”2 + |’®ZUH2< Z l'“] + o )>

i=1 veS\{u}

and

LS el ek o)
=1

veS
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Substituting this into (2.21]) and simplifying, we can rewrite the condition as

n

2.1 . 1 9 4 (k—
2o 1S (1l - leal) > || (2=

max i=1

P 1
) > oulgios

max

4 (k— o? 16 [ k 3d
(e ) S heatgos [ (£ 2 )Zu%uzlog
=1

max lrL.II"laX

k 2 d
+ §(— +— > ma | B |2 log -2, (2.22)

n\m x2 i€[n] 0

max

for every (u,u’) € § x S

2.4.1.2 Separation condition for the Gaussian ensemble

We will show that when the measurement ensemble is Gaussian as described in Assump-
tion the separation condition in is satisfied with high probability for a certain
regime of the parameters (n, m, k, d). We will derive upper and lower bounds on the right
hand side and left hand side respectively in , that hold with high probability, which
after simplification will finally result in a condition on the parameters as stated in The-
orem [2.4.1 Note that this translates to obtaining tail bounds for the random variable
(1/n) 0, || ||37 with ¢ = 2,3. Tt is easy to see that [|®;,[|3 is chi-square distributed
(after scaling by m), and ||®||3¢ is therefore a heavy-tailed random variable, and so MGF
based methods cannot be used here. We will see that a bound on the moments can be
used to get exponential tail bounds, even when the MGF is unbounded.

The proofs for results in this section can be found in Section [2.6.2]

We will fix ¢ = 3 and derive our results; the same arguments can be used for the ¢ = 2

case as well. Define Z % |(1/n) 32", (|| @ 1§ — E [||®:,]|S] | and note that for all p > 1,
1
Pr (z > ¢(E [ZP]);) = Pr(Z° > ¢"E[27]) < e, (2.23)

Further, for all p > 2, if we can show that (E [Zp])% < ¢p® for some 3 > 0, then together

with the previous inequality it implies that Pr (Z > ecpﬁ) < e7P, or, equivalently, for
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t > 0, that

1

Pr(Z > t) <exp(—(t/ec)?). (2.24)

We now need to determine an upper bound on || Z]|, o (E [Z”])%. We show such a

moment bound, resulting in the following lemma.

Lemma 2.4.3. For every t > 0, there exists an absolute constant C' such that

n

Pr (‘%Z(II%IIS ~E[leulg)| 2 t) < exp (= Cmin {ut, ()t e} ).

=1

A similar result can be obtained for the (1/n)>"" | [|®s/|5 term in (2.22)) using the

same technique, and we omit the proof for this result.

Lemma 2.4.4. For every t > 0, there exists an absolute constant C' such that

n

Pr (\%Du%né ~E[leuli)| 2 t) < exp (= Cmin {ut, () e} ).

=1

Together with the fact that E[||®;,]]3) = 1+ 2/m and E[||®;,[5] = 1 + 6/m + 8/m?,
the results above give upper and lower bounds that hold with high probability on all but
the maxepy) || @i ||3 term in (2.22). The latter can be bounded with high probability using
concentration for chi-squared random variables and a union bounding step, as given by

the following lemma.

Lemma 2.4.5. Let [l = E [max;ep [|Piul3]. Then, for everyt >0,

Py (m?}]{ [B0all2 > s + t) < nexp (7’” min {(um 1), e + 1})
1€ln

To ensure that the random variable on the left hand side of ([2.22]) exceeds the one on
the right hand side with large probability, we can substitute the bounds we derived for

each term, and check when the inequality holds. This results (up to some constant loss

in the ¢ factor) in a condition on the problem parameters under which (2.22)) holds for
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a fixed (u,u') € S x §°. Applying a union bound over all k(d — k) pairs gives the final
requirement on n.

Note that the leading terms on the right hand side of would roughly be
V (k2/m2n)logd/d or \/(k/mn)logd/§ (assuming m > 2log(d/§), see the proof in Sec-
tion for details), while the left hand side would roughly be a constant, leading to

the following result.

Lemma 2.4.6. The separation condition (2.22) holds for every (u,u’) € S x S¢, with
probability at least 1 — ¢, provided m > 2log(d/d) and

o T k+021dk+02 21d
TL_CJ;4 max m 132 Ogé, m 1‘2 Og5 s

min max max

for an absolute constant c.

By defining £ as the event that the measurement matrices satisfy condition for
every (u,u') € S x 8¢ we can see that the probability of error in is at most 0,
provided n satisfies the condition in Lemma [2.3.8, This completes the proof of Theorem
241l

We make a few observations before moving to simulation results. The squaring step in
(2.19) in the variance-based estimator is done to ensure that the averaging does not lead
to cancellations for coordinates that lie in the true support. In fact, if the inputs are all
nonnegative, then a mean-based estimator would suffice, and it would lead to a smaller
sample complexity upper bound. In particular, inputs with both positive and negative
values lead to the increased sample complexity of k%/m? - log d, as we will see in the lower

bound result also where Gaussian inputs constitute the difficult case.

2.5 Simulation results

In this section, we numerically evaluate the performance of the closed-form estimator in
(2.3). Our focus will be on exact support recovery and we will study the performance

of our estimator over multiple trials. For our experiments, we use measurement matrices
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Figure 2.2: Support recovery performance of the closed-form estimator for Gaussian and

Rademacher priors.

that are independent across samples and have i.i.d. N(0,1/m) entries. To generate
measurements, we first pick a support uniformly at random from all possible supports
of size k. Next, the data vectors are generated according to one of two methods. In
the first method, the nonzero entries of the data have ii.d. AN(0,1) entries. In the
second method, the nonzero entries are i.i.d Rademacher (i.e., {+1, —1}-valued with equal
probability). Both these distributions are subgaussian with variance parameters that are
a constant multiple of the respective variances. We generate noiseless measurements Y}
according to the linear model described before. For a fixed value of d, k, m and n,
we generate multiple instances of the problem and provide it as input to the estimator.
For every instance, we declare success or failure depending on whether the support is
exactly recovered or not and the success rate is the fraction of instances on which the
recovery is successful. For our experiments, we performed 200 trials for every set of
parameters. We can see from Figure that the experimental results closely agree with
our predictions. Also, the constant of proportionality is small, roughly between 15 and 20.
We also perform simulations for the case when the measurements are noisy. In particular,
we consider noise vectors W, LN (0,0%I) for different values of 0%, and X} Gaussian
distributed as described before. We plot the probability of exact support recovery against
the normalized number of samples for different noise levels, while the other parameters

are kept fixed at d = 100, m = 2, and k = 10. It can be seen from Figure [2.3| that the four
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curves overlap, indicating that the scaling of n with respect to the noise variance is tight.

Finally, Figure shows the performance of MSBL [88|, where we plot the probability

of exact support recovery against the normalized number of samples (the normalization

factor npp = (k?(1 —m/k)*/m?)log(k(d — k)) is from the lower bound established in the

next chapter). It can be seen that the curves do not overlap, indicating that MSBL has

a different scaling of n with respect to the parameters m, k, d than what is obtained by

our lower bound.

2.6 Remaining proofs

2.6.1 Proofs from Section [2.3.1]

Proof of Lemma[2.53.5 By independence of {X;}? , and {®;}?,, we have that

- 1 &
varx e </\z> = E ZV&I‘X@ (XJTBWXJ) .

j=1

(2.25)
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where Bj; = ®]®;;®]®;. Consider one term in the summation and let X B;X; =

XTB;X. The variance calculation is based on the following useful decomposition
varye (X' BiX) = Eq [vary (X' B;X|®)] + vare (Ex [X ' B;X|®]). (2.26)
We first look at the term varg (EX [XTBiX@]) and note that

Ex [X'BX|®] =Tr (Ex [B.XX'|D])
::TI(E%Z(A)
= (B (2.27)

Now, note that

4[5 + Zjes\{i}(q);q)i)z, ifiesS,

Z(BZ)]J o (228)
jes Zjes(q);@i)z, otherwise,
This gives
varg (E [XTBiX|‘I>D = var (Z(BZ)JJ>
jes
114 T2, ifd
_ var <||(I)Z||2 + ZjeS\{i}((I)J (I)Z) > ,itie s, (2.29)

var <Zj68(®;<bi)2> , otherwise.

Subsequent calculations mostly rely on moments of inner products and norms of
Gaussian random vectors which are stated in Section [2.6.3] In particular, consider

var (Zjes(CIDJT(I)Z-)2> for the i € S8 case in (2.29)). We have using Lemma [2.6.12]

var <Z(<I>;rq>i)2> —E (Z(@JT@»?) _ (]E

jeS jeS

K2 2% 4k R

m2 m3 m?2 m3 m?
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2k 4k 2Kk?

m2 m3 m3

We now consider the ¢ € S case. Using Lemma [2.6.14] we get

8 12 50 10k 2k? 16k
var H(I)z”%"i_ Z (q)jT(I)i)Q :—‘f‘—‘i‘ﬁﬁ-mﬁ- +

, , m  m2 m3  m3
jes\{i}

Finally, from (2.29)), (2.30) and (2.31]), we have

8 12 50 10k 2k2 16k  :f -
St s+t T+ i e S,
varg (]E [XTBZX|¢)]) _ m m2 m3 m? m3 m3

37’“2 + % + fn—]f,,, otherwise.

We now compute the first term in (2.26), E¢ [var(X " B,X|®)]. Note that

var(X ' B;X|®) = var(Xg4 (B;)s.s Xs|®)

=2 Tr((B;)3.s),

(2.30)

(2.31)

(2.32)

(2.33)

where the second step follows from Lemma [2.6.15, Let us consider the i € S case first.

Also, for ease of notation, let S = {1,...,k — 1} U{i}. Then,

Eo [var(X "B X|0)] =2F | [+ Y (/@) +2 Y [|@u]*(, ;)

jes\{i} ueS\{i}

+E |2 §j (B D)D) D;)?
v,weS\{i}
vFwW

Using Lemmas [2.6.13] and [2.6.12] we get for i € S,

E [var(X " B;X|®)] = 2E [Tr((B;)3s)]

(2.34)
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1 6 8 1 2
+2(k—1)< +—+—> +2(k;—1)(k—2)<ﬁ+—>}
(2.35)
When i € §¢,
2Tr((Bi)gs) =2 ) (D)) +4 > (0] 0:)*(D,0:)°
JjeES Vv, WES
vFEW
3 6 2 1
= 2k(ﬁ+ $) + 4k(k — 1)($ +ﬁ),
which gives
2k 4k 8K*  4K?
T _
Thus, from (2.32), (2.35) and (2.36]), we have the variance in ([2.26]):
) §<1+§+2—Z+§+;—i),ifies
var();) < ; (2.37)
%(% + % + :1—22), otherwise.
where ¢ and ¢’ are absolute constants. O]

We recall the statement of Lemma here for easy reference.

Lemma 2.6.1. For all pairs (i,i") € S x S¢, the separation condition

1 n ) 1 n ) e n \ 1 e ) i
E]Zlaéjz - ﬁ]zla]z/ Zmax{ ﬁjzl()éﬂlog§7zljn€?%(aﬂlog§

1
+ max { 3 Z ol log 50 mz[n]c a5y log 6’} (2.38)
holds with probability at least 1 — & if n > c(k/m+ 02)?log(1/d") and m > (log k)?, where
8 =98/(4 mar{k,d —k}).

Proof. The proof involves studying the tail behaviour of each term in (2.38]). In particular,

we derive a lower bound on the first term and upper bounds on the remaining terms that
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hold with high probability over the subgaussian measurement ensemble, and establish
conditions under which the separation in holds for a fixed pair (i,i'). A union
bound over all k(d — k) pairs then gives us the result claimed in the lemma. The key
technicality is to keep track of the leading term that is contributed by each of the terms
in (2.38). To get a rough idea of the behaviour of these terms, recall that «;; depends
on inner products between the columns ®;. In particular, it involves the sum of O(k)
inner product squared terms, and this scales as O(k/m) in expectation. The right side
in thus effectively leads to a O(1) term. The left side, on the other hand, gives
rise to a O(y/1/n - (k/m)?) term in expectation, leading to the overall requirement of
n = O(k*/m?). In what follows, we make these arguments precise using tail bounds for
each of the terms in ([2.38]).

For clarity of presentation, details of the tail bounds for each term in are
presented in Section [2.6.3] which in turn build on standard concentration bounds for
subgaussian and subexponential random variables reviewed as preliminaries in Section
. Also, while analyzing each term in , we use the same symbol p to denote the
expectation of that term to keep notation simple. Similarly, the definitions of terms like
i1, po and pz will be clear from the context.

For the first term on the left side of (2.38]), we study the behaviour of its left tail.

That is, we look at Pr (% > oz?i <pu-—- t), where recall
j=1

of = 1®slls+ Y (2)250)° + 0®(|Ds4ll3, (2.39)
1eS\{i}

and p = E [(1/71) > 04]21} . Further, let p, s and pg denote the mean of each of the
three terms. By a union bound argument, it suffices to bound the normalized sum of
each of the three terms separately. Notice that all these terms essentially depend on the
lengths of the columns or the inner products between the columns of the measurement
matrix, and our goal will be obtain concentration bounds for these terms. While || ®;||3
is clearly subexponential, [[®|[3 and (®;®;;)* have heavier tails. In Section , we
provide results on the tail behaviour of these terms. Using Lemma [2.6.7 we have for any
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t >0,

1 & €
Pr (ﬁ D l1Pjill3 < o — t) <3

j=1

for

C1 3 2 Co 3 2
,ul—t:min{<1— —log—) ,<1——log—) }
mn € mn €

Further, from Lemma [2.6.9, we have that when n > (c3/c;)log(12/¢),

1< T+ \2 €
Pr ﬁz Z (@, @5i)" Spg—t | < 3
j=1 tes\{i}
for
k—1 c1 12
-t =" (1 [ g 2
m mn €

1 12 k—1 c1 12n c1 12n
— 4/ —log — maxq{ 1/ ,Co emaxs (14+14/—log— ), [ 14+ —log— | ¢.
mn € m m £ m €

Finally, from Lemmas [2.6.4 and [2.6.5, we can see that ||®;;||3 is subexponential with

parameters (c1/m, c/m) and that (o/n) 377, [[®;|3 is subexponential with parameters
(c10*/mn, co0®/mn). Using the subexponential concentration bound from Lemma

gives

pr (T En 1Bl2 < s —t ] <
r| — illa <ps—t) <=
n jilla = U3 3

J=1

for
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Combining these results using a union bound step, we see that

1 n
r(EZa;-sM—t> <e,
j=1

3\> k-1 12
u—t:(l— ilog—> +—(1— B P )
mn "€ m mn €
[ 1 12 k—1 [c1 12 12
— —log—max{ c1 ,@}max{(l—l— —log—n> <1+210g—n>}
mn € m m m €
3
+02(1— ilog—),
mn "€

when n > (c3/c;)log(12/¢).
We now consider the second term on the left side of (2.38)), and observe that it consists

of terms similar to the ones we encountered in the previous calculation. Our focus will be

on the right tail this time, i.e., we will study Pr (% > oz?i, > p+ t) for i' € S¢, where
j=1

aZy =) (200)7 + 0| 13-
les

We use Lemma to get

DO ™

0'2 i
— |2 > ty | <
T(ﬂ;” jirlla > o + 2) <

for

and Lemma [2.6.10| to get

1 — €
Pr (;ZZ@E%)Q > +t1> < 5

j=1 leS
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for

1 8 k c1 &n Cy 8n
+ 4/ —log— max<41/ci—,co pmaxq | 1 +4/—log— ), {1+ —log— | ¢,
mn "€ m m € m €

when n > (c2/c;)log(8/¢). Putting these results together, we get
1
r ﬁZaﬁ, >u+t| <e
j=1
for

k 8
,u+t:—(1—i— i10g—>
m mn "€

1 8 k &n Co 8n
+ 4/ —log — max< 4/ c1—, co pmaxq | 1+ log— 1+ —log —
mn "€ m m m €
| ¢ 2
+ o (1 + 1 0g —)
€

when n > (c2/c;)log(8/¢).
For the third term in (2.38)), namely, max {\/ N i1 a ;log & 570 2 MaXjen) oz?i log %},

we consider the possibility of either argument attaining the maximum and study the

respective right tails.

First, we look at Pr ( = af; > pt t) for ¢ € S. We note that by the union
\/ j=1

bound,

Pr nzzaﬂ A+t <ZPra > n(p+t)?)

o)

< nPr (H%H% >

b (Y (@002 > Yl

1eS\ {4}

e



Chapter 2. Recovering a Single Support: Estimators 51

n
4 nPr (a2||<I>1i||% > \/?—(u+t)). (2.40)
We use Lemma [2.6.3] for the first and third terms and Lemma [2.6.10 for the second term.
A direct application of Lemma [2.6.10| with n = 1 for the second term however requires
the assumption that m > (c3/c;)log(12n/e) (note that the second term in ([2.40]) needs to
be upper bounded by £/3n). While in our setting such an assumption on n is acceptable,

we would like to avoid making this assumption on m at this stage. We therefore omit the

simplification done at the end of Lemma [2.6.10] to get

for

Next, we look at Pr (maxje[n] oz?i > p+ t) for © € S. We notice that by the union

bound, we have

Pr (maxa?i > ,u+t) < ZPI (a?-i > ,u+t)

JEM]

j=1
" +t +t
<[P (It = 25t ) e | 3 @fmez A
st 1€S\{i}

t
+Pr <02||<1>ﬁ||§ > %)} (2.41)
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We now handle each of the three terms on the right-side of (2.6.1)) separately. We will
use Lemma [2.6.6] for the first and third terms and Lemma 2.6.9 for the second term. In

particular, for every j € [n], we have that

t
P (20t 2 5 <

for
/ 1 11\°
M—I—t:?)(l—i-max{ ﬁlog—,zlog—}>,
m e'm €
and that
for

/ 1 1
,u—l—t=3cr2(1—|—max{ ﬂlog—,@log—}).
m “em "¢

For the second term, we have that for every j € [n],
T ptt
Pr Z' (©);27)* > —— | <+,
1€5\{i}
for

E—1 k—

1 3 / 3 3
u—l—t:3<—+ Co— log—)(l—l—max{ ﬁlog—,glog—})
m m € m em ¢

Substituting those bounds into (2.6.1)), we get

Pr <max a?i > u+ t) < 3ne,

JEN]
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for

k—1 kE—1 3
/L—i—t:?)(l—l—f(m,g)).max{02,1+f(m,5),—+ Co— log—}
m m

where f(m,e) = max{,/%log 2, 2]og2}. That is,

1
Pr < maxa >u+t)
n j€(n]

for

A+t = %(1+f(m,5/3n))-max{a2,1+f(m,€/3n), kn_ll —i—\/c km 110g9?n}. (2.42)

Comparing (2.41]) and (2.42), we see that 1 ~ MaX;e[y] a]zi is O(k/mn + 0?/n) which decays

faster with respect to n compared to , [ =5 Z af;, which is O(k/m+/n + */y/n). Thus,
J:

the third term in (2.38)) is dominated by the O(k/m+/n+ c%/4/n) term, which is what we

retain in our subsequent calculations.

Finally, for the fourth term in (2.38)), we first look at Pr ( (1/n%) >° ajy > p+ t)
j=1

for i € S¢. Using similar arguments as in the previous calculation, we get

2
NG
2072
_l’_ R

NG

The + max;ep, o3, term, as we discussed before, will lead to a O(k/mn) factor, which can
be ignored.

The foregoing calculations provide bounds on each of the four terms occuring in ([2.38]),
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that hold with high probability. We note that the left-side of ([2.38]) is lower bounded by

1 24 k 6
1———2\/i10g—(1+02+—)—|—i10g— (2.43)
m mn € m mn €

k 24 24
-2 612 10g—<1 + glog _n) (2.44)
n € m 5

k Cy 18n k 18n c1 18n ¢y 18n
+ | — + maxq —log —,\/c1— log — 1 + max — log —, —log —
m m € m € m e 'm €
6 6
+02(1—l—max{\/ﬂlog—n,c—Qlog—n})], (2.45)
m e m €

with probability at least 1 —e. To ensure that ([2.38]) holds with probability at least 1 —¢
for a fixed (i,7") € S x S¢ we need that (2.43)) exceeds (2.6.1)). For further simplification,

we assume m to be sufficiently large to handle the logn terms. This assumption on m

can possibly be removed by handling the sum in Lemma [2.6.8[and ([2.40)) directly and not

using the union bound. Choosing ¢ = 6/(4 k(d — k)) to account for the union bound over
all (i,4') pairs and focusing on the n = O((k/m + 1+ ¢%)?log(1/§')) regime, we see that
(2-43) exceeds (2-6.1)) and separation holds iff] m > (log k).

Thus,

2

1

n>c £+1+02 log —
m o’

samples suffice to ensure separation between the typical values and to guarantee that

(2.38) holds with probability at least 1 — 4. O

3We use this condition to show that (1//m)log(k/m) < 1 and the dominating term on the right-side

of (2.6.1)) is k/m.
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2.6.2 Proofs from Section [2.4]

Proof of Lemma[2.4.5 We first note that

n

S (VP -E[V)

=1

, (2.46)

] — H_l
Lp

HED“%B—E[||<1>m|13}> _
L

=1

nm?3

where V; & m||®;,]|2 ~ v2,, and x2, denotes the chi-square distribution with m degrees
of freedom. To bound the moment of the sum, we use the following form of Rosenthal’s
inequality stated in [56].

Lemma 2.6.2 ([56]). Let Z,...,Z, be independent and identically distributed random

variables with mean zero. Then, for every p > 2,

n 1
Sz <e(miizile, + vl ).
i=1 Ly

for an absolute constant c.

In view of Lemma [2.6.2], we now upper bound the £, norm of each summand on the
right side of ([2.46)) as follows:

IVE—E [V e, < IIVPe, + E [V
— (E[V*])» +E[V}?]

(TG +m/2)\ 7 T(3+m/2)
‘(2 T(m/2) ) > T(n/2)

<2 (6117(3}9 +m/2)° +e(3+ m/2)3)
< 2°(3p+m/2)°,

where we used the fact that V; ~ x2 in the third step and I'(z + a)/T'(z) < e(z + a)® for
all z > 1, a > 0 in the fourth step. Together with Lemma [2.6.2] this yields for p > 2,

H% zn:(H@i““g -k [||‘I’iu||g})H < % (pn;(iﬁp +m/2) + /pn(6 + m/2)3)
Ly

=1
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6 3
< 026< P T max{l, (6p) }4—73\/?)
nt~ v m3 n
4
gc’max{ pl, b 1,\/E}. (2.47)
n'=r m3nlTr n

Note that from (2.23)), we expect p to be of the form n¢” for some constant ¢, in which
case p/nl_% = (p/n)eﬁ. We focus on this regime, and obtain using ([2.24]) and (2.47)),

Pr (\1 S (1l — B [[0ls]) > tD < exp (= Cmin {ut, (i)t o} ),
n

i=1
for every ¢t > 0. O

Proof of Lemma[2.4.5 Let fimax = Maxiep) ||Pil/3. The proof follows by noting that for

every t > 0,
Pr ( max ||®;,|? > max+t)§ Pr (||®;,]12 —1>t),
(a1l > S Pr(ali—12)
where ' = finax +t — 1, and using the fact that m|®;,[|3 ~ x2, to get
2 m._ . 12 41
Pr m?:ac||(l>m||2 >t) <exp| — gmm{t 1.
1€[n

O

Proof of Lemma[2.4.6. The proof involves finding upper and lower bounds, respectively,
on the left-hand side and right-hand side of that hold with high probability, and
then simplifying to obtain the condition on n stated in the lemma. Note that there are
two probability of error parameters here, one from the criterion in , and another
required for . To avoid confusion, will use 0 for the former and ¢’ for the latter (we
will eventually set 0’ = 0/(k(d — k))).

For the left-hand side of , it follows from Lemma that

1 — 2
Pr|— Polli>14+—=—t| <¥,
(13 hwgz e 2 1) <
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when

1 1. 1 1 1\N* /1. 1
tZE —log&,— logg , 10g5/

where the maximum in th expression above is the third term provided m > log(1/d").

Further, since m||®;,]|3 ~ x2,, we have

1 — 1
Pr| — P2 >——t| <¥,
(o ool 2 -] <
when

2 1 1 1 1
tZE —log(S/—i——log(S/

It follows that the left-hand side of ([2.22)) is at least cz?, /a2, with probability at least

2¢’, for an absolute constant ¢, provided m > log(1/d").
We now proceed to find a high probability upper bound on the right-hand side of

(2.22)). Lemmas [2.4.3 and [2.4.4] can be used to upper bound the first three terms, and

Lemma [2.4.5| can be used for the last term. In particular, we have
1< 6 8
Pr| = Pl >1+—4+—=+t] <0,
r(n;H 5 > +m+m2+>_
when

1 1 1 1 I\* /1. 1
tZamax —lg(s/,— logy , logdl

Further,

1 & 2
Pr| - Dolli>1+ =4t <9,
r(nZH I3 > +m+>_
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when

and

8 n 8 n
Pr (r@rel%(l@wﬂg >1 +max{walog g,alog 5}) <.

To simplify the right-hand side of , note that after substituting the bounds above,
the leading terms arise from the mean of ®; dependent terms (i.e. normalized sum and
the normalized maximum), which is roughly 1. In particular, we see that the leading
terms are roughly k/mn - log(1/8) and k?*/m? - log(d/d), provided m > log(1/§") (this
condition ensures that the deviation terms for the ®; dependent terms are small). Using
this observation and recalling that the left-hand side in (2.22)) is a constant gives, after
simplification, that holds for a fixed (u,u') € § x §¢ with probability at least 1 —0’,
provided m > log(1/4") and

o T ko, 7\ o ko, o2 21 d
n C—— Ina — og — — og —
N xfnin * m x?nax s 57 m ‘r?nax & 5 7

for an absolute constant ¢. We now apply a union bound over all pairs (u,u") and choose

8 =6/(k(d —k)). Finally, noting that log(1/d") < 2log(d/d) , gives us the result stated

in the lemma. [l

2.6.3 Useful lemmas

Definition 2.6.1. A random variable X is subgaussian with variance parameter o2, de-
noted X ~ subG(c?), if
logE [ee(X_E[X])] < 0%*0?)2,

for all 6 € R.

Definition 2.6.2. A random variable X is subexponential with parameters o and b > 0,
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denoted X ~ subexp(c?,b), if
logE [ee(X_E[XD] < 6?67 /2,

for all 18] < 1/b.

Lemma 2.6.3. Let X be a subezponential random variable with parameters v? and b > 0

(denoted X ~ subexp(v?, b)), that is,

Blexp(00x ~EXD) <o (3) I <,

Then,
Pr(|X —E[X]|>¢) <2 wd £ 1
r >t) < 2exp ming o5 55 ()
Proof. See [82, Proposition 2.2]. O
Lemma 2.6.4. Let X ~ subG(0?) with E[X] = 0. Then X? ~ subexp(1280*,80?).

Proof. Let Y = X?. We start by upper bounding the moment generating function (MGF)
of Y. For 6 > 0,

E [/Y-EMD] = E i (O _q]'E [Y]))1
<14 f: (29)""5 Y]
=1+ i (qu!)qE [X?],

where in the second step we used (E[|Y —E[Y] ]‘1])5 < (E HY!"])é +p<2E [Yq])%.
Now, for X ~ subG(c?), we have the following upper bound on the moments of X

from [13, Theorem 2.1] : E [X?] < 2¢!295%¢. This gives

04

E[e" ] <142) .

q=2

ql2%5%
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320%0* 1

=1 P — < —.
+1—4€02’ 402

For 6 < 1/80?, we get
E [ee(Y—E[Y])} <14 646%0* < 66402047

that is, Y ~ subexp(128c%, 802). O

Lemma 2.6.5. Let X; ~ subexp(v?, b;) be independent subexponential random variables

for i € [n]. Then, for a constant a € R, we have that aX; ~ subexp(a*vi,|a|b;) and
Sor X~ subeap(Y 7, vE, magiepbi).

Proof. The proof involves bounding the MGF of the transformed random variables and
noting that it has the same form as the MGF of a subexponential random variable with

the parameters appropriately transformed. Specifically, for 0 < 6 < 1/|a|b;, we have

E [exp(af(X; — E [X)]))] < exp (a ‘92“1),

that is, aX; ~ subexp(avi, |a|b;).

Similarly, bounding the MGF of the sum Y = """ | X, we get

n

E [exp(9(Y —E[Y])] = [ [ E [exp(8(X; — E [Xi])]

i=1

when [0] < 1/b; for all ¢ € [n]. That is, for |0] < 1/(max;cpbi),
0 gy U
E Y -E|Y]))| < -
ep(o(y ~ BV < exp (35
which shows that Y ~ subexp(} 7, v7, max;epb;). O

Lemma 2.6.6. Let Zy,...,7Z, be independent, mean-zero random vectors in R™ with

independent strictly subgaussian entries with variance 1/m. Then, there exist absolute
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constants ¢, and co such that for any t > 0,

1 — mn , mn
Pr||= ZAZ2—1]>t] <2 — mind —t2, —/—t 5} |.
r(\n;n fi '_ >_ exp( m{ e, I })

Equivalently, for any e > 0,

Proof. Since Zj ~ subG(1/m) for any j € [n] and [ € [m], we have from Lemma
that Z]?l ~ subexp(c;/m?, ca/m) for some absolute constants ¢; and cy. Using properties
of subexponential random variables from Lemma we can show that the normalized

sum %2?21 1 Z;]|3 is also subexponential with parameters (c¢;/mn,ca/mn). Noting that

E %Z?Zl ||ZJH%] = 1 and using the tail bound from Lemma [2.6.3 we get for ¢t > 0,

1 & mn ., mn
Pr(|= ZAZ—1>t) <2 —mind — 2, —/¢t % ). 2.48
(\an\ (IE >_ o (—mn{ 20 ML) )

For the right side to be at most € > 0, we see that it suffices to have

C1 2 Co 2
t > max — log—, —log — ».
mn e mn €

Substituting the above into (2.48) gives us the result. ]
Lemma 2.6.7. Let Zy,...,Z, be independent, mean-zero random vectors in R™ with

independent strictly subgaussian entries with variance 1/m. Then, there exist absolute

constants ¢y and ¢y such that for any e > 0,

1 o , o, 1\’ ¢ 1\
Pr| — Zi2 < 1—14/—log— 1— —log- <e.
r<nj21u < mind (1= Ztog2) (1= Zog 1) }) <

Proof. Let u=E [% > i1 ||Z]||‘21] =142/m, and t < p. Then, using Jensen’s inequality,
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we have
1 & 1«
Pr (52 11211 Su—t) < Pr (ﬁj\lZﬂl% < W—t)
j=1 j=1
1 n
=Pr|— Zi2-1<
(n DR )

where ¢/ = 1 — \/u —t. Using Lemma and reparameterizing with respect to ¢ > 0

gives the result.

]

Lemma 2.6.8. Let Zy,...,Z, be independent, mean-zero random vectors in R™ with
independent strictly subgaussian entries with variance 1/m. Then, there exist absolute

constants ¢y and co such that for any € > 0,

1 n 2 2
Pr (—ZHZM;‘ > maw{(u \/C—llogﬁ) | (1+ ﬁlogﬁ) } <e
N m € m €

Proof. Let u = E [% > HZ]H;L} and note as we did in Lemma [2.6.6 that [|Z;||3 ~

subexp(cy /m, ca/m). We have by union bound that

1 n n
Pr (52 125115 > u+t> <Y Pr(|Zl3-1> VeFi-1)
j=1 j=1

<nexp| —min )
C1 C2

where the last inequality follows from Lemma with ¢’ = \/u+1t — 1. Equating the

expression on the right to € and reparameterizing gives the result.

]

Lemma 2.6.9. Let Z;,Y;1,...,Y;k-1, 7 € [n], be independent, mean-zero random
vectors in R™ with independent strictly subgaussian entries with variance 1/m. Let

nw==E [% > i Zf;ll(Y;-lTZj)2]. Then, there exist absolute constants ¢y and cy such that
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1 n k-1
n]:l l:l
for

E—1 4
p—1t= (1— ilog—>

for any e > 0,

when n > (c3/c;)log(4/¢).

Proof. Note that conditioned on Z;, the random variable Y;-lTZj is subgaussian with pa-

rameter || Z;||3/m, for any j € [n] and [ € [k —1]. Using Lemmas [2.6.4 and [2.6.5 we have
that the normalized sum (1/n) > " S 1(YTZ )?, conditioned on {Z;}}_,, is subexpo-

nential with parameters v? and b where

C2
v = Z 1Zl5. b= —max;eq | 2515

m2n2

Let o/ =E |50 SV N(Y] Z;)?

eter are equal, we have

g ?:1} . Since the variance and the variance param-

E—1—
/: Z 2.
= Il

From Lemma [2.6.3| we have that for ¢ > 0,

( ikl <u—t‘{Z} )

7=1 [=1
1 n k-1
=Pr (5 (Y Zi)? = <p—t— //‘{ZJ}?:1>
j=1 [=1
m2n Q(t/)Q mnt’
< exp < — min{ }) (2.49)
ik = 1) 325 125157 comaxjepm 1713

where t' = ¢/ +t — p. We now handle the Zj;-dependent terms in the exponent. In
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particular, we require upper bounds on the terms in the denominator and a lower bound

on 4’ that hold with high probability. Recall that from Lemma [2.6.8, we have

1 & c1 )2 Co n\ >
Pr| = Z:3 < 1 —log — 1+ —=log — >1—c.
(nZH g < {1/ L 10 ) (14 Z10g ) ) 21

Also, from Lemma [2.6.6] we have that

1 — 1 1
Pr| = Z2>1- —1 ——1 >1—c.
(nZn 2 1= max{ /-t 2, 2 1oy 2 }) >1-c

Finally, by independence of Z;,

Pr (masxyeq | 253 < o+ 1) = [ Pr (12,3 < p+ 1)
j=1

> (1o (- 2L 2 R

Z1_nexp<_min{m(u+t—1)27m(ﬂ+t—1)}>7

&1 C2

which gives

Pr (maxje[n]HZng <1+ max{” log2 C—210g }) >1—c¢.
e’'m

Using these results together with (2.6.3)), we have

n k-1 k—1 k-1
Pr (% Z Z(YTZ ) <p-— t) <exp ( — min{ min(Cy bt = M)2> ot =)

c(k—1)5 233

(2.50)

j=1 I=1
n 3¢
4 )

where

| ¢ 4 4
51:1—max{ —log— &log }
mn e’ mn
4 4
By = max{ (1 + lo _n) (1 + —= @ log _n) },
m € m €

)
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[y 4 4
53:1+max{ log—n 2log—n}
e’'m

Now, the first term on the right side of (2.6.3)) equals /4 if

p—t=

m2n e’ mn €

k;llﬁl—max{ Mbgi@—ﬁglo 4}. (2.51)

The expression above can be simplified under some mild assumptions on n. In particular,

when mn > (c3/c;)log(4/¢) and m > (c3/c1) log(4n/e), then (2.51)) simplifies to

k—1 c1 4 1 4 kE—1 4n
p—t=——1—1/—1log—) —1/—log —maxs 1/ c; e 0| 1+ log—
m mn "€ mn "€ m m

On the other hand, when mn > (¢3/c¢;)log4/e and m < (ca/\/c1) log(4n/e), we have

k—1 (&1 4 1 4 k—1 (&) 4n
p—t=——1—4/—1log— ) —1/—log —maxs 1/c; 20| 1+ —log— ),
m mn € mn € m m €

which gives us the following simplified version of (2.51]) when n > (c3/c;) log(4/¢):

This completes the proof.

Lemma 2.6.10. Let Z;,Y;,...,Y,k-1, j € [n], be independent, mean-zero random
vectors in R™ with independent strictly subgaussian entries with variance 1/m. Let

[ Zj 1 Zk 1(YTZ) ] Then, there exist absolute constants ¢y and cy such that

1 n -1
gonE R

=1 [=1

for any € > 0,
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for

N

]
N———

—1
w+t=—— (1+

/1
log mazx

when n > (c3/c;)log(4/e).

H/—/
3
=
N

—N

/N
—_
+

|2
5
09

E

N—

/N
—_

2|18
o5

N——

-

Proof. The proof is similar to that of Lemmal[2.6.9 We start by noting that conditioned on
{Z;}}_,, the normalized sum (1/n) 377, S 1(YTZ )? is subexponential with parameters

v? and b where

Co
v = Z 1Zl5. b= —max;eq| 2415

m2n2

Again, using the tail bound for subexponential random variables, we get

n —1
1 T
Pr <gz (Y1 Z;)° >u+t‘{Z} >
7j=1 [=1
1 n k—1
=Pr - 1;(}?7Z')2_M/2#+t_#/ J ?1)
j=1 1=

m2n 2(t’)2 mnt’ })
< exp ( — min (2.52)
Cl(l{ - 1) Z] 1 ”Z | o CollaXjec n]HZJ“%

where

1
n

E—1<
= WZHZJH;
j=1

and t' = p+t — p/. To handle the Z;-dependent terms in the exponent, we require high

j=1 l:l

probability upper bounds on the terms in the denominator and on y'. Proceeding as in

the proof of Lemma [2.6.9, we have the following bounds on the terms in the denominator

in Z03)

1 & c1 )2 Co n\?
- 712 < 1 —log — 1+ —log— >1—e.
(nZn g <maxf (14 /%10 ) (14 210 ) 1) 21
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Pr (maxje[n]HZng <1+ max{ﬁ /2 logﬁ, C—Qlogﬁ}) >1—c¢. (2.53)
m e’ m €

Also, from Lemma [2.6.6),

1 & “ 1 ¢ 1
Pr| — ZiE<1 —log —, — log — >1—c. 2.54
: (nZn e g}) S1oe (250)

We note that although a high probability upper bound on max;ep,||Z;||3 implies a high

and

probability upper bound on (1/n)3>", [ Z;|l5, we specifically use the bound in (2.54)
since the deviation term has better dependence on n (which is lost in (2.53) due to a

union bound step). A /(1/m)log(n/e) or (1/m)log(n/e) type dependence, on the other
hand, would lead to constraints on m.

Using these results along with (2.6.3)), we have

n k-1 2 k—1 2 k—1
1 . [mfn(p+t—=61)° mn(p+t—"=p)
Pr (ﬁ g E (YﬂTZj)2 >+ t) <exp (— mm{

=1 =1 Cl(k - 1)B2 ’ 233
3e
— 2.55
o (2.55)
where
4 4
fr=1 +max{\/ilog—,210g—},
mn g mn €
4n\? 4n\?
By = max{ (1 + ﬁlog—n> , (1 + @log—n> },
€
and

Simplifying as we did in Lemma under the assumption that n > (c2/c1) log(4/¢), we

)
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see that if

k—1 4
u—i—t:—<1+ ilog—)
m

1 4 k—1 cy 4n cy 4n
+ 1/ —log — max< 1/¢; ,copmaxs (1+4/—log— ), (1+—= — | ¢,
mn € m m € m €

then the first term on the right side of (2.6.3)) is less than /4, which completes the proof.
O

Lemma 2.6.11. Let Xy,..., X, be drawn i.i.d. from N (u;,0?). Then, for everyt >0,

1=1\"1

1 — 1 — —n2t?
Prl = X2 < = 2 2y _¢] <
(nz bt st sew(ger o )

and

r|— F> =N (074w exp [ — min :
ne T e Hi = &P 163" (o} 4+ 0?u?)’ 8max o?

i€[n]

Proof. The proof is similar to that of [11] for 02 = 1, and follows by upper bounding the
MGF of a noncentral chi-squared random variable and then using the Chernoff method.
We include the proof here for completeness. We will first show the left tail bound. To
that end, we note that for ¢ > 0 and A < 0, the following holds for ¥ & (1/n) >0 X2

Pr(Y <E[Y]—t) < ME [V D] (2.56)

To upper bound the MGF, first note that for X ~ A (u, 0?),

E[eMW—E[X?])] Moty L / R
270 J—

e—)\(02+,u2) A2
= _pl1-2Xxs2

V1 —2\o2 ’
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for all A < 1/202. Taking logarithms we have

1 222202

log E [ A EID] — S~ log(1 - 2002 — 200 ) + =0T 2
ogE |e 5 og( Ao Ao®) | + T 902 (2.57)
222257
sAe 1 —2)\o?
< N0t +2u%0%), (2.58)

where we used —log(1 —x) — z < 2?/2 for z < 0 in the second step. This gives

2 n
log B [X0 D] < 20308 1 g2

S 2
=1
which upon substituting into (2.56) and optimizing over A < 0 gives A =
—n?t/(2>°1 (o} + o2pu?))) resulting in the left tail bound claimed in the lemma.
For the right tail bound, we continue from (2.57) and note that for 0 < X\ < 1/402,

2)\20t 2\2 120
loo E [ ,\(XLE[XQ])] <
R =1 202 1-2x0?

< AN (0" + pPa?),

where in the first step we used — log(1—z)—z < 2%/2(1—x) for all x € [0,1). Extending as
before to the normalized sum (1/n) Y | X7, substituting into and optimizing over
A € [0,1/40?), it can be seen that the minimum is attained at A = nt/(8 >_1" (0} + po?))
ift <2 " (0*+p?),andat A =1/(43"" , 07) otherwise. This gives the right tail bound

claimed in the lemma. O
Lemma 2.6.12. Let U,,..., Uy, V,W, Z,% N(0,L1,). Then

(i) E[Z7W] =1

(ii) E[Z7W]" = 3, + 5

m3)

(iii) E[|Z|(Z2"W)?] = %(1 +24 %)

(iv) E[(ZTW)HZTV)] = X (1 + %)
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2
e <Zf=1<ZTUi>2> A R

Proof. For the proof, we use the fact that (Z"W)|Z ~ N(0, @)

(i)
E[Z"W]" =E; [(Z"W)*|Z]
_g[lz?
-2 (5]
1
(i)
E[Z7W]' =E; [(ZTW)"Z]
o}
(iii)
E[|Z|"Z2TW)?] =E, [E[||Z|"(Z2TW)*|Z]]
=Ez [|IZ|'E [(2"W)?|Z]]
=E {@1 , (2.59)
(iv)

E[(ZTW)>(Z'V)?] =Ez [(ZTW)*(ZTV)*Z]

AR
:E[H Iyl H}
m m

[l2L],

m2
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k 2 k
E (Z(UIW) =Ez |E > U2+ (U2} 2|z
i=1 i=1 i#j
1Z]|* 1Z]*
= 3k — + k(k—1) .
To complete the proof, we use Lemma [2.6.13] O

Lemma 2.6.13. Let W and Z be m-dimensional random wvectors having independent

zero-mean entries with variance 1/m and fourth moment 3/m?. Then,

E(IZI) =1+ >, and E[(ZTW)) =

m
Proof. The proof is based on a straightforward calculation. We have

m

Ef1Zl3] =Y E[z]+Y E[2223]
i=1 i#£]
1.2
m

and

E[(ZTW)’] =E; |E

(Zm: ZW?E 4 Z ZiWiZjo> 'Z

i=1 i)

1
-

0
Lemma 2.6.14. Let Z,Yy,..., Y1 © N(0,L1,) and W = YF-1(ZTY)2. Then
8 12 50 10k 2k> 16k
4 —_— — — — — — —
var(||Z||* + W) = - + — + o e S S B (2.60)
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Proof. Let V = ||Z||* + W and note that
var(V) = Ey [var(V|Z)] 4+ varz(E [V|Z]). (2.61)

We start by noting that

k—1
E[V|Z]=E ||Z||4+Z(ZTY]-)2|Z

j=1

k—1
=|1Z|* + ZE [(Z27Y;)*|Z]
7j=1

k—1
=1Z|I* + ——1| 2] 2.62
||||+m||||, (2.62)

which gives

var (E[V|Z]) = E <||Z||4 4Rl ||Z||2>

m

- (= |1z + 220z ) (2.63)

m

Consider the first term:

k—1 2
<HZII4+ IIZH2>

m

20k — 1)

K =E[|I2]°] +

201z + (2) E .

(2.64)

Using Lemma [2.6.13] we get

E—1 2
(||Z||4 ; ||Z||2)

m

E

12 44 48 2(/€—1) 6 8
:1+—+—2+—3+ 1+—+—2
m m m m m m

)

Now consider the second term in ([2.63):

k—1 2 k—1
B Izt + ] = (1 2 )+ A2

=1+ —. (2.66)
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Combining the above terms, (2.63)) becomes
12 26 66 2k-—1 6 8 k—1\? 2
varzE[VlZ]—1+—+—+—+%(1+—+—) + (—) (1+—)

m3
k+1
-(+57)
m
8 32 34 8k 2K* 12k
T e B M A el 2.67
m+m2+m3+m2+m3+m3 (2:67)
This gives us one component of the variance in (2.61)). We now compute the other com-
ponent, E [Z]var(V|Z). Recall that
k—1
V=Z|"+ > (Z27Y) (2.68)

J=1

Note that

var(V|Z) = var (HZHA‘ + i:(ZTYj)2 Z)

Jj=1

N

-1

ar ((2'Y;)*2)

3 1
(—2\|Zu4 2|rzr|4)
1

k—1
2Dz,

I
w&x
L l

O S
—~

where we used the same argument as in Lemma [2.6.12] to get the third step. And so, this

gives

E; [var(V|Z)] = % (1 . 3)

m

_2k—D) Ak (2.69)

m2 m3
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Combining (2.61), (2.67) and (2.69), we get

8 12 50 10k 2k? 16k
V&I(HZH%—I—W):E—i-ﬁ-i-%—FW—{—W—FW. (2.70)

Lemma 2.6.15. Let X ~ N(0,1;) and B € R¥™? be a symmetric matriz. Then
var(X 'BX) = 2 Tr(B?). (2.71)
Proof. We start by noting that E [X " BX| = Tr(B), which gives

var(X'BX)=E [(X'BX — Tr(B))?]

- ,
—E (ZBH (X2 — +ZB,]XX>
=1

i#]

B d 2 2
—E <Z Biu(X2—1) ) +E (Z Binin)
=1

i#J

d
Z (X2 —1) ZBZJXX]

i=1 i#j

+2E

We evaluate each of the three terms separately. For the first term,

ZBQ X2 2 + ZBiiBjj(Xiz - 1)(X32 - 1)]

i

(i Bu‘(XZ-2 — 1))
= 223“,

where we used E[X?] = 1 and E [X}] = 3. Similar calculations for the second and third

terms give

E Y B}X?X?+> ByBuX!X;Xi+ Y BijBuXX;X, X,

Z<.7 i7j7k i7j7k7l

(Z Binin) 2

i#]
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=4 B},

1<j
and
d
E Y BulX?—1)) BiX:X;| =
=1 i#j

Combining everything, we get

d
var(X'BX)=2) B} +4) B}

i=1 i<j

d
23

1,7=1

=2 Tr(B?),

where the last step uses the fact that B is symmetric.



Chapter 3

Recovering a Single Support: Lower

bound

In this chapter, we derive a lower bound on the sample complexity of common support
recovery that matches the upper bound obtained in the previous chapter, thus determining
the optimal tradeoff between m and n in the m < k regime. Our result shows a phase
transition that occurs at k/m = 1 for the problem of support recovery when there is a
single unknown support. In particular, the dependence of the sample complexity on k/m
undergoes a sharp change from linear to quadratic as we move from the k/m < 1 regime

to the k/m > 1 regime.

3.1 Lower bound

Theorem 3.1.1. For1 <m < k/2,1 <k <d-—1, and 0* = 0, the sample complexity of

support recovery satisfies

gl ) = 2 (ol 1) ).

Proof. We work with the Gaussian setting, with the samples and measurement matrices

The work in this chapter is based on [60], [58].

76
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satisfying Assumptions [2.3.3) and [2.3.4L Denote by Sy the set {1,...,k} and by S,

1 <i <k <j<d, the set obtained by replacing the element ¢ in Sy with j from &§. Let
U be distributed uniformly over the pairs {(i,7) : 1 <i < k,k+1 < j < d}. The unknown
support is set to be Sy; the random variables X7 and linear measurements Y; = ®,X; are
generated as before.

We consider the Bayesian hypothesis testing problem where we observe Y™ and seek
to determine U. Given any support estimator S, we can use it to find an estimate for
the support, which in turn will give an estimate U for U. Clearly, Pr ([7 +U ) equals
Pr (S # SU>, which must be less than 1/3 by our assumption. On the other hand, by
Fano’s inequality, we get
1Y U)+1

log(k(d — k)

_ max, D(Pyns, [[Pynis,) +1
log(k(d — k)) ’

Pr<U7AU>z1

> 1

where Pyn|s denotes the distribution of the measurements when the support of A is S (a
proof for the second inequality can be found in |23, Theorem 21]). Note that Pyns =
[I;-, Py,s with each Py; s having the same distribution which we denote by Pys. Thus,
D(Pyns, |[Pynis,) = nD(Pyis,[[Pyys,)-

Next, we bound D(Pys,||Py|s,). Denote by ®s the m x k submatrix of ® obtained
by restricting to the columns in S and by As the Gram matrix ®s®. of ®s. Further, let
v > ...>2 vy, >0and vy > ... > v, >0 be the respective eigenvalues of Ag, and Ag,.
Note that v, > 0 and v/, > 0 hold with probability 1 since m < k.

Denoting by Pyse the conditional distribution of the measurement when the mea-

surement matrix is fixed to ®, we get

1

D(Py|3u7q>||Py‘SO’q>) = 5 (lOg M + TI‘(AEOIASH) — m>
1
2

<

A
N | —
INgE
—
X
S
Ny
=
[N}
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where in the first inequality holds by Lemma and the second inequality holds since
logz+ (1—x)/z < (z—1)*/x for all z > 0. Using convexity of the KL divergence, we get

1 " (v — U))?
D(Pyis,[[Pyis,) < §]E Z i —v)”

VAN
| —
&=
)=
S
|
X

Note that the expression on the right does not depend on our choice of u; we fix u =
(1,k +1). With an abuse of notation, we denote by ®; the jth column of a random
matrix ® with independent N(0,1/m) distributed entries. Using the Cauchy-Schwarz

inequality twice, we get

NS

where in the second inequality we also used the fact that a; and b; are identically dis-
tributed. The Hoffman-Wielandt inequalityﬂ [33] can be used to handle the second term
on the right-side. In particular, we have > " (v; — v)* < ||As, — As, ||% where the right-
side coincides with ||®1P, — Ppy 1P, 4% since u = (1, k+1). Using the triangle inequality

for Frobenius norm and noting that ||®;®; ||r equals ||®;]|3 for a vector ®;, we get

i%} < B x| VELI008 + 10l

Recall that ®; and ®;,; are independent N (0, %[m) distributed random vectors, and

E

therefore m(||®1 |3+ ®r.1]3) is a chi-squared random variable with 2m degrees of freedom.

'For normal matrices A and B with spectra {v;} and {v/}, there exists a permutation 7 of [n] such
that Y, (vr) — ¥))? < |A — B||3. When A and B are p.s.d, the left-side is minimum when both sets of
eigenvalues are arranged in increasing (or decreasing) order.
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Using the expression for the fourth moment of a chi-squared random variable gives us

= (v — V)? 1 1 (m+3)!
E U <G E|— | ——%
Z,Zl 77 vi |\l m*(m—1)!
, 1
<y ]

where ¢’ is an absolute constant.
It only remains to bound E [1/v2 ], where v, is the minimum eigenvalue of the (m x m)

Wishart matrix Ag,. Using Lemma [3.4.1] we can obtain

/o4
O [ [ LL—
[Vm } — k4(1 _ m/k)S

By combining all the steps above, we get

2
1 ; Py 1
“>p (5 s)>1——,
g2 br(S#S) 2= =

for a constant c. Observing that the (1—m/k)* term can be absorbed into ¢ when m < k/2

yields the desired bound.
O

Remark 3.1.2. We note that our lower bound proof requires some separation between
k and m; namely, it requires k/m > ~ for some v > 1. While the lower bound of
n = Q((k/m)log(d/k)) from previous work [55] continues to hold for m < k, it is not
clear if a tighter lower bound on sample complexity in the regime 1 < k/m < 7 can be
obtained. Such a separation between k and m is, however, not required when deriving the

upper bound.
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3.1.1 Extension to nonbinary variances

Theorem 3.1.3. When 0% = 0, we have for an absolute constant c the lower bound

)\2 k‘2
né,avg(m7 ka d) >c gwa:_Q IOg(d —k+ 1)

We assume that the unknown ) is uniformly distributed over the set { (0, A1) A=k

with A® € R%. The jth entry of A®), denoted )\y), is given by

(

Amaxs  if j € [k — 1],

)\52) = >\mina lfj =k+ ia

0, otherwise,
\

for any ¢ € {0,1,...,d — k}.
Our goal is to characterize the KL divergence between distributions on the measure-
ments arising from two different As in the set we described above, one of which we fix as

A0 Computing this divergence as before, we see that

L& e )P
D(PY\)\”PY\)\(O))SﬁE ZZIW , (31)

where {r;}™, and {x]}™, denote the eigenvalues of Ay & ®K,®T and Ayo) = K, 0"
respectively. Noting that > ;" (k; — £))* < [|[Ax — Ao |2 = A2 1219 — Py @4 1%,

an application of the Hoffman-Wielandt inequality yields

g %] < c)\?niﬂ | E {@] (3.2)

Recall that from Lemma [3.4.1] we have a bound on the fourth moment of the smallest

E

eigenvalue v, of Ag = ®gdg for S C [d]. We now try to relate x,, and v,,,. We start by
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noting that

k—1

A)\ = )\max Z (I)Z(I);l— + )\minq)k-i—lq);—_u

i=1

k—1
? )\max Z (I)zq);ru
i=1

where A = B if A— B is a positive semi-definite matrix. The above inequality in turn gives
a relation between the eigenvalues of Ay and those of Ay ax Zi:ll (I>i<I>iT. In particular, for

the minimum eigenvalue, we have k,,, > ApaxVm. Combining this fact with the inequalities

in (3.1) and (3.2)), and using Lemma [3.4.1} we get

>\12nin 1
D(PYIAHPYl/\o) < c’/\2 E {1/—4}

max

" /\?nin m2 m -
<cd————[1—— .
A2 (k—1)2 k

max

This is the same bound as in the binary case, except for an additional scaling by a factor
of \2. /A2 . As a consequence of this, we can show, using similar calculations as before,

that if

A2k m\*

min

then the error probability Pr (5’ # supp()\o)> >1/3.

3.2 A phase transition for support recovery

The lower bound from Theorem for Gaussian inputs implies a lower bound for worst-
case inputs as well, since an instantiation in the Gaussian case can be thought of as a
deterministic input. In particular, we have ng (m, k,d) > ng,,(m,k,d). In fact, the
dependence of our upper bounds derived in Chapter [2|and the lower bound from previous

section on the problem dimensions (m, k, d) coincides. We will use n*(m, k, d) to denote

this common scaling. Combining Theorems [2.3.1] and [3.1.1] we obtain the following tight
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&2
> log d

k
m

17 k/m

Figure 3.1: Sample complexity of support recovery as a function of k/m.

characterization of n*(m, k, d).

Theorem 3.2.1 (Characterization of sample complexity). For (logk)* < m < k/2 and

1 <k <d/2, the sample complexity of common support recovery is given by
k’2
n*(m,k,d) =0 (—2 logd) .
m

Remark 3.2.2. We expect the scaling in Theorem to hold good even when m <
(logk)?. In fact, our lower bound result continues to hold for m = 1. The current upper

bound proof, however, requires m > (log k)?.

Remark 3.2.3. As long as the noise variance is sufficiently small, i.e., 0* < k/m, our

estimator is sample-optimal and achieves the same scaling as the lower bound.

In summary, our results settle the question of tradeoff between m and n in the m < k
regime, and show that there exists a phase transition for the sample complexity of this
problem at k/m = 1 as depicted in Figure . Roughly, around this point, the sample
complexity for support recovery undergoes a change from being linear in the ratio k/m

to being quadratic in k/m (up to a factor of logd).
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3.3 Discussion

We showed a phase transition for the problem of support recovery from multiple samples.
While the closed form estimator that we analyzed here is sample-optimal, it would be
interesting to design other estimators that can work in the measurement-constrained
regime without knowledge of the support size, and for which guarantees can be obtained
with worst-case inputs. Finally, extending the lower bound on n* to include the 1 <

k/m < v regime for v > 1 would provide a better understanding of the problem.

3.4 Remaining Proofs

Lemma 3.4.1. Let ® € R™* with independent N'(0,1) entries and let A = ®®". If Z

denotes the minimum eigenvalue of A, then for k —m > 7,

E[Zz7] < A /i)

Proof. Since Z is a nonnegative random variable, we have for 6 > 0,

where we used u~1 = ke2. The density of the smallest eigenvalue of a Wishart matrix
with parameters k and m (A in this case) is known in closed form [22, Lemma 4.1], which

we restate here:

1

Pr(Z<k’) < g g G0
e k—m+1
< L k—m+1
- (k —m+1 (<k) ’

where I'(+) denotes the gamma function and I'(n) = (n — 1)! for integer n. Using this, we
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get

[4

=K

] ek k—m—+1
ElZ 4 <0+ ———m— k-m=84
[ }—'+M<k—m+1) (A © ©
k—m-—7

8 ck komtl 1 -1\ 2
E\k—m+1 E—m—7\ k

8
Choosing 0 = (M> and simplifying gives

k—m+1

9e8 k4 < c
(k—m—T)% — 8
o)

E[z7] <

]

Lemma 3.4.2. Let A, B € R™*"™ be symmetric, positive definite matrices and let a; >

ceo > Ay and by > -+ > by, denote their respective ordered eigenvalues. Then,
i=1

Proof. Let v, -+ , v, and s; > - -+ > s, denote the eigenvalues and singular values of AB,
respectively. Note that ~;’s can be complex in general since AB need not be symmetric.

We start by noting that

Tr(AB) =Y %<y |[ul <) s (3.3)
i=1 i=1 =1

where the last inequality follows from [34] [Theorem 3.3.13]. The next step is to relate
the sum of the singular values of AB to the eigenvalues of A and B. We use the following

two results from [34] [Theorem 3.3.4, Corollary 3.3.10]:

(i) the product of singular values of AB can be upper bounded as

=1 i=1
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(ii) for nonnegative real numbers a; > --- >, and fy > -+ > By, if

Bi, (3.5)

s
li/?\
s

.
Il
—
.
Il
—

then
(3.6)

@
I
—
-
Il
—

NE
L
IA
=

From the results above, we have that

zm: si < i a;b;, (3.7)
=1 =1

which together with ({3.3]) gives the result. O



Chapter 4

Recovering Multiple Supports

In this chapter, we study the problem of multiple support recovery, where we are given
access to linear measurements of multiple sparse samples in R?. These samples can be
partitioned into ¢ groups, with samples having the same support belonging to the same
group. For a given budget of m measurements per sample, the goal is to recover the
¢ underlying supports, in the absence of the knowledge of group labels. We study this
problem with a focus on the measurement-constrained regime where m is smaller than
the support size k of each sample. We design a two-step procedure that estimates the
union of the underlying supports first, and then uses a spectral algorithm to estimate
the individual supports. Our proposed estimator can recover the supports with m < k
measurements per sample, from 0(1{‘%4 /m?) samples. Our guarantees hold for a general,
generative model assumption on the samples and measurement matrices. We also provide

results from experiments conducted on synthetic data and on the MNIST dataset.

4.1 Introduction

In the problem of multiple support recovery, there are n random samples Xi,..., X,
taking values in R?, such that for each i € [n], supp(X;) € {Si,...,S¢} almost surely,
with S; C [d] and §;N'S; = 0 for all i # j. We assume that the samples X; are sparse

The work in this chapter is based on [61].

86
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and that |S;| = k < d, i € [(]. We are given low dimensional projections of these samples
using m X d matrices @1, ..., P,. In our setting, we focus on the regime where we have
access to very few measurements per sample, namely, when m < k. Given access to
the projections Y; = ®,X;,i € [n], and the projection matrices, we seek to recover the
underlying supports {S, ..., S}

This is a generalization of the well-studied problem of recovering a single unknown
support from multiple linear measurements which has been widely studied [72], [26], [8§],
[48], [55], |60]. It is also related to the study of sparse random effects in mixed linear
models [6,8]. Mixed linear models are a generalization of linear models where an addi-
tional additive correction component is included to model a class-specific correction to
the average behavior. This residual correction term is commonly known as the random
effect term. It is often assumed to be generated from an unknown prior distribution with
zero-mean, coming from a parametric family whose parameters are estimated by using the
class-specific data. The problem of multiple support recovery is also discussed in [46,80]
under the assumption of slowly varying supports.

There are two sets of unknowns in the setting described above — the labels, indicating
which support was chosen for each sample, and the ¢ supports Sy, ...,Ss. Note that given
the knowledge of the labels, one could group together samples with the same support,
and use standard algorithms to recover the support. However, in the absence of labels,
the problem of recovering the supports is much harder. A naive scheme could be to just
estimate each support individually, which requires m = O(klog(d — k)) measurements per
sample [81], [4]. But can we do better if we exploit the joint structure present across the
samples, since there will be several samples that have the same support? In this chapter,
we will show that one can operate in the measurement-constrained regime of m < k, when

a sufficiently large number of samples is available.

4.1.1 Prior work

For the special case with n = ¢ = 1, when there is a single k-sparse sample of length d, it is

known that m = O(klog(d — k)) measurements are necessary and sufficient to recover the
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support [81] with noisy measurements, when the inputs are worst-case. For the case with
a single common support across multiple samples (i.e., £ = 1 and n > 1), several previous
works have studied the question of support recovery in the m > k setting |72], [26], [55].

On the other hand, in the m < k regime, we know from the previous chapters and
from [58], [60] that n = ©((k?*/m?)logd) samples are necessary and sufficient, assuming
a subgaussian generative model on the samples and measurement matrices and that the
measurement matrices are drawn independently across samples. In fact, as we saw, the
lower bound from Chapter 3| applies to the worst-case setting as well, showing that while
k overall measurements suffice when m exceeds k, at least (roughly) k?/m measurements
are required when m < k.

In [51], the problem of recovering the union of supports from linear measurements
is considered. The setting allows for overlaps in the supports, but otherwise places no
constraints. The results when applied to the case of disjoint supports lead to a require-
ment of m = O(klogd) measurements per sample, and therefore are not applicable to
our setting. Another line of related works is on multi-task learning/multi-task sparse
estimation [86], [57], [5] that use hierarchical Bayesian models and focus on recovering
the samples, rather than the supports, and so still require at least £ measurements per
sample. However, none of these results shed light on how to recover multiple supports
when we are constrained to observe less than & measurements per sample.

We note that there has been some recent work in the literature on mixture of sparse
linear regressions that considers the related problem of recovering multiple sparse vectors
from linear measurements [89], [41], [43], [19], [5], [50]. The model shares some similarities
with the m = 1 case in our setting, but there are some important differences. Unlike our
setting, these works consider the samples to be deterministic and do a worst-case analysis.
Further, when ¢ = 1 in the mixture of sparse linear regressions setting, we have multiple
observations from the same unknown sparse vector, thus reducing the problem to the
standard compressed sensing problem. On the other hand, with £ = m = 1 in our setting,
we obtain a single observation from different sparse vectors sharing a common support.

The latter setting is harder as we saw in Chapter [2| and requires Q(k?logd) samples to
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recover the common support.

4.1.2 Contributions and techniques

Our approach builds on the following simple but crucial observation: since each sample
is k-sparse with support equal to one of the S; (with the S; being disjoint), the sample
covariance matrix (1/n)Y " X; X, exhibits a block structure under an unknown per-
mutation of rows and columns. This motivates the use of spectral clustering to recover
the underlying supports. However, we only have access to low-dimensional projections of
the data. To circumvent this difficulty, we compute ®;Y; and use these as a proxy for
the data, and form an estimate of the diagonal entries of the covariance matrix of the
samples. We build further on this idea and propose an estimator that first determines
the union of the ¢ supports from ®;Y; using the closed-form estimator from Chapter .
We then construct an affinity matrix using the variance estimates from the first step and
apply spectral clustering to estimate individual supports from the union.

This clustering based approach to support recovery is new, and very different from
traditional approaches to sparse recovery in the multiple sample setting. It reduces the
support recovery problem to that of recovering the structure of a certain block matrix, a
question which has been studied in the literature on community detection on graphs [45],
[49], [32], |1], and for which many algorithms are known. However, unlike the community
detection problem where an instance of the adjacency matrix is available as an observation,
the affinity matrix constructed in our case has a more complicated structure and requires
a different analysis.

We show that using our algorithm, it is possible to recover all the supports with
fewer than k measurements per sample. Our algorithm is easy to implement and has
computational complexity that scales linearly with ambient dimension d and number of
samples n. Our main result is an upper bound on the sample complexity of the multiple
support recovery problem, stated in Theorem [£.2.1] In similar spirit to Chapter [2 which
studied the case of a single unknown support in the measurement-constrained regime of

m < k, our work provides an algorithm for the multiple support recovery problem in
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this regime. The analysis of our algorithm involves studying spectral properties of the
(random) affinity matrix that has dependent and heavy-tailed entries. We characterize
these spectral quantities for the expected affinity matrix, which we show has a block
structure, and then use results from matrix perturbation and matrix concentration to
obtain performance guarantees for our algorithm.

Also, we provide experimental results on synthetic and real datasets, and show that the
proposed algorithm is able to recover the unknown supports with very few measurements
per sample. While our guarantees are for the case of disjoint supports, some simple
heuristics can be used to handle the case of overlapping supports in practice, as we show
in Section For the case of two supports, we provide an analysis for intersecting
supports.

In the next section, we formally state the problem and the assumptions we make in
our generative model setting. This is followed by a statement of our main result, which
provides an upper bound on the sample complexity of multiple support recovery. We
describe the estimator in Section [£.3] and analyze its performance in Section [4.4 We
provide experimental results in Section 4.5 The technical results required for the proofs

in Section [£.4] are available in the appendices.

4.2 Problem formulation and main result

We consider a Bayesian setup for modeling samples X7, ..., X, taking values in R? with
supp (X;) o {j € [d: Xi; # 0} € {S1,...,S¢}, where S; C [d] are unknown sets such
that |S;| = k. Specifically, we consider distributions PM, ... P® wit

supp (PY”) = {z € R : supp(z) = S;}, i€ [4],

"We consider distributions P with densities fp with respect to the Lebesgue measure and define
supp (P) = {z € R?: fp(z) > 0}.
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and ni.i.d. samples X1, ..., X, taking values in R? and generated from a common mixture
distribution
1
_ = (i)
Psl,...,Sg - / ZIP ) (41)
parameterized by the tuple (S ..., S;). In fact, we assume that P(® is a multivariate sub-

gaussian distribution (see Section {4.9|for the definition of a subgaussian random variable)
with zero mean and diagonal covariance matrix K, = diag ();), where the parameter \;
is a d-dimensional vector for which supp (\;) = S;, i € [¢]. More concretely, we make the

following assumption.

Assumption 4.2.1. For a sample X; ~ PW j € [n], i € [{], and an absolute constant c,
Epc) [XijT] = diag (\;) with \; € Ri, supp (A\;) = S;, and X; has independent entries
with its tth entry X, satisfying X ~ subG(cAy), t € [d]. Furthermore, for each i € [{]
andt € §;, Ay = Ao > 0, and Epp [X;ﬂ =p.

For samples Xy, ..., X, generated as above, we are given access to projections Y; =
®;X;, i € [n], where the matrices ®; € R™*? are random and independent for differ-
ent i € [n]. Our analysis requires handling higher order moments of the entries of the

measurement matrices, which motivates the following assumption.

Assumption 4.2.2. The m x d measurement matrices ®1,..., P, are independent, with
entries that are independent and zero-mean. Furthermore, ®;(u,v) ~ subG(c'/m), and the
moment conditions E [®;(u,v)?] = 1/m and E [®;(u,v)*] = ¢,/m? hold for q € {2,3,4},

where ¢, and ¢ are absolute constants.

The assumption above holds, for example, when ®;(u,v) ~ AN(0,1/m) or when ®;(u,v)
are Rademacher, i.e., take values from {1/y/m,—1/y/m} with equal probability. Also,
these moment assumptions can be relaxed to hold up to constant factors from above and
below, i.e., E[®;(u,v)%] = ©(1/m9).

Our goal is to recover the supports {S,...,S;} using {Y;, ®;}7,. The error criterion

will be the average of the per support errors, measured using the set difference between
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the true and estimated supports. Specifically, denote by X ; the set consisting of all £
tuples of subsets (Si,...,S,) such that S; C [d], i € [{], and S;NS; =0, for all ¢ # j. Let
Ykea C Xy 4 be such that [S;| = k, for all i € [(]. Denote by G, o {o : [{] = [£]} the set

of all permutations on [¢]. We have the following definition.

A ~

Definition 4.2.1. An (n, e, 0)-estimator for 3y, 4 4 is a mapping e : (Y{*, ®7) — (S1,...,Se)
3y 4 for which

SiAS,

< kaEQ) >1-4, (4.2)

for all (Sy,...,80) € Egpa, where S{ASy denotes the symmetric difference between sets
S and Ss.

We seek an (n,e,0)-estimator using a small number of samples of n. For fixed
m,k,d,l,e, and 0, the least n such that we can find an (n,¢,d)-estimator for 34
is termed the sample complexity of multiple support recovery, which we denote by
Tyt avg (M, Ky d, 0, €,6). In our main result stated below, we provide an upper bound on

this quantity.

Theorem 4.2.1. Let m,k,d, ¢ € N with logk > 2. Further, let (logk()> < m < k, and

1/kt < e < 1/0. Then, under Assumptions |4.2.1 and |4.2.2, the sample complexity of

multiple support recovery satisfies

. 1/ ke\* A 1 k202 kl(d— k0)
Tt avg (M, K, d, 4, €, 0) :O<max{g<a) (log k)* log k/log 5 log 5 })

Remark 4.2.2. For values of ¢ lower than 1/k(, the result from Theorem continues
to hold with € set to 1/kl. This is because ¢ = 1/kl corresponds to exact recovery of the

Supports.

We present the algorithm that attains this performance in the next section, and prove
the theorem in Section [4.4.3]
Our estimator works in two steps by estimating the union of supports first and then

estimating each support, and the sample complexity bound above is obtained by analyzing



Chapter 4. Recovering Multiple Supports 93

each of the two steps. To the best of our knowledge, this is the first estimator that can
recover multiple supports under the constraint of m < k linear measurements per sample.
We also note that for the problem of recovering a single support exactly, it was shown in
Chapter [2| that roughly Q((k/m)?log k(d — k)) samples are necessary. Thus, our sample
complexity upper bound above matches this lower bound quadratically. However, there
is a gap between the lower bound and the upper bound, which is an interesting problem

for future research.

4.3 The estimator

Our first step will be to recover the union of the ¢ underlying supports, and then refine
this estimate to finally recover the individual supports. To estimate the union, we use
the estimator described in Chapter [2] Following this, we use a spectral clustering based
approach to recover the individual supports. We provide more details in the next two

subsections.

4.3.1 Recovering the union of supports

We first observe that the samples X; have an effective covariance matrix whose diagonal
has support equal to the union of the supports, which allows us to use the results from
Chapter 2] to recover the union. Specifically, we form “proxy samples” X; = oY, =
<I>ZT<I>¢X¢ and use the diagonal of the sample covariance matrix of Xl- as an estimate for
the diagonal of the covariance matrix for X;. We will show that the k¢ largest entries of
the recovered diagonal correspond to the union of the supports.

Formally, define S, def

Uf_,S; to be the union of the ¢ unknown disjoint supports and
note that |Syn| = k¢. We use the closed-form estimator and form the statistic A € R? as

follows. First, define vectors af, ..., a) with entries

d C(@]Y)? ield] (4.3)

Jt

Each af, j € [n], can be thought of as a crude estimate for the variances along the d
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coordinates obtained using the jth sample. We then define the average of these vectors

as

(4.4)

This statistic captures the variance along each coordinate of X;. Due to the averaging
across samples, we expect a larger value of the statistic along coordinates that are present
in at least one of the supports. On the other hand, coordinates that are not present any
support should result in a smaller value of the statistic. As shown in Chapter [2] such a
separation between the estimate values indeed occurs when n is sufficiently large. The
algorithm declares the indices of the k¢ largest entries of A as the estimate for Sy,. Letting

Ay = 2> :\(kﬁ) represent the sorted entries of 5\, the estimate Sun for the union is

Sun = {(1), ..., (KO}, (4.5)

where we assume the size of the union to be known. In practice, A can be used to estimate
the size of the union as well by sorting the entries of A and using the index where there
is a sharp decrease in the values as the estimate for k¢, similar to the approach of using

scree plots to determine model order in problems such as PCA [92].

4.3.2 Recovering individual supports

We now describe the main step of our algorithm where we partition the coordinates in Sun

/

recovered in the first step into disjoint support estimates 51, e ,5’4. We will use df, ..., a,

described in (4.3)) for this purpose. Since we now have an estimate for the union, we will
restrict a; to coordinates in Sun, and denote them as a; € Rff. Also, without loss of
generality, we set Sy, = [k:é]

Our approach is the following: we construct a k¢ x k¢ affinity matriz T and perform

2This is to keep notation simple. For a general Sun, we can have a fugction g : [kl — Sun that
provides the mapping of each coordinate of a; to its corresponding value in S, as indicated in step 7 of
Algorithm
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Figure 4.1: Block structure of the expected affinity matrix when ¢ = 2 and the supports

are disjoint, under appropriate permutation of rows and columns.

spectral clustering using this matrix, which will partition the coordinates in [k¢] into ¢
groups. The main step here is to construct an affinity matrix 7" that can provide reliable
clustering, and we will use the per-sample variance estimates aq, ..., a, for this purpose.
The idea is that for any coordinate pair (u,v) € [kf] x [kf], if both uw and v belong to
the same support, then we expect the product a;,a;, to have a “large” value for most of
the sample indices ¢ € [n]. On the other hand, if u and v belong to different supports,
then a;,a;,, will be close to zero for most i € [n]. Although each a; individually is not a
good estimate for the support of X;, the averaging over n makes the estimate reliable.

Formally, we construct the k¢ x k¢ matrix T with entries

def

7, % %;amajv, (u,v) € [k€] x [k, (4.6)
The key observation here is that the expected value of the random matrix 7" has a block
structure when the rows and columns are appropriately permuted, and this block structure
corresponds to memberships of each of the indices in [kf] to one of the underlying supports.
This is illustrated in Figure for ¢ = 2, and we will examine this structure in detail
in the next section. A well-known method to find these memberships is to use spectral
clustering [49,65], which uses properties of the eigenvectors of block-structured matrices
to determine the partition. For instance, when ¢ = 2, the sign of the second leading
eigenvector of E [T] provides a way to partition the coordinates in [kf] into two groups.

When ¢ > 2, spectral clustering makes use of multiple eigenvectors and a nearest neighbor
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step to identify the partition. A full description of the solution in the general case is
provided in Algorithm [2|

In practice, we only have access to T, and not E [T] to which the discussion above
applies. In what follows, we show that the eigenvectors of T itself suffice, provided we have
sufficiently many samples. At a high level, our analysis follows that of spectral clustering
in the stochastic block model (SBM) setting and the goal is to show that the eigenvectors
of E[T] and its “perturbed” version T are close to each other. This can be shown using
the Davis-Kahan theorem from matrix perturbation theory, which states that the angle
between any two corresponding eigenvectors of 7" and E [T is small provided the error
matrix 7' — E [T] has small operator norm, which for symmetric matrices is the largest
eigenvalue in magnitude. The key challenge, therefore, is to control [|T" — E [T ||op-

Unlike typical settings, the entries of the affinity matrix 7" in our case are not indepen-
dent, in addition to being heavy tailed. Standard methods based on the e-net argument
are, therefore, difficult to apply in this setting. One strategy could be to show exponential
concentration around the mean for each entry of T. Once each entry of T is bounded
with high probability, one can bound the Frobenius norm and therefore the spectral norm
of the error matrix. However, the moment generating function (MGF) of each summand
in is unbounded, so deriving a tail bound for the sum requires a more careful tail
splitting method (see, for example, |73, Exercise 2.1.7]), and leads to measurement matrix
dependent quantities that are difficult to handle. As we will see shortly, the matrix 7'
can be expressed as a sum of rank one matrices, and so one approach could be to apply
techniques from matrix concentration to obtain tail bounds for || T'—E [T ||,,- These tech-
niques, however, either require the summands to be bounded almost surely in spectral
norm or to have subexponential-type moments |76, Theorem 6.1, 6.2], neither of which is
true in our case.

To circumvent this difficulty, we turn to a beautiful result by Rudelson [66], that
characterizes the expected value of the quantity [T — E[T]|,p, when T is a sum of
independent rank-one matrices and only requires certain moment assumptions on the

summands. This is exactly our setting since (4.6) can equivalently be represented as
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Algorithm 2: Multiple support recovery: General case

Input: Measurements {Y;} ,, Measurement matrices {®;}" ,, k, ¢
Output: Support estimates 5’1, e ,Sg
1 Form variance estimates a,...,a), with entries
af; = (0Y;)%, i€ ld].

JiJ

2 Compute

x:

SRS

n
E /
ai.
=1

Sort entries of \ to get :\(1) > > S\(d) and output estimate for union

Sun = {(1),..., (kO)}.

3 Restrict a},...,a!, to the coordinates in Sun, t0 get aq, ..., an. Also, let
g: [kl — Sun denote the mapping from the coordinates of a; to the true
coordinate in S’un.

4 Construct affinity matrix 7' € R¥>* ag

1 n
T=— E a;a; .
n -
=1

5 Compute the ¢ leading eigenvectors 0y, ..., 0, of T" and let these be the columns
of V € R¥*L,
6 (The (-means step) Find C' = argmingey, |U — V||%, where Uy is the set of all
k¢ x ¢ matrices with at most ¢ distinct rows.

7 Denote the indices of identical rows of C' as sets S’{, e ,S’é Declare

Sz’ = {g(]) € Sun ] € ‘SA‘Z,}
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T = (1/n) >}, aia]. An application of Markov inequality followed by the Davis-Kahan
theorem then shows that the eigenvectors of T and E [T] are close to each other. We
provide more details about the analysis in the next section. Although Rudelson’s result
characterizes the expected operator norm, it has since been extended to handle higher

moments and tails, see [67], [52] for more details.

4.4 Analysis of the estimator

We will first analyze the performance of the union recovery step. Then, conditioned on

the union being exactly recovered, we analyze the second step of our estimator.

4.4.1 Recovering the union: Analysis

Our analysis of the probability of exactly recovering S,, using the estimator in
follows the approach in Chapter [2] The key difference is that the samples are now drawn
from a mixture of subgaussian distributions. In the next result, we show that if X is
drawn from the mixture described in , then it is subgaussian with covariance matrix
K,,, where Ay, = A1V ---V Ay, where V denotes entrywise maximum. This helps us to
determine the effective parameter that characterizes the input distribution, after which we
can use the result from Chapter [2l We prove this result for the two component mixture;

it can be extended easily to the general case.

Lemma 4.4.1. Let X and Y be zero-mean subgaussian random variables with parameters
a® and b%, respectively. Further, let Px and Py denote the distributions of X and Y.
Then, the random variable Z with distribution given by the mizture qP x + (1 — q)Py with

q € [0,1] is subgaussian with parameter max{a* b*}.

Proof. Upon bounding the MGF of Z, we see that
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where ¢ = max{a, b}. O

Thus, the samples X1, X5, ..., X,, have entries that are independent and subgaussian
with covariance matrix K, , where A\y, = A1 V- -V A\s. Therefore, results from Chapter
imply that we can recover S, from the variance estimate by retaining the k¢ largest
entries. In particular, a direct application of [60, Theorem 3] with support size set to k¢,

gives us the following result.

Theorem 4.4.2. Let S, described in (4.5) be the estimate for the union S.,. Then, for

every 0 > 0,

Pr (Sun # Sun) <.

provided m > (log k0)* > 1, and

(k2€2 ke(d — /{:E))
n>c log ,

)
for an absolute constant c.

As we discussed in the introduction, if we had labels for each sample indicating which
support it belongs to, we could directly use the closed-form estimator after grouping the
samples with the same support together. This would require O((k*¢/m?)logk(d — k))
samples. On the other hand, when the labels are unknown, the number of samples
required even to estimate the union of the supports is higher, as seen from the theorem

above.

4.4.2 Recovering individual supports: Analysis

Our analysis is based on the fact that the expected affinity matrix has a block structure
(under an appropriate permutation of its rows and columns), which we prove in the next

lemma.
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Lemma 4.4.3 (Block structure of E [T']). Under Assumptions |{.2.1 and |4.2.2, for the
matriz T € RF** in ([4.6)), E[T] has entries given by

/

Ko, ifU:U,
E[TU’U] =\ Ms, qu 7é v, (U,U) € S’L X SZ fOT any (&S [4]7

Wa, otherwise,
\

where the parameters pg, s, and g depend on k, m, and € and can be explicitly calculated.

The proof of Lemma appears in Section and involves computing the ex-
pected values of random variables that contain higher order terms in ®; and X;. Be-
fore we proceed, we note the following extension of the “median trick” (see, for exam-
ple, [18]) which shows that the dependence of sample complexity on 4 is at most a factor

of O(log1/6), provided we can find an (n,e, 1/4)-estimator.

Lemma 4.4.4 (Probability of error boosting). For § € (0,1) and ¢ € N, if we can find an

(n,e,1/4)-estimator for Xy 4, then we can find an (n [8log H , 3¢, 5)-estimator for Xk 4.

We provide the proof in Section

Thus, from here on, we fix our error requirement to § = 1/4 and seek (n,e,1/4)-
estimators with the least possible n. We characterize the performance of the clustering
step in the following theorem. The analysis of this step is conditioned on exact recovery

of the union S, in the first step.

Theorem 4.4.5. Let vy > --- > vy denote the ordered eigenvalues of E [T] € R¥**  and
define Ay = vy — vgy1 when £ > 2. For every € € [1/0k,1/{), we can find an (n,e,1/4)-
estimator for Xy o xe provided

LE T,
L e IET]) g
eA]

{max ||az|]§] -log kt,
1€[n]

for an absolute constant c.

The result above applies to any setting where we have i.i.d. samples a4, ..., a, whose
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covariance has a block structure under permutation, and the goal is to group the coor-
dinates of a; based on the unknown block structure. We provide the proof of Theorem
[4.4.5] at the end of this section.

The next two results provide us with bounds on the spectral quantities ||E [T ||,, and

Ay, and on E [max;ep, ||a;||3] appearing in Theorem (4.4.5]

Lemma 4.4.6. Under Assumptions|/.2.1 and|{.2.2, we have

N A2k
|E[T7] Hop < pm + )\OW’ and Ay > 5

q

Lemma 4.4.7. For every q € N and i € [n], we have E [||a;||3] < cg(]j(q))2)\g<k\r/nﬁ) ’
2

Further, when logk > 2, it follows that E [maxie[n]Hang} < ) [||a1||120gk} gk

The proof of Lemma [4.4.6| is provided in Section [4.8.6| and the proof of Lemma [4.4.7]
appears in Section [4.8.2]
We close this section with the proof of Theorem [4.4.5]

Proof of Theorem[{.4.5 Recall that the proof is conditioned on exact recovery of the
union S,,. Further, for notational simplicity, we set Sy, = [k¢]. We divide the proof into
two steps.

Step 1. Relating probability of error to perturbation.

Denote the event that Algorithm [2] labels more than k¢ coordinates incorrectly by £.
An upper bound on Pr (€) would imply an upper bound on the probability of the error
event implied by . The per support errors across the ¢ labels can have significant
overlap or even be equal, so the criterion in is a good indicator of the number of
misclustered coordinates determined by £. Additionally, it satisfies the triangle inequality,
a property we will use later in proving Lemma {4.4.4]

The following result relates the error probability to a perturbation bound.

Lemma 4.4.8 (Error to perturbation bound). Let V' and v, respectively, be kl x ¢ ma-

trices with ith column given by v; and v;, 1 <1 < ¢, where vy, ...,v, and v1,..., 0, denote
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the normalized eigenvectors of E[T] and T, respectively, corresponding to their ¢ largest

eigenvalues. Then,

N 1
Pr (&) < Pr (HV ~VOllr > 5 %) , (4.7)

where O € R is a random orthonormal matriz and the probability on the right hand
side is over the joint distribution ofv and O.

The proof of this lemma builds on the analysis in [65] and requires us to use some

properties of V', which we note in the lemma below.

Lemma 4.4.9 (Properties of V). For 1 < i < kl, denote by v* the ith row of V. Then,

the following properties hold:

1. (Identity of rows of V capture the partition) v’ = v’ if and only if i and j belong to

the same support, i.e., i,j € S; for some t € [{].
2. (Minimum distance property) For any two distinct rows v' and v?, ||[v' —v?||3 > 2/k.
We provide the proof of Lemma [4.4.9]in Section [4.8.3|

Proof of Lemma[{.4.8 We begin by observing that it suffices to show that

Pr (&) < Pr <||C —VO|r= %6) , (4.8)

where C' is the matrix found in Step 6 of Algorithm [2| and is random since V is random.
Indeed, by Lemma V' has ¢ distinct rows, whereby VO, too, has ¢ distinct rows
since O is orthonormal. That is, VO € U,. Therefore, by triangle inequality, we get

IC=VOlr < IC=Vr+|VO-V|r (4.9)
= min [|U = V||p +[|[VO = V||r (4.10)
Uel,

<2|VO = V||p, (4.11)
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where the final bound holds since VO belongs to U,. Thus, (4.8)) will imply (4.7). Note
that even if the matrix O were to depend on V and V and therefore be random, the
result above holds with probability one, and the only property we require from O is

orthonormality.

It remains to establish (4.8]). To that end, we define
T i€kl : V'O — ¢, < 1/V2Kk}, (4.12)

where v® and ¢ are the ith row of V and C, respectively. Our claim is that Algorithm
does not make an error in labeling the coordinates in Z, unless |Z¢| > ¢k¢. To see this,

note that for any two distinct indices 7, 7 € Z we have

[0°0 — v O||3 < [|v'O — &||g + V1O — |, (4.13)

< 'O =y + |l = |la + [V O — |2 (4.14)

2 . .
< \/;Jr | = s (4.15)

Thus, if ¢ = ¢/, we must have |[v'O — v7/O||s < /2/k, which by the second property in
Lemma implies that v°O = v/O. Therefore, when the labels given by the algorithm
for coordinates i and j coincide (this happens only when ¢ = ¢/), then v'O = v/O. But
then, by the first property in Lemma [£.4.9] the coordinates ¢ and j must have been in the
same part of S.

We have shown that the indices in Z that are assigned the same label by the algorithm
must come from the same part in S. We still need to verify that coordinates from the
same part in S do not get assigned to different parts. We show this cannot happen
unless |Z¢| > ekf, and this is where we use the assumption that ¢ < 1/¢. Indeed, if
|Z¢| < ekl < k, then at least one element from each part Sy, ..., Sy must be in Z, since
|S;| = k for every i. By our previous observation, elements in each of these parts in Z
must be assigned different labels by the algorithm, which means that it must assign at
least ¢ different labels to the elements in Z. Thus, if the algorithm assigns two elements

in the same part S; different labels, it will assign more that ¢ different labels, which is not
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allowed.
Therefore, all the indices in Z are correctly labeled when |Z¢| < ekf. Then, clearly, in
this case the error event £ does not hold. It follows from the definition of Z that

Pr (&) < Pr(|Z¢ > ekl) (4.16)
<Pr (’ {2 et =002 > \/%} > 6/€£> (4.17)
< Pr (||(J ~VOlF > %) : (4.18)

where in the final step we used the fact that the second step implies |C' — VO||% =
S Nl¢ = v'O|)3 > ekl/2k. This completes the proof of (E.8).

Step 2: Controlling the perturbation.
In view of Lemma [4.4.8] we only need to control the perturbation |V — VO||p. We
do this using the following extension of the Davis-Kahan theorem, which also fixes the

choice of O.

Theorem 4.4.10 (Perturbation of eigenspace). [90] Let A and A be d x d symmetric
matrices with eigenvalues vy > --- > vg and Uy > --- > Uy, respectively. Let V and V be
d x £ matrices consisting of the £ leading normalized eigenvectors of A and A, respectively.

Then, there exists an orthonormal matriz O € R** such that

< oz MIn{VAIA = Al 1A= Allr}

Vo — Vpy1

IV =VO|r (4.19)

By applying this result with 7" and E[77] in the role of A and A, respectively, we get

that there exists an orthonormal matrix O such that

IV VOl < 22 win{ VAT~ BT [ 1T ~BIT) 1), (420

where A\, et vy — Vpy1. Combining this bound with our earlier bound from Lemma |4.4.8,
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we get
P () < Pr (|7~ B[]y = 24 (421)
8
< m E[HT_E[T] ||op]7 (4'22)

where the last step uses Markov’s inequality.
To bound the expected value on the right hand side, we use the following extension of
a result of Rudelson [66]. As pointed out earlier, the original bound in [66] was restricted

to isotropic Z;s, and we show that it extends to arbitrary i.i.d. Z;s with an extra factor.

The proof is provided in Section [£.8.4]

Theorem 4.4.11 (Extension of a result in [66]). Let Z € RY be a random vector such
that A = E [ZZT]. Let Zy,...,7Z, be independent copies of Z. Then, there exists an

absolute constant ¢ such that

1 n
E E;ZZZZT—A

1
< (QQ v anSa? _|_4||A||Op> , (4.23)

op

where

\/IE [maxie[n] HZZ||%] log N
a=c )
n

Using this bound in (4.22) with N = k¢, we obtain

Pr(€) < Ajﬁ (a2 +ayfa? +4|E[T] ||0p) | (4.24)

The proof is completed upon noting that « can be made smaller than 1/2 using n >

E [max;ep [|a;||3] log k¢, in which case ay/a? +4[E[T][l,, < ay/8max{L,[E[T][,}.

The error probability above can thus be made less than 1/4 if

0> (g ko) max{1, [ 7] ) mx o]
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In the next section, we combine the results from Theorems |4.4.2 and [4.4.5| to show the

sample complexity bound of Theorem |4.2.1|

4.4.3 Proof of Theorem [4.2.1]

The proof of Theorem now follows by combining guarantees for the union recovery
step from Theorem and the clustering step from Theorem

We begin by applying Theorem m to get that Sun coincides with S, = US_,S; with
probability close to 1. Throughout, we condition on this event occurring. However, to
avoid technical difficulties, we assume that a different set of independent samples is used
to recover Sy, than those used to recover Sy, ..., Sy — thus, the overall number of samples
needed will be the sum of samples needed for union recovery in Theorem and the
sample complexity determined in our analysis below. In particular, the clustering step
dominates the sample complexity of our algorithm.

Next, upon substituting the bounds from Lemma and Lemma into Theorem

4.4.5| we see that for e-approximate recovery of the supports it suffices to have

nE N
]{?4 4
= g%nlozk(log k)* log (k). (4.25)

. nlogk

3 2 2 2
ekt L - (Aokﬁ\/z(logkf) og(k0)
m

For n > ¢((1/e)(kl/m)* - (log k)*log(k()), n®=F = O(1), which completes the proof in

view of the sufficient condition for n above.

4.5 Simulations

4.5.1 Synthetic data

In this subsection, we evaluate the performance of Algorithm [2|on synthetic data for vari-
ous parameter values. Through these simulations, our goal is to see how the performance

of the algorithm varies as a function of the ratio k/m and ¢ for a fixed d.
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(a) d =100, = 0.2, £ = 2. (b) d =100, e = 0.2, m = 4, k = 10.

Figure 4.2: Probability of approximate support recovery with (a) varying k/m ratios, and

(b) varying /.

We first choose d = 100, ¢ = 2 and consider three different values of k/m. We generate
two disjoint subsets S; and Sy of [d], each of size k. Then, for a given n, we generate
n/2 samples with each support, with values on the support drawn from the standard
normal distribution in R¥. Measurement matrices {®;}?_, are generated independently
with i.i.d. N(0,1/m) entries and multiplied with the samples to obtain measurements
{Y;}7,. These measurements are given as input to the support recovery algorithm, which
produces estimates for the union, as well as the individual supports, which we denote by
S and S,. For each value of (k,m,n), we run 100 trials and declare it a success if the
error Z?:1 |SiASU(i)| < 2¢ek. The plot in Figure shows the success rate over the 100
trials as a function of the number of samples n, with ¢ set as 0.2. Note that the number
of measurements taken per sample, m, is much smaller than the support size, k, of each
sample. We can see from Figure that for a fixed probability of success, the number
of samples required increases with k/m, which agrees with the result in Theorem m
In Figure we show the variation in the probability of approximate recovery as a
function of n for the number of supports ¢ = {2,3,4,5}, with & and m (and hence their
ratio) held fixed. We can see that the number of samples required to achieve a given
probability of recovery increases with ¢. Our current experiments however do not reveal

whether the dependence on these parameters is tight.
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4.5.2 MNIST dataset

As an application involving natural data, we consider the problem of reconstructing hand-
written images from very few linear measurements. We apply the multiple support recov-
ery algorithm to the MNIST dataset [42], which consists of 60,000 images of handwritten
digits, each of size 28 x 28. Each (grayscale) image is a sample in our setting, and the
support of the sample essentially identifies the digit. This dataset fits well into our hy-
pothesis that there is a small set of unknown supports underlying the data — handwritten
images corresponding to the same digit can be thought of as having roughly the same
pattern (support) in the pixel domain. Thus, the vectorized version of images of the same
digit will have approximately the same support. We note that the task here is to recover
the images of the digits from low dimensional projections, and not to learn a classifier
using the dataset.

In our experiments, the vectorized version of each image (a 784 x 1 vector) is projected
onto m = 100, 200 or 500 dimensions using Gaussian measurement matrices described in
Assumption 4.2.2l Given these low dimensional projections, the goal is to identify the
underlying digits. We fix ¢ = 2 and consider the example of digits 1 and 5 as shown in
Figure [£.3] The support size of each digit is roughly in the range 150 — 200. It can be
seen that Algorithm [2| can identify the distinct digits even when m < k. For comparison,
we used the Group LASSO algorithm on the projected samples, which tries to recover
the individual samples (images) itself. However, it requires a much larger number of
measurements per sample (for example, about m = 500 in this case). In fact, previously
known algorithms for sparse recovery do not perform well in the low measurement regime
of m < k, and we have used Group LASSO as an example to illustrate this fact.

We note that since these are handwritten digits, the support of samples coming from
the same digit can also vary to some extent. However, the averaging across samples in our
estimator takes care of this problem. Further, the supports from different digits need not
be disjoint. To handle overlaps, we use the observation that A can provide an estimate
for the intersection of supports as well. The plot of sorted entries of A shows a sharp drop

in values at two locations, one around the intersection and another around the union.
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We include this estimate of intersection of supports into our final estimate. This method
performs well in practice, as can be seen in the results of Figure where digits 1 and

5 have significant overlap.

v

(a) m =100 (b) m =100
=200 (d) m = 200
(e) m = 500 (f) m = 500

Figure 4.3: Recovery performance of Algorithm 2| ((a),(c),(e)), and Group LASSO
((b),(d),(f)), with n = 2000 and varying m.

4.5.3 Computational complexity

The first step in our algorithm for estimating the union involves computing the average
variance along each of the d coordinates and requires O(mnd) operations. The cluster-
ing step involves computing the T" matrix and its ¢ leading eigenvectors which requires
O(k*0? + k*(*n) operations, followed by the ¢-means step which requires O(k¢3) opera-
tions per iteration. Other algorithms for recovering multiple supports do not perform well
when m < k, and have computational complexity that scales quadratically or worse with
d. For instance, the sparse Bayesian learning based algorithm from [86] has a complexity
of O(d?) per iteration, and LASSO-based procedures have a complexity of O(d?) or O(d?)

per iteration, depending on the specific algorithm used.
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Figure 4.4: Block structure of the expected affinity matrix when the supports overlap,

under appropriate permutation of rows and columns.

4.6 Overlapping supports

Our discussion till now focused on the case of disjoint supports. In this section, we describe
an extension of our algorithm to handle intersecting supports when ¢ = 2. In this setting,
the expected affinity matrix has an overlapping block structure as shown in Figure [4.4]
and the key step is to characterize the eigenvectors and eigenvalues of this matrix. In the
¢ = 2 case, as we describe below, the sign pattern of the second leading eigenvector of T °E|
determines the performance of the algorithm. In particular, the number of misclustered
coordinates can be related to the eigenvalues of E [T°] and an error term [|7° — E [T°] || »p-
We characterize both these quantities and provide the performance guarantee in Theorem
461l

Let kyn dof |S1 US| and ki, = |S1 N Ss| denote the sizes of the union and intersection
of the underlying supports, respectively. When &; and Sy have a non empty intersection,
the expected affinity matrix E [7°] has a block structure under an unknown permutation
of the rows and columns as depicted in Figure [4.4] It is well-known that the sign of the
second leading eigenvector of IE [T°] can reveal the grouping of indices into the underlying
blocks. In particular, the entries of the eigenvector at indices that belong exclusively

to one of the supports will be strictly positive or strictly negative. For indices that lie

3To avoid confusion with the case of disjoint supports, we will denote the affinity matrix by 7 here.
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Algorithm 3: Multiple support recovery: ¢ = 2 case
Input: Measurements {Y;}" ,, Measurement matrices {®;}" ;, kun, Kin

Output: Support estimates 31, 32
1 If &7 and S, disjoint, set 7 = 0, otherwise set 7 = ﬁ
2 Form variance estimates aq, ..., a, with entries
aj; = (©1Y;)?, i€ [d],
for j € [n].

3 Compute

3

>

Q;
i=1

S|

Sort entries of \ to get :\(1) > > S\(d) and output estimate for union

Sun = {(1)7 T (kun)}

4 Construct affinity matrix 7' € RFun*kun a9
1 n
-
T = " Zl a;a; .
1=

5 Compute (normalized) second leading eigenvector 09 of T'. Declare

Slz{iesunl’ﬁg,i>—7'}

ng{iesuniﬁg,i<7'}
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in the intersection of the two supports, the entries will be zero. Since we will be using
the eigenvector of the sample version 7° instead of E[T°], we relax the requirement of
entries being exactly zero and look for values in a small interval around zero, whereby our

estimates for the two supports are

31 = {Z S Sun : '{]272' > —7'} (426)

Sy = {i € Sun : Do < T}, (4.27)

for an appropriate threshold 7 > 0. Thus coordinates for which v, € [—7, 7] are included
in both supports. The full algorithm is described in Algorithm [3 for which we have the
following performance guarantee. For simplicity, we state our guarantee considering the
total number of mislabeled coordinates as the recovery criterion and for fixed probability
of error. As we saw before, it can be converted to a guarantee in terms of the sum metric

for arbitrary error probability.

Theorem 4.6.1. Let S; and S, be the estimates in (4.26), with T chosen as c/\/kyy for

c < 1. Then, for every e > 0,

. . 2
Pr (Ela € Gy s.b. [(SIAS,1) U (S:A8,2)| < 2€kun) = (4.28)
provided ki /m < ¢ <1 and
n> G (12 K k—4(10 k)*log k (4.29)
€ Koun ) mAY 0 & fun- '

Proof. Let v{ > --- > 17 be the eigenvalues of E[T°]. Also, let 9, and v, denote the
normalized second leading eigenvectors of T° and R [T°], respectively. From the Davis-
Kahan theorem (stated in Section [4.8)), we have

AT —E[T
<A

min

sin(Z (09, v9)) (4.30)

where sin(£(z,y)) = /1— (@Ty)2/[[z[3[ly[} and A%, = min{vf — v§,v§ — v§}. This

min
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result can be quickly translated to a bound on ||0y —vs||5. Indeed, for any two unit vectors
x and y such that sin(Z(z,y)) < ¢, we have |z"y| > (x7y)? > 1 — ¢ Using this, one
can show that either ||z — y||3 < 2¢® or ||z + y||3 < 2¢* is guaranteed to hold. Thus, the
Davis-Kahan theorem essentially states that

T°—E[T] |,
\/5” 7
A°

min

min{ (|92 — va |2, |02 + va[l2} < 2 : (4.31)

that is, the true eigenvector and the sample eigenvector are close upto sign. Our goal
will be to show that the quantity on the right is small, which would show that the error
between the eigenvectors is also small. But first, we will relate the error between the
eigenvectors to the error in the recovered supports.

We will identify events that lead to false alarm and missed detection errors. Towards

that, we define

EfA/MD ={i € Sun 102 > 0,09, < —7} (4.32)

(SQFA/MD = {2 € Sun T U2 < 0, @271; > 7'}, (433)

as events that lead to both false alarm and missed detection errors. In a similar way, we

define the events

EMP = {i € Sun V2, = 0,0 & [—7,7]} (4.34)
SfA = {Z €S Vg; > O,@Z,i € [_T: T]} (4'35)
8?’4 = {Z €S Uy < 0,09, € [_7> T]} (4'36)

Then, the error event is £ = SlFA/MD U €2FA/MD UEMP ygFA U 4. Now, note that the
entries of vy are either 1/ VE, -1 / VK or zero, where k' = kyn — king. The minimum on
the left of depends on the signs of entries of vy relative to §; and S;. Note that
from the description of the estimator, the entries of 05 are always positive on S;\Ss and
negative on Sp\S;. Assuming without loss of generality that S; and S, are such that the

entries of vy are positive on &;\Sz, negative on S;\S1, and zero on S; N Sa, we see that



Chapter 4. Recovering Multiple Supports 114

the minimum in (4.31)) is achieved by |0y — va]|2, since the values add up on the error

set € due to opposite signs. In particular, note that if ¢ € SlF AMD (i ¢ SQF A/MD

, then
(vg; — D9;)% > 1/K, since the entries have opposite signs. On the other hand, if i € ££4
then (vy; — ;)2 > 72. Finally, fori € 4 ori € EFA, (vy;—0;)? > (1/v/k'—7)2. Choosing
T =c¢/Vk for ¢ < 1, we get

C/

e — Ba|3 > Z(’Uu —D9,)% > |5’k,7

i€E
where ¢ < 1.
Similarly, when &; and S, are such that the entries of vy are negative on S1\Ss,
positive on S»\S1, and zero on 8} NSy, the minimum is achieved by |09 + v2||3 > |E| /K.

Combining these facts with (4.31)), we see that if

T°—E[T) |, un
I [ ]HpS Fun _ (4.37)

Amin k,

with probability at least 2/3, then it implies that |€] < ceky, with probability at least
2/3. As before, we will use Theorem [4.4.11| to control ||T° — E [T°]||,, by characterizing
the spectrum of E [T°]. Using similar arguments as in the proof of Theorem [4.2.1] and

letting & = \/ekun /K, we get

[T° =BT llop o .\ 1
P > ) <= 4.
' ( Al =)=y (4.38)
provided
¢ BT llop ogk] )
n Z 872 (A?nin)2 E |:||a1||2g :| log kurp (439)

We now use the following lemma which characterizes the spectrum of E [T7°]. The proof

is provided in Section 4.8.7]
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Lemma 4.6.2. Under Assumptions|{.2.1 and|{.2.2, we have

o kg
B[] lop < X3,

Further, assuming kin/m < ¢ for some ¢ < 1, we have
AO

min

> A2k

Plugging the results from Lemma[1.6.2] into (4.39) and using Lemma [4.4.7] gives

4

c k* o
n 2 oy ke (log k)*log kun. (4.40)

Substituting & = \/eky,/k’, and using similar arguments as in the proof of Theorem

E2.0] we get

> 21— - . :
n 2 - (1 kun> -, (log k)" log kun (4.41)

4.7 Discussion and Extensions

In our results in the initial part of this chapter, we assumed that the distinct supports were
pairwise disjoint sets. In the case of overlapping supports, the structure of the expected
affinity matrix, and consequently its spectrum, changes. For the special case of ¢ = 2,
we showed that overlapping supports can be handled by a modification of the sign-based
estimate. Given our current algorithm, a simple way to handle overlapping supports
for general ¢ would be to use fuzzy f-means, which returns scores for each coordinate
indicating how likely it is to belong to a certain support. However, choosing a threshold
to decide the supports using the scores is difficult in general. Some other approaches
have been explored in the graph clustering literature, but these do not apply directly

to our setting. Other extensions of our work include studying the performance of the
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algorithm under different support sizes, and prior distribution with non-uniform mixing
weights. Also, our work shows a sufficient condition on the number of samples required
for multiple support recovery; obtaining the necessary condition is a challenging task in
general and requires characterizing the distance between mixture distributions. Using a
component wise distance bound leads to the same lower bound as in Chapter |3| (with an

additional 1/¢ factor), and obtaining a better lower bound seems difficult.

4.8 Remaining proofs

4.8.1 Proof of Lemma (Probability of error boosting)

Given an (n,e,1/4)-estimator for ¥4, we apply it to L independent blocks of data.
Specifically, denoting this estimator by e, consider independent copies (Y (t), ®"(t)),
1 <t<L,of (Y",®"). For t € [L], let

(Sit .- Sey) = e(Y™(t), D" (1))

denote the output for the estimator applied to the tth block.

We now describe a procedure to output a final estimate for the supports using the
estimates (Siy, ..., Sy,) from the L blocks of samples. For each ¢ € [L], we check if there
is a set Z C [L]\{t} of cardinality N > L/2 satisfying

ot€Gy

l
min Y |8 AS,, o0 | < 26k, Yt €T, (4.42)
=1

That is, we look for a ¢ for which (S’Lt, . ,Sg}t) are close to L/2 other estimates. This
indicates “robustness” of the estimate from the ¢th block, making it an appropriate proxy
for the median. Our final estimate is (Sy,...,S;) = (SA'M, e ,‘SA'M), where ¢ is an index
which satisfies the property above.

We show that for L > [81log £ ] the estimator above constitutes an (nL, 3¢, §)-estimator
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for ¥y 4. Indeed, denoting

l
Zy =1 <30— €Grst. Y [|SiAS il < ek€2> :

i=1

by our assumption for the estimator e we have

,,,,,

Furthermore, Z; are independent for different ¢ € [L]. Thus, by Hoeffding’s inequality,

L

L

Pisi,..s0) ( E Zy < 5) <eE, V(Si,...,8) € Sppa
t=1

In particular, for L > [8log %1, with probability exceeding 1 — 9 there existﬂ M>L/2+1

indices t1,...,ty € [L] and permutations oy, ...,0y € Gy such that

¢
D ISIAS, iy, | < ekl?, V€ [M]. (4.43)

i=1
Note that since |AAB| is a metric for subsets of [d], the estimate (Syy, ..., Se;) for t =
satisfies when holds; in fact, any index among {¢1, ..., )/} can serve this pur-
pose. However, the estimate described earlier need not select any of these indices. Yet, we
now show that any other index chosen by the procedure will work as well, provided

holds.

To that end, denote by Z’ the set {¢,...,ty} of indices satisfying , and recall
the set Z found by our estimation procedure earlier. Then, when |Z'| > L/2 + 1, which

holds with probability exceeding 1 — ¢,

ZNnZ'| > |Z|+|Z'| - L > 1,

4Without loss of generality, we assume L to be even.
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whereby there exists an index ¢ € [L] and permutations ¢,7 € Gy such that
¢ ¢
D ISiAS oyl < ekl® and > [SiASs | < 26k,
i=1 i=1
It follows that the permutation ¢’ = o o 5! satisfies
¢
D I8iAS )| < ek,
i=1

which completes the proof. O

4.8.2 Proof of Lemma

As noted in the proof of Theorem [4.2.1] the clustering step in our algorithm is analyzed
under the assumption that the union of supports is exactly recovered in the first step,
whereby we can set Sun = Sun-

We will first show the bound on E [max;e(y ||a;]|3], followed by the moment bound for

E [||a;||3]. We start by noting that for any ¢ > 2,

- 2
E [max Hal”g} =FE (max HaM%) ’
i€[n] i€[n]

where we used Jensen’s inequality in the third step. For log k& > 2, upon setting ¢ = log k

in the inequality above, we get

2

log k
B max o] < 0 (B [las]*] )
i€ln
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We now proceed to bound E[||a;|4]. In the rest of the proof, we will denote a; € R?
by a, and with some abuse of notation, denote by ®; the ith column of ®. By using the

definition of a, we have

ol = (X @) = (T @resxs))

1€Sun 1€Sun

- (Y ixer)
(Zorr)

- (S adaxe?)

Ze Slll]

where o; = @E@i as defined before and A; et aia; . To compute the expectation of the

g

< (k0 Y E[(XJAXs)¥|®], (4.44)

1€Sun

term in the last step, we first condition on ® and note that

EK > (XgAiX$)2>q cb] = (/{;ﬁ)qE[(é > (XgAiX$)2>q

1€Sun 1€Sun

where we used |Sy,| = k¢, and the convexity of the function x? for z > 0, ¢ € N. The
quantity on the right essentially involves the (2¢)th moment of a subexponential random
variable (see Section for definition). To see that the quadratic form X! A;Xs is
subexponential, we use the Hanson-Wright inequality (cf. [68]) to get

t2 t
P(|Xs A Xs — | >t|®) < 2exp<—min{ , }>
S AIANE" Aol Aillop

where p = E [X{ A4, Xs|®] = \olloy]|3. Lemma in Section 4.9 can now be used to
bound the moment in (4.44)). Specifically, we get

E[(XI A Xs)[0] < 2q - (16)’ (r<q>A3Q||Ai||?ﬂ n r<2q>ASQ||Ai||3g) | g%,

< 3¢ (16)7T(2)Ag” [l ",
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where we used || A;||r = || Aillop = ||ui]|3. Next, taking expectation over ®, we obtain

E [(X5AiXs)™] < T (2a)AE [[laal’]

where ¢/ = 3¢ - (16)?. Thus, combining the result above with (4.44), we get

EK 3 (XgAiXS)Q)q} < TN (kO D E [Jlaill5’]

1€Sun 1€Sun

= AT (2g) N\ (k£)? (ZE loalla] + D E [llelly”

i€S 1€Sun\S

When i € S,
2q
4,
E[Jloe]| 2] = E (||<I>i||;* £y (@] w)
jeS\{i}

2q
<2 [E[|@)%] +E (Z <<1>I¢j>2) |

jeS\{i}

and when i € §;,\S,

E [Jlailly] <E

(Z(@j@)ﬂ)ml .

JES

(4.45)

)

(4.46)

Since ®; has independent, subgaussian entries with parameter 1/m, we see that ||®;||3 ~

subexp(c’/m, " /m) with ¢ = 128 and ¢ = 8 [60, Lemma D.2]. This gives, using Lemma

m:

12q /14q

E (23] < 20000120 S + TS ) + (& [l

1
< 4q(16)qc’2qF(4q)—2q + 1,
m
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where we used ¢ > ¢”2. Using similar arguments, we note that ®]®,|®; is subgaus-
sian with parameter [|®;]|3/m, which implies that, conditioned on ®;, 37 ¢y (P, ®;)* is
subexp(c'(k — 1)||®;]|3/m?2, ¢"||®;||3/m). Then, using Lemma again, we get

F(q)c"I(kn;l)qH@iH%q+r(2q)c"2q(” ”2) ]

+22q<E > (@] 2)) >2q

jes\{i}

-1\ 1

]EK > (@qu)?)zq} < . Eq,

jes\{i}

m2

1 1 k—1\%
+c c”2qF(2q) <1 +c c’2qF(2q) > + 2% <—)
m

2 AN
< 5¢,c qF(Qq)(E) .

Combining these results and substituting into (4.46)), we get

EK 3 (X;Aixsf)q} < ¢ T(29) A2 (k)1 (ZE laslls]+ Y E [||ai||§q})

1€Sun ieS ZGSun\S
2 12 2 1 k “ k B
12 1 -
< sepermge (krea) (£) e - wrea (£ )
2q
o 50/2 /2q(F(2q))2)\(2)q<k\/R) '
m

Rescaling the exponent, we get

[N

Ellall2] = E

( > (X;AiXs)Q)

ieSun ]

q
< sy

Noting that ¢/(5¢2,)"/? < 45 - 8¢ = ¢, we obtain the result, O
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4.8.3 Proof of Lemma [4.4.9|

(i) To show the first property, we note that the true covariance matrix can be decom-
posed as E[T] = WBWT + (ug — ps)I, where W € {0,1}*¢ encodes the block
structure, and B € R** contains the distinct values from each block. In particular,

for 1 <i<kfand 1< j </ define

1, ifi e Sj,
Wi =
0, otherwise,

and, for 1 <7< /fand 1 <j </, define

/’LS7 lf Z = ja
Bij —

[tq, otherwise.

Since E [T] and WBW T have the same set of eigenvectors, we will show that the
matrix V € R¥*? consisting of the ¢ leading eigenvectors of W BW T has the desired
property. To that end, first note that there are only ¢ unique rows in W, one unique
row corresponding to each block. We will show that V' also consists of £ unique rows,
in exact correspondence with the rows of W. To do so, we will follow [65, Lemma
3.1] and show that V is essentially a row-transformed version of W, i.e., there exists
an invertible matrix H € R such that WH = V. We start by considering the

eigen decomposition
(WTW)2BWTW)2 = UAU,

where A € R is diagonal and U € R*** is an orthonormal matrix. Left multiplying
by W(WTW)~z and right multiplying by (W W)~ 2WT in the equation above, we

get,

WBW' =WHAWH)T,
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where H % (WTW)*%U . Finally, right multiplying by W H and noting that
(WH)'WH = I, we have

WBWT .- WH=WH - A,

implying that the columns of W H are the normalized eigenvectors of WBW .

We have thus shown that V = WH. Let v* and w® denote the ith row of V and W,
respectively. If v* = v/ for some i # j, then w'H = w?H. Since H = (WTW)_%U
is invertible, this implies w® = w’. Conversely, if w' = w’ for some i # j, then

w'H = w’H, which implies v’ = v7.

(ii) Using the fact that V' = W H from (i), we have for v’ # v7,

I =7l = [|(w" = w”) H

> V2Wmin(H),

where v (H) < min,,=1 |27 H|2, and we used [|w® — wi|; = v/2 for wi # w.

Now,

min ||z' H||3= min 2" HH '
l[z[l2=1 [[z]|l2=1
= min 2" (WWT) 'z
[[z]l2=1

1

=,
where we used HHT = (WTW)2UUT(WWT)~2 = (WWT)~! and the fact that

WWT =k diag(I). Putting everything together, we get

I =273 >
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4.8.4 Proof of Theorem 4.4.11]

The proof is similar to that of [66], and we highlight the steps needed to extend the result

to general A. In particular, following similar arguments as in [66], it can be shown that

1< Viog N &
E{ ~N"zz] - A } <8270 R {maXHZZ-H%} B[S zz| |, (447)
n op n ieln] i=1 op
Now,
n 1 n
E(Y ZZ'| | <nE||=> 22z — Al +Ale
=1 op n =1 op
=n(8 + || Allop), (4.48)

where ﬂdﬁfE s ZZT — A . It follows from (4.47)) and (4.48) that
n =1 %

op

log N
B<cyf \/E max | Zi3] /5 + L
n 1€[n]
Letting o = ¢4/ (log N)/n\/IE [max;e(n || Z;||3], we have the solution

1
B < 5 (042 + y/ o + 4||A||0p)7

which completes the proof.

4.8.5 Proof of Lemma 4.4.3

Our goal is to compute the expected value of the affinity matrix, denoted E [T], and we
will do so by first conditioning on the measurement ensemble ®7 and noting that each
entry of T"is then of the form (X T AX)?, where X is subgaussian and A is a fixed matrix
(given ®7). This conditional expectation can be calculated using Lemma [4.9.2] The next

step is to average over the distribution of ®7, and our analysis will require the moment
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assumptions on the entries of ®7 described in Assumption 2. Although each entry of E [T]]
can be explicitly characterized in terms of the system parameters, we will sometimes only
mention the leading terms. In fact, the analysis of our algorithm in Theorem 1 only
requires an upper bound on the diagonal entries and tight upper and lower bounds on the
off diagonal entries of E [T7].

Specifically, by the definition of T from , we note that

n

1
E[Tu) = = D O(0],0,X,)° - (0,0, (4.49)
j=1

for (u,v) € Sun X Sun- The expectation in the expression above is over the joint distribution
of X7, ®7 and the labels G7 (generating samples from the mixture Ps = %Zle pP®
described in Section II in the main file can be thought of as drawing the label G uniformly
from [¢], and conditioned on G = g, drawing a sample from P)). We will first condition
on the labels (or, equivalently, on the random subsets {I,...,I,;} defined as I; o {j €
[n] : supp(X;) = S;} and on the measurement matrices. We focus on a single summand in
, and drop the dependence on the sample index j. With a slight abuse of notation,
we let & = supp(X) denote the support of the sample we focus on and note that

Ex [(@, ®X)*- (®, 2X)*|®,G] = Ex [(X$ o, Xs)*|®, G,

where, a, def CIDE@U, u € Syn. We can now use Lemma [4.9.2] to get

Ex [(X{ a0, Xs)?|®, G| = 'OZ .o + 5 Z s+ AG Z Qi Oty Oty Oy, (4.50)
i€S i#j i#j

where recall \g = E[X?] and p = E[X}]. We will first handle the v = v case, which will

be used to compute the diagonal entries of the mean matrix. We have, for every u € Sy,

Exo [(X4auo, Xs)?|G] = pEe + 2X2Eq

§ : 2 2
auiauj|G

i#]

Zaii‘G

€S
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> (@ d)'G

€S

PBCIDECH Hilel ¥

i#]

When u € S,

< Exg [(Xg aya, Xs)?|G]

= pEs | Pull3+ D (P12)YG | +2XEs (2Du]3 Y (Pr0)* + Y (0,P,)*(D]P;)°|C

ieS\{u} i€S\{u} 7]

< Cp( k;;) +c’A§(kn_11 Lk 1)<k_2)), (4.51)

m2

where we used Lemma in the second step and Lemma in the third step, and

retained the leading terms.

When u € 8, \S, using Lemmas [4.9.2| and 4.9.4] once again, we have

d dEf EX(p [(XS (e84 TXs) |G}
= pEs | D (279)'[G | +2XEs | D (D)) (D, @)2\(;]
i€S i#]
k Jk(k —1)

We now use these results to bound the diagonal entries of the mean matrix E [T]. Using

(4.49), (4.51) and (4.52), we see that for u € Sy,

def _ _ l T T
o B (1] = B | Bxa |1 ( @00 4+ D (@le,x)' )6

L Jjel J€l,
o '

=E¢ —(’[1|#8+Z|Ii|ﬂg)]

=2
-1
= E ,Uo

1
s
c
=\

"
{ ( N > <k;11+(k—173£2k—2))}
() il
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where we used Eq [|;|]] = n/¢ for all i € [¢], under the uniform mixture assumption. The
same result holds for v € S; for any ¢ € [¢].

The next step is to bound the off diagonal entries of E [T]. Continuing from (4.50),
we will handle each of the three terms separately. For each of these terms, we will
consider the case when both u and v belong to the same support, and when they belong
to different supports. Overall, these calculations highlight the block structure of E [T,
with the diagonal entries all being equal, and the off diagonal entries taking two different
values based on whether the indices belong to the same support or not.

For the first term in (4.50), when (u,v) € S X S, u # v, we have

Eo | ) apabi]G | =Eo [[Pull3(2].)*|G] + Eo [[|9y]l5(2] .)*|C]
i€S
VB | Y @@l
1€S\{u}U{v}
2 3 1 k—2 1 def
:E (1 —+ E(CQ — 1) + w(Cg — 302 + 2)> + W(l + E(CQ — 1)) =7,
(4.54)
using Lemma [4.9.4, On the other hand, when (u,v) € § X Syu\S, we have
Eo ZO@M%AG =Eo [H(I)qu((I)I(I)v)ﬂG} + Eo Z (q);r(bu)2(q);rq)v)2 G
icS ieS\{u}
1 3 1 k—1 1
:E <1 + E(CQ — 1) + ﬁ(Cg - 362 + 2)> + m2 (1 + E(CQ - 1))
def ¢
= 5, (4.55)

The same result holds when (u,v) € Sy;u\S x S. Finally, when (u,v) € Suu\S X Sun\S,

Ee =Eqs | ) (2]2,)°(¢]2,)%|G

i€S

k 1 def

m

§ 2 2
aui&vilG

1€S
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For the second term in (4.50)), when (u,v) € § x S,

Eo | anab|G| =Eo [[|9u]l3|0u]l3 + (2, 0)" + [®ulls D (27®)*|G
i#£j ieS\{u}u{v}
+Es [[Dll3 D (@[ + (D00,)7 Y (89)|C
| 1€S8\{uU{v} 1€8\{u}U{v}
+Ep [(D70,)° ) (@@ D (2,9)7- (2,9
ieS\{uu{v} i,j€S\{upu{v}
L i#]
1 2 2 1., 1 k—2
(k—2) 1 (k= 2)(k—3) aef s
+2 — 1+ E(@ —-1)) + - =5, (4.57)

where we used Lemma in the second step. When (u,v) € § x Sin\S,

Eq

E auz U]

i#j

=Eqo |[Qulls > (2,9:)°|G| +Eo |(2,0,) > (2,9:)°|G
ieS\{u} i€S\{u}

+Ee | Y (Pr®)7 - (2]9)%C

ijes\{u}
i
1 k-1 (k-1 1 k—1)(k—2
:(1+—(62—1>) +( 2)<1+—(c2—1))+( )(2 )
m m m m m
= (4.58)

and the same expression holds when (u,v) € §;,\S x S. When (u,v) € Sin\S X Sun\S,

k(k—1) qe
—Eo | S (@) @ayrio| = D ey g
iges
7#i

Eg

§ :auz v]

i#]
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Finally, for the third term in (4.50)), when (u,v) € § x S,

Eo =Eq [|| @[30, @, - @[30, @.|G]

E Ol Qlay; Qlayj Olyy |G
i#]

+Eo |[|0]30,D, Y (B1D;)- (2]®))|C
jes\ Ut}

+Eq [[|030,0, > (D10)) (D) 9))|G
jES\(uuf}

+ Eg Z (¢I®i)(¢l®i)(¢l@j)(®3¢j)IG

i.j€S\{u}U{v}
R JF#i
1 ~1\? 2(k-2 -1 k—2)(k—3
:_(1+C2 ) 2k )(1+C2 )+< Nk —3)
m m m m m
def ¢
=73- (4.60)

When (u,v) € § X Sin\S,

Eq =Eq || Q30,00 > (D)) (2 2;)|G

jes\{u}

E Oy Oly Qg j Qg | G
i£]

+Ep | D (DP)( D)D) (0, D) () D))|C

1,j€S\{u}
J#
k—1 -1 k—1(k—2) g
:( - ) <1 T C2 > 4 ( )(3 ) d:f 7§d7 (461)
m m m

and the same expression holds when (u,v) € Syn\S X S. When (u,v) € Sun\S X Sun\S,

Eo | D 0uititnong|G | = Ea | > (€,0:)(9) ®;)(0, €:)() ;)|
i e
j#i

_ SR e (4.62)

m3
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We have thus computed the expected values of each of the three terms in (4.50)).

Thus, combining (4.54)), (4.57) and (4.60) and using (4.50) and (4.49), we have for

(u,v) € 81 X Sy, u # v,

E [T Eal (ZmﬁAQ(Wr% + ) o+ X8+ %)

Jjel Jj€el2
+oe +me+A3(7§’+7§)ﬂ
JE€l,
1 s 2/.s s (-1 d 2/ d d def
=7 P+ A5 +73) ) + 7 P+ 200 +5) ) = ke (4.63)
where again we used E¢ [|;]] = n/¢ for all i € [¢]. This holds for (u,v) € §; x S;, for every
i€ [/].

For the case when (u,v) € §; X Sy or when (u,v) € S X Sy,

E[T, { (va F A+ B+ D et + (i + )
jeh VIS D)
+) (8 + ) +~~+me+kﬁ(7§l+v§’)>} (4.64)
JEI3 JE€L,
2 s s s -2 def
=7 (/md + A5 (57 + vgd)) +— (mf + 5075 + %‘f)) = Jta- (4.65)

Again, the same expression holds for E [T,,] whenever (u,v) € §; x S;, 4,7 € [{], i # j.
The mean matrix E [T] thus has a block structure with py on the diagonal, ps on the

remaining entries in the diagonal blocks and 4 on the off diagonal blocks as depicted in

Figure [£.1]

4.8.6 Proof of Lemma [4.4.6]
Using the structure of E [T] derived in Lemma we have,

HE [T] ”op = o + (k - 1):“5 + k‘(f - 1)Pld

2 kgf
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where we have used the definitions in (4.53)), (4.63) and (4.65)), and simplified.
For the eigengap computation, we first note from the definitions in (4.63)) and (4.65))
that

2

P A
[Ls — Ha Z(vf+vf—2vfd)+70(75+7§’—275d+7§+7§—27§d)
A2 _1 1 2 _9
_L. 0+ 1+CQ +— (242
/ m2 m
1 co — 1 2 co — 1 2 4
SR e
m m m m m
A
=7

We therefore have,

ANp=vp— v = k(s — pa) > ——.

4.8.7 Proof of Lemma [4.6.2

In this proof, we characterize the spectrum of the expected affinity matrix for ¢ = 2 when
S1 and S, have a non empty intersection. We will express the expected clustering ,atrix
E [T°] as the sum of E [T] in the disjoint case and a “small” perturbation. This will allow
us to use results from the case with disjoint supports.

Using the same calculation as in Lemma , we can show that if u € §\Sy or
u € 8\S1, then

o 1 S
E [Ty = 516 + 1) = o, (4.66)
whereas if u € §; NSy, then
E(T2,] = i = 2010 — pi. (4.67)

Thus, the diagonal entries are not all equal in this case, and have larger value along

coordinates in the intersection (since u§ > ud). For the off-diagonal entries, if (u,v) €
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0 0 0 0 )

0 0 0 0

Siy
I3 3
M, = 0 0 B 9
“32 32 O O

Y, 82

0 0 0 0
0 0 0 0

| | J

Figure 4.5: Structure of the error matrix My, = E[T°] — E[T]. Here, By = pu§ — to,

B = — p? and By = p* — pt.

(Sl X 81)\(81 N 82 X 81 N 82) s then

E[T;,] =Ez,

1
= ( DU NG D v+ N+ %‘f))] (4.68)

n ‘ .
Jj€l VISP

=1, (4.69)

using E [|[1]] = Ez [|I2|] = n/2 and the definition in (4.63). The same result holds when

(u,v) € (83 x83)\(S1NS2 x §1NSz). On the other hand, when (u,v) € (S1\S2) X (S2\S1),

1

E(Z v N8 8 + Y v (s + v:‘f))
Jjeh JEl2

= u’. (4.71)

E[Ty,] =Ez (4.70)

The same result holds when (u,v) € (S2\S81) X (S1\S2). Finally, (u,v) € (S1NS2) x (81N
82)7

(0] 1 S S S S S S
E(T;)=Ez |~ ( S v E NG ) D v+ A+ 73)> (4.72)
Jj€h JEl2
s d def
=2u° —pt =y (4.73)

This structure is depicted in Figure [£.4] Our next objective is to study the spectrum
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of this matrix, and to bound its spectral norm and eigengap. We will do so by first

expressing E [T°] as
E[T°] =E[T] + Moy (4.74)

where My, represents the error matrix E [7°] —E [T']. The spectra of E [1°] and E [T] can

be related using Weyl’s inequality. In particular, for every i € [ky,], it holds that
v = vil < ([ Mexe|lops (4.75)

where v; and v represent the ith largest eigenvalues of E[T] and E [T°], respectively.

Thus, by triangle inequality, we have
1B [T lop < 1B [T op + [[Mere[op: (4.76)
and using the relation in (4.75)) we get

o
Arnin

= min{v] — v, v§ — v5} (4.77)
> i~ Mol = (02 + 1ol v2 = [ Mol = 05+ [l | (479
= Apin — 2|| Merr| op- (4.79)
It can be seen from the representation in Figure that M, = E[T°] — E[T] will be a

sparse matrix. In particular, the diagonal is also sparse with non zeros placed only along

indices in &1 NSy (with value p§ — o). Letting kiye = |S1 N Saf, we have

||Merr||op S Tr(Merr) - kint(:ug - MO) (480)
1
— i (,uS S+ ug>) (4.81)

< Kt (125 = 115)- (4.82)
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Using the definitions of g and ug from ([4.51)) and (4.52), for arbitrary u # i # j,

po — g = VE [[|0]15 — (2, 2))"] (4.83)
+2NE [2]Du]3 ) (2,9)° — (B 2:)* (D, ®;)° (4.84)
ieS\u
2 1,
<vc—v " + $(02 —2) (4.85)
2k 3 1 42 1
+ QA(%E(l + E(CQ — 1) + ﬁ(CS - 362 + 2)) — m—20 (1 + E(CQ — 1))
(4.86)
< c(l/ + )\QE) (4.87)
= Om ) .

where ¢ > 1 is an absolute constant. Plugging this into (4.79) gives

Afnin Z AInin - Ckint (V + A(2)£> (488)
m
9 k
> A k= kint% (4.89)
= A2k (1 - kim) (4.90)
0 m ) .

where we used (4.66]) and omitted the dependence on the moments A\g and v for simplicity.

Assuming ki, /m < ¢ for some ¢ < 1, we have

A° > Aok (4.91)
Finally, from (4.76|) and (4.82), we get
k3 k k3
HE [TO] HOP S C)\(Q) (W + klnt%) S C)\%W (492)

Theorem 4.8.1 (Davis-Kahan). Let A and A be d x d symmetric matrices with eigen-

values vy > -+ > vg and vy > --- > Dy, respectively. For a fized i € [d], let

AN def min{v;_1 — v;, v; — Vg1t > 0 be the eigengap around the ith largest eigenvalue of



Chapter 4. Recovering Multiple Supports 135

A. Letv; and v; be the normalized eigenvectors corresponding to the ith largest eigenvalues

of A and B, respectively. Then,

_ 24— Al

sin(Z (v, 0;)) < A (4.93)

4.9 Useful lemmas

Lemma 4.9.1. Let X be a subexponential random variable with parameters v? and b > 0,

i.e., for every t >0,

2t
— > < — mi _ .
Pr (| X E[X]|_t)_26xp( m1n{202,2b})

Then, for ¢ € N, and an absolute constant c,
E[|X —E[X][*] <2¢-(16)1 (P(q)v2‘1 + b2qF(2q)).

Proof. We first express the tail bound for X in a form that is easier to evaluate, and
then use standard arguments (see, for example, [13, Theorem 2.3]) to derive the moment

bound. We have,
p (|),' E[),’]|> )<2 . 2t
T - g ez{p min 21}27 2{

—$2
<2 S
= ceXp (2(v2 + bt))’

that is,
Pr (|X ~E[X]| > bu+ VB2 + zv2u) <et,
With this tail bound, we can now derive the stated moment bound by using

E [|X — E[X] ] = 2 /OOO Pr(|X —E[X]| > £) 2 dt.
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In particular, upon substituting ¢t = bu + v/ b?u? + 2v?u, we get
E [(X ~E [X])Qq] < 2g / e " (bu + Vb2u2 + 2v2u)* !
0

y (b N Mi) du,
Vb2u? 4+ 202

which after simplification yields

E {(X —E [X])%} < 2q-(16)" (quF(Zq) + v2qr(q)).

]

Lemma 4.9.2. Let X € R be a mean zero random vector with independent entries such

that E[X?] = \g and E[X}] = p for all i € [d]. Then, for every a,b € R,

E[(XTab" X)*] = ,OZ aibi + A3 (a7b? + abiazby).
i#£]

In particular,

E[(X aa —pZa +20) ajd
i#j

Remark 4.9.3. If the second and fourth moments are related as p = 2\3 = 2c¢ for some

absolute constant c, then the result simplifies to E [(XTab" X)?] = ¢((a"b)? + ||al|3]6]13)-

Proof. To start with, we note that the quadratic form X "ab" X is a subexponential ran-
dom variable since X is subgaussian. Although this fact can be used to derive upper
bounds on the moments of X Tab' X, we would like to explicitly compute the second

moment. We have,

E[(XTab"X)*] =E (Zalb X2+ aib X X; ) ]

L 1#£]

(Zaibin) + <Z aiijiX]> +2 Zalb X2 b XX,
L =1

i#] i#]

I
=




Chapter 4. Recovering Multiple Supports 137

d
=E ) a?biX! + ) abab; XIX7+ Y albPXPX?
i=1 i#£] 1]
Using E [X?] = A and E [X}] = p, we get
E[(XTab"X)?] = pz aibi + 23> (a7b? + abiazby).

i#j
O

Lemma 4.9.4. Let X, Y, Z and W be independent random vectors taking values in R™
with independent entries that are zero mean with variance 1/m. Additionally, for every

i € [m], let E [qu] = ¢,/m, for q=2, 3, 4 and a constant ¢, that depends only on q.

Then, the following results hold:
(i) B[IZ]3] = 1+ (2 — 1)

(i) E(|Z]5] =1+ S (ca = 1) + ;(ca — 3ea +2)

6 (11 — 18¢s + 6¢3 4 4c3) + —5(cs — deg — 6¢3 + 12¢, — 6)

(iii) B(IZ]5] = 1+ (2= 1) +

[y
l\J

(iv) E[(XTY)Y] = 2 + L (- 2)

W) E[|Z|3(ZzTW)?] =L (1 + 3 (e —1) + 25(c5 — 3e2 + 2))
(vi) E[(XTZ2)X(XTW)?] =L, (1 + Z(cy — 1))
(vii) E [|ZIBIW3(ZTW)?] = L (1 F (e 1>)

(viii) E [| ZI30V 7 2)(X T Z)(XTW)] = 5 (1 +Le - 1))
(iz) E [(ZTX)(ZTY)(WTX)(WTY)] = #

() E[(XTY)?] =
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Proof. (i)
E[||Z]|4] Zz‘* +Y 737
i#]
—1 1
S L N (02—1).

m m

E[|IZ|°] =E[(Z] + ...+ Z2)(Z7 + ...+ Z2)]

=E (ZZ‘%LZZQZQ)(iZf)

L i#]

=FE ZZ4ZZQ+ZZQZZ2ZQ

t=1 1#]

For the first term,

226 + 22422

£t

E il zZ! il 72| =
= t=

c3 1 c
—mﬁqtm( —1)—— = ﬁ(cg—@)‘i“%y (4.94)

and for the second term,

i ZZQZ2

=1 i

22 772 + Z 2727}
t#i t#i#£]
Co 1 1
)

1
= ]_—f—E(QCQ—S)—E(CQ—]_)

2

Thus,
E[IZ]°] =1+ B er— 1)+ (5 — 3¢+ 2).
m m?2
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(i)

EIZI°) =E [(Z} + - + Z3)"]
m\ 4! m\ 4!
=mE [Z}] + (2)3|2E [2872) + <2)ﬁ2E (74 23]
|
+ @) %31@ [Z17272) + (T)ME (222222 72]
6 1
=1+ E(CQ — 1)+ W(H — 18¢y + 63 + 4c3)

1
+ %(04 - 403 - 663 + 1202 - 6)

(iv) To compute E [(XTY)*], we first note that

E[(XTY)X]=E[(Y'XXY)*X]

E [v] ZX4+2 Y22 XPX?

i

ZX4+2( > >y X)X

i#j

where we used Lemma [4.9.2]in the second step. This gives

E[(XTY)"] = %E (X7 + W(E [X7])

(v) Similar to the previous calculation, we first compute the conditional expectation to

get

m 121
E[|ZI3(2TW)212] = ||Z||;*(ZE 22w 2] + ZE[ZZ»WZ-ZJ-WAZ]) _ |1zl

i=1 i#j
which gives

1

B 121 W) = B [1215) = o (14 2= D+ sxla—3a +2)).
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(vi) We have

E[(XTZ2* X WPX] =E[(X"Z2?*X]E[(X"W)X] = H‘ji”% : ”);l@.
Thus,
E[(XT2(XTW)?] = % (1 + %(c2 - 1)).
(vi)

E [ ZI5IW 52 W)2|z] =l 25 E [IW5(Z"W)*|Z]

1z L E[WIEZW2Z) + S (W, 2,12 )

i=1 i#]
1z 2B wf+zw;m2]
i—1 I

+1215)  ZiZ,E
i)

B 2m o C2 m—1\ o1 -1
122 (5 + ) = 1+ )

WRW, + WEWi+ Y WfWin]
10, 145

Thus,

E (1ZIBIWIEZT W) =+ (14 222
(vii)

E (121507 2)(X T 2)(X W) Z, W] = |25V 2)E [X 'WZ ' X|W, Z]

ZTW
=1ZI2Z(WTZ .
1Z]]5( ) -
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Using similar arguments as in the proof of (v),

E (120 2T W] = 4 (14 221,

m

E[(Z'X)(Z'Y)WTX)WTY)X, Y, W] =W ' X)(WY)E[Z'XY"Z|X,Y]
Xy

= W' X)(WTY)

Thus,

E[(Z7X)( 2TV TX)WTY)] = By [Bw [0 X)(FT¥)(X V)X, Y]]

- %Ex,y [(XTY)Ew [WTXYTW|X,Y]]

1

1
- ﬁEX,Y [(XTY)?] = —

BTV = 3B [XY?] + 3By - -

i=1 i£j
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Conclusions

5.1 Summary

We studied the problem of support recovery from linear measurements under the con-
straint that we can only obtain very few measurements per sample. For the case of a single
unknown support, we derived tight upper and lower bounds on the sample complexity and
saw that the measurement constraint leads to an increase in the sample complexity com-
pared to the measurement-rich regime. Our upper bound results under both random and
deterministic inputs showed that a simple variance estimation based procedure achieves
the optimal scaling when the measurement matrices satisfy a separation condition. In
summary, our results showed a change in the sample complexity of this problem as we
move from the measurement-rich m > k regime to the measurement-constrained m < k
regime. We then studied the case of multiple supports under similar measurement con-
straints. We used a combination of the variance estimation step and a spectral clustering
step to estimate the underlying supports, and provided an upper bound on the sample

complexity under a mixture model prior on the inputs.

142
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5.2 Directions for further work

We outline some interesting directions that can be studied in the context of the work

presented in this thesis.

1. Multiple support recovery with arbitrary overlaps
Our current result for multiple support recovery in the general ¢ case is for disjoint
supports in a measurement-constrained setting. It would be interesting to extend
the algorithm to handle overlapping supports. While some simple heuristics work in
practice, we are not aware of any theoretical results for this setting when m < k.
In particular, extending the f-means step to handle overlaps and characterizing the

spectrum of E [T'] with arbitrary overlaps are both challenging in general.

2. Subspace recovery under measurement constraints
Another direction that can be considered is when the samples are sparse in an unknown
basis, namely when the samples are drawn from a union of subspaces, and we are given
access to very few measurements from each sample. Such data can be modeled using
a mixture of degenerate Gaussians with the component Gaussians having a low-rank
covariance matrix, and similar to our setting in the sparse case, one could consider
designing algorithms for recovering the unknown subspaces. The question of labeling
the samples first (as opposed to estimating the subspaces first) is also an interesting
question which has been looked at [85], [74] although these algorithms are not designed

for the measurement-constrained setting.

3. Lower bound for multiple support recovery
A lower bound on the sample complexity of the multiple support recovery problem
is not known in the m < k regime. A key challenge here is to characterize the dis-
tance between mixture distributions, and using a component-wise bound does not yield
tight results. In particular, using an approach similar to the common support case,
we can model the inputs as being drawn from a Gaussian mixture with components
that have zero mean and sparse, diagonal covariance matrices. The KL divergence

between pairs of output distributions cannot be expressed in closed form, and relaxing
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it to component-wise distances leads roughly to the same result as in the £ = 1 case.
One could use other distance measures, however obtaining tight bounds under this

covariance-based prior on the inputs is difficult.

4. Moment-based estimators for measurement-constrained settings
Both our estimators are based on the idea that when the gram matrix of the mea-
surement matrices roughly behaves like the identity matrix, the measurements can be
“inverted” to get proxy samples, and sample averages of their higher moments can be
used to find interesting structure in the data. This approach is able to work with very
few measurements per sample. A more general understanding of this procedure can

help in designing estimators for other problems in measurement-constrained settings.
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