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R Goal: Recover x from Y

R M << N: EM&MLEetv many solutions



Campmssaci Sensing
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R DPeals with kwo main qu,esﬁm\s:

&R Desigin of@ehsiv\g maErices}wL&h recovery
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® Compubationally efficient recovery

® Qur focus: sparse signal recovery from noisy
Linear underdetermined measurements



Robust Linear Regression:
Underdetermined Case
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y Model noise
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& Transform into an ovaraompie&e Probt&m:
Y = ®&x + Vv, +v,, where W =]
X
or Y =P, V| [ < ] + v, Sparse recovery algos
S

are Now apptiaabi.a!



Robust Linear Regression:
Overdetermined Case
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R Measuremenlk model:

y=Ax+E+e

M x N; OQutliers; Noise
M > N  sparse

e Sy DA — U2V - U-A—0
R Processed measuremenks:
y=Uly =UJE+UJe

R Caln Mow direc:&i.j &prj sparse sighal recovery
algorithms to estimate and remove outliers!



The Problem
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@2 Noiseless case: Given y and @, solve
min ||x||g subject to y = ®x
@ Noilsy case: solve
min ||x||o subject to ||y — &x|2 <

@ L, horm minimizakion

R Cowmbinakorial complexity

®R Not robust ko noise



Sparse Bayesian Learning
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Use Lots of priors and pick the best one!



Spar’se Bav@.siam Learning

Canonical model
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Parametberized Graussian Feri,or:
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Grapk&&at Model
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@R Markov chain: y =» x => Y

@2 y: honnegative hyperparameters

-
%

R Potential advantages:

R Criven vy, F("ljti> is
Gaussian: easy to find
poin& estimates

R Averaging over x -» fewer
local minima in plyly)

&R y can be used to bie
parameters together: fewer
params, to estimate



Hierarchical Bavesiam
Franeworie
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@R First, estimate hyperparameters: = ey mvaxp(v y)

Ry : deberministic and unknowin, or random
with hyperprior distbn.

R Then, find posterior distribution P(xl:j;/\?)
p(Xly; 4) = N(pte, Xz)
A ‘s =1

py = Id7 (<I>F<I>T + AI) y

S =1 =107 (9rdT + AI) " oF

R For Foim& estimates: e.q,, Fos&ermr nmeawn: E (x|y;9)



SF’C&T‘S@. Bayesian Methods

@ Estimate v, from the data: Type-II ML
£(T) = logp(y:T) = log [ plylxiT)p(ox T)ix

e = (0,g21 + @F@{)

Zy
& When Y is random: can find MAP estimates

N
R Jusk add Zlog p(vi) term to log Likelihood fia
=i

o2 $BL cost function: L(T) o —logdet(Zy) — y73;ly



GFEEME,&&&EQM via EM
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R Lc;-g Likkelihood O'f the i‘IIOMF?LEEZ@. d&&ﬁ\

ly — ®x||2 S »
—logp(y,x;7) = +§ > = +logyd Zlogp 7i)

202 : ;
1=1 !
— log p(y|x; ) — log p(x;7) ac1htates type-II |

indep. of func. of ~ , algorithms §
@R E-Step: compute “Q-function”

Q (F’F(t)) 7 IE':‘4><:|y-1“(t> —logp(y, %) from previous

() iteration
NE
= E Ly silooe

Yi

R Easv ko «QOMPM&E p(ley,F(t)) Ls ¢raussian




The EM Iterakions
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R Efms?t:ee,p (continued): p(X!y;F(t)) = N(p, 2)

—

e | —1
M:U—2 ((7—2(1):F(I)Jr (F(t)) ) e <02<I>T<I>+ (F(t)> )

R M“s%ep: maximize QM) given
posteriors qgathered in the Ewsﬁep:}/

— 1

E(x?|y; T¥)

LD — argmax Q (F\F(t>) :Eiiag (17 + z))

v: =0

R Companenﬁwwise upcia&es

Can recover type-I methods by
treating v as hidden and taking
expectation over v instead of x



The SBL Algorithm
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1. Inikialize [ = 1

SN
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o
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3. Update Bl diap 7 =k 2
-, Qépeo& s&eps 2 and 3

5. Qutput [ after convergence



Emp&r&cat Examgt@.

Crenerake random 50
x 100 makrix A

Grenerabe sparse
vector x,

Cempu&e Yy = Ax,

Solve for x,, average
over 1000 trials

Repeat for different
sparsity values
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Approximate Message
Passing
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&R AMP [Donocho, Maleki, Montanari 09

@@ Uses loopy belief propaga&ion + Graussian
approximations to solve LASSO

R Key advantage: Llow complexity

®R In SBL:
&R All Gaussian PDFs: appmxima&io—m is not necessary
2 Only need to track means and variances

XR Cal re.pi.m:e aampu&a&iomauj expensiva Elms&ep wikh
the AMP based iterations



Factor Graph
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R In the E-Step, we're after 91

(X!y;F(t)) x p(y|x)p (XT(”)

o H P(Ym|x) Hp @and)

R And we c&@fme
G (%) 2 p(Ym|x) = N (ym; X, 0%)

fn(xn) é p('fcnaf}/n) e N(Zlin,o,”}/n)
® To get the factor graph /C
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AMP-SBL

Definitions:
Grhs o= pore =
/ Tn
- F Kna T
R General form of updates: e

A 2 Message Updates:

| M
1 | K, =) & zZ
2t —y — Ox! _|_[_Zt1<77,t1 ((I)Hzt—l . 5551)9 —
0 Ly = Fo (Chaee
Message passing term 1, = G (B
R N sofb-thresholding e
Ci=20; — e
function — Linear for SBL "M nz::l

@R G(M+N) mMsq upd&&esz Skl nz::l Pruntin + 3F ; F(pin; €)

Low aompu&a&ionai. cost! 2
A= S /’Ln



Empir&cai Examgt@.

NMSE

T
R N = 200, M = 100, K = 20, Graussian measurement makrix
10° : : : :
=3 EM-SBL | =%~ EM-SBL ||
-©- AMP-SBL -©- AMP-SBL |
* S *
101 i \
gm"
|_
e o
< e C o
‘ ‘ ‘ 107 * * :
10 15 20 25 5 10 15 20 25

SNR (dB) SNR (dB)



