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General Classes of Performance Lower Bounds for
Parameter Estimation—Part II: Bayesian Bounds
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Abstract—In this paper, a new class of Bayesian lower bounds
is proposed. Derivation of the proposed class is performed via
projection of each entry of the vector-function to be estimated
on a Hilbert subspace of L. This Hilbert subspace contains
linear transformations of elements in the domain of an integral
transform, applied on functions used for computation of bounds
in the Weiss—Weinstein class. The integral transform general-
izes the traditional derivative and sampling operators, used for
computation of existing performance lower bounds, such as the
Bayesian Cramér—Rao, Bayesian Bhattacharyya, and Weiss—We-
instein bounds. It is shown that some well-known Bayesian lower
bounds can be derived from the proposed class by specific choice
of the integral transform kernel. A new lower bound is derived
from the proposed class using the Fourier transform kernel.
The proposed bound is compared with other existing bounds in
terms of signal-to-noise ratio (SNR) threshold region prediction
in the problem of frequency estimation. The bound is shown to
be computationally manageable and provides better prediction of
the SNR threshold region, exhibited by the maximum a posteriori
probability (MAP) and minimum-mean-square-error (MMSE)
estimators.

Index Terms—Bayesian bounds, maximum a posteriori prob-
ability (MAP) estimator, mean-square-error bounds, min-
imum-mean-square-error (MMSE) estimator, parameter estima-
tion, performance bounds, threshold signal-to-noise ratio (SNR),
Weiss—Weinstein class.

I. INTRODUCTION

OWER BOUNDS on the mean square error (MSE) of
L estimators enable performance prediction and constitute
a benchmark for performance evaluation, in the MSE sense.
There are three main categories of lower bounds on the MSE of
estimators: 1) non-Bayesian bounds for cases where the model
parameters are deterministic; 2) Bayesian bounds for cases
where the parameters are random; and 3) hybrid bounds for
cases where the observation model contains deterministic and
random parameters.

In PartI[1], a new class of non-Bayesian bounds was derived
for the case of unbiased estimators by projecting each entry of
the vector of estimation error on a Hilbert subspace of L5. This
Hilbert subspace contains linear transformations of elements in
the domain of an integral transform of the likelihood-ratio (LR)
function. In this part, a new class of Bayesian bounds is derived
by projecting each entry of the vector-function to be estimated
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on a Hilbert subspace of Lo, which contains linear transforma-
tions of elements in the domain of an integral transform, applied
on functions used for computation of bounds in the Weiss—We-
instein class.

Bayesian lower bounds can be partitioned into two cat-
egories: 1) the Ziv—Zakai class [2], derived from a binary
hypothesis testing problem, and 2) the Weiss—Weinstein
class [3], derived from the covariance inequality [4]. The
Ziv—Zakai class contains the Ziv—Zakai [2], Bellini—Tartara [5],
Chazan—Zakai—Ziv [6], Weinstein [7], extended Ziv—Zakai [8],
and Bell [9] bounds. The Weiss—Weinstein class contains the
Bayesian Cramér-Rao (BCR) [10], Bayesian Bhattacharyya
(BBH) [3], Bobrovsky—Zakai (BZ) [11], Reuven—Messer (RM)
[12], Weiss—Weinstein (WW) [13], Bayesian Abel (BA) [14],
and the combined Cramér—Rao/Weiss—Weinstein (CRWW)
[15] bounds. Since the RM bound is originally hybrid, we note
that it is contained in the Weiss—Weinstein class only under the
assumption that all the parameters to be estimated are random.

Applications of Bayesian bounds to several estimation
problems can be found in [16]-[18], where the Ziv—Zakai and
Weiss—Weinstein bounds were utilized for analyzing estimation
performance in an underwater acoustic scenario. The Ziv—Zakai
class has been applied in other applications, such as time-delay
estimation [19], direction-of-arrival (DOA) estimation [20],
[21] and digital communication [22]. In [23] the Weiss—We-
instein bound was applied to data aided carrier estimation. In
[15] the CRWW was applied for target bearing tracking.

In this paper, we are concerned with the Weiss—Weinstein
class. Bounds in the Weiss—Weinstein class are derived using
particular functions, defined on the observation and parameter
spaces, which are orthogonal to any function of the observa-
tions. Finding such particular functions, for which tight and
computationally manageable bounds are obtained, is not an easy
task. Therefore, to this day, only a limited variety of bounds
in the Weiss—Weinstein class have been introduced. Moreover,
in computation of bounds, such as the RM, WW, BA, and the
CRWW bounds, it is usually required to evaluate these partic-
ular functions at multiple test-points for obtaining tight bounds.
This fact consequences inversion of large matrices, and in ad-
dition, numerical search methods should be utilized for optimal
selection of these test-points.

In this paper, we propose to overcome these disadvantages by
the establishment of a new class of Bayesian lower bounds. We
begin by showing that Bayesian lower bounds can be derived via
projections of each entry of the vector-function to be estimated
on some Hilbert spaces. Let Lo denote the Hilbert space of func-
tions, defined on the observation and parameter spaces, with fi-
nite second-order statistical moments, and let H, C L2 denote
the space of functions, which are orthogonal to any function of
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the observations. We show that a class of Bayesian bounds can
be derived via projections of each entry of the vector-function
to be estimated on closed subspaces of H,, where projection
on H,, itself yields the tightest Bayesian lower bound, which is
given by the MSE of the minimum mean square error (MMSE)
estimator. Modification of these subspaces yields a variety of
lower bounds.

Hence, let 4 denote a vector-function, comprised of functions
in Hy. Using the framework described above, it is shown that
the bounds in the Weiss—Weinstein class are obtained by pro-
jection of each entry of the vector-function to be estimated on a
closed subspace of H,, spanned by the entries of 4. By choosing
different 4’s, different subspaces are obtained and hence a va-
riety of bounds can be derived. However, finding functions in
‘H, from which ) is comprised, such that tight and computa-
tionally manageable bounds are obtained, is not an easy task.
Existing bounds are based on %, which is comprised of deriva-
tives and samples of functions in H 4, drawn from a small set, de-
noted by S. This fact consequences a limited variety of bounds.
Moreover, in many cases, the functions in S are evaluated at
many test points in order to obtain tight bounds at the expense of
high computational complexity. We note that this unification ap-
proach of bounds in the Weiss—Weinstein class is related to the
approach described in [24], according to which lower bounds
in the Weiss—Weinstein class can be obtained via constrained
minimization over Lo. The relation between these approaches
is discussed in this paper.

In order to overcome the disadvantages in existing bounds
in the Weiss—Weinstein class, a new class of Bayesian lower
bounds is proposed. Following the basic idea, which was first
presented in the conference paper [25], the bounds in this class
are obtained via projection of each entry of the vector-function
to be estimated on a closed subspace of H 4. This subspace con-
tains linear transformations of elements in the domain of an in-
tegral transform, which is applied on the functions in the set
S. By modifying the kernel of the integral transform, different
subspaces of H are derived, and as a consequence, a variety of
bounds is obtained.

The integral transform generalizes the derivative and sam-
pling operators used for computation of some well-known
bounds in the Weiss—Weinstein class. Hence, it is shown that
by specific choice of kernels, some well-known bounds in the
Weiss—Weinstein class can be derived from the proposed class.
In the paper we show that the proposed class is a subclass of the
Weiss—Weinstein class. In comparison to the Weiss—Weinstein
class, instead of modifying ), we use a fixed set of functions
in Hy (the set §) and modify only the kernel of the integral
transform.

In order to obtain tight and computationally manageable
bounds, we look for kernels, such that the significant informa-
tion in the functions in S is “compressed” into few elements
in the domain of the integral transform. In searching for this
kind of “compressing” integral transform, we note that in
cases where the spectra of the functions in S are concentrated
in a small subset of the frequency domain, the significant
information in these functions can be “compressed” into a few
frequency components via the Fourier transform. Motivated
by this fact, a new lower bound is derived from the proposed
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class using the kernel of the Fourier transform. It is shown
that the proposed bound is computationally manageable and
provides better prediction of SNR threshold region exhibited
by the maximum a posteriori probability (MAP) and MMSE
estimators, in the problem of frequency estimation.

The paper is organized as follows: In Section II, it is shown
that Bayesian lower bounds in the Weiss—Weinstein class can
be obtained via projections of each entry of the vector-func-
tion to be estimated, on a closed subspace of H. In Section III,
we show that the bounds in the Weiss—Weinstein class are ob-
tained by projection of each entry of the vector-function to be
estimated on a specific closed subspace of H. In Section IV,
a new class of Bayesian lower bounds is derived by applying
an integral transform on the functions in S. The relations of the
proposed class to the Weiss—Weinstein class is discussed as well.
In Section V, it is shown that some well-known Bayesian MSE
bounds can be derived from the proposed class by modifying the
kernel of the integral transform. In Section VI, a new bound is
derived from the proposed class using the kernel of the Fourier
transform. In Section VII, the proposed bound is compared with
some other known bounds in terms of threshold SNR prediction
in the problem of frequency estimation. Section VIII, summa-
rizes the main points of this contribution.

II. BAYESIAN LOWER BOUNDS BASED ON PROJECTIONS IN
SOME HILBERT SUBSPACES OF L2

Let £- denote the Hilbert space of functions defined on the
observation and parameter spaces with finite second-order sta-
tistical moments, and let H4; C L be the space of functions,
which are orthogonal to any function of the observations. In this
section, it is shown that Bayesian bounds can be derived via pro-
jections of each entry of the vector-function to be estimated on
closed subspaces of H,. We begin by stating some definitions
and assumptions, which will be used in this paper. Afterwards,
the Hilbert subspace, H, is constructed. It is then shown that
projection of each entry of the vector-function to be estimated
on any closed subspace of Hy, denoted by H.,, yields an esti-
mator-independent lower bound on the MSE of any estimator.
As a special case, if H, = H it is shown that the tightest
Bayesian lower bound, given by MSE of the MMSE estimator,
is obtained.

A. Definitions and Assumptions

1) Parameter space:
We assume that the parameter space, ©, is a subset of R
with finite Lebesgue-measure, A.

2) Function to be estimated:
The estimation of g(f), where g : @ — R’ is determin-
istic known and @ € © is random unknown, is considered.
We note that all the functions used in this paper are as-
sumed to be measurable [26].

3) Observation space:
An observation space of points, x, is denoted by X'.

4) Probability measure and probability density function:
Let P denote a probability measure on X' X ®, and let
1 denote a o-finite positive measure on X'. It is assumed
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that P is absolutely continuous w.r.t. the product measure
i X A, such that the Radon—-Nikodym derivative [26]

dP(x,0)

f6x:0) = G0 a8

(D

exists. The function f (x, ) is the joint probability density
function (PDF) of x and 6.

5) The Hilbert space of Lo(X x ©):
The Hilbert space of absolutely square integrable func-
tions, ( : X x® — C, w.r.t. P isdenoted by L5 (X x ©).
The inner-product of {(x, #) and ¢’(x,0) in Lo(X X O) is
defined by

(C(x,0),('(x,0)) , (X x®)
= / "™ (x,0)dP(x,0)
é Ex 0 [C(x,0)¢" (x,0)] 2)

where (-)* and E_p[-] denote the complex-conjugate
and the expectatlon ‘w.rt. f(x,8), respectively. Hence,
((x,0) € L3(X x O) if and only if the squared norm

||C(X7 0)”3‘,2 (Xx0O) é <C(X7 0)7 C(X7 0)>£2 (XxO) (3)

is finite.
6) Estimation error and MSE:
Let g : X — R” denote an estimator of g(6). The vector
of estimation error and the MSE matrix are given by
eg(x,0) = g(6) - §(x), “)
and

MSE(g(x)) £ Ex,g [eg(x.0)ef (x,0)] )
respectively, where it is assumed that g(x),g(d) €
LE(X x ©) and

LE(x x @)

2 Lo(X X O) XX Ly(X X O).

L

B. Construction of the Hilbert Subspace, Hy C L2(X X ©)

In this subsection, the following Hilbert subspace of Lo (X X
®) is constructed.

Hy 2 { (x,0) € La(X x O)

: /qﬁ(x7 0)f(x,0)dd =0 forae.xe X (6)
o)

where it is assumed that Hy is complete, i.e., any Cauchy se-
quence in Hy converges to a limit in Hy4. Observing (6), one
can notice that

C(X) L Hy, V((X) € Lo(X x ©). ()
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C. Bayesian Lower Bounds Based on Projections on Closed
Subspaces of Hy

Let g : X — RE denote an estimator of g(#). In this sub-
section, it is shown that projection of each entry of g(6) on any
closed subspace of H,, yields a lower bound on MSE(g(x)).

Theorem 1: Let g(x) € LE£(X x @) denote an estimator of
g(#), and let

ps (8(0)|H,) 2 [ps ([80)]y [Hy) .-

pr([8@)]-1|H)]" ®)

where p.7([g(0)]; | H,) is the projection of [g(f)]; on H, C
Hg, and H,, is closed. Then
MSE(g(x)) = C,

2E, g [ps(2(0) | Ho)p7(8(0) | Hy)] . ()

Proof: The Cauchy—Schwartz inequality [26] implies that
vr € CF

‘ 2

(reg(x.0),r"ps (g(0)] Ho)) o (xxo)

2
< [+ eg(x.0)[1%, (1 o)

2
< [ (80) | H) 2 v ro) (10)
where by the definition of ez (x,6) in (4)
(rHeg(Xyo) rHPJ( (0) |H )>£2(X’><®)
= (rfg(0).r"ps(8(0) | H,)) £, (v xo)
<r g(x),r pj(g( )|Htp)>£2(,¥x@)~ (11)
According to the Hilbert projection theorem, stated in
Appendix A
(r7g(0),r"p7(80) | Ho)) r, (xxo)
= <erJ(g(0)|H¢), HP (g(0 )|H¢)>52(X><@)
2
= [t (8(8) | Ho)llz, vy, Vr € CF. (12)
Moreover, since according to (12) rfg(x) L Hy and
rp(8(8) | H,) € Hy. then
(rt7g(x), r"p7(8(0) | Ho)) ryxxey =0 (13)
Hence, substitution of (12) and (13) into (11) yields
<rHeg(X, 0)7 erJ(g(o) |H#9>>£2(X><®)
2
= It"ps(80) | M)l sy xxey (14
Therefore, according to (10) and (14), Vr € cr
H 2
7 eg (<. OII% (v o)
2
> [r"ps(g(0) | Ho)ll 2y vxey (15
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Fig. 1. Geometric interpretation of Bayesian bounds for the one-dimensional
case i.e., L = 1. The spaces Lo(X x @), H,, and H,, are illustrated by the
spheroid, plane and the white axis, respectively. The terms p 7(g(8) | ) and
p7(g(0)|H,) (marked by thick dashed arrows) denote the projections of g(8)
(marked by a thick solid arrow) on H,, and H,, C H 4, respectively. The terms
C“<¢> and C'y, are the squared norms of p s (g(8) | H,) and p s (9(8) | H,)
in £o(X x ©), respectively.

Thus, by (2) and (3) it is implied that Vr € CF

rE, [eg(xﬁ)eg(x, 0)] r

> "By o [p7(2(0) | Hy )T (8(0) | Hy)] x.  (16)

Finally, since the matrices Fy gleg(x, 0)eg (x,6)] and
Ex o[lps(g(0) |’H¢)pg(g(0) |’H,)] are Hermitian, it is
implied by (5) and (16) that the semi-inequality in (9) holds. ®

Geometric interpretation of Cy,,, is depicted in Fig. 1 for the
one-dimensional case, i.e., L = 1.

D. The Tightest Bayesian Lower Bound

In this subsection, it is shown that projection of each entry of
g(#) on H, = H, yields the tightest Bayesian lower bound,
which is given by the MSE matrix of the MMSE estimator.

Theorem 2: Let

gvvse(x) = Eg | x[g(0)] (17)

denote the MMSE estimator of g(#), where FEg | [-] is the con-
ditional expectation given x. Then

MSE(gvmse(x)) = Cx,
2 Fuo [P (8(0)| Ho )P (2(0) | Hs)] - (18)

Proof: Since gyse(x), g(8) € LI (X x @), then by
using (6) and (17), one can verify that

egunse (X, 0) £ g(0) — Bavse(x) € H (19)
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where ’Hé £ Hy X --- X Hg. According to the Hilbert pro-
~———

L
jection theorem, stated in Appendix A, there exists a unique
ps(g(0)|Hy) € HE, such that

v (g(0) — ps(g(8) | Hy)) L Hy, VreCE

(20)
Hence, according to (7) and (19), one can notice that (20) holds
for

pj (g(o) | H¢) = egl\l!\/[SE (X‘r 0)' (21)
Therefore, according to (5), it is concluded that the equality in
(18) holds. [ ]

Geometric interpretation of Cy;,, is depicted in Fig. 1 for the
one-dimensional case, i.e., L = 1.

In conclusion, by Theorems 2 and 3, itis implied that Vg(x) €
LE(X x @)

MSE(@(X)) t MSE (gMMSE(X)) = CHé t CH¢.
(22)

Hence, by modifying H,,, a variety of bounds can be obtained,
where Cy,, is the tightest lower bound on the MSE of any esti-
mator in L% (X x ®). However, according to (17), calculation of
Cx s requires the derivation of g\vse(x). In many cases this
task is analytically impossible and consequently Cy,, is prac-
tically incomputable. Therefore, it is preferable to use Cyy,, in-
stead of Cyy,,, though it is less tight than Cyy,, . In the following
section, we use the framework presented above, for derivation
of the Weiss—Weinstein class of bounds.

III. THE WEISS—WEINSTEIN CLASS

In this section, it is shown that the Weiss—Weinstein class
of bounds is obtained via projection of each entry of g(6) on
a closed subspace of H4, which contains linear combinations
of elements in Hy. Derivation of some existing bounds in the
Weiss—Weinstein class is described, and their disadvantages are
discussed as well. Finally, the relation between this approach
for unification of bounds in the Weiss—Weinstein class and the
approach described in [24] is discussed.

A. Construction of a Closed Subspace of H

In this subsection, a closed subspace of H, is constructed in
the following manner. Let ¢ : X x ® — CV, where 9 €
Hg and HY = Hy X -+ X Hg. The following space is con-

| S —

N
structed:

HP 2 (g, 4(x,0)2ah(x,0):ac CV}.  (23)
Since any Cauchy sequence in Hg”) converges to a limit in
HEZI’), it is concluded that ng) is complete, and hence, it is a
closed subspace of Hy.
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B. Derivation of the Weiss—Weinstein Class

In this subsection, the Weiss—Weinstein class of bounds is
derived in the following manner. First, the vector of projections

ps (80)17P) 2 [ (le(@)] 1Y) ...,
by ([g(a)]L—l |H£o¢)>]T

is obtained. According to the Hilbert projection theorem stated
in Appendix A, p7([g(8)]: | ng)) is the unique solution of the
following system of equations:

(rs (@1 1HP)  gau(x.0))
= (O] 0 gp®0), .0
Vi, 4(%,0) € HP . (25)

(24)

L2(Xx©)

Hence, since 7 ([g(0)]: | H¥)) € HP), Tet
earw(x.0) 2 py ([e(0)) | 1) = af"p(x.0)

where the second equality in (26) stems from (23). According
to (2), (25) and (26)

é{{EXﬂW)(X? 0)¢H(x7 0)]3

(26)

= Exollg(0)%" (x.0)]a, VaecC". @7
Therefore, it is concluded from (27) that
a = B g[o(x.0)9" (x,0)|Ex o[9(x,0)[g(0)i]  (28)

where it is assumed that E, g[1(x, 8)3" (x, 8)] is nonsingular.
Hence, substitution of (28) into (26) and using the definition of
ps(g(0) | 1Y) in (24) yields

OIS
=Ex o[g(0)9"(x, 0)[EL 5[ (x,0)9" (x,0)]4(x,6).

Second, according to (9) and (29), the Weiss—Weinstein class
[3] is given by

(29)

Crw

2 Fyp [py ( IH("’)) Py (g IH("’))}
= Exolg(0)9" (x, 0)]E, g[th(x, )%™ (x,0)]
x Ex o[9(x,0)g" (0)].

By modifying % (-, -), the subspace HS”) is modified and a va-
riety of bounds can be obtained from (30).

(30)

C. Existing Bounds in the Weiss—Weinstein Class

Existing bounds in the Weiss—Weinstein class can be derived
by choosing (-, -), which is composed of derivatives and sam-
ples of functions drawn from the set

S £ {vru(x.0.7), vww(x.0,7)} (31
where T € A, A isasubset of RM with finite Lebesgue-measure

VRM(XvovT) 2 p(x,0 +, 0) - 17 (32)
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rww (x,0,7) 2 pﬁ(T)(x; 0+7,0)
p=PM) (x;0 — 7,8),0 < f(r) < 1

(33)
f(x,6)

p(x:€,0) 2 { 18 f(x.0) >0 s
0, otherwise

£ € O, and it is assumed that vry\i(x,0,7), vww(x,0,7) €
Ly(X x ©)Vr € A. Similar to the proof of Proposition 1
in Part I [1], it can be shown using Holder’s inequality [26],
and the Tonelli and Fubini theorems [26], that vgry(x,8,7),
vww(x,0,7) € Lo X x O)VT € A implies that vrai(x, 0, 7),
vww(x,0,7) € L1(A), forae.x € X and § € O, where
L1(A) denotes the space of absolutely integrable functions
on A. We note that given 7 € A, vrm(x,0,7) € Hy s.t. the
condition [g f(x,0)d® = [ f(x,0+7)df. One can also notice

®
that l/\zvvv(x, 0,7’) € H¢VT € A.
For example, the Bayesian Cramér—Rao bound [10] is ob-
(r)l/RM (X, 0,T)

tained by choosing
T
Ypor(x.0) = ( o7 T:O)

_ (mogf(x,a))T

35
20 (35)
s.t. some conditions on g(#) and f(x,6), which are de-
tailed in Section V, where the partial derivative w.r.t.

0 =[6o,-..,0a 1]" is defined as & = [55-, ..., 552—]-

The Reuven—Messer bound [12] is obtained by choosmg

’l/)RM(X,o) = [Z/RM(X 0 To) ..... Z/RM(X (/] sTN— 1)]T
(36)

where 7,,, n = 0,..., N — 1, denote test points in A.
The Weiss—Weinstein bound [13] is obtained by choosing

VVVW(X7 0, TN71)]T-
(37)

Yww(x,0) = rww(x,0,70), ...,

One can notice that due to the fact that the set S contains
only two functions and 9 (-, -) is composed of only derivatives
and samples of functions in S, a small variety of 1’s can be ob-
tained, which consequences a limited variety of bounds. More-
over, in many cases, the functions in S are evaluated at many
test points in order to derive tight bounds at the expense of high
computational complexity. In Section IV, we propose to over-
come these disadvantages by the establishment of a new class
of bounds. This class of bounds is based on applying an integral
transform, which generalizes the derivative and sampling oper-
ators, applied on the functions in S.

D. Relation to the Unification Approach Described in [24]

In [24], a different approach for unifying the bounds in
the Weiss—Weinstein class was proposed. According to this
approach, lower bounds in the Weiss—Weinstein class can
be obtained via constrained minimization over Lo(X X @).
Using some equivalent sets of constraints, denoted by C;,
1 € 1,...,4, it was shown that the tightest Bayesian lower
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bound is obtained. Moreover, by specific choice of subsets of
these constraints, it was proved in [24] that some well-known
bounds in the Weiss—Weinstein class can be derived. In relation
to the proposed unification approach described above, it can be
shown by the Hilbert projection theorem, stated in Appendix A,
that projection of each entry of g(#) on closed subspaces of H
is equivalent to the constrained minimization over Lo(X x ©)
using subsets of C;, ¢ € 1, ..., 4. For example, it can be shown
that derivation of the Bayesian Cramér—Rao bound [10] via
projection on HSPBCR) C Hg, where $pcgr(x,0) is defined
in (35), is equivalent to the constraint minimization using
P> C Cs, where Co and Ps are defined in (10) and (20) in [24],
respectively.

IV. A NEW CLASS OF BAYESIAN LOWER BOUNDS

In this section, a new class of Bayesian lower bounds is de-
rived via projection of each entry of g(#) on a closed subspace
of H 4. This subspace contains linear transformation of elements
in the domain of an integral transform, which is applied on the
functions in the set S, defined in (31). Derivation of the pro-
posed class is carried out via the following steps. First, a closed
subspace of Hy is constructed. Second, the result of Theorem 2
is applied in order to derive the proposed class. The relation of
the proposed class to the Weiss—Weinstein class is discussed as
well.

A. Construction of a Closed Subspace of H
In this subsection, a closed subspace of Hy is constructed via

the following steps. First, let

V(X,o,’l') 2 [VRM(X707T)7VVVW(X707T)]T (38)

where vrn (-, -, T) and vyww (-, -, T) are defined in (32) and (33),
respectively. An integral transform on v(x, 8, 7) is defined by

nu(x,0,a) £ (Tav)(x,0, @)
/HaT v(x,0,7)dr (39)

where H: V x A — CP*? is the kernel of 753, V. C RM is a
measurable space with finite Lebesgue-measure, and @ € V.
Second, given H(-, -), the following space is constructed:

HED 2 L on(x,0) £ [ ¥ (@mp(x.6,a)do
%4

a(a) € LT (V) p  (40)

where a : A — CP, L{(V) £ L1(V) x - x L1(V), and

-~

L1(V) denotes the space of absolutely integrgble functions in
V. In Appendix B, it is shown that H&H) C Hg s.t. the condi-
tion that YV € V, H(a,7) € LY*?(A) 2 LT(A) x LT (A),
i.e., Ya € V, each entry of the matrix-function H(a, 7) is abso-
lutely integrable in A. Hence, assuming that the above condition
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holds and H( ) is complete ie. any Cauchy sequence in H( )
converges to a limit in H¢ ) , then H¢ is a closed subspace of

Hy.
B. The Proposed Class of Bounds

In this subsection, we use the result of Theorem 2 in order to
derive the proposed class of bounds. Since HSDH) is a closed sub-
space of Hy, then according to (9) the proposed class is given
by

Gy 2 To [ (50) |72 ) 02 ((0) 1Y)
41)

In Appendix C, it is shown that a closed form expression of
C, ) is given by

Cym //AH )Ku (o, ') A (@) da’dac (42)
Vv

where
://H K, (r,7 B (o, 7')dr' dr,
(43)
Ky (1,7') = Ex ov(x,0,T)v" (x,0,7)]. (44)
A( ) is the solution of the following integral equation:
/KHaa da—/HaT T)dT, 45)
and
[(1) = By p[v(x,0,7)gT(0)]. (46)

The bound in (42) constitutes a new class of lower bounds. By
modifying H(+, -), the subspace HLE,H) is modified and a variety
of bounds can be obtained from the proposed class. In order to
obtain tight and computationally manageable bounds, we look
for kernels, such that the significant information in v(x, 8, )
is compressed into few elements in the domain of the integral
transform. Finally, let H, and H:O denote closed subspaces of
Hg. According to Theorem 5 in Appendix D, if H, D H,
then Gy, = CHZ: . Therefore, it is concluded that order relation
between any two bounds, C._, ;) and CH(HZ) can be obtained
(Ho)

H(
by comparing the Hilbert subspaces H( o and 7'[
C. Relation of the Proposed Class to the Weiss—Weinstein Class

In this subsection, the relation of the proposed class of bounds
in (41) to the Weiss—Weinstein class in (30) is discussed. First,
we prove the following identity.

Proposition 1:

Exo [pr (5(0) 1 HE) o2 (2(0) 1 HEV)]
= Fxo [2(6)p1 (5(8)| HUD)]

= E,. g [ps (80| HI7) £"0)] (47)
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Proof: According to the Hilbert projection theorem stated
in Appendix A

(H)
(s (101129 oum0),
= <[g(0)]k7(Pa;H(X70)>[,2(X><®)’
Vipau(x,0) € HEY. (48)
Therefore, since

ps ([@) 1HE) € HEVE =0, L1
it is implied that
(v (1800 I HE) o (BOUIHE)) o
= (1&(0)]1, v (I8@L 1 HE))

Vk,l =0,...,L — 1.Rewriting (49) in a matrix form and using

the definitions in (2) and (8) yields the desired identity in (47). H

(49)

Lo(XxO®)

Second, by substituting 9 (x,0) = ps(g(0) | H&H)) in (30)
and using the identity in (47), it is concluded from (41) that
CH@,) = CHQH). Hence, the proposed class of bounds is a
subclass of the Weiss—Weinstein class. In comparison to the
Weiss—Weinstein class, instead of modifying %(-,-), we use
the functions in S and modify only the kernel of the integral
transform. Using this approach, a wide variety of bounds can be
easily obtained. In Section V, it is shown that some well-known
bounds in the Weiss—Weinstein class can be derived from
CHEPH), via specific choices of H(-, -).

V. DERIVATION OF EXISTING BOUNDS FROM THE PROPOSED
CLASS OF BOUNDS

The integral transform generalizes the derivative and sam-
pling operators used for computation of some well-known lower
bounds in the Weiss—Weinstein class. Hence, in this section it is
shown that some well-known bounds can be derived from the
proposed class in (42) by specific choices of the kernel, H(-, -).
We begin with derivation of a new subclass of bounds from the
proposed class in (42), using a class of kernel functions with a
specific form. It is then shown that some well-known bounds
are the limits of convergent sequences of bounds, which are ob-
tained from the proposed subclass.

A. Subclass of Lower Bounds Using Structured
Kernel Functions

In this subsection, a new subclass of Bayesian lower bounds
is derived from the proposed class in (42) for the case where
H(-,-) is of the form

H(a,7) =U(1),Ya e V (50)
where U(7) € LI *?(A). Hence, according to (42), (43), and
(50)
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where

Ky 2 / / U(T)K, (r,7)UH (¢')dr' dr. (52)
A A

Using (43), (45), and (50) it is implied that

/ A(a)da = Kg'Sy (53)
4

where

(54)

and it is assumed that Ky is nonsingular. Therefore, substi-
tuting (53) into (51) yields the following subclass:

Cy = SEKg'Su. (55)
By modifying U( - ), a variety of bounds can be derived from
(59).

B. Derivation of Existing Bayesian Bounds From the
Subclass Cy

In this subsection, it is shown that some well-known Bayesian
bounds are the limits of convergent sequences of bounds, which
are obtained from the proposed subclass in (55). In a more de-
tailed manner, derivation of each bound is carried out via the
following procedure:

1) A sequence of functions, {U(-)}, is constructed using
the following sequence of auxiliary “test-functions.” Let h :
RM — R denote an infinitely differentiable, symmetric, and
compactly supported “test-function,” such that fR v h(y)dy =
1,y € RM. A sequence of “test-functions” is given by

{he(y)} = {k" h(ky)},

We note that limy_, o hx(y) = 6(y), where §( - ) is the Dirac’s
delta function. For example, we can choose

k=1,2,... (56)

h(y) = 1:[ B (ym) (57)

where y,,, € R, m =0,..., M — 1 denote the entries of y, such
that

h" (y)
W (y) = ——— 58
R
and
Wi & Lo (-rhe). i< (59)
0, otherwise

For each bound, {Uy(-)} is constructed using {hg(-)} in a
different manner, as will be detailed in the sequel.
2) Using {Ug(-)}, a sequence of bounds, {Cy, } is derived
from (55). The desired bound is given by
© £ lim, Co, = Jim 86, (Jim o)™ lim S,

(60)
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where it is assumed that {Sy, } and {Ky, } converge as k —
oo, and the matrix limy_,, Ky, is nonsingular. The second
equality in (60) can be verified using basic properties of conver-
gent sequence limits. In Appendix E, it is shown that

Jim Sy, = Ex o[7(x,0)g" (8)] (61)
and
hm Ku, = Exo[v(x, 0)7H(x, 0)] (62)
where
¥(x,0) = hm 0 7y, (x,8), (63)
and
(x,0) /U v(x,0,7)dr. (64)

We note that the limit notation in (63) means that 7y, (x,0) —
7(x,0) for ae. (x,0) € X x O.
Hence, substitution of (61) and (62) into (60) yields

C = Exolg(6)y" (x,0)]ES blv(x. )y (x,0)

xEx o[7(x,0)g" (0)].
By applying the approach described above, we show that
some well-known bounds in the Weiss—Weinstein class [3] can
be obtained from (65).
1) The Bayesian Cramér—Rao bound [10]: The BCR bound
is obtained via the following steps:
a) Construction of {Upcr,x(-)}: The kth member of

{Upcr ()} is given by

Uscr k(1) = |i (W) 0M><1‘| (66)

(65)

where Opsx1 i8S an M x 1 vector with zero entries.
b) Calculating the limit of {Cuyy , }: According to (38),
(64), and (66)

T
NUper . (% 0) é/— <W> vrm(x, 0, 7)dT. (67)
A

Hence, assuming that supp{h(7)} C A, where supp{-} de-
notes the support set, then applying integration by parts on the
r.h.s. of (67) yields

T
MUpcr k(x70) S /}Lk(—'r) <M> dr
R, -

A

_ <hk('r) ] (8VRM§T<,0,T)>T> (0)

(68)
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where (- x -)(-) denotes an evaluation point of the convolution
integral. Therefore, according to Theorem 7 in Appendix G, re-
garding the limit of the convolution integral, one obtains

A .
Yecr(X.0) = kli{go NUgcr, i (x.0)

( Ovrm(x,0,T) )T
=0

or
_ (dlog f(x,0)\"
o < o0 ©9)
Therefore, substitution of (69) into (65) yields
Cacr = ®rorIgrn her (70)
where
dg(0
Ppcg = Exo [g(a)'ngR(Xvo)] = —Eg [%} (71)
and
Inriv = Exg [YBer (%, a)7gCR(X70)] . (72)

We note that the BCR bound is obtained subject to the following
regularity conditions:
* [g(8)];,l=0,...,L — 1 are absolutely continuous in ®.
* f(x,0) is absolutely continuous in ® fora.e.x € X.
* Let 0O denote the boundary set of @. Then for every 8 €
00O andforae.x € X, [g(0)],f(x,0) =0,l=0,...,L—
1.
* Ipppnv is nonsingular.
2) The Bayesian Bhattacharayya bound [3]: The Qth-order
BBH bound is obtained via the following steps:
a) Construction of {U](BQB)H, «(+)}: The kth member of

{U](B%)H k(- )} is given by

U = [[U00)], [URaa0] ] 03
where
Q
|:U£3B)H,k(’r):| )
. _dhk(—’r) (_1)Qthk(_T) T
N dr 777 dr®< ’
M(MQ-S?(M—QH
[Ug%)H,k(T)} )
= 0rr(ar@—1)/(M—1)x1 (74)
d,,‘f;Q denotes the vector of derivatives, %,

i¢q=0,...,M — 1, and 7,,, denotes the mth entry of 7.



5072

b) Calculating the limit of {CU(Q>
niques described in (67)—(69) it can be shown that

} Using the same tech-

Yo (X, 0) hm ’7U§30B>H k(Xﬂ)
_ L [ors) 0%x0] oo
T f(x,0) 00 T 9% |
Thetefore, substitution of (75) into (65) yields
CEQ,QH = ®ppuKppn®han (76)
where
Pppn = By p [g(o)'ygBH(X: 0)]
Q
_ dg((’)_,m’d g (0) 7 a7
4o d0®Q
and
Kppy = Fyp [’YBBH(X70)'Y%;BH(X7 9)] - (78)

We note that the BBH bound is obtained subject to the following
regularity conditions.

e The derivatives MJ =0,...,.L—-1,s =

9,,06,, 00,

,o..,Q@—1,15,=0,..., M —1, are absolutely continuous
in ©.
* The derivatives % s =0,....0 — 1, i, =
0,...,M —1,are absolutely continuous in ®, fora.e. x €
X.

¢ Let 0O denote the boundary set of ®@. Then for every 8 €

00 and for ae. x € X, [()],%:0,1:
0,000, L—1,5=0,...,Q =13, =0....,M—1.

. The matrlx KBBH is nonsingular.
3) The Weiss—Weinstein bound [13]: The Nth-order WW
bound is obtained via the followmg steps:

a) Construction of {UW“ #(*)}: The kth member of

{wa ()} is given by
U&AC}?\)V #(T) = [Onx1, [h(To — 7). .,
hk('TN—l — T)]T]_

b) Calculating the limit of { Cy@ }: According to (38),
WW .,k
(64), and (79)

(79)

nUVVQ\)’V k(X70>
= /[hk('ro —7), .. he(tno — T
A
vww (x,0,1)dr
= [(hk('r) * vav(X 0 T))(TO), ey

(hi(T) * rww (x,0,7))(Tn-1)]".

Therefore, according to Theorem 7 in Appendix G, regarding
the limit of the convolution integral, one obtains

(x.)

(80)

A .
Tww(x,0) = lim Ny(Q)
k—o0 WW,k

VWVV(Xv ayTAf—l)]T-
31)

= [VVVVV(X7 07T0)7 L)
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Therefore, substitution of (81) into (65) yields

Cliw = BwwKyhy @iy (82)
where
A H
Pww = Ex 0g(0)viwvw(x,0)] (83)
and
Kww = Ex o[vww (%, 0)7iw (x,6)]. (84)

We note that the WW bound is obtained subject to the condition
that Ky is nonsingular.

4) The Reuven—Messer bound [12]: The /N th-order RM bound
is derived via the following steps

a) Construction of {URM «(+)}: The kth member of
{URM 1(+)} is given by
Ugta(r) = [lhi(ro =),
hie(tn—1 = 7)]7, 0n 5] (85)

b) Calculating the limit of {C &) } Using the same tech-
niques described in (80) and (81) 1t can be shown that

Tru (X, 0) 2 lim "IU<N) (X,G)

= [I/RM(X 6. To) ..... Z/RM(X 6 ,TN— 1)]T. (86)

Therefore, substitution of (86) into (65) yields
Chnt = BruKrh @y (87)

where

®ru = Fxo [8(0)7Hn(x,0)] (88)
and

Kru 2 Exo [Yru (X, 0) v (x, 0)] . (89)

We note that the RM bound is obtained subject to the fol-
lowing regularity conditions.
jfxﬂdﬂ—ffx0+'rn)d0 n=20,.

. The matrix KRM is nonsingular. One can notice that by
choosing N = 1, the Bobrovsky—Zakai bound [11] is ob-
tained from (87).

5) The Bayesian Abel bound [14]}: The (Q, N )th-order BA
bound is derived via the following steps:

a) Construction of {Ugi’fz)( -)}: The kth member of

(UL ()} is given by
UV @], (U]
UV @], (U]

N —1.

N
U](3QA/,k)(T) = b2

2,2
(90)

where

Ukl )]

1,1
_ [ diw(=7) (—DQthk(_T) T
dr 7 dr®Q | 7

M(MQ—1;7(M—1)x1
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QN
RS RCIN
= 0rr(me—1)/(M—1)x1,
Q.N
Uk o]

>

= [h(ro=7),... i (rvoa = 7))
Nx1
N
SIS
=Onx1. C2))

b) Calculating the limit of {CU(Q N>} Using the same tech-

niques described in (67)-(69) and in (80) (81), it can be shown
that

,N) (X7 0)

BA,k

Ypa(x.0) 2 hm 1 Ty(e

= [vBu(*.0), YRM(x,0)] ’ (92)

where ygpy (X, ) and YR\ (X, ) are defined in (75) and (86),
respectively. Therefore, substitution of (92) into (65) yields

CiAY) = ®pAKp) 8y 93)
where
Ppa = Fxp [8(0)70A(x,0)] (94)
and
Kga 2 Exe ['YBA(Xvo)’YgA(Xv 9)] - 95)

We note that the BA bound is obtained subject to the regularity
conditions of the Bayesian Bhattacharayya and Reuven—Messer
bounds.
6) The combined Cramér-Rao/Weiss—Weinstein bound
[15]: The Nth-order CRWW bound is obtained via the fol-
lowing steps:

a) Construction of {UCR)WW +(-)}: The kth member of

(U vw ()} is given by

N
U(CR)VVVV,k ()
N N
[UEJR)WVV,k(T)} 11 [UEJR)VVW,IC(T)] Lo
o [U(N) (r )} [U(N) (’r)} 96)
CRWW, & 91 CRWW,k -

) 5

where

(N ] dhi(=1)\ "
_UEJR)WVV,k(T)_ o <T )

| S —

Mx1
. -
_U(CR)WW k( ) 12:0Mxh
N -
U(CR)WW k( ) 1o =Onx1,
U o ()| =lhlro—1),..  ha(ry_1 —1)]7.
|- erRWwW kT |, = L 0 ey NE(TN=1
Nx1
CH)
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b) Calculating the limit of {CU(N) } Using the same

techniques described in (67)-(69) and 1n (80) (81), it can be
shown that

(x,0)

Yerww (X 0) = Em Ny

CRWW ,k
T
= [Yher(*.0). vivw (x.0)] (98)

where ypcg (X, #) and yyww (X, 0) are defined in (69) and (81),
respectively. Therefore, substitution of (99) into (65) yields

(N)

Cirww = PorwwKhrww Crww 99)
where
®crww = Ex g [8(0) 7 rww (%,0)] (100)
and
Kcrww = Exo [Yorww (X, 0)78rww(x,8)] . (101)

The CRWW bound is obtained subject to the regularity condi-
tions of the BCR and WW bounds.

One can notice that any two bounds C; and Cs, obtained
via the procedure described above, constitute the limits of two
convergent sequences of bounds, {C (0, )} and {C (U2 2) 1,

Hy

where {U x(-)} and {Ug(-)} are ‘two sequences of kernel
functions in E{J *2(A). Hence, using the result of Theorem 5 in
Appendix D it can be shown in similar to [31] that order relation
between C; and Cs can be obtained by comparing the limits of
the Hilbert subspace sequences, { """} and {H">*)} ie.,
if limy,_, oo ’H (Use) D limg oo 'H(U2 ©) ,then C; > C,.

The dlsadvantage of bounds, such as the RM, WW, BA, and
CRWW stems from the fact that in many cases, vru(x,0, -)
and vww(x,0,-) should be evaluated at large amount of test
points in order to obtain tight bounds. Since there is no analytical
procedure for optimal selection of test points, numerical search
methods, which become computationally cumbersome as the
number of test points and the dimensionality of the parameter
increase, are often used. In order to overcome this disadvantage,
a new Bayesian bound is derived from (55), using the kernel of
the Fourier transform.

VI. A NEW BAYESIAN BOUND USING THE KERNEL OF THE
FOURIER TRANSFORM

In this section, a new lower bound is derived from (55) using
the kernel function of the Fourier transform. We show that the
proposed bound is computed by applying the discrete Fourier
transform (DFT) of the sequence {vww(x,0,7) 5:_01. In
cases where the DFT of this sequence is concentrated in few
frequency components, a computationally manageable bound,
which exploits all the information in {vww(x,8,7,)}0=
is obtained. The proposed bound is derived via the following
steps:
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1) Construction of { Ugijk( )}

The kth member of {UgRJ; «( )} is given by

J,N
UE?RF)k( )
J,N J,N
(U], [ o
- N ’ JIN 7
[UEhm)], [UGR)],
where
JN
(U@ |
__ (=)'
N dr ’
—_—
Mx1
JN
(U]
=Omx1,
J,N
U], |
= Op1, (103)
and
J,N
(UG
=W hi(ro—7),.. .. he(rn_1 —7)]".  (104)

~ v

~
Nx1

The set {7,,}"_; contains N equally spaced test-points in A,
where 7,, = [n1AT, ..., naAT])T, A7 is a sampling interval,
Nm € {0,...,N,, — 1} denotes a test-point index in the
mth dimension of A, the index n is a unique combination of
{ni,...,nnp}, 1e, {n,.. nA/j}Hn,andN:Hi\f:lN
The M-dimensional DFT matrix with J < N frequency
components is denoted by W € C7*¥ such that

[W];.. £ exp (—ZQTTn) jeEIT,n=0,..., N-1
(105)
Q, = | AQZ\lH e K:—%‘J’M]T is a frequency test-bin,
Jjm € {0,...,N, — 1} denotes a test-bin index in the

mth dimension of the frequency domain, V, the index j is a
unique combination of {j1,...,Jm}, i.e., {j1,-.-,Jm} < 7,
and J C {0,..., N — 1} denotes an index set of the selected
frequency test-bins with cardinality |7 | = J.

2) Calculating the limit of {CU(J v }

Using the same techniques descnbed 1n (67)-(69) and in (80),
(81), it can be shown that

hm NN (X 0)

k—o0 CRF,k

T
[’YBCR(Xv 0), 'YWW(X7 9)WT]

'YCRF(Xa 9) 2

(106)

where YR (X, 8) and vy (X, 0) are defined in (69) and (81),
respectively. Therefore, substitution of (106) into (65) yields

cWN) _

CRF (107)

-1 T
= ‘I’CRFKCRF‘I’CRF
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where

Dcrr = Fyp [g(o)'YgRF(X? 9)] (108)

and

Kcrr £ Exg [Yorp (X, 07ERp(x.0)] . (109)

In Appendix H, it is shown that substitution of yrp(x, )
into (107), yields the following bound:
Cerr = ®rcrlppn®hor + QW (WRWT)TIWQT
(110)

where ®pcr and Igppy are defined in (71) and (72),
respectively,

Q £ ®pcrlzry G — Pww,

ol 0)\"
< %) n,g,w(x,o)], (112)

(111)

G=E,p

and

R = Kww — G Igt,,G. (113)
The matrices ®ww and Kyyw are defined in (83) and (84),
respectively.

The bound in (110) is composed of the BCR bound, sup-
plemented by a positive-semidefinite term. Therefore, the reg-
ularity conditions for the BCR bound are required also here.
In cases where these conditions are not satisfied, U(J N)('r)
Onx1 Wlhi(to—7),...,he(Tn_1 — 7)]T] may be chosen
and the bound in (110) becomes

CYN = Sy W (WKww W) 'WeLy.  (114)

Observing (110), one can notice that [WQ™];;, 7 =
0,....,.J — 1,1 = 0,...,L — 1 is the DFT of the Ith
column of QT evaluated at €;, and that [WRWZH]; /.
4,5 =0,...,J — 1 is the two-dimensional DFT of R, evalu-
ated at (€2;, —Q,/). Hence, implementation of the bound can
be easily performed using the fast Fourier transform (FFT).

The bound in (110) is computed using N equally spaced
test-points in A and J < N frequency test-bins in V. For a
given scenario, the frequency test-bins are selected such that the
bound is maximized. According to (105), (106), and the defini-
tion of yyww(x,8) in (81), one can notice that the transform
Weyyww (%, 6) in (106) is actually the M -dimensional DFT of
the sequence {rww (x,0,7,)} -}, evaluated at J < N fre-
quency test-bins. Hence, let

N-1
Dww (x,0,9) £ > vww(x,0,7,) exp(—i] 0,,).
n=0
(115)
7 = 0,...,N — 1 denote the N-points M -dimen-
sional-DFT of the sequence {vww(x,0,7,)}Y =), and let
J C {0,...,N — 1} denote the index set of the selected
frequency test-bins with cardinality | 7| = J < N.If
ww(x,0,8;) =0 (116)
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for ae. (x,0) € X x ®@ andVj € {0,...,N — 1}\J, such
that J < N, then a computationally manageable bound,
which exploits all the information in {rww(x,8,7,) ﬁ;ol
is obtained. In this case, the computational complexity of the
proposed bound is significantly lower in comparison to the
RM, WVW, BA, and CRWW bounds in (82), (87), (93), and
(99), respectively, in which inversion of N X N, N > J,
matrices is carried out, and maximization w.rt. N > .J
test-points in A is required in order to obtain tight bounds.
Since by the norm properties [26] Pww(x,0,Q;) = 0 for
a.e. (X,a) EX X0 < ||19VVVV(X-,0;Qj)”[,z(.}k’x(a) = 0, the
condition in (116) is equivalent to

||ZA/VVVV(X707Qj)”ﬂg(&’X@) = OVJ € {0 s 7N - 1}\j
(117)

where [|7(x,€2;)]|z,(xvxe) is the Lo(X x @)-norm of the
spectrum of {vww(x,0,7,) 2;_01 at €, which is given
by [Pww(x,8,€2;)|. Hence, similar to [31, Prop. 4], it can
be shown that if the condition in (117) is satisfied, then
Cgﬁ]p = Cg\é)ww. Therefore, under this condition, if the
CRWW bound is computed with N’ < N test-points, then

J,N N’
C(CRF) = C(CR\)VW-

VII. EXAMPLE

In this section, the proposed bound is compared with the WW
[3],BCR[10], BA [14],and CRWW [15] bounds, in the problem
of frequency estimation with zero-mean additive white circular
complex Gaussian noise. The comparison criterion is prediction
of the threshold SNR region exhibited by the MAP and MMSE
estimators. The observation model is given by

x =sb(f) +n (118)
where x denotes a K x 1 observation vector, s € C is a known
complex amplitude

b(f) = [1,exp(if), ..., exp(i(K — 1)8)]T

’

(119)

is the normalized sinusoid signal, n denotes a K x 1 complex
circular Gaussian noise vector, with zero-mean and known co-
variance C,, = 021y, and § € ® = (—o0,0) is the param-
eter of interest, i.e., g(#) = 6. The a priori distribution of 6 is
zero-mean Gaussian with variance Ug = %, such that the tails
of the PDF for |f| > 7 are negligible. Moreover, it is assumed
that 6 and n are statistically independent.

Hence, by choosing in (33), 8(1) = %, it can be shown that
the terms comprising (110) are given by

®crp = -1, (120)
1 1
Igriv = §SNR . K(K — 1)(2K — 1) + —5 (121)
T
where SNR = ‘jf
G= [G(T0>7"'7G(TN71)]7 (122)
G(Tn) = ZGXP(—N(Tm 0)) X U(Tn)7 (123)

(Tn — Tm>2

1
nsTm) = — =SNR
1Ty Tm) 803 9
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o
k=2
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Fig. 2. The squared Lo(X X ©)-norm of the spectrum of

{vww(x,8,7,)}N7, in the scenario of Bayesian frequency esti-

mation, where the number of observations, K = 27, the number of test points,
N = 219 and SNR = —15 dB.

sin (W) - COs (%)

8 sin (TsTa )
- K (124)
() = Tn N SNR
NTn 204 4sin( 3 )
sin (Tn (K — %))
( an(5) KL
- CoS (Tn <K — %))) , (125)
®ww = [p(70), - .-, pTa—1)], (126)
¢(Tn) = —TneXp(—/J,(Tn,O))7 TL:07...7N— 17
(127
(Kwwlm.n = 2(exp(—(Tn; Tm)) — exp(—p (Tn, —Tim)))
(128)
form,n =0,...,N — 1, and
(W], = exp(—iw;n) (129)

where w; = QAT € [—7, 7).
The comparison was carried out under the following condi-

tions. The number of observations was set to K = 27. The
proposed bound was computed using a set of N = 28 equally
spaced test points in A = [—m,7), given by {r, = 2§~ —

w}g;(]l and J = 1 frequency test-bin, denoted by w. For each
SNR, the proposed bound was maximized w.r.t. w € {% —
w}kN:_Ol . All other compared bounds, except the BCR, were com-
puted using a single test point in A, denoted by 7. For each SNR,
these bounds were maximized w.r.t. 7 € { Z”T" - W}gz_ol.
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Fig. 3. Comparison of Bayesian lower bounds versus SNR. The comparison
criterion is prediction of the SNR threshold regions exhibited by the MAP and
MMSE estimators.

Fig. 2 depicts ||Pww (x, 8, w)||%2(xx®) for SNR of —15 dB,
where l>VVVV(X7 0, w) = ZTJ:T:_OI l/VVVV(X7 0, Tn) exp(—z'wn)
is the DFT of {vww(x,0,7,)} ") at w € Zk o,
k =0,...,N — 1. We note that ||’9VVW(X707W)||%2(,x'x®) is
the squared Lo(X x ©)-norm of the spectrum of the sequence
{vww(x,0,7,) Y4 at w, and it is obtained by evaluating the
two-dimensional DFT of the sequence {[Kww]m,n}m =1 at
(w, —w). One can notice that the squared L2(X x ©)-norm
of the spectrum is concentrated in low frequencies. Therefore,
the sequence {vww (x,0,7,)} 4 can be “compressed” into
a few low frequency components and the use of the proposed
bound is suitable for this scenario. Fig. 3 depicts the compared
bounds on the root MSE (RMSE) as a function of SNR. The
RMSE of the MAP and MMSE estimators are depicted as well
in order to compare the SNR threshold values predicted by the
compared bounds. According to Fig. 3, the proposed bound in
(110) is the tightest and allows better prediction of the SNR
threshold region.

VIII. CONCLUSION

In this paper, a new class of Bayesian lower bounds was
derived by projecting each entry of the vector-function to be
estimated on a Hilbert subspace of L£,. This Hilbert subspace
contains linear transformations of elements in the domain of
an integral transform, applied on functions, which are used
in computations of bounds in the Weiss—Weinstein class.
The integral transform generalizes the traditional derivative
and sampling operators, applied for computation of existing
performance lower bounds. Hence, it was shown that some
well-known Bayesian bounds can be derived from this class via
specific choices of the integral transform kernel. A new lower
bound was derived from the proposed class using the kernel
of the Fourier transform. The bound was shown to be compu-
tationally manageable and in comparison with other existing
bounds, provided better prediction of the SNR threshold region,
exhibited by the MAP and MMSE estimators, in the problem
of frequency estimation. Examining some other integral trans-
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forms, for which new computationally manageable and tight
lower bounds will be derived from the proposed class, is a topic
for future research.

APPENDIX A
In this Appendix the Hilbert projection theorem is stated.
Theorem 3: Let V denote an abstract Hilbert space, U/ be a
closed subspace of V, and v be an element in ). Then there exists
a unique element in ¢/, denoted by p7 (v |U), and termed as the

projection of v on U, which satisfies the following equivalent
conditions:

(130)
(131)

Iv = po (v 20l = min [lv = ull

(v—ps(v|U),u), =0, Yuel.
The proof can be found in [28].

APPENDIX B

In this Appendix, a sufficient condition, according to which
H&H) C Hgy is derived.

Theorem 4: 1f H(a,T) € LI*?(A) & LP(A) x LY (A),
Va € V, then HIY ¢ H,.

Proof: According to the definitions of H4 and HEDH) in (6)
and (40), respectively, H&H) C H, if Va(T) € LF(V), the
following conditions are satisfied:

1) (pa,H(x,a) € EQ(X X @),
and

2) [pau(x.0)f(x,0)dd =0 forae x € X.
e}

Proof of Condition 1: Given any a(t) € LI'(V), then

2
||§0a,H (X7 0) ||[,2 (Xx0O)

x [[a(@)]m||[H(e, T")]m.nld(T x a x 7' x )
(132)

where the first equality stems from (2), (3), (39), and the defini-
tion of wa 1 (X, #) in (40), the following inequality stems from
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the triangle inequality and the properties of the Lebesgue inte-
gral, and the last equality stems from Tonelli’s Theorem [26].
Observing (132), one can notice that

/| (%, 8, 1)1 [p(x, 8, 7)]|dP(x. 0)
Ax0O
< |fw(x, 0, T)]illc(x <o)

X [w(x,0,7 )]l co(xx@) < 0 (133)

where the first inequality stems from Cauchy—Schwartz in-
equality [26], and the second one stems from the assumption
that v(x,0,7) € L3(X x ©), VT € A. Hence, it is concluded
from (132) and (133) that there exists a positive constant,
¢ € R, such that

2
”‘PaH(X 0)”[,2(3(><®)
P-1 1 P-1

25 5535 35 SR B N

k=0 1=0 m=0 =0y, %y s A
x [[H(e, 7)1 [[a(@)]m]
X [H(e, 7 )]mnld(r x ax " x o). (134)

The integral term in (134) is bounded since

|[a(a)]x|[[H(a, 7)]x.il

VXAXVXA
x |[a(e)].||[H

~ [ 1@
\%4
x / lfa( Y]] / [H (@, 7)n|dr’ | de < o0
\%4 A

(135)

(@, T )]mnldit xax 1 xa)

/ [H(a, 7)]ei|dr | da
1

where the first equality stems from Tonelli’s Theorem [26],
and the following inequality stems from the assumptions that
H(a,7) € LV*?(A),Va € V,and a(a) € LI(V).
Therefore, it is concluded from (134) and (135) that Va(a) €
Lr(v)
2
HWaJI(X70)H52@¥Xc» < ool] (136)
Proof of Condition 2: Given any a(t) € LI(V), ac-
cording to (39) and the definition of ¢, u(x, ) in (40)

/ Pa H (X, 0)f(X, 0)d0
®

:!V/aH a)/H(a7T)V(X707"')

x f(x,0)drdadd. (137)
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In the following, it is shown that under the assumptions that
H(a,7) € LP*?(A),Ya € V, and a(a) € LP(V), integra-
tion order in the r.h.s. of (137) can be interchanged.

We first show that

{(x,0,a,1)
2 o (o) H(a, 7)w(x,0,7) f(x,6)
€L1(XxOxVxA). (138)
Hence
[ @ v, 6.0)f(x.0)
Xx@?VxA
X d(p(x) X0 x axT)
= / |aH(a)H(a,T)V(X,0,T)|
AXOXV XA
x d(P(x,0) x a x T)
P-1 1
< / () (e 7).
m=0n= ><®><V><A
X [v ( ;)] n|d(P(x,0) X a X 1) (139)

where the first equality stems from (1) and the following in-
equality stems from the triangle inequality and the properties of
the Lebesgue integral. By Tonelli’s Theorem, one obtains

Ym,n

(1>

|[a(@)]m[H (e, 7)]mn[v(x,0,7)]]
Xx@%VxA
(x,0) x @ xT)

% d(P
=/|[ 1m|/| (7))
%4

X / |lv(x,0,7)],|dP(x,0) | drdo..

YXO®

(140)

Observing (140), one can notice that

/ v(x. 6, 7)],|dP(x. 6)
XxO
<v(x,0,7)]nllcoxx@) <00 (141)

where the first inequality stems from Holder’s inequality [26],
and the second one, stems from the assumption that v(x, 8,7) €
L£3(X x ®), V1 € A. Hence, there exists a constant ¢ € R, such
that

T < [ @l [ 1B 0)]alir | do. 142)
\4 A

Since H(a, 7) € LY*%(A), Ya € V, and a(a) € LL(V), itis
concluded from (142) that 7,, ,, < oco. Therefore, according to
(138)—(140), £(x,0,a,7) € L1(X x O x V x A).
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Thus, by Fubini’s Theorem [26], for ae. x € &,
(a,7,%,0) € L1(O x V x A), and (137) can be written as

/]

/H a,T)v(x,0,7)f(x,6)drdadd

/ /Ha'r

X /V(x707'r)f(x,0)d0 drda.
)

(143)

Therefore, due to the fact that [ v(x,0,7)f(x,60)df = 0 for
e

ae.x € X,and VT € A, itis concluded from (137) and (143),

that Va(a) € £LF(V)

/apayH(x, 0)f(x,0)dd = 0,for a.e. x € X
e

(144)

APPENDIX C

In this Appendix, the closed form expression of C, ) de-
fined in (42) is derived. Let .
va, H(x,0)
2 por (T (6)) | 74D
= /élH(a) / H(a, 7)v(x,0,7)drda (145)

\4

where p7([g(0)]: | HH )) denotes the projection of [g(8)];, | =
0,...,L—1,0n H (u1f and the last equality in (145) stems from
the fact that @3, 11(x, ) € HED
cording to (2), (41) and (145)

[CH(H)} ,l

(pau(x,0), 03, 10(x,0))c,(xx0)

///¢karx0d'rda

and from (39) and (40). Ac-

AXxOV A
X //d)}“(a'?T',x,ﬂ)dT'da'dP(x./ 6) (146)
vV A
where
or(a,7,%,0) 2 af (a)H(a, 7)v(x,0,7) (147)
k=0,... L1
Subject to:

1) H(a,7) € LI*?(A),Va € V;

2) ap(a) € LY(V),Vk=0,...,L—

3) v(x,0,7) € LIX x ©), VT € A,
it can be shown using the Tonelli Theorem [26], and the
Cauchy—Schwartz inequality (in similar to the proof of the first

1; and
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part of Theorem 4), that the term ¢y (e, 7,%,0) ¢} (o', 7', %, 6)
is absolutely integrable in X X @ X V X A X V x A. Thus, by
the Fubini Theorem [26], integration order in the r.h.s. of (146)
can be interchanged and hence

X / v(x,0, )T (x,0,7)dP(x,6)

XX ®
x H? (o, 7')d7’' dra,(a’)dd da. (148)
Let
K,(r,7) 2 / v(x,0,7)v" (x,0,7)dP(x,0)
A'XO
=Expo [V(x, 0, 7)v!(x, 0,7’)] (149)

denote the autocorrelation kernel of v(x, 8, 7), and let
n(@a) [ [HenK(rr)
A A
xH" (o ,7")dr'dT  (150)

denote the transformed autocorrelation kernel of v(x,8,7).
Therefore, according to (148)—(150)

(H) //ak Ku(a,a)a(a')dd da.

(151)
Let ug(x) = [g(0)]x — va, m(Xx) denote the projection error
of [g(6)]x on H&H). Since 'HQH) is closed, then by the Hilbert

projection theorem, stated in Appendix A, ¢a, m(xX) is unique
and ug(x) L HSOH). Therefore, @5, 1 (x) is the unique solution
of the following system of equations:

(@a,H (%), ‘Pék,H(xa 0)>L2(X><®)
= (pau (%), [8(0)]k) c,(xx®)

Voan(x) e HY. (152)
Similar to the derivation of (151), it can be shown that
<§0a H(X)7 @ék.,H( ))52(;\ x©®)
= / / a (a)Kgu(a,a)ay(a)da' da (153)
VvV

and

(@a,m(x), [g(o)]k>£2(‘¥><®)
= /aH(a)/H(a7T)Ex,g[V(X,077)[g(9)]k]d7'da.
14 A

(154)
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Hence, substitution of (153) and (154) into (152) implies that
Va(t) € LP(A)

[a"(@) [ Knta.a)a(@)da'da
\4

\'2

[

14

a) / H(a, 7)Ex o[v(x, 0, 7)[g(8)]4]drdex
(155)

and thus, ai(a) is the solution of the following integral
equation:

/KH(oz7 o)ay(a)da’
\'"4
- / H(a, 7)Ex o[u(x, 0, 7)[g(0)]]dr. (156)

Finally, the closed form expression of C i) in (42) is obtained

by rewriting (151) and (156) in a matrix form where A( )
[50 (0)7 te 75L—1(a)]’ and F(T) 2 Ex,e[y(xv 07 T)gT(a)]

APPENDIX D

Theorem 5: Let H, and H/, denote closed subspaces of
ﬁz(X X @) If Hip D pr then C'Hso >~ CH(&

Proof: Let
u(g(0) | H,) 2 g(6) — ps(2(6) | Hy), (157)
and
u(g(0) | H,) £ g(0) —ps(s(0) |H,) (158

denote the projection-errors for H, and ’H;, respectively, where
p7(g(0)|H,) is defined in (8). According to (157) and (158)

ps(g(0)|H,) = ps(g(0) | 1)

+(u(g(6) 1) — u(g(d) [ Hy)).

By the Hilbert projection theorem, stated in Appendix A, it is
implied that

(159)

[u(g(®) | Ho)li L He, (160)

and
[u(g(®) | ") L H,, Vi=0,...,L-1. (6]
Therefore, since H, D M., it is implied by (160) that
[u(g(®) |H): LM, VI=0,...,L—1 (162)

Thus, due to the fact that [ps(g(f)|H,): € H,
Vl=0,...,L —1, then by (161) and (162)

r (u(g(8) | H,) — u(g(8) | H,))

Lr"ps(g(8)|H,), vr e C". (163)

5079

Hence, according to (159) and the Pythagorean theorem [26]

I+ (8(8) | Ho)llZ (<o)
= lt"p7(g(8) | H ) Z. (<o)

+ e (u(g(0) | ;) — u(g(0) [ H))IZ, v xo)-
(164)

Therefore, due to the fact that

0 < [Ir™ (u(g(8) | H},) — u(g(®) | He))lIZ, (xxe) < o

then

=P (8(8) | H)lZ, (v o)

> It pg(g(0) | HL)|Z,(vxe) Vr€Ch. (165)

Hence, according to (2) and the definition of Cy,, in (9), Vr €
CL

v Cy v =1"Ey ,[ps(8(0) | H,)P
> r"Ey 0,[ps(2(0) | H,)p
= I'HCHI(FI‘.

(8(0) | H)lr
(8(0) | )l
(166)

H
J
H
J

Thus, since Cy, and CH; are Hermitian matrices, it is implied
by (166) that CHy, > CH; |

APPENDIX E

In this Appendix, the identities in (61) and (62) are proved.
According to (2), (46), and (54)

Su :A/U(T) (A/ v(x,8,7)g" (6)dP(x. o)) dr.

(167)

Since U(7) € LI*2(A), v(x,0,7) € L3(X x O),Vr € A,
and g(#) € LL(X x ©), it can be shown using the Tonelli
theorem and the Cauchy-Schwartz inequality [26] that
U(t)v(x,0,7)g7(0) € LP*L(A x X x ©). Hence, by
the Fubini theorem [26] integration order in the r.h.s. of (167)
can be interchanged and

e | (fu

AXxO \A
= Exolnu(x,0)g

v(x,0,7)dr | g"(0)dP(x,0)

1(0)]

where the second equality in (168) stems from (2) and

(168)

Ny (x,0) f U(7)v(x,0,7)dr. Therefore, according to (2)
and (168)
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Under the assumption that [y, (X,0)]m — Ym(x,0) for
ae. (x,0) € X x ©,as k — oo, it is concluded from
Theorem 6 in Appendix F that v,,(x,0) € Lo(X x ©) and
[y, (X,0)]m — Ym(x,0) in the L5(X X ©)-norm. Therefore,
according to proposition (5.21) in [26], regarding the continuity
of the inner-product operator, it is implied that

]}LH;O [SUk]m n
- kh—>nolo < ["Uk (X, 0)] m’ [g(o)]n>£2(x><®)

= (Jim, T, (.01, 6601 )

L:Z(XX@)

~Beo | Jin [, (x.0)], @[ (70)

Therefore, by rewriting (170) in a matrix form, the equality in
(61) is obtained.
According to (2), (44), and (52)

KU:A/A/U(T)

X / v(x,0,7)v" (x,0,7)dP(x,0)
8Q0)

x UH (") dr' dr. (171)
Since U(t) € £I**(A) and v(x,0,7) € L3(X x @),
Vr € A, it can be shown using the Tonelli theorem
and the Cauchy—Schwartz inequality [26] that the term
U(T)v(x,0,7)vT (x,0,7)(0)U(7') € LgXP(A x A X X X
®). Hence, by the Fubini theorem [26] integration order in the
r.h.s. of (171) can be interchanged and

o= || [uom

AXO

v(x,0,7)dr

X / vl (x,0,7YUH (7)) dr' | dP(x,0)

A
= Ex6 [nu(x,0)n{(x,0)] (172)
where the second equality in (172) stems from (2) and the defi-

nition of 7y;(x, @) below (168). Therefore, according to (2) and
(172)

[KUk]m, <|:TIUL (%, 0)] ["Uk (x,0) ] >L2(1><®)

(173)

As shown above, [0y, (X,0)],n — Ym(x,0) forae. (x,0) €
X x 0O = [0y, (X,0)]m — Ym(x,0) in the Lo(X x ©)-norm.
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Therefore, according to in [26, Prop. (5.21)], regarding the con-
tinuity of the inner-product operator, it is implied that

kli_l}olo Koilmn

= lim ([ny, (x,0)],,.. [10,(%.0)],) ., v e

= <k131§o (v, (x,0)],,, lim [nuk(xyﬂ)]n>

L2(Xx©)

=Exp |:k1i_I)Iolo ["IUA. (x, 0)]m kh_I)Iolo ["IUA. (x, 0)];] . (174)

Therefore, by rewriting (174) in a matrix form, the equality in
(62) is obtained.

APPENDIX F

fuk
denote a sequence in H,, Where ug (T ) € L2AWVE € N,
v(x,0,7) is defined in (38), and H, defined in (6) constitutes
a closed subspace of Lo(X x @). If ¢r(x,0) — ¢(x,0) for
ae. (x,0) € X x ® as k — oo, then ¢(x,0) € Hy and
dr(x,0) — $(x,0) in the Lo(X x O)-norm as k — co.

Proof: First, we find a function in L£o(X x @), which
dominates each element of {¢x(x,8)}. Let [u(7)], = wn(7),
n = 1,2, then by the definition of {¢(x,0)} above, it is im-
plied that

Theorem 6: let ¢r(x,0) v(x,0,7)dr, k € N

uf('r)y(x7 0, 7)dr

|¢x(x,0)| =

—_

’U‘T k (T)I/RM (X7 07 T)dT

5

Il
>

+ /U;k(T)VWW(Xﬁ-,T)dT

/ Z/RMXOT)

A
+ /Ug,k(T)VWW(X#T)dT
A

IN

IN

/ |U1_’k(T)||l/RM(X, 0, T)|d’7’

A

+ /|U/2,Ic("')||VVVW(X>0>T)|dT

< /|u1_k('r)|d'r -max [vrMm (X, 0, T)]
. ’ TEA
A
+ / |ug,k(T)|dT - max [vww(x, 8, T)]|
TEA

A
(175)
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where the second equality stems from the definition of
v(x,0,7) in (38), the first inequality stems from the triangle
inequality, the second inequality stems from the properties
of the Lebesgue integral, and the third inequality stems from
the fact that |vry(x,0,7)] < maxrea |vrM(X,0,7)| and
|VW7\2\7(X,0,T)| < maxrea |I/\?VVV(X,0,T)|\V/(X,0) e X x 0.
Since u, kx(T) € L1(A)VE € N, n = 1,2, then there exist
positive constants c1, ¢z, such that [ |u, (0)[df < c¢,Vk € N,

o}
n = 1, 2. Hence, by (175) it is implied that

¢ (x,0)| < c1 - max [vru(x, 0, 7)|
TEA

+¢p - max lvww(x,0,7)] VY(x,0) € X x ©. (176)
Te

Moreover, let

PDom(x,0) = c1 - max Ve (x, 6, 7))

. (x,0,71)|.
+ ez - max [vww (x. 6,7)|

Since the functions vrMm(%,0,7), vww(x,0,7) € Lo X x
OVt € A, then ¢pom(x,0) € Lo(X x O) as well
Therefore, each element of {¢r(x,0)} is dominated by
$pom(X,0) € L2(X x O). Hence, by the dominated conver-
gence theorem in £, spaces, stated in Theorem 5.2.2 in [27], it
is concluded that ¢(x,0) € Lo(X xO) and ¢r.(x,0) — ¢(x,0)
in the £o(X X ®)-norm, as k — oo. Since H,, is closed, the
limit of any convergent sequence in H is contained in Hg.
Thus, ¢(x,0) € H,. [

APPENDIX G

[fl(RN[)7

Theorem 7: ([26, Th. (8.15)]) Suppose h(y) €
=1,2,...If

[ h(y)dy = 1,and {hi(y)} £ {kMh(ky)}, k
(¥)

RM

¢ € L,(RM)(1 < p < 00), then limg 00 (b (y)*¢(y))(y') =
¢(y’), for every y’ in the Lebesgue set of ¢( - )-in particular, for
almost every y’ € RM, and for every y’ € RM at which ¢(-)
is continuous.

The proof can be found in [26].

APPENDIX H

In this Appendix, the proposed bound in (110) is derived via
the following steps. First, substitution of yogp(X,#) in (106),
into (107) yields

Ccrr = [®rcr, BwwWH K Rp
x[®pcr, PwwWHH  (177)

where ®pcr and Pww are defined in (71) and (83),
respectively,

Kcrr = Eyp [’YCRF(Xvo)'YgRF(X: 0)]
GWH
WKywWH

| Iprmv

= | war (178)
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Igpmu, defined in (72), is the Bayesian Fisher information
matrix

G £E,,

T
(M) o (179)

90 ww (X, 9)]

and Ky is defined in (84).

Second, the inverse of the matrix Kcgry, in (178) is derived.
Assuming that Kcgp is positive-definite, then according to for-
mula (7.7.5) in [29]

[KEI%QF] 1,1
= (Igrty — GWH (WK ywwWH)"'WG™)™!
= Igrg + Igrny GWH
- -1
x (W (Kww — GTI;E,G) W)

x WGTIgh 0, (180)
where the second equality in (180) stems from the
Sherman—Morrison—Woodbury formula [30]

-1 -1
[KCRF] 1,2 = IBFIMGWH
_ -1
x (W (G Iy G — Kww) W),
(181)
-1 _1 1H
[KCRF] 2,1 — [KCRF]1,27 (182)
_ _ -1
[KC%tF] 22 (W (KWW - DTIBPI“IMG) WH) :
(183)

We note that by [29, Th. (7.7.6)], (183) is positive-definite.
Third, substitution of (180)—(183) into (177) yields

Ccrr = ®rerliry Phor
+ QWH(WRWH)-'wQ” (184)

where R £ Kyww — GTIgp G, and Q 2 ®pcrIprn G —
Pyww
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