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e Test the existence of sparse representation

e Design a property testing algorithm

Query input a small number of times
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Distinguish between two cases:

e Input satisfies a given property Sparse property
e Inputis “far” from satisfying that property
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Y =0Y
Test checks for existence of:
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System Model

Y —odY Y = AX
Measurements Y ¢ Rm*P
Basis/Dictionary A c R™N

Sparse representation X € RN*P
Measurement matrix @ € R"™*™

Goal: Given Y check if sparse solution exits

For any fixed €,6 € (0,1),

>1—0 if Y =AX for a k—sparse solution Completeness
p
) if Y —AX| > e Vk — sparse solutions Soundness

Prest = IP { Tester accepts}




Two Settings

Goal: Check if sparse solution exits

>1—¢ if Y =AX for a k—sparse solution
Ptest

<0 if Y —AX| > ¢ Vk — sparse solutions

k—sparse solution:
{(A,X): [IXillp < &
A satisfies RIP (¢, k)}

k—sparse solution:
{x: lIxllo < Kk}
no structure on A




Known Design Matrix



Measurements y € Rmx1
e Model: y = Ax  Basis/Dictionary AcR™N A =1
Sparse representation  x € RV ||Ix|| =1

e Test: Existence of k-sparse solution with unit norm



Test Design

Measurements y € Rmx1
e Model: y = Ax  Basis/Dictionary AcR™N A =1
Sparse representation  x € RVX1  ||x|| =1

e Test: Existence of k-sparse solution with unit norm

Intuition: Suppose that y = Ax

Since x is k—sparse

Ixll, < Vx|l = Vk

Thus, y € Vkconv{AU —-A} — § € Vk conv{®(AL)}

Algorithm: Convex-hull membership test




Test: Convex-hull membership

Set n = 100k log(N/§), ® ~ LA(0,1)"xm

n

Observe y = ®y
Let Ay =AU-A
Accept iff ¥ € vk conv {®(AL)}



Test: Convex-hull membership

Set n = 100tk log(N/5), ® ~ LA(0,1)"<m
Observe y = ®dy

Let Ay =AU-A

Accept iff ¥ € vk conv {®(AL)}

@ time: poly(N, k.,D




1. Completeness: y =Ax for some k—sparse vector x = tester
accepts with probability one

2. Soundness: ||y —Ax|| > ¢ for all sparse vector x = test rejects
with prob. < §

e Set n= e lklog(N/s), ® ~ 1A7(0,1)"<m
e Observe y = ®y

e let AL =AU-A

e Accept iff § € vk conv{®(AL)}




Analysis: Preliminaries

Approximate Caratheodory's theorem (ACT)

e Given C = {wy,...,w,} where |w;| <1

e For every y € conv(C) and K € N
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Analysis: Soundness

|ly —Ax|| > € for all sparse vector x => test rejects with prob. < §

(1) Let A¢ be set of all Z¢ uniform convex combinations of vkA
(2) A:is é—cover of vkconv(AL) ACT
(3) With probability at least 1 — §/2, for z € v/kconv(A+)

I=ally -zl <[y -2 <(1+e)lly -2zl

Query: O (e 2klog(N/d))



Analysis: Soundness

|ly —Ax|| > € for all sparse vector x => test rejects with prob. < §

(1) Let A¢ be set of all Z¢ uniform convex combinations of vkA
(2) A:is é—cover of vkconv(AL) ACT
(3) With probability at least 1 — §/2, for z € v/kconv(A+)

I=ally -zl <[y -2 <(1+e)lly -2zl

(4) ®(A;) be é—cover of vkconv(®(AL)) ACT

e ACT: For every y € conv(C) and K € N,

1 & 2
— w; — < —,w; € C.
K; y Y| S =W
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Analysis: Soundness

|ly —Ax|| > € for all sparse vector x => test rejects with prob. < §

(1) Let A¢ be set of all Z¢ uniform convex combinations of vkA
(2) A:is é—cover of vkconv(AL) ACT
(3) With probability at least 1 — §/2, for z € v/kconv(A+)

I=ally -zl <[y -2 <(1+e)lly -2zl

(4) ®(A;) be é—cover of vkconv(®(AL)) ACT
(5) If test accepts y with probability > ¢

7 € Vk conv {®(AL)} — Hy ~ Ax

‘SE Step 4

= |ly — Ax|| < (1 —¢)'e <28 Step 3




Known Design Matrix: Summary

e Fix e, 0 €(0,1)
e Fix A such that [|A;|| =1

Tester: Convex hull membership

1. Query: O(e2log(p/d))
2. Properties:

2.1 Completeness: pist = 1 if y = Ax, for some x; € Sk
2.2 Soundness: Prest < 0 if ||y — Ax|| > € for all x; € Sy /2

Sk ={xxllo < k and [Ix|| =1}



Other Property Tests




Unknown Design Matrix

Measurements Y € RmxP
e Model: Y = AX Basis/Dictionary Ac R™N
Sparse representation X € RNV*P

e Test: Existence of decomposition to RIP-compliant matrix and
k-sparse matrix
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Unknown Design Matrix

Measurements Y € RmxP
e Model: Y = AX Basis/Dictionary A € RN
Sparse representation X € RVxP

e Test: Existence of decomposition to RIP-compliant matrix and
k-sparse matrix

Intuition: Suppose that Y = AX

e RIP-property = 1 —e<|ly;|| <1+¢

Step 1 Check if average of square of linear measurements lie in the

interval

e Gaussian width of k—dimensional subset of RV is
< 2y/3klog(N/k)
Step 2 Check if median of entries of linear queries is

< 4,/3klog(N/k)
1.0




Unknown Design Matrix: Guarantees

e Fixe 6 €(0,1)
e Fix k: (k/m)'/® < € < 1/100 and k > 10log(1/¢)

1. Query: O(e2log(p/d))
2. Properties:
2.1 Completeness: prest > 1—9 if Y = AX, for some A € A X; € Sk
2.2 Soundness:  prest < O if Y £ A(X + Z)+ W for any
A:Ac A« Z:||Z,'||§e2
{x X €S W ||Wi| <O(V8)

.

Ack {A:JJAi]| =1and (1 —¢€) < ||Ax]| < (1+¢€),Vx € Sk}
Sk ={x: x|, < kand [x| =1}
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Dimensionality Test: Design

e Input: Y € R™*P
e Test: Check if rank exceeds k
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Dimensionality Test: Design

e Input: Y € R™*P
e Test: Check if rank exceeds k

Intuition: Suppose that Y = AX

e Gaussian width of k—dimensional subset of RV is

< 24/3klog(N/k)

Algorithm Check if median of entries of linear queries is
< 4,/3klog(N/k)
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Dimensionality Test: Guarantee

e Fixe 6 €(0,1)
e Fix k : k > 10€%log(m)

1. Query: O(logd—1)

2. Properties:

2.1 Completeness: prest > 1 —§ if Rank{Y} < k
2.2 Soundness:  prst <6  if Rank{Y +Z} > ZEVZ: ||Z|| <€
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Conclusion




Sparsity/Rank: k

€,0 €(0,1)

Known A Unknown A Dimensionality
Query:  O(e"tklog(N/3)) O(e ?log(p/d))  O(log(1/5))
Y =Y Y = AX
Measurements Y € RmxP
Basis/Dictionary A c RN
Sparse representation X € RV*P
Measurement matrix ~ ® € R"*<™
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Questions?



Preliminaries

Estimating Gaussian Width using linear queries

e Forany u>4,ec(0,1/2)and § >0

e Givenset S C {v e R" ||v| €[l L€]}

e Median w of O(log(1/d|S]|) linear queries satisfy with
probability 1 — ¢

w(S)—u<w<w(S)+u
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