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Problem setup

m Data: Xi,..., X, € R

m Measurements: y; = Al X;, i€ [n],
where A; € R9%*™ is an orthonormal basis for an m-dimensional
subspace drawn uniformly at random.

m Goal: Estimate the population covariance matrix (distributional
setting)/sample covariance matrix (distribution-free setting) from
compressed measurements
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m Main results

m An estimator for the covariance matrix

m Analysis of the estimator, upper bound on the estimation error

m Lower bound on the risk of the covariance matrix estimation problem
m Effective sample size shifts form n to ”d—"z’z

m No structural assumptions made on the target covariance matrix

m This presentation: lower bounds in the distributional setting
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Lower bound

m Study the minimax risk: worst case error of the best estimator:

R2(©) = inf sup Exy ., [/~ X
pRSIC) ¢"~Z/l

where ||.||: ¢ or spectral norm.
m Distributional setting: set Py = N(0,X)

m We look at results that provide a lower bound on R,(©) in
{~ /spectral norm (Theorem 7, Theorem 17, Lemma 18)
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Quick overview

m A class P of distributions, indexed by parameter 6 € ©
m Samples Xi,..., X, € X drawn i.i.d. from some P € P

m Estimate some parameter § € © that depends on the true distribution
P

m An estimator § : X" — © of 6 based on the observations

0=0(X,...,X)



m A loss function £: © x © — R,

m The risk function associated with an estimator @ is the expected loss,
R(0,80) = Ep £(6,0)

= Minimax: minimize the maximum risk supgeg R(0, )

Bayes:  minimize the average risk Eg.R(0,0)

6/20



Theorem

Let ©({,n, d) denote the set of d-dimensional positive semidefinite

matrices with {~, norm upper bounded by n. If %%%—d <landd?>2,
then we have,




Fano's method

m Key idea: Reduction to a testing problem

A

inf sup Py(d(6,0) > s) >inf max  Py(d(d,0) > s)
6 6co 0 0€{01,....0m}

m Design a test using the estimator.
Consider the m-ary hypothesis testing problem with

H,‘:XNPQI., 1§i§m,

where 01, ...,0, are chosen such that

min[|0; — 6;2 = a.
1]



Given an estimator § : X — ©, consider the following test:

T(x) = arg min [|0(x) — 6i|2

1<i<m

Now bound the P. for this test:

Po,(T(X) # i) = Py, (i # argjmin 16(X) — ;1l2)

< Po(16(X) ~ 0ill2 > 5

4 A .
< ?EPGIHH(X) —60i3, 1<i<m.
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™, Ep, |10 ) 0ill3

724

4 2
?geagEPQHO(X) — 0|12

\ AN

IN

Lower bound on P;:

1 m
P; = min — E P(T(X
e = min 2. (

L, UMx) +1)
- log m

(m.a.x D('DGI‘”'DGJ‘) + 1)
>1-— 1 .

log m
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Thus,

N 2 o 1,
— >
meeaprgHO(X) 0|5

log m

2 ( (max D(Pe,-Hpej)ﬂLl))
1—
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Theorem

Assume that M > 2 and suppose that the parameter space © contains

elements 0g, . .., 0y associated with probability measures Py, . .., Py such
that

(i) d(6;,6;) >2s >0 forall 0 <j < k <M,
(ii) Pj is absolutely continuous with respect to Py for all j € [M] and,
1M
M.Zl D(Pj||Po) < alog M,
J:

with 0 < a < 3.

Then,
. VM \/7
inf sup Py(d(0,0) > s) > —Y0_ [1— 20— /22
Of sup Pold(0.6) 2 ) = o log M
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Lemma

Let Py be a distribution on (z, U) where U is an orthonormal basis for a
uniform-at-random m-dimensional subspace, x ~ N'(0,nl) and z = U x.
Let Py be the same distribution but where x ~ N (0,nl +~yw ) for any
unit vector v and any v € R such that v > —n. Then,

o oy — 377 nm?
D(PT||Pg) < 22 &
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Proof
u QOZN(Oan/)v Ql :N(Ovnl+7VVT)

D(Q11Q0) = 5 (log T+ Tr((al) ol 47w T)

2 nl +~ywT]|
SRS
Using
log x > ‘- (for x > 1)

x2 4
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we have

D@y <2 (18 i
HINOI =95 {1 ¢2
1 t
= t—1)>
2(1+t2)( )
where t:’HT'Y.
Thus,
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mXg=nl, X;= 77/—{—’)/61617—
L] POZN(O, UTZOU), P1:N(0,UT21U)

D(P[1P5) = [ (0, UTS1U)UNR(U)log (N ©. UT21U>Unif(U))

N(0, UTZ,U)Unif(V)
= Eyunit DN (0, UTZ1U)|IN(0, UTZoU))

1(1
=Ey~unif 5 (nTr(n/m +yUTeref U) — m —log

det(nln 4+ yUT ere] U))
2

nm
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m Let \i,..., A\, be the eigenvalues of UTX U (=nlm + ’yUTelelTU)

Then,

D(P1]|Po) < IEU~unif

N+

= Ey~unif ﬁHU T(Xo — I1)U|2

(N
G

= Ey~unif (U eref U||7

X
22
2

2 ) Z Ey~unie UR U3
n ij=1

72 3m2
— 2772 d2
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m Apply Lemma to a set of d + 1 distributions

m Consider distribution Py with data drawn from A/(0,7/) and
distributions P; with data drawn from A/ (0, n/ — fyejejT)

m Note: 2s =, v < n (for positive semidefiniteness)

m Using Lemma,
1 3’y nm?
QZD Pjl|Po) <

2 g2
= 2nc d
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2ad? log d
3nm?

~ 20d? log d Vd 2x
inf P S Y o > > 1-20—4/—
inf sup Py (H loo = m[ =5 ) = 1+\/g< “ |ogd>

m Forazl—loanddZZ

~ d?log d 1
inf sup Py (HZ—ZHOO > o ) =
Yy X

m Setting v =17 , we have

3nm? 7
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m Using Markov's inequality,
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