Ramanujan Sums in the Context of Signal
Processing

Pradip Sasmal
1ISc Bangalore

August 24, 2019



Ramanujan Sum

» The Ramanujan sum:

Z ej27rkn/q (1)
(k q) 1
> ClO(”) — ej27'rn/10 + ej67rn/10 4 ej147'rn/10 + ej187rn/10.
» An arithmetic function x(n): infinite sequence defined for
1 < n < o0, and is usually (but not necessarily) integer valued.
» Examples: the Mobius function p(n), Euler's totient function
o (n).
[e.e]
» x(n) = > agcq(n), n>1.
g=1

» The Ramanujan Fourier transform expansion (i.e., a4 are the
RFT coefficients)
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» The g'" Ramanujan sum (g > 1) is a sequence in n defined as

Z ej27rkn/q Z W—kn

(k q) (k q) 1

Wy = eJ27/4 is the qth root of unity

> c4(0) = ¢(q), cq(n+ q) = cq(n)
» the DFT of ¢4(n):

C,lk] = co(n)W"k
q[ ] nz:% q( ) 0 otherwise.

= B {q if (k,q) =1
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q
> cq(n) = Z Wkn: z Wq ki — /;1 Coszﬂ—q"”
(k)1 (K= (kyq)=1

» The Ramanujan sum has perlod g in the argument n. Unlike
sines and cosines, the quantity c,(n) is always integer valued,
which is often an attractive property.

» The first few Ramanujan sequences, shown for one period
0<n<qg-1
c(n) =1, co(n) =1,-1, c3(n) =2, -1, -1,
c(n) =2,0,-2,0, C5( )=4,-1,-1,-1,-1,
C6(”)—2 1, 1, -2,-1,1,
c7(n) = -1,-1,-1,-1,-1,
cs(n) —4 0, 0 0,—4,0,0, 0 C9(n) 6,0,0,—3,0,0,-3,0,0,
co(n)=4,1,-1,1,-1,—-4,-1,1,-1,1.



Properties:

» « primitive gt root of unity if @9 =1, but a” # 1 for any
positive integer n < q. W9 a primitive q" root of unity iff
(g, k) = 1. So the Ramanujan sum c4(n) can be defined as
the sum of n*" powers of all the gt primitive roots of unity.

—1

> qz cq(n) =0, forg>1.
n=0
g—1

> ZO cg(n) = q¢(q)
n=

» Orthogonality: Any two Ramanujan sums ¢4, (n) and c4,(n)
are orthogonal in the sense that

3
—

th(n)cq2(n) =0, q1# q,

Il
o

n

where m = lem(qi, g2).
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For g prime: ¢4(n) = {

For g = p™: cpm(n) =

q_
-1

1

0
—p
pm Y

m—

ifn=mul. of q
otherwise.
ifp™ 1 fn
1 ifp™1|n but p™ [ n
p—1) ifpTn

Multiplicative property: cg,q,(n) = ¢4,(n)cq,(n).

the Mobius function: u(n

)=

co(n) = (@), whenever (g, n

1 ifn=1

(1)K ifn=p1p2...px
0 otherwise.
)=1.



Ramanujan Subspace:

G0 cola-1) cla-2) . )

D) ) Gla-1) o @)

> B. — cq(2) cq(1) cq(0) cq(3)
cq(9—2) cq(a—3) clg—4) ... clg—1)
[ca(q—1) c(a—2) c(g—3) ... c(0) |

» Ramanujan Space: The column space of Bq will be called the
Ramanujan subspace Sq.

> c4(n), and all its circularly shifted versions, belong to this
space.



Rank and dimension: There are ¢(q) nonzero eigenvalues, and
Bg has rank ¢(q). So, Sq has dimension ¢(q).

Positive semidefiniteness: Bq is Hermitian with nonnegative
eigenvalues € {0, g}, it is positive semidefinite.

Factorization: The circulant B4 can be factorized as

B,= V. VI,
ax#(q) #(q)xq

where V' a submatrix of the DFT matrix W obtained by
retaining the “coprime columns”, i.e., columns numbered k;
such that (ki,q) = 1.

Any consecutive ¢(q) columns of Bgq are linearly independent.



Finite duration (FIR) signals:

» Arithmetic function expansion:

x(n) = Zach(n), n>1,

q=1

where

S S
ag = Q) Jim 2 x(n)cg(n) | .
» Arithmetic functions (for which Ramanujan-sum expansions
were originally used) are infinite duration sequences, and the
coefficients have to be evaluated through the limiting process.

But in the FIR case, with x(n) equal to zero for all n except
possibly in 1 < n < N.



The First Ramanujan FIR Representation:

M N

MITOO;x(n)Cq(n)/M = N;ijlo;x(n)cq(n)/l\/l -0,

which shows that ag — 0 for each g. Thus, the conventional
approach does not lead to a correct expansion.

» Consider the expansion:
N
x(n) = Z agcqg(n), 0<n<N-1,
g=1

where the first N sequences cq(n) are all used.
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>
X(O) =
x(1 a
(. ) = AN ? )
x(N —1) an
N———— N——
X a
where Ay =[c; c2 €3 ...cy] and
cm=[cm(0) cm(l) cm(® ... cm(N—-1)]"

» Theorem: The matrix Ay has full rank N and
det(An) = (—=1)N-IN!

» Ay is not an orthogonal matrix.



A Second Ramanujan Representation for FIR Signals
Replacing c4(n) With the Subspace S,(n)

» Equivalent representation of x(n):

x=[cq Cq ... Cgqld,

where g; are the K divisors of N.

» An arbitrary FIR sequence of length N cannot be represented
as in conventional way if oy is in conventional form. Only
those FIR sequences which are in this column space can be
represented.

» Each cg; represents just one vector in the Ramanujan space
Sg;» Which has dimension ¢(q;). Replace cg, with the matrix
(1) (#(qi)-1)

Gy = [cqi Cq; - Cg ]Nx¢(q-) )

(k)

where cg;’ represents circular downshifting by k.



Properties of Fy

> Fvn=[Gq Gg - Gaelyun g ne(ai) =N

» Theorem (Orthogonality): For i # k, the columns of the
submatrices Gq, and Gq, in the matrix Fy span orthogonal
subspaces of CN.

> Theorem: Any length N sequence can be represented as a
linear combination of the form

#(gi)—1
=2 > Bica(n—1),
GIN_1=0
Xq,-(”)

where g; are divisors of N and ¢4, (n) is the qfh Ramanujan
sum.



» Even though the columns of Gy, are orthogonal to those of
G, for i # k, the ¢(q;) columns of each G, are in general

not orthogonal, so Fy itself is in general not an orthogonal
matrix.

» Theorem: Fp is an orthogonal matrix iff N = 2.
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