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SBL Preliminaries

Sparse Bayesian Learning

....................

.................................

@ Problem:y = ®x +n
@ Bayesian: Prior pdf on sparse vector x
@ Sparse Bayesian Learning: x ~ N(0,T), I = diag(¥).
7)o =K
@ Based on the iterative Expectation Maximization framework
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SBL Preliminaries

E-step: [ Eyy0[09p(y. )]

Pl

M-step: ( arg max. {E-step}.

t arg max, E,y..o [log p(x; v)] J

@ E-step: Compute p(x|y; v(")
@ M-step: Maximization
@ Exact inference
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What is a Block-sparse signal?

X11 | X12 X1im . XB1 | Xg2 . XBM
X, € RM xg € RM
x1 ~ N(0,7B) xg ~ N(0,78B)
Qy=>oxX+n

@ Every block of the same length
@ Block-sparsity manifested through v = [v1, . ..,98]

@ We consider the two cases, (i) B =1 (ii) B derived from
an AR model
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X11 | X2 X1m Xp1| XB2 XBM
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X11 | X1 XB1 X12 | X22 XB2 Xim | Xam XBm

X1 € RB X2 € RE Xy € RB

@ X1,...,XMm have the same support: group-sparse,
Xj ~ N(07 r)

)
M

y=> t where t=ox+n;, 1<i<M,
i—1
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E-step
By 2ty  Hixy Tx
> EX1 -
y N - \ 4
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@ E-step: decomposed into E; and Ey
@ M-step combines and computes an estimate of ~
@ Exact inference
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E-step : Q (117) = Eqyy0ll0g p(Y. t.X:7)]

M-step : v("+1) = argmax Q (,Yh/(r))
Y rERL

p (t,le;'Y(r)) =p (x|t,y;»y(’)) p <t|y;7(r))
=p (xi7") p (tly: 7))
E-step can be rewritten as

E-step: Q (’Y|’Y(r)) = Eqy 0 Exjeao[10g P, t,X; )]
S——

E¢ Ex
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E-step

o Compute p(tly; ¥"): p(tm|xm) = N(PmXm, fmo?)
@ p(x) = [T=1 P(Xm), P(X) = [Ti—1 P(Xm)

@ GivenH = [ly,...,Iy] and y = Ht, compute

M times

p(tly; v ") = N (e, o),

pe = (R+ Pl @)HT (H(R + dplgdg)H") Ty

Y= (R+ ®glgdf)—

(R+ ®plgdg)HT (H(R + ¢l df)HT ) tH(R + ol dp).
where ¢g: block diagonal, ¢, ... ¢y along the diagonal,
and g = lg ® I
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M-step
A+ = argmax B o [l0g p(t, X; 7)]
TiERY

= arg max <c’ — Eqjyn Byt ) [ |Og IFB|]>
Y vERL

M
= argmin <C’+%Iog|r| %Z tlyiy 0 Ex [ty 0 {Tr (F‘l(xmern))D

Y nERY

Hence,

O[T, + L ]PmE
+1) 2 P [t Pt Pty 19 m X
NG ( E diag (me 7 54
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Kalman Clustered-SBL

@ Model the intra-block correlation using a first order AR
model:
Xm = pPXm—1+Um, mMm=1 ... M.

Um(i) ~ CN(0, (1 — p?)(i)), p: AR coefficient, p € R and

0<p<l
@ Assume that B; = ... = Bg = B: B is given by
1 p P M
N o
oM-1 pM:—Z M3 1
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@ State space model representation:

tm = ®mXm + Nm,
Xm = pPXm—1+Um, mMm=1 ... .M.
@ Vectors Xy, ..., Xy have a common sparsity profile given by
~ = diag(l')
@ Joint pdf of t and the temporally correlated vectors
X1,...,Xm IS given by

M
p(t7 X1, XM ’7) = H p(tm|xm)p(xm‘xm—l; ’7)7

m=1

where p(X1|Xo; ) £ p(X1;7)-
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@ The KC-SBL based update equations are given by
E-step : Eqy.ne) [Exy,.xuty010IP(Y, t X1, .., Xn; 7)]}

@ ML estimate of v given by

Tr-1
r+1) _ X M™%
A+ = arg MaXy. er, Bryin® | BExy xltiy®) (C -T2
M Tr—1
_Mioglrl — (Xm=pXm-1)) [~ (Xm—pXm—_1)
iogr| - 3 D

@ Complexity scales with M
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E-step
fity, Tty e > X1M> P1jm
: v
Fitgy Xty Xzm, Pa "
> E, - > -step
A
Fit, Ty
Xmims Pumm

@ E-step: decomposed into E; and Ey
@ Xq,...Xy are correlated — Eyx comprises of a recursive

Kalman filter

@ M-step: aggregates outputs of the E, to compute an

estimate of ~
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e E-Step
e i=1,2....k
s Predict: )’Zj\j—lv Pj\j—l
Update: )A(”j, P“j
k group-sparse Smooth: %j_1jk, Pj_1k

@ E-step: Recursive Kalman filter

@ Compared to regular KF, E-step requires P j_1x

@ M-step aggregates outputs of each recursive step: Batch
algorithm.
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@ The nested E and the M steps:
E-step : Q (Vlv(”%)ﬁ”)) =

By [E

M-step : v(+%) = argmax Q <fy|ﬂy(r+%),fy(r)>
YiER

(r+%)[|og p(y7t7xl7 <o XM 7)]:|

X15-9XM |t!’7

@ The inner EM iteration is initialized by v(+&) = ~().

@ At the end of the iterations of the inner EM loop, we set
~(1+1) — ~(1+%) | effectively updating the posterior
distribution of t in the outer EM loop.
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Preliminary Result

Soliid: N =100
Dashed: - N.=-130

SBL, N =100
10k - - SBL,N=130
KC-SBL

—%— y-aware LS
—O— yand p-aware MMSE

10 I I
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Figure: M = 8, B = 32, 5 non-zero blocks and p = 0.9.
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