Lecture 17/

Review : ¥ monotone properhies
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Q Pnoo‘ o-ﬁ Ru»ea Lemma [contd.)
_i_‘ Let 0,,.... Dy be iid unify [0,1]. Given P=(p..,p) ond

Pz (P, PP, o), ok
N
Xj" 211{0".5%3 - and X‘f 2:”{0)'_& "5}5-\) \S}Sh,

(orAidin the Cose P, > pi. Then, Ainu A ia morsfone. |
XeR Xeh .
Tw, P(XeA)- P(xeh)
= P(Xen, x¢ R)
=P(0ie (p.B), XTeh. X ¢A)
= (P.-p). P(xien, X7 ¢R).
For Py=p 50-& eou.% dtt we 8:!—
P(xem) - P(xem) = (Pi-p) T (M
and. Xim‘imlo, when Pi <y,
P(X eh) - P(xen) = - (3:-p) Tp (A).
Thw, demhna ba Q7 (M) The prb. X €A fon
=1(r....0),




d I _
T
Fonmalising the thneahsld pkcnomenon
We have alreo noh‘q that iM a monohne set
A+ deor $-1.3" B (A)= 0. FIR)=1. Rsoo, Jor
Audh a get A IP/H)>0. Indeed, ninw (),-1,. -1)eh”

NeP, J i and a Aeguence x »t. %] €A and
xteA s, TIp(A)>0 = Tp(R)>0. We have entablished
the ‘o “ow"ns
ion_d\_a_aa Fox e\ma monotone Aet AEPer S-1_ 1§,

*/P) = Ip(R) 1o A’rmdla mww? and {J/o) =0, {0 =].

on O<e<t, b p, S inf fp: Foll)> €f. Them,

i view of the COM““T above, p.=o0, p=1 We are
intnested i boumo\c'n& Pé - Pc—e fM € < ’/2’4

While we can we a version ot ioé—sobolexr ineyuah"a
{oa Qﬂbi*noaa p P bua bound IF/R)‘ thia will netds it




@ H A“)‘lenaﬂ«eniné_ot }o&— Sobole\r 3r\¢7uow‘}_ @
Theorem ((Germnal  BLSI)
Let X,,..., Xn be iid with Px,[l) = ’-Px,('l) =p.

Then, {o.n eviry {5@','3”—” R and clp)-= T—’sz 1"3,.'.‘;,
Ent()") < 2e(m E(})
whee £())= L E [ (60 p(x0)]

2 =

o0 Zll)
= = E[(po- p(x))
P&g_o_‘- Just ap in the p.hoo‘ Oi BLsx !an_ the UhiLoam CaAc,

it Au“icw b Ahow the ihquaﬂg Ioa_ n=). Thit ccre

reduwy b Ahowv‘?

pa‘loj a*+ ()-p)b‘,ﬂoa,o‘— [pat+(-p) b&)loé’(fa"«t(l-p)y)
< pl-p)efp) (10-161)%  (HW!) g
Check:  E[{(0- Jx2)] = 2p 1) /E[[{/x:)-g{x.-’))7

E[(00- )= E[((x)- )6)Y)

A dinect proof Joa the cane [=Lp A Aimple.

Theosem (Stneaﬁencd”gemud BLSI and EJ«nn—Jhin)
Forn Z=1p and 8p(R) = max I, (R)

l<)<ch

2) log Vo (2) < plI- I,[m) .
vm{ ) oé (-?p[l—p));sflﬁ), I,/A) PEP) <o) Zp




Remark . BLSL: Bounds P{ﬂ)loa Lo @
BESL: Bounds PlA)(I- Pm)) (= PIB) dog L )
Sinq thene A no dependence on n in these inegualihes
we can’t expect them ho enable a poof of the tmneshold
phenomenon.
Proof. Stepl: Suba ddihvity and fenaonizohon
= Ef2Ix], A= 2Zi-2
(Van.(A') = fFA:’ < E Vm(i)(2)> : EXS proof
g(a))= L= E[aj)-a,(x0)]
. ,;(u p)z Ef ;00 - 8;(x*))" )
Uaim: £(8;) = £(2;)- £(2i-)
hroof: A= A5 (X )
= Ej[{(x)- ;(»TM)] = Ejm [ 60 - £(57)]
Al denohn‘} = E; [ (X)),
2 B B 0 1]
Sinw  E; [7] - Bj[v) L Ej T fon ang v Y,

(Aj - A.) (;‘w)) ir unconnelated with Zjr — ZJ—.A :

Thus,

£(85) = plre) ZE[R(jo0-{15) - [ 045
= ¢ (ZJ) - £(3.)




=)£/5) = % g(s:).

_._SEP.'Z: loé—foboleu and other ineyuaﬁh’:o

@ &)= £(1§l)
P (a-6)" 2 (1a)- )"

(b) £(I{/)> v Em‘(*)

(¢) Pn 6 $-1.15 —>R4.
Ent({') = E[{] Log IE[[I}]
E[]
P Entff?) = E[f* 103( f /F/r))]

= E[{*%s {~  EN{T
U rER? U]

* B[] g Y] JERD

The &mAf termn on the malr\f-,s\dg equal;
RE[*los 4 Ef]| 2 2F ) -
b JIE[ 7 [ ]] [+ TéTu) ]
= 2 E/(] X~ IE“ ) =0,
which ompletey, the proof.- ®

(‘D aoé Aum meyualﬂa) ZQ !o} ai > 5:6(‘ .Qca Za;
Zbe




Step 3: r:mu? Combining eumaf’v g G,

S/() ZZ(A) EZE(IAi) 2( Z_—’-EM[A)
c(p

> _|I ZF[A)IO El[a?]
L (Ef18:))

= E[5]]
% (E[ld;’))l

P ORRLY)

é’-F[/A;UL

Fmalb nele f"*[ 1, af

E[158:] = E[/z z] IFUg/x) IF"’(]
—QP(l’p)I /A)
T, £(])2 L Van(dp)Jog Var(1a)
2e(p) J - E 1 )

> L Va(2a) Jog Var (1)
2P 49(-p)" 8, 3,10
8




