Lecture 22
g i Lipchity in a aet dirtana d i

o) < )é:r; $k)+ db,A), v Aex
Lemma %fﬂ) < {[v)‘t dc(u; (1,7) ‘V?,u wWhune
heO)l,2) = {, 1A Lipchitz in ot .

(m«o“a&az # 1A Lf(ck'f% (m dT X= (X X ) mJCP,
P4(x)>Mpx)+t) € 2. e"/q

EQ Supncma Ob" Rodemacher. Frocare,

\WMW

= 2-03" X"'umg{"j
Llet A be an mxn mafux czlu.a.b

(onsiden iL(x) = mox (A x)- X € 5",/}".
gete] 77

Fon l'nAfOMLL, 80& A- /é

’I ) g[-u) z‘qx‘%l ‘

)
.
00 1. 1|

0. ..ol
Thus *{X) denstesr the meu. deviahon oz’a Mard sy

wal R 6*\0»‘ the OJu'sm_
- Siw'mL], max of iid aen with 1Xi)< 1 can be hondled.
* -&/"}‘f/}}) = .R("’b)J‘(x)

n

< A b x) [x, i= i)




(#—#) f’_» 2’H‘J (")’1{1 #9%) @

d. (’('3)
whae  ¢;= max 2 Ma,'), l<isn,
J
= Thw, min& fhe Mmph bound {7
PIXeR) Pdelx. M) >t) e € 2",
P/&(xb m{(x)ﬂt) <2e” % = o Ihij)

Aloo (W'é Me Dias mid | .
!P/{(X)>E{)(x)+-t) < e 4?-3"‘3"'”"4')_

¥ Bul we can improve the bound abeye Mt’y 1¢€DI.
Spcaln'(cuy, l’a (##),
00 -{ly) = =2 P Liaayg

W\aeéou {(1/2 mcx”p, » Lipchitz in d-.

_1' nax
')P(g X)>IN{[)<)+ 1") < . ;o A,

R )( X S
Hnoﬂ\o. latmow\ pubpechoc own concenf.nah'ou.'

Measune Concentration 4
Tﬁdh}sPOJ‘L‘bhon (O«‘d' Ihc?ua({hbi




@ Tnamponfah'on coxt inequalitien and coup_(d'na_

f
(wheat Tl VoL

Pwn
[w]
Produceas) /
(W"Ca"' Ta__ ’—Gl’ . !ch-’

conaumen) 7 y AL

m

x P")" {J'G(hbﬂ O't fnawc on path -}
(At/unit of u.oinj the path i

ToTal cost = % JZ-::‘ C:" P“'

Qph'mal The napoat coal
Fon Jixed p.9, whot 12 the minivam coat ¢(p.q)
achieved B} de/.'iﬁnina P appaop”‘afela?

Dejintion (Coupling)

Let (X, P) and (Y 8) be hoo pno babilihy pacio.

A C‘L‘P‘_"&_"Zlﬁﬁ) iA a pain of aua (X.9) 24,
X~P and Y~ Q. We Aoy (X.¥) ir a (oupliv? ol {P,Q), on,
Fey in a Covph'n} %(P,Q).

Denote by P(r.8) the set of all coupkinga of P
ond 8.




@

*H ojd’O\miniAh} Coup&na, T: * —’.3 IA a chov\ze t{ varab ey
fom P 8 At fon all §-integrable yﬁ:y =R
é (y)8(dy) = f d (T(0) Pldx).
x

¥ Ophmadl co—uflinJ_ on ophmal fhanspost ir the solhon

[Mim'miza) ion the Pjynac— Kantonovich miniwizahon paosbleyn

c(r8g)= inf Elc(xv)]
W eP(P Q)

Note that the minimizahon A oven a,lk join” dirtaibulyoms

Pey ¢ P(P.Q); Auch joirt dirtriboloms are. called transjounc

va and the ohv aﬂaiu\'ra e iu‘imum ane called oeliww(

’fnaM'uCna Elan). .

Interesh nJ,_SPeda.( Casen

¥ Deferminiahe opfimal irans fauma plon /ﬁgniwup@} )

In 3cnaal, even a deteamimihe couph’h} reed not

exiAl . Hee iA an Cxamplz whune Mohde_ coupury eniafy .
A = y =R, P8<<u (Lebezs?uc measwe ) ( PL
eln,y)= x-g)”

Let opfv'ma.( coat gon PL . c(?,8)= g Elc(x.9))
xWeT(72,8)




can bhe ne_amdu! an A& weadure oL dirtont blw

Pand & In the (S Lituahme  thiz in called the
Eathwmovn Didtance. Lw {ad,

c(?,8) = sp [Eq [NX)] - ’EP“‘(X)]

At
hia Lipclu'ft

= Wassestein Matana (U (P.Q)
X Hammind, (0)“

Ansthen mf&%hw& Aeﬂhy whue o comprehenaive Aol”
A avaible i3 the 50”0 w.va

;(:73, C(ﬂ,y): l{ut‘;} } P2

Lemma ( Marimal (oupll j) Fon ¢ (x, 7) :’Liu#‘ll,,

C(P' Q)"’ dTv{P Q)
(: bup  Egfhl0) - IEP[MX)]/

h A=, 1), conhmuows

S




