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Ansthen inf&b&b'vv& sethng whae a compaeherave Aol”

w avaible i3 the 5oﬂ0wmd;
A=Y clry): Loy j P2

Lewmwa (Marimal (oup&!j) For ¢ (""J) = jliu ryYy

c (P Q)= dTv[P Q)
(: Eg[hx) - IEP[A(X)]/

h ¥ = [-1, 1) conhmuous

ZJ:::‘ We will on pacve Joa dirorete X .
P(X=Y)= = P(x=v-=x) < P(R) + O(R) ¥h<x
< - dry (0. 8)
> ¢c(r,9) > dny (2.9).
Foa e other direchow et A = §a - Plx)2 §(»)}
30 that d7y(0.8) = PIA)-Q(R)
let P [u,9) = mn 2P6). QY Lixsgy
= mingPlx) , Q)]
and P, (x,4) = (P)- 810, [8(9)-Ply) )
a(Plu} 96)), (8ly)- Pl )




Note thoX
Fnq)= mn 2P, § )Y 1{;,:,}

I- dyy /poQ)

P, (w,y) = (P/x)- §)) (8(y) - Ply)) Iixeh,geh‘i |
dey (P. &)
Let Pluy)=(-dry (£.8) P (ny)+ dry(P.8) Rlny).
hws,  P(X=Y)= [I-dy, (8] P,(X=)
= l-d, (P. Q).

(Note that- thia ix net a detexmmiahc coupling). g
A ’rig__wpoafah'ov\ cort imqw A an upper bownd /a.n
c(r.8).
For clry)= Lsxzqy, the Bo-called Praker’s inequdf}
Ahow\'\y dry (P, Q) = J2000)8) is an example .

@ Link between fnavs)sfoniah'on coat incc;uq!ih'ro and

meéeailune cown CCnb\aHOn
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‘PZ_EZ(/W)é _U'I)_Z ¥ 2>o0
i
Ea Z-EpZ < 12w DIBID fon ald 8§ «P.
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Recall the Gibb3 vanahonel fo.nmula:

109 /EP[C)ZJ = 5\2‘)‘() }/Eq [ZJ - D(Q”P),

ie, Yg2(2)= g{zv‘; X (Egz-E,2)-DIgIP).

Thos, o gz (2) = v X0, ¥ Qb

D/oIP) > 2(EqZ-E,2)- "
Mammizu}a the Jziakn‘—z\ﬂdc oven Ae R 1oe 3e‘r

DI§NP) > OEG} Z-Fp2)"
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fochhj,
EqZ-EpZ < Jav0law),  +#0Q<p,
l'mplio) that evaa 2A>0

Yors (3) ¢ sup AJ20DIQID - DIgNP)
a«p
< Q? Aup f2v » - o
p L.
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The claim con be extended h an? “nia” le\dfovr a:
Y, g, (7)€ }/>) © FEg2-Ep2 = §"(lgmm).
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[€) McDiarmid In eyualig via TnanApoatahon Lewma (@
Supposre D‘ ¥"— R sahafic, BDP with conatonis c= Ce,...,cn).
Let Pbe a product distribuhon on X7 and § be any dint
on X" Conaidn P ¢ P(P.8). Thew.
Eo[L0]- Ep [J(0]) = E [J00-49)]
s 'E[Z ¢ Lsx, ¢V5J
Zc P(x.#)

’EQ[ﬂX}] Ep[4(0] < [E | E P

ﬁw“i""“, bbt Tnan/spoﬂah'on Lemma, ot Auﬁ\'cw b Ahew

| Ja (oupl.in3 Pe P[P,&) pudh that

" +#)
Z_:.’P(Xt-t‘f,)t < (

?'Z..D/&UP) V Q« P

b 3ef L/’z,,,:-z//\) < (Zn-: c.—‘) ;\78 ¥ x>0,
which in hun Lrads b

P (#{X) >E¥/X)+ t)< exp(- 2*7%5}) |

Hence , Transpoatahion Le mma allowr wo b nedvw cone.

bounda h Tnan)spoa+ah'on (oaf' Ihcyuab? Audh Qo(#)




@ Firakevy inequa.b'?_ @

dry(1.9) = up PID)-QIP)

Lemma (Pinakord _inequality)
Fon two dirtribuhors Poand  ond Ad4. QK P. Then,
dyy (P.8)" < 1 D(gIP)
frsg  Note that fon A* = {4831,
dn(0.8) =8 (P*) - P(A)= EqZ -Ep2
whee 2= Dps . Nole teat by HM”OU.}}'A Lemma |
%—152(9‘)‘— é;
Theo, by Transportohon Lemim,

Eq2-Ep2 = J}'l D(g117).

[EJ Mastons, Tnanspontahion (st Tnequality
Theorem. Fon X= (X,,..., X..)"F: P,@ & P and § at

Q<P Let V={(Y,.,%.)~8. Then, thoe exista a coupl«'v
lPo't Pand Q At.
2:,’ Plx.#v)" < _21:0(5;//;0,
Pros|. Fom m=1, maximal (ouPUn} bewwra gives
P(x#=Y)"= d’(P.g) < E'chvnp).

We can complete the pros) by induchow.




Given V=g, comidu the masximal coupling
’PX,,.‘/“,|X"Y“ € ?(be,./&ﬁ,.)vhyt)'
Then, P (Yo, iy | X2 v

= dpy (qu., &V.,.,lv"=7k)

< \l i D(Q\,w,\,u-:vh I/ Ph)
= P (X ¢V|m) < EQ\"‘ [\ 5’ D/aV...lv“”PF)]

< \lé |=F [D(vamt,’)"k)].

Thw,

4 " L =
= P (X %Y%) <

Note Hhak our conAtaucted muybn Py yn
/Sahb"(/) ,ka\,k = ‘th_ . 'P‘Ih’\’b_-’- lPx"'\,h-l :




