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Elliptical conformal transformation was used to derive closed form expressions for the equivalent

circuit series inductance and shunt capacitance per period of a serpentine folded-waveguide slow-wave

structure including the effects of the beam-hole. The lumped parameters were subsequently

interpreted for the dispersion and interaction impedance characteristics of the structure. The analysis

was benchmarked for two typical millimeter-wave structures operating in Ka- and W-bands, against

measurement, 3D electromagnetic modeling using CST Microwave Studio, parametric analysis and

equivalent circuit analysis.
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1. Introduction

Serpentine folded-waveguide slow-wave structure (SFW-SWS)
has become popular for use in broadband high-power millimeter-
wave traveling-wave tubes (TWTs) [1,2]. The SFW-SWS is a
periodic structure with each constitutive period (of periodicity=p)
consisting of two waveguide elements: a straight rectangular
waveguide section (having broad-wall dimension=a and narrow-
wall dimension=b) accommodating the beam-hole as apertures
(radius=rc) at the broad-walls, and a serpentine E-plane bend-
section (Fig. 1). Design of such a slow-wave structure (SWS)
for a traveling-wave tube requires knowledge of the slow-wave
characteristics (dispersion and interaction impedance characteristics)
of the structure, which were analyzed in the past by parametric
approach [3–6], equivalent circuit analysis [5–7], and 3D electro-
magnetic simulation [5–7]. However, to the best of our knowledge,
analysis of an SFW-SWS using conformal transformation has not
been reported so far, except for a preliminary study by us [8].
Incidentally, in an earlier work we used Schwarz’s polygon conformal
transformation for analyzing a rectangular folded-waveguide SWS [9].

In the present work, we used elliptical conformal transforma-
tion for deriving closed form expressions for the lumped circuit
parameters of the SFW-SWS, in terms of the physical dimensions
of the structure. The effect of beam-hole has also been included in
the analysis. The lumped circuit parameters have been subse-
quently interpreted to obtain the dispersion and interaction
H. All rights reserved.
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impedance characteristics of the structure. The analysis has
been benchmarked for two typical structures operating in Ka-
and W-bands.
2. Analysis

The analysis has been carried out in two steps considering only
the fundamental TE10 mode of propagation in the structure. First,
the longitudinal-section of a period of the SWS has been
approximately modeled in Z-plane ðZðx; yÞÞ as a set of two con-
focal semi-ellipses without considering its depth (Fig. 2). Next, the
con-focal semi-ellipses in Z-plane have been transformed into a
set of concentric semi-circles in W-plane ðWðr; yÞÞ such that
0ryrp. Finally, the effect of the presence of beam-hole has been
included following Sumathy et al. [10,11].

Now, conserving the continuity and analyticity, the transfor-
mation functions in the Z-plane and W-plane are related as
[12,13]

Zðanþ jbnÞ ¼ kn coshfWðrn expðjyÞÞg ð1Þ

with

kn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

n�b2
n

q
and rn ¼ cosh�1 anffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
n�b2

n

p
( )

Here, the subscript n¼ 1 refers to the inner ellipse (circle) and
the subscript n¼ 2 refers to the outer ellipse (circle). The variable
2kn defines the focal distances of the con-focal ellipses and the
variable rn defines the radii of the concentric circles. The
parameters an and bn are the major and minor radii, respectively,
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Fig. 2. (a) One period of the serpentine folded-waveguide SWS, (b) elliptical

transformation in Z-plane, (c) transformation from Z-plane to W-plane.

Fig. 1. Schematic of a typical serpentine folded-waveguide slow-wave structure

showing the relevant dimensions.

Fig. 3. Dispersion and interaction impedance characteristics of the Ka-band structure.
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of the ellipses in the Z-plane, approximately related to the
transverse and longitudinal dimensions of the structure as
follows:

a1 ¼ h=2þb1

b1 ¼ ðp�bÞ=2

a2 ¼ a1þb

b2 ¼ b1þb ð2Þ

Using the transformed parameters from (1)–(2), we can now
easily express the lumped circuit capacitance ðCW Þ and inductance
ðLW Þ per period of the structure (without beam-hole) having
depth a as [10,14]

CW ¼ e0a ln
r2

r1

� �� ��1

LW ¼
m0a

p2

� �
ln

r2

r1

� �
ð3Þ

The beam-hole has been treated as a circular aperture at the
broad-wall of the rectangular waveguide at the location of electric
field maximum. The effect of the beam-hole is included through
an equivalent circuit, for which the expressions for the series
inductance and the shunt capacitance are expressed as [10,11]

LH ¼
1280p2r3

c

ol0ab

CH ¼
r3

c

45ol0ab
ð4Þ

Here, o is the radian frequency and l0 is the free space
wavelength. After cascading the equivalent circuit of the beam-
hole with the equivalent circuit of the folded-waveguide, one can
easily express the dispersion relation for the forward space-
harmonic propagating mode as [8,9]

b0 ¼
o2�ðLCÞ�1

c2

 !1=2
leff

p

� �
þ
p
p

ð5Þ

Here, Lð ¼ LWþLHÞ and Cð ¼ CWþCHÞ are the lumped circuit series
inductance and shunt capacitance of the SWS per period,
respectively, and leff ð ¼ hþpðp�bÞ=2Þ is the effective length of
the structure per period.

Subsequently, using the dispersion relation (5), one can
express the on-axis forward space-harmonic interaction impe-
dance ðKcÞ of the slow-wave structure as [15]

Kc ¼
L

C

� �1=2 sinfb0b=2g

ðb0b=2Þ

� �2 1

b0p

� �2

ð6Þ

Eqs. (5) and (6) can be now used for computing the dispersion
and interaction impedance characteristics, respectively, with
the knowledge of the dimensions of the structure under
consideration.
3. Results and discussion

For numerical appreciation of the problem, two typical slow-
wave structures were considered, one operating at Ka-band and
other at W-band, for which the dimensional details as well as the
measured and 3D analysis results of dispersion and interaction
impedance characteristics are available in the literature [7]. The
dispersion and interaction impedance characteristics of the
structure were computed using the present analysis and com-
pared to those from 3D eigen-mode analysis using CST Microwave
Studio, parametric analysis and equivalent circuit analysis. The
working expressions for the equivalent circuit analysis and the
parametric analysis are given in Appendix A for ready reference.
The benchmarking results are presented in Figs. 3 and 4 that show
the efficacy of the present approach.



Fig. 4. Dispersion and interaction impedance characteristics of the W-band

structure.
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4. Conclusion

Closed form expressions have been developed for the compu-
tation of dispersion and interaction impedance characteristics of a
serpentine folded-waveguide slow-wave structure following the
method of elliptical conformal transformation. The analysis has
been extensively validated against measurement, 3D electromag-
netic modeling using CST Microwave Studio, parametric analysis
and equivalent circuit analysis. The analysis is simple and is
expected to be of ample use to the TWT community.
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Appendix A

Working expressions for the equivalent circuit analysis and the
parametric analysis are given here for ready reference.

Equivalent circuit analysis: An equivalent circuit analysis was
introduced by the present authors in [7]. The expressions for the
dispersion and interaction impedance characteristics are given as
follows:

b0 ¼
1

p
2p�cos�1 1�ð1=kÞð1�ðf=fW Þ

2
ÞFH

n oh i
ðA:1Þ

Kc ¼ 120p lg

l0

� �
b

a

� �
1

ðb0pÞ2
sinfb0b=2g

ðb0b=2Þ

� �2

ðA:2Þ

with

FH ¼ 2þak�akðf=fHÞ
2

fW ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
LW CW

p ; fH ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffi
LHCH

p ; LW ¼
m0leff b

p2ðleff þbÞ
; CW ¼ e0leff

ðleff þbÞ

b

LH ¼
1280p2r3

c

ol0ab
; CH ¼

r3
c

45ol0ab
; k� 0:3 exp 20rc=a

	 

; ak ¼

LH

kLW
;

Here, lg is the guided-wavelength of the rectangular waveguide.
The above formulae work within the parametric regime of
0rrc=ar0:1

Parametric analysis: Following the parametric approach of Ha
et al. [4] and Booske et al. [6], the dispersion relation may be
expressed as

b0 ¼
2p
lg

� �
1þ

lg

2leff

� �
leff

p

� �
ðA:3Þ

For the estimation of the interaction impedance, one has to use
the expression (A.2), however with the value of b0 from (A.3). One
might note that the parametric analysis does not consider the
effect of the beam-hole.
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