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Interplay Between Interference-Aware Resource
Allocation Algorithm Design, CSI, and Feedback

in Underlay D2D Networks
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Abstract— A key problem in underlay device-to-device (D2D)
systems is assigning cellular users and D2D users to subchannels
to improve spatial reuse while controlling the interference they
cause to each other. We present a unified treatment of this
problem for two practically motivated partial and statistical
channel state information (CSI) models with quantized feedback.
They differ in the CSI available at the D2D receiver. In both
models, the nodes only have statistical information of inter-
D2D and inter-cell interferences, and employ fractional power
control. We present two polynomial-time algorithms to assign
multiple D2D pairs to subchannels, namely, relaxation-pruning
algorithm (RPA) and cardinality-constrained subchannel assign-
ment algorithm (CCSAA). RPA and CCSAA guarantee a D2D
sum rate that is at least one-half and one-third, respectively,
of the optimal sum rate. We also propose a novel statistical rate
upgradation technique that exploits the allocation information to
improve the D2D rates. We observe that inter-D2D interference
has a more pronounced effect in the statistical CSI model. The
algorithms respond differently to the two CSI models. RPA
outperforms CCSAA in the partial CSI model, while CCSAA
outperforms RPA in the statistical CSI model despite its weaker
performance guarantee.

Index Terms— D2D, subchannel allocation, channel state infor-
mation, quantized feedback, inter-cell interference, inter-D2D
interference.

I. INTRODUCTION

5G PROMISES to offer a wide variety of services and
applications that connect many devices with high data

rates. It enables an exciting class of new proximity services
(ProSe), such as local social-networking, local advertising,
first-responder communications, vehicle-to-vehicle communi-
cations, and video caching. Device-to-device (D2D) commu-
nication enables these services. In it, devices communicate
directly with each other without routing their data through the
base station (BS). Doing so improves spatial reuse, energy
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efficiency, and latency. Standardization activities are actively
being pursued in 3GPP to specify the D2D use cases and pro-
tocols [2]. D2D is also being considered in combination with
other technologies such as non-orthogonal multiple access [3].

In underlay D2D communication, the D2D users share
subchannels with the cellular users (CUs) to improve spatial
reuse. However, this causes the CUs and the D2D users to
interfere with each other. For example, in the uplink, the CU
causes interference to the D2D receiver (DRx) while the D2D
transmitter (DTx) causes interference to the BS. Therefore,
interference-aware subchannel allocation algorithms are essen-
tial at the BS to provide quality-of-service (QoS) guarantees
to the CUs and improve spectral efficiency.

The design and efficacy of the resource allocation algorithm
depends on the channel state information (CSI) available at
the BS and D2D pairs. For example, the full CSI models
of [4]–[9] assume that the BS knows with infinite precision
the channel gains of all the CU-to-BS, CU-to-DRx, DTx-
to-BS, and DTx-to-DRx links in the system. These models
are practically untenable because the DTx-to-DRx and CU-to-
DRx channel gains need to be fed back to the BS by the D2D
users. This makes models in which the BS only has limited
CSI about the DTx-to-DRx links and/or the CU-to-DRx links
very appealing.

A. Literature Survey on D2D With Limited CSI

We now summarize the D2D literature that considers limited
CSI. We classify them below on the basis of the CSI the BS has
and whether one or multiple D2D pairs can share a subchannel.

1) One D2D Pair per Subchannel: In [10], subchannel and
power allocation to the D2D pairs and CUs is first carried out
assuming that the BS has only statistical CSI of the CU-to-
DRx links. Another model in which each DRx feeds back to
the BS the CSI of the interference links from a pre-specified
number of farthest CUs is also studied. The problem is
solved using the polynomial-time Kuhn-Munkres algorithm.
The same algorithm is used in [11] for the statistical CSI
model. In [12], a partial CSI model is assumed in which the BS
receives one-bit feedback from the DRx for each of its links to
the CUs. A polynomial-time, throughput-optimal algorithm is
proposed for joint user scheduling, D2D mode selection, and
discrete rate adaptation. A dynamic mode selection scheme
based on the received signal strength from the BS is considered
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in [13] to manage the interference from a D2D user to
the CU link. In [14], a statistical CSI model is considered
for a multi-cell scenario with only one CU and D2D pair.
A heuristic two-step algorithm is proposed to determine the
transmit powers of the CU and D2D pair. In [15], for the
statistical CSI model, subchannel and power allocation of the
D2D pairs is done to improve the energy efficiency of the CUs
and D2D pairs while guaranteeing the D2D pairs a minimum
rate with a pre-specified probability of outage.

2) Multiple D2D Pairs per Subchannel: In [16], for the
statistical CSI model, a heuristic algorithm for allocating
subchannels is proposed that clusters the CUs and D2D
pairs. In [17], for the statistical CSI model, a distributed
admission control method for the D2D pairs is proposed for
a multi-cell scenario in which each cell has only one CU
and multiple D2D pairs, and all of them reuse the same
subchannel. In [18], the DRx feeds back a quantized version
of its signal-to-interference-plus-noise ratio (SINR) to the BS.
A polynomial-time algorithm called cardinality-constrained
subchannel assignment algorithm (CCSAA) is proposed for
allocating subchannels to the D2D pairs while ensuring a
minimum rate with a pre-specified probability of outage for the
CUs. It guarantees a D2D sum rate that is at least one-third
of the optimal sum rate. In [19], D2D pairs that share the
same subchannel are grouped into clusters. A topological
interference management scheme is proposed to maximize the
number of parallel interference-free links within the cluster.

Resource allocation with imperfect estimates of the CU-
to-DRx and DTx-to-DRx channel gains is considered in
[20]–[22]. However, only one subchannel is considered in [20],
[21]. In [22], a multi-objective optimization investigates the
trade-off between spectral-efficiency and energy-efficiency for
a bounded estimation error model.

We see that even for the limited CSI models, the above
papers differ in their consideration of inter-cell interference,
the number of D2D pairs allocated to a subchannel, and the
number of subchannels. Table I summarizes how the literature
differs in these aspects.

B. Focus and Contributions

We investigate the problem of allocating one or more
D2D pairs per subchannel for an underlay D2D system with
multiple subchannels, CUs, and D2D pairs. We do this in a
unified manner for two practical CSI models. We make the
following contributions:

1) Two Practically Relevant CSI Models: We consider a
partial CSI model and a statistical CSI model. In both models,
the DRx knows the statistics of the inter-cell and inter-D2D
interferences, but not their instantaneous values. In the partial
CSI model, the DRx knows the instantaneous channel gains
of its DTx-to-DRx and CU-to-DRx links. This is applicable
when the DRx periodically measures transmissions from the
DTx and the CU. In the statistical CSI model, the DRx only
has statistical CSI of the DTx-to-DRx and CU-to-DRx links.
This is applicable when the DRx measures the channel gains
infrequently.

2) Quantized Feedback Design With Outage Guarantees:
For both models, the DRx feeds back a q-bit quantized esti-

mate of its SINR, where q is a system parameter that controls
signaling overhead. Despite the limited CSI, the feedback is
such that the rate achieved using it can be decoded with an
outage probability of at most εd.

3) Polynomial-Time Algorithms With Performance Guaran-
tees: For both CSI models, the problem of allocating multiple
D2D pairs to multiple subchannels turns out to be NP-hard.
To solve it, we propose two polynomial-time algorithms that
employ markedly different approaches. The first one is a novel
relaxation-pruning algorithm (RPA). It is an adaptation of the
Shmoys and Tardos algorithm [23]. RPA provably achieves a
D2D sum rate that is at least half of the optimal D2D sum
rate. The second one is CCSAA. It is a combination of the
Goundan-Schulz algorithm [24] and an algorithm by Caprara
et al. [25] for the cardinality-constrained knapsack problem.
CCSAA has a lower computational complexity and provably
achieves a D2D sum rate that is at least one-third of the
optimal D2D sum rate. Both algorithms allocate at most K
D2D pairs per subchannel, where K is a system parameter
that controls the inter-D2D interference. They also guarantee
a minimum rate with a pre-specified probability of outage εc

for the CUs.
4) Novel Statistical Rate Upgradation (SRU) Technique:

We propose a technique called SRU that enables the D2D
pairs to increase their data rate. It exploits the information
broadcast by the BS about the allocation of the D2D pairs to
the subchannels to determine accurately the statistics of the
inter-D2D interference. SRU significantly improves the D2D
sum rate.

5) Interplay Between CSI Model, Feedback Resolution, and
Algorithm Design: Our comprehensive numerical results bring
out several novel insights about the interplay between the CSI
model, algorithm design, and feedback. First, RPA outper-
forms CCSAA for the partial CSI model. However, CCSAA
outperforms RPA for the statistical CSI model despite offering
a weaker performance guarantee. In effect, RPA is better able
to exploit the larger variation in the rates across subchannels
that occurs for the partial CSI model. Second, inter-D2D
interference has a more pronounced effect in the statistical CSI
model than the partial CSI model. Third, the optimal value
of K depends on the CSI model, feedback resolution, and
algorithm.

C. Comparison With Literature

Our work differs from the literature in numerous respects.
First, we do not assume full CSI [4]–[8] due to the large
feedback overhead it entails. Second, inter-cell interference
is not considered in [10], [11], [15], [16], [19]. Thus, its
randomness and the uncertainty it causes in the SINRs and
rates is not addressed in these papers. Third, quantized feed-
back, which is inevitable in practice, is not considered in
the literature except for [12], [18]. Fourth, only one D2D
pair is allocated per subchannel in [10]–[12], [14], [15]. The
problem of assigning multiple D2D pairs per subchannel in a
system with multiple subchannels is fundamentally different
and more involved than considering only one subchannel or
assigning at most one D2D pair per subchannel. Unlike the
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TABLE I

COMPARISON OF LITERATURE ON RESOURCE ALLOCATION IN D2D NETWORKS WITH LIMITED CSI

algorithms in [14]–[17], [20]–[22], RPA and CCSAA combine
practically reasonable levels of CSI knowledge and signaling
overhead with a performance guarantee on the D2D sum rate,
while also controlling the implementation complexity. Lastly,
SRU, which significantly improves the D2D sum rate, is novel
compared to the literature.

There are several significant differences between our paper
and [18]. First, only the partial CSI model is considered
in [18], while we consider both partial and statistical CSI
models and provide a unified algorithmic approach for them.
Second, RPA is novel compared to [18] and provides a
stronger performance guarantee. Third, while CCSAA was
proposed in [18], it was only for the partial CSI model. Its
applicability to the statistical CSI model is a contribution
of this paper. Fourth, SRU outperforms the rate upgradation
approach in [18].

D. Outline

The paper is organized as follows. Section II discusses the
system model. Section III presents RPA, CCSAA, and SRU.
Section IV presents performance benchmarking and numerical
results. Our conclusions follow in Section V.

II. SYSTEM MODEL

We consider N subchannels and M D2D pairs in a cell.
Let D = {1, 2, . . . , M} be the set of D2D pairs and S =
{1, 2, . . . , N} be the set of orthogonal uplink subchannels. The
D2D pairs operate in the underlay mode and share subchannels
with the CUs. We focus on the uplink subchannels for D2D
assignment as this is preferred in 3GPP [26]. The CUs are
already allocated to subchannels by the BS. Without loss of
generality, let CU i be allocated to subchannel i. Therefore,
the set of CUs is also S.

The uplink channel power gain from CU i to the BS on
subchannel i is hbi(i). The channel power gain from CU i to
the DRx of D2D pair j on subchannel i is gji(i). The channel
power gain between the DTx and the DRx of D2D pair j on
subchannel i is hjj(i), and from the DTx of D2D pair j to the
BS is gbj(i). The channel power gain from the DTx of D2D

Fig. 1. System model depicting the various channels between the CU, D2D
pairs, and BS. CSI of CU-to-BS and DTx-to-BS links is available at the BS,
and the inter-cell interferences are unknown to the BS and DRxs. The CSI
available at the DRx about the DTx-to-DRx and CU-to-DRx links depends
on the CSI model.

pair k to the DRx of D2D pair j on subchannel i is gd
jk(i).

Let Ljj be the path-loss of DTx-to-DRx link of D2D pair j
and Sjj be its shadowing. Thus, hjj(i) is the product of Ljj ,
Sjj , and its small-scale fading power gain. Similarly, Lbi is
the path-loss and Sbi is the shadowing of the link between
CU i and the BS, and hbi(i) is a product of Lbi, Sbi, and its
small-scale fading power gain. The system model is shown
in Fig. 1.

Fractional Power Control (FPC): The CSI available at the
BS fundamentally affects how the transmit power is controlled.
For example, in the full CSI models of [4]–[8], the transmit
power of the DTx of D2D pair j is a function of hjj(i),
gji(i), and gd

jk(i) since they are assumed to be known to
the BS. However, this cannot be done in limited CSI models.
We, therefore, use FPC, which is employed in 4G and 5G
standards [27, Ch. 15]. To reduce the interference to other
users, FPC only partially compensates for the path-loss and
shadowing. In it, the transmit power Pj of the DTx of D2D
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pair j is given by Pj = min
{
(κdσ

2)/(LjjSjj)α, Pmax

}
,

where Pmax is the peak transmit power for the DTx, κd is
a system parameter, σ2 is the noise variance, and 0 ≤ α ≤ 1
is the fraction by which the path-loss and shadowing are
compensated. Here, α = 1 implies complete compensation
of the path-loss and shadowing while α = 0 implies no
power control. Reducing α causes less interference to other
co-channel users. Similarly, the transmit power Qi of CU i is
given by Qi = min

{
(κcσ

2)/(LbiSbi)α, Qmax

}
, where Qmax

is the peak transmit power for the CU and κc is a system
parameter. Note that the transmit power does not depend on
the instantaneous interference.

SINR of D2D Pair: Let xik be an assignment variable that is
1 if D2D pair k is assigned to subchannel i, and is 0 otherwise.
The SINR ζj(i) of D2D pair j on subchannel i is given by

ζj(i) =
Pjhjj(i)

Qigji(i) + Id
j (i) + σ2

, (1)

where Id
j (i) is the sum of inter-cell interference and inter-D2D

interference powers:

Id
j (i) =

M∑
k=1,k �=j

xikIjk(i) + Zj(i). (2)

Here, Zj(i) is the inter-cell interference power from the
neighboring-cell users to the DRx of D2D pair j on subchannel
i and Ijk(i) is the inter-D2D interference power from the DTx
of D2D pair k to the DRx of D2D pair j on subchannel i.

A. Inter-D2D Interference and Inter-Cell Interference Model

The inter-D2D interference power Ijk(i) is given by
Ijk(i) = Pkgd

jk(i). The instantaneous channel power gain
gd

jk(i), ∀j �= k, is not known to the DRx of D2D pair
j as it requires cooperation between the D2D pairs. Thus,
the DRx of D2D pair j knows only the cumulative distribution
function (CDF) of Ijk(i), ∀k ∈ S, k �= j. It can estimate
the CDF of Ijk(i) by applying either parametric [28, Ch. 4]
or non-parametric techniques [29] to its measurements of the
interference from the DTx of D2D pair k.

The inter-cell interference power Zj(i) is also not known to
the DRx because it requires the DRx to know a priori which
users will be scheduled in the neighboring cells and also the
channel gains from those users. Therefore, the DRx of D2D
pair j knows only the statistics of Zj(i). Similarly, ZBS(i)
is the inter-cell interference power from the neighboring-cell
users to the BS. Only its statistics are known to the BS.
As above, these statistics are obtained by the BS and the DRx
by measuring the inter-cell interference over a period of time.

B. CSI Models

We consider the following two CSI models. In both models,
the BS knows the instantaneous values of hbi(i) and gbj(i) as
it is the receiver in those links. It can estimate them using the
reference signals transmitted by CU i and D2D pair j.

1) Partial CSI Model: In this model, the DRx of D2D pair j
knows the instantaneous values of hjj(i) and gji(i). Since the
DRx does not know the inter-cell and inter-D2D interferences,
it cannot know its SINR ζj(i) on subchannel i. Despite this
uncertainty, it can still compute an SINR estimate Tij(εd) such
that when it transmits with the rate log2 (1 + Tij(εd)) bps/Hz,
its outage probability is εd. This is equivalent to

Pr

(
Pjhjj(i)

Qigji(i) + Id
j (i) + σ2

≥ Tij(εd)

)
= 1 − εd, (3)

where Pr (A) denotes the probability of an event A. Rearrang-
ing in terms of the CDF Fj(·) of Id

j (i), we get

Fj

(
Pjhjj(i)
Tij(εd)

− Qigji(i) − σ2

)
= 1 − εd. (4)

Rearranging terms again, we get

Tij(εd) =
Pjhjj(i)

Qigji(i) + F−1
j (1 − εd) + σ2

, (5)

where F−1
j (·) is the inverse CDF of Id

j (i).
Remark: This formulation is general and applies to any

statistical model of the inter-D2D and inter-cell interferences.
Here, Id

1 (i), . . . , Id
M (i) can be statistically non-identical and

can be D2D pair-specific. For example, with Rayleigh fading
and lognormal shadowing, Id

j (i) can be accurately approxi-
mated as a lognormal random variable (RV) as it is the sum
of composite Rayleigh-lognormal (Suzuki) RVs [30, Ch. 3].
Let the dB-mean and dB-standard deviation of Id

j (i) be μj

and σj , respectively. Then, its inverse CDF Fj
−1(·) can be

shown to be Fj
−1(x) = 100.1(μj+σjQ−1(1−x)), for x ≥ 0,

where Q−1(·) is the inverse Q-function. In practice, the CDF
Fj(·) can be estimated by the DRx from its measurements of
Id
j (i) using techniques mentioned in Section II-A. The above

formulation can also incorporate imperfect CSI. For example,
let Ĥjj(i) be the imperfect estimate for the complex channel
gain Hjj(i) of the DTx-DRx link of D2D pair j on subchannel
i. This changes (3) to

Pr

(
Pj |Hjj(i)|2

Qigji(i) + Id
j (i) + σ2

≥ Tij(εd)
∣∣Ĥjj(i)

)
= 1 − εd.

Rearranging terms yields the expression for Tij(εd) in terms of
the conditional CDF of Hjj(i) given Ĥjj(i). The conditional
CDF depends on the estimator used.

2) Statistical CSI Model: In this model, the DRx of D2D
pair j knows only the statistics of hjj(i) and gji(i). This
is practically easier since the statistics change at a much
slower timescale. As in the partial CSI model, the DRx faces
several uncertainties in knowing its SINR. However, using the
statistical information, it can still compute an SINR estimate
Tij(εd) such that the rate log2(1 + Tij(εd)) is in outage with
probability εd. The calculations are as follows.

In the SINR expression in (1), the numerator is a Suzuki
RV. It can be accurately approximated as a lognormal RV
with dB-mean μ′

j and dB-variance σ′
j
2 [30, (2.188)]. Similarly,

the denominator is a sum of Suzuki RVs and a constant.
Hence, it can also be accurately approximated as a lognormal
RV with dB-mean μ′′

ij and dB-variance σ′′
ij

2, which are found
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using the Fenton-Wilkinson method [30, Ch. 3]. Note that μ′′
ij

and σ′′
ij

2 depend on i because the statistics of the CU-to-DRx
interference depends on i.

Thus, the SINR ζj(i) can be approximated as a ratio of two
lognormal RVs, which again is a lognormal RV with dB-mean
μ̃ij = μ′

j − μ′′
ij and dB-variance σ̃2

ij = σ′
j
2 + σ′′

ij
2. Therefore,

as above, we compute Tij(εd) such that the SINR ζj(i) lies
below it with probability εd:

Pr (ζj(i) < Tij(εd)) = εd. (6)

Using the expression for the CDF of a lognormal RV, and
simplifying, we get

Tij(εd) = 100.1(μ̃ij+σ̃ijQ−1(1−εd)). (7)

C. Quantization and Feedback

Let 0 = Ψ0 < Ψ1 < · · · < ΨL−1 < ∞ be the L = 2q

quantization thresholds. These are pre-specified and are known
to the DTxs, DRxs, and BS. The D2D pair j quantizes Tij(εd)
to one among the L quantization thresholds and feeds it back
to the BS using a q-bit feedback δij as follows:

δij = l, if Ψl ≤ Tij(εd) < Ψl+1. (8)

Given δij , the BS determines the rate Cij of the D2D pair j
on subchannel i as

Cij = log2(1 + Ψδij ). (9)

Since the rate depends logarithmically on the SINR, quantizing
the SINR in dB scale is equivalent to quantizing the rate.

The only information the BS has about the rate of the D2D
pair j is Cij . It is less than or equal to log2(1 + Tij(εd)) due
to the quantization in (8). This again ensures that Cij is in
outage with probability at most εd.

D. D2D Assignment Limit to Control Inter-D2D Interference

Assigning multiple D2D pairs to a subchannel can improve
spatial reuse. However, it also increases the inter-D2D inter-
ference between them, which can decrease their rates. To con-
trol the inter-D2D interference and investigate the potential
trade-off between it and the spatial reuse gain, we allow at
most K D2D pairs to share a subchannel. We shall refer to
K as the D2D assignment limit. Therefore,

∑M
j=1 xij ≤ K .

Note that the total inter-D2D interference power∑M
k=1,k �=j xikIjk(i) in (2) is not known to the DRx when

it generates feedback because it does not yet know which
other D2D pairs will share a subchannel with it. Limiting
the number of D2D pairs that can share a subchannel to K
enables us to compute a conservative estimate of the inter-
D2D interference that provides a reliability guarantee to the
D2D users. We achieve this by considering the interference
from the K − 1 D2D pairs closest to the DRx of D2D pair j
to determine the CDF of Id

j (i) in (2). Therefore, we replace∑M
k=1,k �=j xikIjk(i) in (2) with

∑K−1
k=1 Ij(k)(i), where (k)

denotes the kth closest DTx from the DRx of D2D pair j,
and use its statistics instead in (5) and (7). As a consequence
of this, both Tij(εd) and Cij are now functions of K , and
they decrease as K increases.

E. QoS Guarantee for CUs

The SINR ξi of CU i on its allocated subchannel i is

ξi =
Qihbi(i)∑M

j=1 xijPjgbj(i) + ZBS(i) + σ2
. (10)

The BS receiver experiences inter-cell interference and inter-
ference from the D2D pairs that share the subchannel with
CU i. We require that CU i must be able to transmit at a
minimum rate R

(i)
min bps/Hz with a probability of outage at

most εc, where R
(i)
min and εc are system parameters:

Pr
(
log2 (1 + ξi) ≥ R

(i)
min

)
≥ 1 − εc. (11)

Substituting the SINR ξi expression from (10) and rearranging
terms, we get

M∑
j=1

xijwij ≤ bi, (12)

where wij = Pjgbj(i) is the interference power at the
BS on subchannel i due to the DTx of D2D pair j,
bi = Qihbi(i)/(2R

(i)
min − 1) − σ2 − F−1

BS (1 − εc), and
F−1

BS (·) is the inverse CDF of ZBS(i). As in Section II-B,
ZBS(i) can be approximated as a lognormal RV with dB-
mean μB and dB-standard deviation σB . Then, F−1

BS (x) =
100.1(μB+σBQ−1(1−x)), for x ≥ 0. Note that bi depends on
hbi(i) and the parameters R

(i)
min and εc.

III. UNIFIED SUBCHANNEL ALLOCATION PROBLEM AND

POLYNOMIAL-TIME ALGORITHMS

For both CSI models, the problem of allocating multiple
D2D pairs to subchannels to maximize the sum of D2D rates
can be stated mathematically as follows:

P : max
xij,∀i∈S,j∈D

⎧⎨
⎩

N∑
i=1

M∑
j=1

xijCij

⎫⎬
⎭ , (13)

subject to
N∑

i=1

xij ≤ 1, ∀j ∈ D, (14)

M∑
j=1

xijwij ≤ bi, ∀i ∈ S, (15)

M∑
j=1

xij ≤ K, ∀i ∈ S, (16)

xij ∈ {0, 1} , ∀i ∈ S, j ∈ D. (17)

Note that Cij in the objective function depends on the CSI
model and K . The transmit power set by FPC influences P
in multiple ways. First, it influences the objective function
in (13) since Cij is a function of the SINR estimate Tij(εd),
which depends on both D2D and CU transmit powers. It also
influences the constraint in (15) since wij and bi depend on
the D2D transmit power and CU transmit power, respectively.

In P , constraint (14) mandates that at most one subchannel
can be assigned to a D2D pair, (15) specifies a minimum
rate guarantee for the CUs, and (16) ensures that at most K
D2D pairs are assigned to a subchannel. P is a binary integer
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programming problem that is NP-hard [23]. We present two
algorithms to solve P . They are based on different approaches
and provide different performance guarantees.1

A. Relaxation-Pruning Algorithm (RPA)

RPA consists of four steps. First, we solve an integer-relaxed
version of P . Second, using this solution, we construct a
bipartite graph between the D2D pairs and the subchannels.
Third, we determine the maximum weighted matching for the
bipartite graph. This leads to an allocation of the D2D pairs
to subchannels. However, it can violate the constraint in (15).
In such a case, the matching is pruned to arrive at a feasible
integer solution in the fourth step. The steps are described in
detail below. The rationale behind them will come out in the
proof of the performance guarantee in Result 1.

1) For all i ∈ S, j ∈ D, we set xij = 0 if wij > bi,
since the D2D pair j will violate (15) and can never be
assigned to subchannel i. For all other xij , the binary integer
constraint in (17) is relaxed to 0 ≤ xij ≤ 1. This changes P
to a linear program, which is optimally solved in polynomial
time by using the dual simplex [31, Ch. 4] or interior-point
methods [31, Ch. 5]. Let x̃ij , ∀i ∈ S, j ∈ D, be the optimal
solution to the linear program. We shall refer to x̃ij , ∀j ∈ D,
as the fractional solution for subchannel i.

2) For each subchannel i, compute ni =
⌈∑M

j=1 x̃ij

⌉
,

where �.	 denotes the ceiling function. Clearly, ni ≤ K
since (16) implies that

∑M
j=1 x̃ij ≤ K . We construct a

bipartite graph with
∑N

i=1 ni vertices on one side and M D2D
pairs as vertices on the other side. For each subchannel i,
the construction proceeds as follows:

• Create ni copies of the subchannel i, which are denoted
by i1, i2, . . . , ini . Henceforth, we shall refer to these as
virtual subchannels of i.

• Consider the set of D2D pairs D′
i = {j : x̃ij �= 0, j ∈ D},

whose fractional solution for subchannel i is non-zero.
Arrange the D2D pairs in D′

i in the non-increasing order
of their interference power to the BS:

wi[1] ≥ wi[2] ≥ · · · ≥ wi[|D′
i|]. (18)

Here, using order statistics notation, [k] is the D2D pair
in D′

i that causes the kth largest interference to the BS
and |D′

i| denotes the cardinality of D′
i.

• Let j1 be such that x̃i[1] + x̃i[2] + · · · + x̃i[j1−1] < 1
and x̃i[1] + · · · + x̃i[j1−1] + x̃i[j1] ≥ 1. Then, construct
edges between virtual subchannel i1 and D2D pairs
[1], [2], . . . , [j1].

• An edge between i2 and [j1] is constructed only if
x̃i[1] + · · · + x̃i[j1−1] + x̃i[j1] > 1. Let j2 be such that
x̃i[1] + · · · + x̃i[j1 ] + · · ·+ x̃i[j2−1] < 2 and x̃i[1] + · · · +
x̃i[j1]+· · ·+x̃i[j2−1]+x̃i[j2] ≥ 2. Construct edges between
i2 and D2D pairs [j1 + 1], [j1 + 2], . . . , [j2].

• In general, let jk be such that
∑jk−1

j=1 x̃i[j] < k and∑jk

j=1 x̃i[j] ≥ k, for k = 1, 2, . . . , ni. Edges are con-
structed between virtual subchannel ik+1 and D2D pairs

1The algorithms we propose below can also be applied to the full CSI model.
This is done by setting Cij = log2 (1 + ζj(i)) in the objective function
in (13).

Fig. 2. Example showing the edges in the bipartite graph between the D2D
pairs and the virtual subchannels for subchannel i.

[jk +1], [jk +2], . . . , [jk+1]. Also, an edge is constructed
between ik+1 and [jk] only if

∑jk

j=1 x̃i[j] > k.
• The weight of the edge formed between any virtual

subchannel of i and D2D pair j is Cij . The bipartite
graph for subchannel i is shown in Fig. 2.

3) Run the Kuhn-Munkres algorithm [32, Ch. 3] to find the
optimal maximum weighted matching for the above bipartite
graph. It solves the following optimization problem Q:

Q : max
yilj ,∀i,l,j

N∑
i=1

ni∑
l=1

M∑
j=1

yiljCij , (19)

subject to
N∑

i=1

ni∑
l=1

yilj ≤ 1, ∀j ∈ D, (20)

M∑
j=1

yilj ≤1, ∀i∈S, l∈{1, . . . , ni}, (21)

yilj ∈{0, 1}, ∀i∈S, l∈{1, . . . , ni}, j∈D,

(22)

where yilj is the binary matching variable that is 1 if the edge
between virtual subchannel il and D2D pair j is selected, and
is 0 otherwise. Thus, the algorithm selects the edges in such
a way that the sum of the weights of the selected edges is
maximized. It ensures that at most one virtual subchannel is
connected to a D2D pair, which is the constraint in (20), and at
most one D2D pair is connected to a virtual subchannel, which
is the constraint in (21). When an edge between any virtual
subchannel of i and D2D pair j is selected by the algorithm,
we say that D2D pair j is assigned to subchannel i. We shall
refer to this assignment as the integral matching solution. It is
possible that this assignment may not satisfy the constraint
in (15) for some subchannels since Q does not consider it.

4) Prune those parts of the integral matching solution that
do not satisfy the constraint in (15). We refer to assignments of
D2D pairs to subchannels that satisfy (15) as feasible assign-
ments and the rest as infeasible assignments. Let subchannel
i be a subchannel with an infeasible assignment that has
virtual subchannels i1, i2, . . . , ini assigned to the D2D pairs
k1, k2, . . . , kni , respectively.2 Their interference powers to the
BS are in the descending order: wik1 ≥ wik2 ≥ · · · ≥ wikni

. If
Cik1 ≥ Cik2 + · · ·+Cikni

, then only D2D pair k1 is allocated

2This description also includes the scenario where a virtual subchannel, say
il, is not assigned to any D2D pair. In that case, the D2D pair kl is not
considered in the above assignment.
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to subchannel i. Otherwise, the D2D pairs k2, . . . , kni are all
allocated to subchannel i. As shown in Lemma 1 below, this
assignment is feasible. This yields the final allocation of the
D2D pairs to subchannels.

Lemma 1: Pruning in Step 4 yields a feasible assignment,
i.e., the D2D pairs allocated to a subchannel satisfy the
interference constraint in (15).

Proof: The proof is relegated to Appendix A.
RPA provides the following theoretical performance guarantee.

Result 1: The D2D sum rate of RPA is at least half of the
optimal D2D sum rate.

Proof: The proof is given in Appendix B.
1) Computational Complexity: The linear program in Step 1

has a complexity of O (N3M3
)

[31, Ch. 5]. Step 2 has a
complexity of O (NM log M). The Kuhn-Munkres algorithm
in Step 3 has a complexity of O ((N + 2M)3

)
[32, Ch. 3]. The

pruning step in Step 4 has a complexity of O (NM log M).
Combining these, the complexity of RPA is O (N3M3

)
.

2) Special Cases: When K = 1, RPA arrives at the optimal
solution of P . This is because the D2D pair j whose wij

exceeds bi will be discarded for allocation to subchannel i
in Step 1 itself. All the D2D pairs that are considered for
allocation in Steps 2 and 3 satisfy (15). Therefore, Step 4 is
never required in this case. Hence, the D2D sum rate achieved
in Step 3 is optimal, as can be seen from Appendix B.

Another instance where RPA is optimal is when bi, ∀i ∈ S,
are sufficiently large such that the constraint in (15) is always
satisfied for all subchannels. This occurs when R

(i)
min is small

or Qi is large, ∀i ∈ S.

B. CCSAA

CCSAA approaches P as a submodular maximization prob-
lem. We refer the reader to [18] for a formal description of the
algorithm. While CCSAA is proposed in [18], its applicability
to the statistical CSI model is a contribution of this paper.

CCSAA uses two concepts, namely, feasible set and incre-
mental gain. A feasible set for a subchannel is a set of D2D
pairs that satisfies the constraints in (15) and (16). There can
be several feasible sets for a subchannel. CCSAA first selects
a feasible set ν1 for subchannel 1. It then selects a feasible
set ν2 for subchannel 2, and so on. A D2D pair can belong to
one or more of the selected feasible sets of the subchannels.

Selecting a feasible set for a subchannel is based on the
incremental gain, which is defined as follows. For subchannel
i, the incremental gain pij of D2D pair j is Cij if the D2D
pair is not present in the selected feasible sets of subchan-
nels 1, . . . , i − 1. If it is present, then pij is the difference
between Cij and the maximum rate on those subchannels in
which it belongs to their selected feasible sets. Hence, pij =

max
{

Cij − max
l=1,··· ,i −1

{Clj : ∃j ∈ νl} , 0
}

. The incremental

gain of a feasible set is defined as the sum of the incremental
gains of the D2D pairs in it.

For a subchannel, the goal is to select a feasible set that
has the maximum incremental gain. This turns out to be a
cardinality-constrained knapsack problem (CCKP), which is
NP-hard. Therefore, to select a feasible set, CCSAA uses
the following approach [25]. First, a linear program, which

is formed by relaxing the binary assignment constraints of
CCKP, is solved. The elements of the resulting solution are
then deterministically rounded-off to 0 or 1. The rounding is
done such that the resulting set is feasible and ensures that the
incremental gain of that set is at least half of the incremental
gain of an optimal feasible set.

Once the feasible sets are selected for all the subchannels,
then the D2D pairs in the selected feasible set of a subchannel
are all allocated to that subchannel. If a D2D pair is present in
the selected feasible sets of more than one subchannel, then it
is allocated to the subchannel for which it has the maximum
rate. Akin to RPA, CCSAA also comes with the following
desirable performance guarantee. Its proof is given in [18]
and is not repeated here.

Result 2: The D2D sum rate of CCSAA is at least one-third
of the optimal D2D sum rate.

Computational Complexity: Finding the feasible D2D set
for a subchannel involves solving a linear program in M
variables. It has a complexity of O (M2 log M

)
[33]. Since

this is done for N subchannels, the complexity of CCSAA is
O (NM2 log M

)
.

C. Contrasting Aspects of RPA and CCSAA

CCSAA approaches P as a submodular maximization prob-
lem as opposed to the linear program relaxation and rounding
approach that RPA employs. In CCSAA, the D2D pairs are
allocated sequentially, i.e., the D2D pairs are first allocated to
subchannel 1, then subchannel 2, and so on. On the other hand,
all the subchannels are considered simultaneously for allocat-
ing D2D pairs in RPA. In CCSAA, a D2D pair can belong
to feasible sets of multiple subchannels, and is allocated to
the subchannel with the maximum rate. However, in RPA,
a D2D pair is never assigned to more than one subchannel
in any step. RPA has a better performance guarantee than
CCSAA, while CCSAA has a lower computational complexity
than RPA. As we shall see, the different design approaches
of the algorithms lead to different responses for the two CSI
models in Section IV.

D. Statistical Rate Upgradation (SRU)

In calculating the rate Cij or equivalently Tij(εd), the DRx
considered the interference from the K − 1 closest D2D
pairs. Once the BS assigns the D2D pairs to subchannels,
the assignment information can be exploited by the D2D pair
to improve its rate as follows.3

Given xik, ∀k ∈ D, the DRx can compute the exact statis-
tics of

∑M
k=1,k �=j xikIjk(i) in (2) instead of

∑K−1
k=1 Ij(k)(i).

Therefore, the DRx uses Id
j (i) =

∑M
k=1,k �=j xikIjk(i) +

Zj(i) in both CSI models to compute a new SINR thresh-
old T ′

ij(εd) ≥ Tij(εd). The DRx communicates this to the
DTx, which increases its rate from Cij to log2

(
1 + T ′

ij(εd)
)
.

We refer to this process as SRU. The outage probability of the
rate after SRU is still at most εd for any D2D pair.

3This is practically implementable when the BS broadcasts the allocation
information after running the allocation algorithm.
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TABLE II

QUANTIZATION THRESHOLDS IN DB

IV. NUMERICAL RESULTS AND

PERFORMANCE BENCHMARKING

We now present Monte Carlo simulation results for the
following setting. The N CUs and the DRxs of the M D2D
pairs are dropped with uniform probability within a cell of
radius 500 m. The DTx lies with uniform probability within
a circle of radius 50 m around the DRx. This models the
different DTx-DRx distances in different D2D pairs. As spec-
ified in 3GPP [34], the path-loss in dB for the DTx-to-DRx
and CU-to-DRx links is 148 + 40 log10(d), and for the CU-
to-BS and DTx-to-BS links is 128.1+ 37.6 log10(d), where d
is the distance in km. We illustrate the results for Rayleigh
fading, lognormal shadowing with a dB-standard deviation
of 6, σ2 = −114 dBm, εc = 0.1, and R

(i)
min = 1 bps/Hz,

∀i ∈ S. The FPC parameters are α = 0.8, κc = 25 dB,
κd = 30 dB, Pmax = 21 dBm, and Qmax = 24 dBm [4], [10].
The simulation results are averaged over 10000 user drops and
channel realizations.

The SINR quantization thresholds for the two CSI models
are enumerated in Table II. For the partial CSI model, they are
centered around 8 dB; they span a 8 dB range for q = 2 bits
and a 14 dB range for q = 4 bits. In the statistical CSI model,
the SINR estimate Tij(εd) is smaller. Therefore, the thresholds
are centered around −2 dB, and they span a 4 dB range for
q = 2 bits and a 28 dB range for q = 4 bits.

Inter-cell Interference Statistics: Since the scheduler in one
cell is independent of those in the other cells, the statistics
of the inter-cell interference, which the DRx uses to compute
Tij(εd), are obtained as follows. For a subchannel, one CU
and min {K, �M/N	} D2D pairs are dropped with uniform
probability in each of the neighboring cells. Here, M/N
is the average number of D2D pairs per subchannel. The
small-scale fading and lognormal shadowing are generated for
the links from these neighboring cell users to the BS and the
DRxs. The interferences seen at the BS and the DRxs are
measured. The empirical CDFs of Zj(i), ∀j ∈ D, and ZBS(i)
are determined from 10000 such measurements. The sum of∑M

k=1,k �=j xikIjk(i) and Zj(i) in (2) is approximated as a
lognormal RV using the Fenton-Wilkinson method [30, Ch. 3].

A. Benchmarking Schemes

We compare the D2D sum throughputs of RPA and CCSAA
with the following schemes. For a D2D pair, the throughput is
equal to its assigned rate if the transmission is not in outage,
which happens when the instantaneous SINR is greater than

Fig. 3. Benchmarking: Zoomed-in comparison of the sum throughputs per
subchannel of RPA and CCSAA with ES and SSA for small user counts
(N = 4, M = 6, and εd = 0.1).

or equal to Ψδij , otherwise it is zero. We focus on throughput
because it accounts for outages.

• Exhaustive Search (ES): In this, the optimal solution of
P is found by searching over all possible assignments
of D2D pairs to subchannels. Therefore, ES serves as
an upper bound for any algorithm. Since the number
of possible assignments is 2MN , ES is computationally
infeasible except for small values of N and M .

• Semi-orthogonal Sharing Assignment (SSA) [4], [5],
[10], [11], [15]: In this, at most one D2D pair can be
assigned to a subchannel. SSA completely avoids inter-
D2D interference. The optimal subchannel allocation is
found using the Kuhn-Munkres algorithm.

A comparison with the approaches in [6]–[8], [16], [17],
[20]–[22] that also consider multiple D2D pairs per subchannel
is not possible due to fundamental differences in the CSI
model, QoS guarantees, number of subchannels available, and
the objective function. For example, the BS is assumed to
have full CSI in [6]–[8]. As a result, the allocation and power
control algorithms designed for it cannot be applied to the
limited CSI models that we consider. Only one subchannel
is considered in [17], [20], [21], while we consider multiple
subchannels. This makes the problem formulation different
because a D2D pair can now be potentially assigned to any
of the subchannels. QoS guarantees are not provided in [7],
while those in [16], [17], [22] are different from ours and so
are the objective functions.

B. Numerical Results

Fig. 3 benchmarks the performance of RPA and CCSAA
with ES and SSA. Given the exponential complexity of ES,
this is done for small values of M and N . Fig. 3a plots
the D2D sum throughput per subchannel as a function of the
D2D assignment limit K for the partial CSI model. The sum
throughput of RPA is indistinguishable from that of ES for
K ≤ 2, and is within 1% for K ≥ 3. It is higher than
that of CCSAA for K ≤ 3. The sum throughputs of the
two algorithms are close to each other and to that of ES for
K ≥ 4. This validates the lower bounds on the performance
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Fig. 4. Partial CSI model: Comparison of the sum throughputs per subchannel
of RPA and CCSAA for different K and q (N = 10, M = 30, and εd = 0.1).

of RPA and CCSAA, which are not shown to avoid clutter.
Since SSA is not a function of K , it is a horizontal line. RPA
and CCSAA significantly outperform SSA because they can
assign multiple D2D pairs to a subchannel and can effectively
deal with the resultant inter-D2D interference. As K increases,
the sum throughput increases because more D2D pairs are
allowed to share the same subchannel, which improves spatial
reuse.

Fig. 3b plots the corresponding results for the statistical CSI
model. For q = ∞, the sum throughput of CCSAA increases
as K increases and is within 1% of that of ES at K = 6. The
maximum sum throughput of RPA, which occurs at K = 2,
is within 1% of that of ES. Similarly, for q = 4, the sum
throughput of CCSAA at K = 6 is within 1% of ES, and
that of RPA at K = 2 is within 0.5% of ES. As above, this
also validates the lower bounds of RPA and CCSAA for the
statistical CSI model. For K ≥ 2, CCSAA performs better
than RPA. We now delve deeper into the behavior of RPA and
CCSAA for larger values of M and N . Therefore, we can no
longer show results for ES.

Fig. 4 plots the sum throughputs per subchannel of RPA and
CCSAA as a function of K for the partial CSI model for q =
1, 2, 4, and ∞. As K increases, the sum throughput of RPA
increases and then decreases. The decrease is visible for q = 1
and 2, but is imperceptible for q ≥ 4. As above, the increase
occurs because more D2D pairs are allowed to share the
same subchannel. For K ≥ 3, the decrease occurs because
the inter-D2D interference, which is set as

∑K−1
k=1 Ij(k)(i) to

determine Tij(εd) (cf. Section II-D), increases. This decreases
the rate Cij .

The trends are different for CCSAA. Now, the sum through-
put monotonically increases as K increases for q ≥ 2 and
eventually saturates. The saturation occurs because the average
number of D2D pairs per subchannel is M/N . Thus, making
K large effectively removes any limit on the number of D2D
pairs that can be assigned the same subchannel. Only for q = 1
is the trend similar to RPA. Here, the optimal value of K
that maximizes the sum throughput is 2. For both algorithms,
as q increases, the sum throughput increases because the
higher feedback resolution leads to a higher rate (cf. (9)). RPA

Fig. 5. Statistical CSI model: Comparison of the sum throughputs per
subchannel of RPA and CCSAA for different K and q (N = 10, M = 30,
and εd = 0.1).

outperforms CCSAA for small K , while the two algorithms
are indistinguishable for K ≥ 6. For K = 1, since RPA is
provably optimal, its sum throughput is always greater than or
equal to that of CCSAA.

Fig. 5 plots the corresponding results for the statistical CSI
model. Here, the sum throughputs of both algorithms are
lower and are more sensitive to K . As K increases, their
sum throughputs increase up to K = 2 and then decrease.
The decrease occurs because of the increase in the inter-D2D
interference as K increases. Thus, inter-D2D interference has a
more pronounced impact in the statistical CSI model. Another
noteworthy difference compared to the partial CSI model is
that CCSAA outperforms RPA for K ≥ 3, despite its weaker
performance guarantee. We observe that the maximum sum
throughputs for RPA and CCSAA are achieved at K = 2 for
all q, which is different from what we observed for the partial
CSI model. As before, as q increases, the sum throughput
increases due to more feedback.

Interplay Between CSI Models and Algorithms:
Figs. 4 and 5 bring out a noticeable difference in the
behavior of the two algorithms for the two CSI models. The
sum throughput for the partial CSI model is higher than that
for the statistical CSI model because the DRx knows the
instantaneous channel gains of the DTx-to-DRx and CU-to-
DRx links instead of just their statistics. RPA performs better
than CCSAA for the partial CSI model, while the reverse is
true for the statistical CSI model. In the statistical CSI model,
the channel statistics of the CU-to-DRx links vary much
less from one subchannel to another than the instantaneous
channel gains of the DTx-to-DRx and CU-to-DRx links in the
partial CSI model. As a result, the variation in the rate Cij

is much more from one subchannel to another in the partial
CSI model than in the statistical CSI model. The contrasting
designs of RPA and CCSAA react to this variation differently.
RPA exploits this variation across subchannels that occurs
in the partial CSI model better than CCSAA. However, for
the statistical CSI model, in which these variations are lesser,
CCSAA does better than RPA even though it has a weaker
performance guarantee. We also observe that the effect of
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Fig. 6. Partial CSI model: Effect of SRU on the sum throughputs per
subchannel of RPA and CCSAA for different q (N = 10, M = 30, and
εd = 0.1).

Fig. 7. Statistical CSI model: Effect of SRU on the sum throughputs per
subchannel of RPA and CCSAA for different q (N = 10, M = 30, and
εd = 0.1).

inter-D2D interference is more in the statistical CSI model,
which is why the sum throughput is more sensitive to K .
In both models, the sum throughput of RPA is greater than
or equal to that of CCSAA when K = 1.

Efficacy of SRU: Fig. 6 plots the sum throughputs per
subchannel of RPA and CCSAA with SRU as a function of
K for the partial CSI model. Compared to the results without
SRU in Fig. 4, the sum throughputs of both algorithms are
now much higher. For example, at K = 4 and q = ∞, SRU
increases the sum throughput of RPA by 65.0% and that of
CCSAA by 50.8%. The other trends relative to K and q are the
same as those in Fig. 4. As before, RPA outperforms CCSAA.
The optimal value of K again depends on q and is the same
as that without SRU.

Fig. 7 plots the corresponding results for the statistical CSI
model. Again, SRU markedly improves the sum throughputs
of both algorithms. For example, at K = 4 and q = ∞,
SRU increases the sum throughput of RPA by 55.2% and
that of CCSAA by 57.8%. Unlike the partial CSI model,
the optimal value of K does change when SRU is used. For
RPA, it increases to 3 and 4 for q = 4 and ∞, respectively.
For q = 1 and 2, it remains unchanged. With SRU and q = ∞,

Fig. 8. D2D sum throughputs per subchannel of RPA, CCSAA, and SSA as
a function of M for different q (N = 10 and εd = 0.1).

CCSAA outperforms RPA for all K ≥ 2. For q = 1, 2, and
4, the sum throughput of RPA is marginally higher than that
of CCSAA for all K .

Fig. 8a plots the D2D sum throughputs per subchannel of
RPA, CCSAA, and SSA with SRU as a function of the number
of D2D pairs M for the partial CSI model. For every M and
q, the results for RPA and CCSAA are shown for the optimal
value of K , which is numerically determined. As M increases,
the sum throughputs of RPA and CCSAA increase despite the
increase in the inter-D2D interference since the D2D pairs are
more closely spaced and more in number both within the cell
and also in the neighboring cells. Thus, the two algorithms
can scale with M and can exploit multi-user diversity due
to the availability of more D2D pairs. As before, the sum
throughputs of all algorithms increase as q increases. RPA and
CCSAA outperform SSA, and the performance gap increases
as M increases because of the increase in the average number
of D2D pairs assigned per subchannel, which is equal to
M/N . Also, RPA performs better than CCSAA for all M
and q. The performance gap increases as M and q increases.
For example, at M = 40, the sum throughput of RPA is
8.3% and 10.6% more than that of CCSAA for q = 4 and
∞, respectively. Fig. 8b plots the corresponding results for
the statistical CSI model. The trends with respect to q are
similar to those in Fig. 7. For q = ∞, CCSAA outperforms
RPA. However, for q = 2 and 4, RPA outperforms CCSAA,
albeit marginally. The sum throughputs of the two algorithms
increase as M and q increase and are better than that of SSA.

V. CONCLUSION

We investigated how assumptions about the CSI of the DTx-
to-DRx and CU-to-DRx links affected D2D resource allocation
algorithms with different designs and complexities in an under-
lay D2D system. For the partial and statistical CSI models,
we presented a quantized feedback scheme in which the
D2D rate achieved from the feedback satisfied a pre-specified
probability of outage constraint. For a system with multiple
D2D pairs and subchannels, we proposed RPA and CCSAA
for assigning at most K D2D pairs to a subchannel and pro-
viding QoS guarantees to the CUs. The two polynomial-time
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algorithms offered different trade-offs between performance
guarantee and complexity. We also proposed a novel SRU
technique that exploited the resource allocation information
broadcast by the BS to improve the D2D rates.

Numerically, the sum throughputs of both algorithms were
close to that of exhaustive search, and SRU improved them
significantly. Inter-D2D interference had a more pronounced
effect on the sum throughput for the statistical CSI model
than the partial CSI model. RPA outperformed CCSAA for
the partial CSI model. However, the numerical trends were
quite the opposite for the statistical CSI model even though
CCSAA had a weaker performance guarantee. This behavior
depended on the variation of the rates across subchannels,
which was more for the partial CSI model. The optimal value
of K depended on the algorithm, CSI model, and feedback
resolution. In some cases, the benefits of increased spatial
reuse outweighed the increase in the inter-D2D interference,
making it unnecessary to constrain the number of D2D pairs
per subchannel.

APPENDIX

A. Proof of Lemma 1

We show feasibility of the D2D pairs allocated to subchan-
nel i for the following two cases:

1) When D2D Pair k1 is Allocated to Subchannel i: This
assignment is trivially feasible because D2D pair k1 is not
considered for assignment if wik1 > bi, in which case xik1

would have been set to 0 initially by RPA.
2) When D2D Pairs k2, . . . , kni are Allocated to Subchan-

nel i: We express the fractional solution {x̃ij , j ∈ D′
i} of

subchannel i in terms of its virtual subchannels i1, . . . , ini

in the bipartite graph as follows. For i1, define x̃i1 [1] �
x̃i[1], x̃i1 [2] � x̃i[2], . . . , x̃i1[j1−1] � x̃i[j1−1]. The term x̃i[j1]

is split into x̃i1 [j1] and x̃i2[j1] such that
∑j1

j=1 x̃i1[j] = 1 and
x̃i1[j1] + x̃i2[j1] = x̃i[j1 ]. For i2, in addition to x̃i2[j1], define
x̃i2[j1+1] � x̃i[j1+1], x̃i2[j1+2] � x̃i[j1+2], . . . , x̃i2 [j2−1] �
x̃i[j2−1]. The term x̃i[j2] is split into x̃i2[j2] and x̃i3[j2] such
that

∑j2
j=j1

x̃i2 [j] = 1 and x̃i2 [j2]+ x̃i3[j2] = x̃i[j2]. Note that if∑j1
j=1 x̃i[j] = 1, then x̃i2[j1] = 0. Also, if

∑j2
j=1 x̃i[j] = 2, then

x̃i3[j2] = 0. In general, for k = 1, 2, . . . , ni, define x̃ik[j] �
x̃i[j] for j = jk−1 + 1, jk−1 + 2, . . . , jk − 1, and x̃i[jk ] is split
into x̃ik[jk] and x̃ik+1[jk] such that

∑jk

j=jk−1
x̃ik[j] = 1 and

x̃ik[jk] + x̃ik+1[jk] = x̃i[jk ], where j0 � 1 and x̃i1[j0] � x̃i[j0].
Also, if

∑jk

j=1 x̃i[j] = k, then x̃ik+1[jk] = 0.
For each subchannel i, the linear program in Step 1 of RPA

satisfies (15). Hence,

bi ≥
|D′

i|∑
j=1

x̃i[j]wi[j]. (23)

In terms of the notation above, the right hand side of (23) can
be expressed as

|D′
i|∑

j=1

x̃i[j]wi[j]

= x̃i1[1]wi[1] + x̃i1 [2]wi[2]

+ · · · + (x̃i1 [j1] + x̃i2[j1]

)
wi[j1] + x̃i2[j1+1]wi[j1+1]

+ · · · + (x̃i2 [j2] + x̃i3[j2]

)
wi[j2] + x̃i3[j2+1]wi[j2+1]

+ · · · +
(
x̃ini−1[jni−1] + x̃ini

[jni−1]

)
wi[jni−1]

+ x̃ini
[jni−1+1]wi[jni−1+1] + · · · + x̃ini

[|D′
i|]wi[|D′

i|]. (24)

This can be compactly written as

|D′
i|∑

j=1

x̃i[j]wi[j] =
ni−1∑
k=1

jk∑
j=jk−1

x̃ik[j]wi[j] +
|D′

i|∑
j=jni−1

x̃ini
[j]wi[j].

(25)

Since x̃ij ≥ 0 and wij ≥ 0, it follows that
∑|D′

i|
j=1 x̃i[j]wi[j] ≥∑ni−1

k=1

∑jk

j=jk−1
x̃ik[j]wi[j]. Since wi[jk−1] ≥ wi[jk−1+1] ≥

· · · ≥ wi[jk ] (cf. (18)), it follows that

ni−1∑
k=1

jk∑
j=jk−1

x̃ik[j]wi[j]≥
ni−1∑
k=1

⎛
⎝ jk∑

j=jk−1

x̃ik[j]

⎞
⎠wi[jk] =

ni−1∑
k=1

wi[jk ],

(26)

where the last equality follows because
∑jk

j=jk−1
x̃ik[j] =

1, for k = 1, . . . , ni − 1. Substituting this in (23), we get

bi ≥ wi[j1] + wi[j2] + · · · + wi[jni−1]. (27)

The virtual subchannel i2 can be assigned to at most one
D2D pair among [j1], . . . , k2, . . . , [j2], and the maximum inter-
ference possible is wi[j1 ]. Hence, wi[j1 ] ≥ wik2 . In general,
we can show that wi[j1] ≥ wik2 , wi[j2] ≥ wik3 , . . . , wi[jni−1] ≥
wikni

. Thus, from (27), we get bi ≥ wik2 +wik3 + · · ·+wikni
.

Hence, the set {k2, k3, . . . , kni} of D2D pairs assigned to
subchannel i is feasible.

B. Proof of Result 1

Let Zopt be the optimal sum rate achievable for P , and
let Zfrac be the sum rate obtained by the fractional solution
in Step 1 of RPA. Since the fractional solution is obtained
by relaxing the integer constraint in (17), it follows that
Zfrac ≥ Zopt. The bipartite graph in Step 2 is the rearrange-
ment of the fractional solution, and the integral matching
solution is the optimal one-to-one matching of it when the
constraint in (15) is ignored. Let Zmatch be the sum rate
obtained by the integral matching solution in Step 3 of
RPA. Hence, Zmatch ≥ Zfrac. After pruning the infeasible
assignment for subchannel i in Step 4 of RPA, the sum
rate achieved is given by max

{
Cik1 , Cik2 + · · · + Cikni

} ≥(
Cik1 + Cik2 + · · · + Cikni

)
/2, which is at least half of the

sum rate obtained by the integral matching solution for sub-
channel i. Summing over all subchannels, the sum rate Zfinal

of the final allocation after pruning satisfies Zfinal ≥ Zmatch/2.
From the above inequalities, we get Zfinal ≥ Zopt/2.
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