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Abstract—The use of many narrow beams to overcome the
adverse propagation conditions in millimeter-wave channels
leads to large training durations and overheads in 5G systems.
This causes the beam measurements to become outdated by
different extents at the time the transmit and receive beams
are selected. The rapid changes in user device orientation
exacerbate this problem. We first present a novel modified
bivariate Nakagami-m (MBN) model to tractably and accurately
characterize the joint, non-stationary statistics of the channel
gains seen at the times of measurement and data transmission.
We then derive a novel and optimal beam selection rule that
maximizes the average rate of the system. We use the MBN
model to propose a near-optimal, practically amenable bound-
based selection (PABS) rule. Our approach captures several
pertinent aspects about the spatial channel model and 5G, such
as transmission of periodic bursts of reference signals, feedback
from the user to enable the base station to select its transmit
beam, and the faster pace of updating the data rate compared
to the transmit-receive beam pair. The PABS rule markedly
outperforms the widely used conventional power-based selection
rule and is less sensitive to user orientation changes.

Index Terms— Millimeter-wave, 5G, beamforming, antenna
array, spatial channel model, beam selection, beam management,
beam measurement, orientation change.

I. INTRODUCTION

N THE quest to provide higher throughputs and accommo-

date a large number of mobile devices, 5SG cellular commu-
nication technology has moved towards millimeter-wave bands
with large bandwidths [1]-[3]. However, communication in
these bands is subject to severe propagation loss, attenuation
from atmospheric gases and precipitation, line-of-sight (LoS)
blockage and scattering, and diffraction [4].

Beamforming with antenna arrays helps address these chal-
lenges [5]. The small wavelength facilitates antenna arrays
with a large number of antennas at both base station (BS)
and user equipment (UE). Large antenna arrays result in
narrow beams with large array gains, which compensates for
the severe propagation loss. However, narrow beams require
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accurate alignment [6]. The number of transmit-receive beam
pairs required to cover the full angular space in elevation and
azimuth also increases.

In order to enable the UE to estimate the channel gain
on each transmit-receive beam pair, the BS periodically
sends reference signals on its transmit beams. For example,
in the 5G new radio (NR) standard, synchronization signal
blocks (SSBs) are periodically transmitted by the BS [6]-[8].
The UE uses the SSBs for initial beam acquisition. Subse-
quently, for beam tracking and selection during the connected
mode, it uses the channel-state information reference signal
(CSI-RS) along with the SSBs. The BS transmits the SSBs
from all its transmit beams in an SSB burst of duration
5 milliseconds (ms). Thus, in an SSB burst, the UE can
measure the gains from all the transmit beams to one of
its receive beams. To estimate all the transmit-receive beam
pair gains, multiple bursts are required — one for each UE
receive beam. These bursts are transmitted with a period that
ranges from 5 ms to 160 ms. Thus, beam acquisition can
take a considerable amount of time. Therefore, the difference
between the time of transmission of the reference signal and
the time at which the beam pair is selected depends on
the beam pair. Consequently, channel estimates obtained for
different beam pairs are outdated by different extents in a time-
varying environment.

In the connected mode, this process also requires the UE to
report its beam measurements periodically to the BS. Using
these measurements, the BS reselects the transmit beam and
transmits data on it. In addition, the UE periodically feeds
back channel quality information (CQI), which enables the
BS to adjust its modulation and coding scheme (MCS) and
data rate. This is done at a rate faster than that at which the
beam measurements are fed back [8].

The change in the UE device orientation relative to the
serving BS poses another new challenge [9]-[12]. Typical
user movements can change the device orientation at a rate
that ranges from 60°/s to 110°/s. In gaming scenarios, it can
even go up to 800°/s [13]. This happens even in nomadic, low
mobility environments. Not only does it exacerbate the time
variations in the channel, it also leads to beam misalignment,
which causes a change in the mean power of the serving
transmit-receive beam gain and a non-stationary channel. This
requires frequent beam selection and orientation tracking as
the link quality would degrade rapidly otherwise.

Given the importance of beamforming and beam selec-
tion, a considerable amount of literature has appeared on
it. In [14], [15], exhaustive search is considered. The UE
sequentially measures all beam pairs to select the one that
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maximizes the signal-to-noise-ratio (SNR) [14], [15]. In [16], a
two-step iterative beam search method is discussed. The BS
sends reference signals using wide beams in the first step and
then using narrow beams in the second step. In 5G NR, the UE
selects the beam that maximizes the SNR [6]. In [17], beam
selection is based on the signal-to-interference-plus-noise-ratio
(SINR) and reference signal received power measured at both
UE and BS. In [18], the angle of arrival (AoA) is estimated and
the beam is tracked by measuring the received signal at specific
pre-defined perturbations to the beam pattern. Capacity-based
beam selection methods are presented for multiple-input-
multiple-output (MIMO) channels in [19]. In [20], the users
are separated into interfering and non-interfering users. First,
the non-interfering users are assigned beams and then the
interfering users.

In [21], the LoS and non-LoS (NLoS) paths are used to
estimate the position of the UE and then select the beam.
The approach in [22] trains the same transmit-receive beam
pair multiple times to improve the received signal powers in
specific directions and maximize the probability of tracking the
beam pair that is aligned. In [23], a technique for obtaining
high resolution AoA and angle of departure (AoD) estimates
using wide beams is proposed. The beam is then oriented in
the estimated direction. Multi-armed bandit-based approaches
are used for beam selection in [24], [25].

In the above papers on beam selection [6], [14]-[16],
[19], [21] and in [26], which studies dual-connectivity,
the beam or beam pair with the highest SNR or measured sig-
nal power is selected. We shall refer to this as the conventional
power-based selection (CPBS) rule. However, the CPBS rule
does not account for the time-varying nature of the channel
and the fact that channel measurements of different beams are
outdated by different extents. While [24], [25] consider time-
varying channels, only NLoS paths are considered without a
model for measurement and data transmission in [24] and a
numerical ray-tracing method is used in [25].

A. Focus and Contributions

In this paper, we consider the problem of beam selection in
channels with time variations that occur due to user mobility
and user orientation changes. The latter makes the beam gain
a non-stationary random process. Our model captures several
pertinent aspects about 5G NR, such as the transmission
of periodic bursts of reference signals to enable beam pair
measurements, feedback from the UE to enable the BS to
select its transmit beam, and the faster pace at which the data
rate is adapted compared to the transmit-receive beam pair.
It also captures several salient aspects of the comprehensive
spatial channel model (SCM), which has been used in 5G NR
system design and evaluation [27]-[29]. This includes AoA,
AoD, antenna geometry, LoS and NLoS paths, clusters and
multiple paths per cluster, and user orientation. We make the
following contributions:

o« We propose a modified bivariate Nakagami-m (MBN)
model to characterize in an analytically tractable manner
the joint statistics of the beam gains seen at the times
of measurement and data transmission. It accurately
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models our observation that the beam gains at two time
instants can be non-negatively or negatively correlated.
For non-negative correlations, the MBN model is the
bivariate Nakagami-m model [30, Ch. 6]. For negative
correlations, it is based on an affine transformation of
the above bivariate model. To the best of our knowledge,
only the marginal Nakagami-m probability density
function (PDF) has been used to model millimeter-wave
channels in the literature [31], [32]. Neither the bivariate
model nor its modification have been used or numerically
verified for accuracy.

o We derive a novel and optimal beam selection rule that
maximizes the average rate of the system when the
beam pair is selected periodically on the basis of the
aforementioned channel estimates that are outdated by
different extents. We then use the MBN model to propose
a practically amenable bound-based selection (PABS)
rule that is computationally much simpler to implement.

o For channel traces generated from SCM, we show that
the average rate achieved by the PABS rule is very close
to that of the non-causal genie-aided rule in which the BS
knows at the time of selection the gains of all the beam
pairs in the future time instants. The PABS rule performs
much better than the widely assumed CPBS rule, and is
less sensitive to changes in the user orientation.

B. Organization and Notations

Section II presents the system model. In Section III, we pro-
pose the MBN model and verify its accuracy. We present the
optimal beam selection rule and the PABS rule in Section IV.
Section V contains numerical results, and is followed by our
conclusions in Section VI.

Notations: We denote the PDF and cumulative distribution
function (CDF) of a random variable (RV) X by fx (-) and
Fx (+), respectively. Similarly, the conditional PDF and CDF
conditioned on an event A are denoted by fx (-|A) and
Fx (-]A), respectively. The expectation with respect to an
RV X is denoted by Ex[-] and the expectation conditioned
on an event A by Ex[-|A]. The covariance of RVs X and
Y is denoted by Cov(X,Y), variance of RV X by Var(X),
transpose by ()7, Hermitian transpose by (-)f, real part by
R {-}, and derivative of a function f as f’.

II. SYSTEM MODEL

We consider a millimeter-wave system with a BS and a
UE. The BS is equipped with a uniform linear array (ULA)
that consists of Vi antennas. It can transmit one beam from
among Bpgg fixed directional beams in the azimuth direction.
Similarly, the UE is equipped with a ULA that consists
of Ny antennas. It can receive on one beam from among
Buyg fixed directional beams in the azimuth direction. Let
Bgs = {1,...,Bgs} and Byg = {1,..., Byg} denote the set
of transmit beams at the BS and the set of receive beams at
the UE, respectively.

A. Spatial Channel Model

Let 1 (t) be the orientation of the UE with respect to
the antenna array at time ¢. The MIMO channel matrix
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H(t, (t)) € CNo*Nx between the BS and the UE at time
t, which also depends on ¢ (), is given by [27]-[29]
H(t,9 (1))
KA
= K + 1urx( LoS + w( ))ulx( LOS)
* K+1 ZZacz Jun(62 + 0 (0)ul (62),
c=11[=1

ey

where C' is the number of clusters, L is the number of paths
per cluster, ux(+) is the array response at the receiver, u(-)
is the array response at the transmitter, K is the Rician factor,
0%, and ¢, are the AoD at the BS relative to its ULA and
AoA at the UE relative to its ULA, respectively, for the ("
path in the ¢ cluster, 6 ¢ is the LoS AoD, 6™ is the LoS
AoA, and A is the path-loss. For a ULA, ux(-) and u(+) are
given by

ux(0) = ! {1 e~ I2mu(O0) e*jQW(N“fl)“rx(e)}T 2)
er ) ) ) )

uK(0) = ! [1 eI O) e_jQW(N‘X_l)“"X(G)}T 3)
txX \/N_tx Ll ) ) )

where p™* () = dixcos(6) /A, dy is the antenna spac-

ing at the transmitter, and \ is the wavelength. Similarly,
1™ (0) = dixcos (0) /A and dyy is the antenna spacing at the
receiver. Lastly, o (t) = @cexp (j2n fpt cos(we,)), where
fp = v/ is the maximum Doppler shift, v is the speed of
the UE that moves at an angle 0., we; = 07 — 0, + 1 (t),
&, 1s a circularly symmetric complex Gaussian RV with zero
mean and variance 7., and . is the relative power of the ¢
cluster. The system model is illustrated in Figure 1.

Let g;p (t) denote the gain between the i transmit beam
of the BS and the p receive beam of the UE at time ¢. It is
given by

gip (t) = | (vir) H(E 4 )V, )
where v = uy (%) is the beamforming vector of the i
transmit beam that points in the direction 6j* and v =
uy (05Y) is the beamforming vector of the p™ receive beam
that points in the direction ¢. The transmit beam directions
are set as 0 = (i—1)m/Bgs, for 1 < i < Bpgg, and the receive
beam directions as ¢¥ = (p — 1)7/Bug, for 1 < p < Bug.
Note: 1 (t) can model any type of orientation change; it
is not dependent on v. As per SCM, the number of clusters
and paths, AoAs, and AoDs do not change over several
measurement cycles [27]-[29]. This is because they change
at a much slower timescale than that at which the MIMO
channel and beam gains change.

B. SCM Statistical Parameters

The AoA 607, of path [ of cluster c is a Gaussian RV that
is wrapped over an interval of 27 radians. Its PDF f* () is
given by [28]

= (0)= Oz - é“"’*’C)Q) ,

2U?‘on,c
for —m <0 <m. (5

1 o0
—_ ex
V27O A0A e 4;00 P <
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Cluster ¢

Fig. 1. System model: BS with N antennas that can form one among Bpgg
beams and the UE with Nyx antennas that can form Byg beams. Also shown
is the UE orientation 1) (t), speed v, and SCM.

With a slight abuse of terminology, we shall refer to éA(,A’C
and 0404, as the mean and standard deviation, respectively,
of 6. Similarly, the AoD 9‘0" ; is a wrapped Gaussian RV with
mean O_AoD,C and standard deviation oaop,. Its PDF is denoted
by f%(6). In SCM, opoa.c and ca,p . are themselves expo-
nential RVs with means &x0a and aop, respectively [28], [29].

C. Beam Measurement and Data Transmission Model

The beam measurement and data transmission take place
over beam measurement cycles, each of duration T},e,s. A cycle
consists of three phases that overlap in time, namely, beam
measurement, beam selection, and data transmission. In the
beam measurement phase, the BS transmits pilot bursts from
different transmit beams. In the beam selection phase, the UE
selects the receive beam and the BS selects the transmit beam.
In the data transmission phase, the BS transmits data using its
serving beam 7 and the UE receives using its serving beam p.

In order to explore the trade-off between measuring more
beam pairs and the increased sensitivity to time-variations
in the gains due to the extra time this takes, we study two
models for beam measurements. The first one is called full
measurement cycle (FMC). In it, the BS transmits Byg bursts
so that the UE can measure all the Byg Bps beam pairs. This
is similar to the models of [6], [16], [33]. The second one
is called partial measurement cycle (PMC). In it, the UE
measures different subsets of the beam pairs in different
measurement cycles.

1) Beam Measurements: In a pilot burst, the BS transmits
pilot symbols from its Bgs beams one after the other in a burst
of duration 7}, while the UE receives from one of its receive
beams. The pilot bursts are spaced 7y, apart in time.

FMC: Each beam measurement cycle consists of Byg pilot
bursts and is of duration BygTi,. In the first pilot
burst, the UE measures the gains from all the Bgg
transmit beams to its first receive beam. It, thus,
measures the beam pairs (1,1),(2,1),..., (Bss, 1),
where the tuple (i, p) represents the beam pair that
consists of transmit beam ¢ and receive beam p.
In the second pilot burst, the UE receives from
its second receive beam and measures the beam pairs
(1,2),(2,2),...,(Bss,2), and so on. After Byg
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Fig. 2. Measurement, selection, and data transmission model: Beam selection
occurs once in a beam measurement cycle, which is of duration Tiyeas. Every
pilot burst of duration T}, consists of Bgg pilot symbols, one each from Bgs
transmit beams from the BS. There are N data slots in a beam measurement
cycle.

pilot bursts, the UE has measured all the BygBgs
beam pairs. FMC is illustrated in Figure 2a.

Each beam measurement cycle consists of S < Byg
pilot bursts. Therefore, its duration is S7,. Let the
UE receive the first pilot burst on beam k. It, thus,
measures the beam pairs (1, %), (2,k), ..., (Bss, k).
It receives the second pilot burst on beam (k + 1)
and measures the beam pairs (1,k + 1),(2,k +
1),...,(Bgs,k + 1). It does this for (S — 1) pilot
bursts. In the last (S™) pilot burst, the UE receives
with its serving beam p and measures the beam pairs
(1,9),(2,p),...,(Bgs,p). This enables the UE to
obtain fresh estimates for its serving receive beam,
which has higher odds of being reselected in a
slowly-varying environment. Thus, the UE measures
the gains using its receive beams k, k + 1,...,k +
S — 2,p in the measurement cycle.! In the next
measurement cycle, the UE measures the gains using
the receive beams k£ + S — 1,k + S,.... PMC is
illustrated in Figure 2b.

PMC:

In general, let the UE measure the beam pair (¢, p) at time
T; » and let the corresponding gain be g; , (T} ). Let the vec-
tor g = [g1,1 (T1,1) s+, Gip (Tip) - - 9Bus, Bue (TBus, Bux)]
represent the most recent beam measurements of the BpsBuyg
beam pairs. These span multiple measurement cycles in PMC.

'In case $ € {k,k+1,...,k+ S — 2}, then the UE moves to the next
receive beam and skips receiving using p, which it will receive with in the
last pilot burst in the measurement cycle.
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2) Beam Selection: At the end of each measurement cycle,
the UE selects the beam pair (¢*,p*) on the basis of g, and
reports the transmit beam ¢* to the BS using its serving beam
pair (7, p). Then, (i*, p*) becomes the serving beam pair in the
next measurement cycle. The beam selection feedback delay
and the time required by the hardware to switch to the selected
beams at the BS and the UE are assumed to be small compared
to the time taken to measure the many beams [6], [8]. Thus,
the BS can switch its transmit beam with a periodicity of STh,.

3) Data Transmission: It consists of N slots, each of
duration 7. These span the entire measurement cycle, as do
the pilot bursts. Slot n starts at time ¢,,. At the beginning of
every slot, the UE feeds back to the BS the rate at which
it can receive data in that slot. This model captures the fact
that in 5G NR, the BS can adapt its data rate multiple times
with the same beam pair [6], [8]. The gain variations within
a slot are negligible since because Ty is small compared to
the coherence time of the channel. Then, as per Shannon’s
capacity formula, the rate R (g;- p+ (t)) in bits/s/Hz on the
selected beam pair is given by

Pygt - (t
1+ 1912[)() , (6)
g

R (gi= pr () = logy

where P, is the transmit power and o2 is the noise variance.

Note: To ensure tractability, we do not explicitly model the

variations in H(¢,4 (t)) due to LoS blockage. Our approach

applies so long as the time taken to measure all the beam

pairs is smaller than the average duration for which a blockage
remains unchanged.

III. MBN MODEL FOR TIME-VARYING
CHANNELS OF SCM

To design the beam selection rule, we first develop an
analytically tractable model for the joint statistics of the
gains g, (t) and g;, (t 4 7) obtained from SCM, where 7
is the time lag. We characterize them statistically using the
Nakagami-m distribution since it is known to accurately model
the channel measurements obtained from several propagation
scenarios [28], [31], [32], [34]. It subsumes NLoS Rayleigh
fading and accurately approximates LoS Rician fading.

Consider first the case when these gains are non-negatively
correlated. We propose modeling their joint PDF using the
bivariate Nakagami-m model. As per it, the bivariate PDF of
gip () and g; , (t + 7) is given by [30, (6.1)]

fgiyp(t):gi.p(t"r‘f') (7"1, 7“2)
A Qg (1) Qi (4 7))~

m—1

L(m) [1 =0 (t,t+7)] (8ip (8, E+ 7)) 2
ol o)
PTG \an o Tas s
oI 2mriro\/d;p (6, 6+ T)
m—1
\/Qim (t))Qtp (t+7) [1 — dip (t,t+ 7')]

)

where m is the Nakagami parameter, €2;, (¢) is the mean
channel power at measurement time ¢, §; ,, (t,¢ + 7) > 0 is the
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power correlation coefficient, and I,;, (.) denotes the modified
Bessel function of the first kind with order m [35, (9.6.19)].
To the best of our knowledge, the bivariate Nakagami-m PDF
for modeling the time-varying channels of SCM and capturing
the effect of user orientation changes has not been employed
in the millimeter-wave literature, nor has its accuracy been
verified.

A. Expressions for Bivariate Nakagami-m Parameters

We now derive € ,, (t), §; , (t,t + 7), and m in (7) in terms
of the SCM parameters.

The p™ receive beam gain Z;* () =
direction 6 is given by

(vg‘)T u(0) in the

73 (0) = 5 exp (—3(Now = D [u™ (8) = ™ (67)])
sin (erﬂ' [er (9) - er (9;))()]) (8)
sin (m [ (0) — p (657)])
It follows that
|er (6)|2 _ 1 sin2 (erﬂ— [er (9) - er (9;))‘)]) ) (9)
’ N3 sin® (m [ (0) — > (0)])
Similarly, for the "™ transmit beam gain Z¥*(0) =
(v;")T u(0) in the direction 6, we have
1 sin® (N [u™ (0) — p™ (6%)])
Zt_x 9 2 — t L . 10
|2 )] N2 sin® (7 [ (0) — p* (0%)]) 1o

1) Mean Channel Power ); ,, (t): As shown in Appendix A,

Qip(t) = [gzp( | is given by
C
Qip (t Z 7GR (1) G (1)
KA
T |28 6 e ()] |20 (0s)[*.

where Z* (-) and Z}* (+) are given above,
Neu

er _ \/_qu zZy (\/_UA()A qu"’eAOAc_‘_w( ))‘2

12)

2
G, (¢ * (V2oam.ctq + Opone) [ (13)

qu

w, and z, are the ¢™ Gauss-Hermite (GH) weight and
abscissa, respectively, and Ngg is the GH integration order
[35, (25.4.46)].

2) Power Correlation Coefficient §; ,, (t,t + 7): It is defined

\/Var g? ' ( (gz g (t—l-T))

This general definition is
processes. The term

Var(g?, (1) £ E [g5, (1)]

Sip(t,it+7)2

(14)

applicable to non-stationary

- Q'L?,p (t) )
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in the denominator is derived in Appendix B. It equals
c
Vargt, () = 72 (z B (O ()
c1=1
< 2
- 1 Z P)/c21 Grpx,cl (G;xcl( ))
c1=1
#2137 0067, 068, 0)
c1=1
c

XD YeGhe, (DG, (1)

ca=1,ca#c1

X [ OrX 2 X X 2
QKA | Z5 (05 + ¥ (1)]” 125 (%))

(K +1)2
x Z Ve G;roxcl G;Xcl( ) (15)
Cc1= 1
where
Nou B 4
FDj = Z Wyq ;;x <\/§0A0A,c$q + Onoa,c+ 9 (t))
(16)
1 Nou 4
tx = t n
Fi,c(t) - \/E ; Wq i (\/50A0D7Cxq + erD,c) (17)

The term E [g7,(t) g7, (t+7)] in the numerator is also
derived in Appendix B. It equals

E g7, (1) g7, (t+7)] =T3S, 7) + T3¢, 7)

+T;;S’NL°S (t,7). (18)

Here, T})°5(t, T) captures cross-products involving the NLoS
terms, and is given by (19) at the bottom of the next page.

Tl%gs (t,T) captures cross-products involving the LoS terms,
and is given by

K?2A?
LoS X X
T07) = e 128 @ + 0 O
X X 4
x |25 (Ops + ot + )P 2 (%) F . 2D
E%ZS’NLOS(t,T) captures cross-products involving the LoS

and NLoS terms, and is given by

:sz.I:ZS,NLOS (t, 7_)

X X 2
_ KA?|ZF (Bros )|
(K +1)2

KZVCG‘X HEX(t >|Zrx (Ops + 0 (t+7))|

<Z%G‘* (t+7)GF.(t )IZ“ (O + v (1))

+ 25}%{ (Z YO (t, T)GY, (t ))

Z;‘ s+ (t+71)) }] . (22)

X (Z (s + ¢ (t)))
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We see that 0, (t,t + 7) is dependent on user orientation
and speed, and also the SCM parameters such as 6, A\, di,
dix, Nixs Nixs C, e, 055, and 0% .

3) Nakagami Parameter m: We choose m as its maximum
likelihood estimate at time ¢. It is given by [36]

L0
- Var(g?, (1))

where €, () is given in (11) and Var(g7, (¢)) is given
in (15).

(23)

B. Modeling Negative Power Correlation

As mentioned, g; ,, (t) and g; ,, (t + 7) can be negatively cor-
related, in which case d;,, (¢,7 + 7) < 0. To understand this,
Figure 3 plots the level-set contours of the empirical bivariate
PDF of g, (t) /7/Qip () and gip (t+7) /1/Qip (T +7) at
t = 20 ms for 7 = 17 ms and 23 ms at which ¢; ,, (¢, + 7) are
—0.83 and 0.81, respectively. The correlation coefficients have
approximately the same absolute value but opposite signs. The
contours are generated from 100, 000 traces of the gains of all
the beam pairs for Bgs = 18, Byg = 18, Nk = N = 20,
dix = dix = 0.25\, v = 3.85 kmph, and a carrier frequency
of 28 GHz [5]. This corresponds to a maximum Doppler shift
of 100 Hz. Each trace consists of 120 samples that are spaced
1 ms apart. The SCM parameters are K = 3, {aop = 10.2°,
€aop = 15.5°, C = 4, L = 20, and 6, = 90°, and the UE
orientation change rate is ¢’ (t) = 60°/s [27], [28]. We make
the following observation:

Numerical Observation 1: The level-set contours for non-

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 20, NO. 11, NOVEMBER 2021

1.6

1.6

0.8
9in(t)/

Qi,p(t)

Fig. 3. Level-set contour plot of the empmcal bivariate PDF of

Gi,p (t) //Q,p (t) and g”,(t—I—T //Qup (t+7) for 7 = 17 ms and

23 ms with §; ,, (¢, ¢t 4+ 7) = —0.83 and 0.81, respectively, at ¢’ (t) = 60°/s
(K = 3, €aop = 10.2°, €popa = 15.5°, C =4, and L = 20, t = 20 ms).
The PDF fgi.p(t),gi o (t+7) (r1,72) levels are 1, 4, and 8.

Furthermore, all the level-set contours share the same center

(M1 /\/Qip (t), Ma/\/Qip (t+T)).

Expression for (M1, Ms): Tt is the point at which the bivari-
ate Nakagami-m PDF peaks. In general, from (7), (M7, M>)
is the solution of the following two equations:

0
8—mfg7z,p<t>7gi,p(t+r> (r1,72)

I, (Kari7a)

negative power correlation coefficients are concentric, and = m(1 — 2k172) 4 Kory7o =0, (24)
so are those for negative power correlation coefficients. Im—1 (Kari72)
T () = m Z 76 G (VFS, (DG, (4 7)
c1=1
c
Z ’ycl Grpxcl G;xcl ( ) Z ’yCz GZ(CQ (t + T)Gtzxcz( )
c1=1 ca=1,ca#c1
-1 Z 72, G, () (G, (D) G, (4 7)
Cc1= 1
c
Z Y OX (LTGEL O Y e (O%(87)) G, (2)
c1=1 ca=1l,ca#c1
X X 2 X *
L-1) sz@ (t,7) (Gie, (1) (%(m))], (19)
Cc1= 1
where
Nan w B _ *
@rx t, T Z = er (\/io'AoA,qu + erA,c + (t)) (Z;;x (\/QUAOA,qu + erA,c + (t + 7')))
~ t t t - (t
X €Xp (47T.7th sin (\/EUAOA,CJJQ + erA,c + W - GU) sin (M))
X exp (—27rofD cos (ﬁaAoA’qu + Orore + U (t+7) — Hv)) . (20)
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Fig. 4. Comparison of solution of (26) and the value of M1 /+/€; p (%)
measured from the empirical bivariate PDF (¢t = 0 ms, ¢/ (t) = 60°/s,
K = 3, SAOD = 10.20, EAOA = 15.50, C = 4, and L = 20)

0
E;;;Jbim(txg¢p<t+f>(Tlar2)

I (/@27“17“2)
= 1 — 2kar? mol VM2 ) 25
m( Kars) + Karirs Ton s (Far172) , (25
where k1 = 1/([1—=0ip (t,t+7)|yp (1), Ko =

2mn/8;,p (t,t+7)
‘ , K3 = ([1
V/Qup (O p (t47) (1= p (£,t4T))
dip (L, t+ 1)y (t —I— 7))L Eliminating common terms

yields Mi/+/Sp (t) = Ma/+/Qip (t + 7). Substituting this

in (24), it follows that M is the solution of the following
( Qi,p(tJr'r)

non-linear equation:
2
0., () T (Vi)

r7=VU.
Qip (1) /€ 7P(H¢) 2 !
“P Im,—l ( (t) )

(26)

and

m(1—2k172)+ ko

To the best of our knowledge, no closed-form expression
is known for it. The only exception is d;, (t,t +7) = 0, i.e.,
gip () and g; , (t + 7) are mutually independent. Then, M
is the value of r; at which the marginal Nakagami-m PDF
Join(0) (r1) is maximized, and My is the value of ro at which
fg:.,(t+7) (r2) is maximized. They can be shown to be [34]

0 g 1 [ OO0 E)

(2m — ]-)Qz,

M=
2m

27)

Since no closed-form solution is known for (26), we study
it numerically. Figure 4 plots M;/\/€; , (t) as a function
of 8, (t,t + 7).2 The simulation parameters are the same as
those for Figure 3. It leads to the following observation.

Numerical Observation 2: My and M, are approximated
with small error by (27) for all 6, ,, (¢t,t+ 7) > 0.

Figure 3 also leads to the following observation.

Numerical Observation 3: The major axes of the level-set
contours for the non-negative and negative power correlation
coefficients are perpendicular to each other.

The above observations apply to other parameter settings as
well; results for these are not shown due to space constraints.

>The corresponding results for My are similar. We do not show them to
conserve space.
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Explanation and Implications:  fq, )., (t+r) (T1,72)
in (7) is a symmetric function of the variables ri/1/8;, (¢)
and ro/+/€p (t + 7). This symmetry coupled with the fact
that the correlation coefficient is non-negative implies that the
major axis of the contours is a 45°-line with a positive slope
of 1. Any other positive slope would render the bivariate PDF
asymmetric. From Numerical Observation 2, it also passes
through the point ( 2m—1 22”—7;1) since the marginal

Nakagami-m PDF, when subject to the above scaling of

i : L 2m—1
Qi p (t), is maximized at y/=7—.

For a negative correlation coefficient, we expect the bivariate
PDF to remain a symmetric function of r1/4/€;, (¢t) and
ro/+/Qip (t+ 71). Using the same reasoning as above, this
implies that the major axis is now a 135°-line with a negative
slope of —1 that passes through the point ( 272”—7;1, 27#;1
As above, any other angle would imply that the bivari-
ate PDF for the negative correlation coefficient is not a
symmetric function of r1/4/€;, (t) and ro/\/Qip (T + 71).
Therefore, the major axis of the level-set contours for the
negative correlation coefficient is perpendicular to the line

ro/\/Qip (t+7T) = 11/4/Qip (t). Since it passes through
(My/\/Qip (), Ma/\/Qi p (t 4+ 7)), which is given in (27),

it can be shown to be given by the line

_ (2m — 1)Qi,p () Qip ()
Q,(t+7) 2m (1+ Qip (t+T))
Qi’p (t) 71
_ 9 (1 7) o) . (28)

Based on these observations, we propose the following
bivariate PDF fy. (4) g t4r) (71,72):

Foip(t).g0p(t i) (11,72)
_ma1

_Amm (= )" [ () Qg (E 4 7)]

¢(m,2(2m = 1))(1 - p)p™>

X ex _m (a—r1)2 + r%
Pli=p\ 0,0 "2, 0+
2my/p (a —1r1) T2
XIm1<\/sz zp t—i—T)(l—p)),

forogrlga,mZO,

where a = \/2(2m — 1)Q; ,, (t) /m, ¢(-,-) is the incomplete
gamma function [37, (8. 350 1)] and p > 0 is a parameter that
models correlation.

Rationale: The PDF in (29) is obtained by the fol-
lowing sequence of transformations of RVs that are
designed to satisfy the above observations. First, con-
sider the normalized RVs Y1 = g, (t) /\/Q, (t) and
Yo = gip(t+7)//S,p(t) with power correlation coef-
ficient p. From (7), we can show that fy, v, (y1,y2) =
—M(y%-i—y%)]

1,

T—p meylyz) for > 0.
F(m)(l—p)p% mil( Vi—p Y1, Y2

To rotate this by 90° in the counter-clockwise direc-
tion around the point (M;, M) as per Numerical Obser-
vations 1 and 3, we apply the variable transformation

(29)

m+1, m, m

4m Y1 Yo exp[
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~1 = 2/(2m—-1)/(2m) — Y2 and 172 = Yi. Lastly,

we scale back the two RVs using the transformation g; , (t) =
Yiv/Qip(t) and g, (t+7) = Yay/Qp(t+ 7). This
sequence of transformations yields the PDF in (29). Its support
is restricted to 0 < r; < a and 7o > 0 since the resultant
RVs must be non-negative. This leads to the scaling factor
¢(m,2(2m—1)) appearing instead of I'(m) in the denominator
to ensure that fy, (4 . (t47) (71,72) is a valid PDE?

Intuitively, based on the above rationale, one would
expect 0;, (t,t+7) =~ —p. We study this below
and also derive an exact expression for ¢;, (¢,t+ 7).
As per its definition in (14), we need expressions for
E (g7, ) g7, (t+7)], E[g},(t+7)], and E [g7, (t +7)],
which determine Var (g7, (t+ 7)), and E[g}, (t)] and
E [g7, (t)], which determine Var (g7, (t)). From (29), they
are as follows. The finite support in (29) makes them involved.
We skip the steps to save space.

_ Qip (1)
= ml(m,2(2m — 1)) {2(2’” -1

X ((m,2(2m — 1)) +((m +1,2(2m — 1))

o aEm =) <m+ 2(2m 1>>}

E [gi, (8)]
= A1) 41m? — 2Tm + 4
= w2 (m,22m - 1)) [( m” - 2Tm+4)

x(¢(m,2(2m — 1)) — 2

(30)

2(2m — 1)(10m — 3)

¢ (m+%,2(2m—1)”, 31)
E [g7, (t+7)]
_ Qip (t+ 7') (1— p)m+1
= ¢ 2@m = 1))
0o Ak k 7 2(2m—1) T k41
N C( +m, =5 ) (m+k+ )7 2
~ KT (m+k)
[gzp( 7)]
o z,p (t + T) (1 - p)m+2
m2¢(m,2(2m — 1))
oo pk¢ (k+ @L/”) T'(m+k+2)
XZ KT (m+k) ’ (33)
and
E [91213 (t) 91'247 (t+7)]

Qi () Qup (4 7)
~ m2((m,22m — 1))

X [m(5m —2+p)¢(m,2(2m — 1))

1
2(2m — 1)(2m + p)¢ (m +3 2(2m — 1)) } .
(34)
3We have observed numerically that for negative power correlations, gi,p (1)

seldom exceeds a. In the rare event that this happens, we clip it to a in order
to comply with the support for the bivariate PDF in (29).
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Fig. 5. MBN model: Power correlation coefficient d; ;, (¢,¢ + 7) (t = 20 ms,
W' (t) = 60°/s, K = 3, Eaop = 10.2°, Eaon = 15.5°, C' = 4, and L = 20).

For p = 0, we can show that (32) and (33) simplify to

E[g7,(t+7)] =Qipt+7), (35)

and

E [gﬁp (t+ T)] = pr (t+7) (1 + %) ) (36)

Figure 5a plots the power correlation coefficient computed
from the above expressions as a function of p for m =5 and
10 for the SCM parameters used for Figure 3. We see that
it is negative. It is close to —p for both values of m, which
reaffirms our intuition. The match improves as m increases.
Therefore, we shall use |J; ,, (¢,¢ + 7) | instead of p henceforth
for the bivariate PDF in (29).

C. MBN Model Verification

The bivariate PDF in (7) and (29) together constitute
the MBN model. To assess its accuracy, we use the same
simulation parameters as those for Figure 3. Figure 5b
plots the empirically measured value of ¢, (¢,¢+ 7) from
the SCM traces and the value analytically computed from
Section III-A.2 as a function of 7. We observe a good match
between the analytical and empirical curves for the entire
range of 7, which spans multiple coherence intervals. For 0 <
T < 3 ms, the power correlation coefficient is non-negative.
However, for 3 < 7 < 9 ms, it is negative. d;, (t,t + 7)
exhibits a damped oscillatory behavior. The empirical values
of M; and M5 from Figure 3 turn out to be 0.8652 and 0.8250.
They are within 1% of the values computed from (27).

To further assess the accuracy of the proposed MBN PDF,
Figure 6a plots the conditional CDF Fy, i) (%|giyp (1))
for different values of g, , () for §;, (t t—|—7') = 0.81,
and Figure 6b does the same for 0;, (t,t +7) = —0.83.
These are measured from the channel traces generated above.
We observe a good match over a three orders of magnitude
range between the empirically obtained conditional CDF and
the one derived from the bivariate PDFs in (7) and (29).
In Figure 6a, Fy, (147 (%|gip (1)) shifts to the right as g; , (t)
increases because 9; ,, (£, ¢ + 7) is positive. On the other hand,

in Figure 6b, Fy, (147 (z]gip (1)) shifts to the left as g; ;, (t)
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Fig. 6.  MBN model verification: Conditional CDF Fy, (1) (x]gi,p ()
for non-negative and negative power correlation coefﬁc1ents (t = 20 ms,
w/(t) = 60°s, K = 3, £aop = 10.2°, £p0a = 15.5°, C' = 4, and
L = 20).

increases because J; ,, (t,t + 7) is negative. To keep the nota-
tion simple, we denote J; ,, (T, t) by p;p (t) henceforth.

IV. RATE-OPTIMAL BEAM SELECTION

A beam selection rule ®: (R+)"™ x (R+)"® —
{(1,1),..., (Bgs,Bug)} is a mapping from BpsByg mea-
surements to a beam pair (i, p). Our objective is to find the
rule that maximizes the average data rate over the N data slots
of a beam measurement cycle given the beam measurements
g. The data rate is adapted in every slot. In the k" slot, it is
R (gip (tx)) and its average is Eg o, (1) [R(ip (tx))]. The
optimization problem is as follows:

maX{ Z &.900(t1) | g“p(tk))]}, (37)

s.t. (i,p) = CIJ(g).

Its solution is as follows.
Result 1: The optimal selection rule selects the beam pair
(i*,p*) that is given by

(38)

(", p")
1
= argmax ¢ —» E; (9ip (tr)) |9i, Ti p)
i€ Bgs,pE€Buk { N ; gin(ti) [ ! | ;D P }}
(39)
Proof: The proof is given in Appendix C. |

Thus, the beam pair (4, p) that has the highest average data
rate over the IV slots conditioned on its beam measurement
Gi,p (Tip) is optimal. From (7) and (29), the conditional
expectations in (39) turn out to be single integrals. The UE
needs to compute them numerically for each value of g; , (¢).
To reduce this computational burden, we present a simpler rule
below.

Since R(.) is a concave function, applying the Jensen’s
inequality [37, (12.411)], we get

N

1

2 o) [R a1 (1)
k=1

Y Padip(t
ZOgQ( s O;;’(’“)), (40)

Yip (Ti,p)]
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where d; ,,(t) is called the selection metric and equals

(41)

waw=E%Ao@&u>mmamﬂ.

The expression for d; ,(t) can be derived in closed-form from
the MBN model as follows:
a) pip (t) > 0: From (7), we can show that the conditional

PDF f,. ) (r2|9i,p (Tip) = 7”1) is

foin®) (TQ‘gim (Tip) = Tl)
2mry" ( Qip (Tip) ) 2
m_lgi,p (t) [1 — Pip (t)] Pi,p (t) Qi,p (t)
mpip () i
X exp —
( (1=pip®)]Qip(Tip) [1—
Wl 2mn/pip (t)mrg
1 — Pi p

D]V Qi (T

Using (42) and the identity fo

2

Pip (1) Qip (ﬂ)

)

drg[m,—l (VTQ) dTQ =
_r2 ym (24 4dm) .
e~ ad SR [37, (6.631.1)] to evaluate the condi-
tional expectation in (41), we get the following closed-form
expression:

(42)

m+2

Qi,p (t)
Q P (Ti,p) [(1

)

dip(t) = = pip (1) Qi (Tip)

+ pip (t) 912,) (Ti.p)]-

b) pip(t) < 0: Along similar lines as above, from the
bivariate PDF in (29), we can show after algebraic manip-
ulations that fg, ) (r2|gip (Ti,p) = 71) has a form similar
to (42) except that ry is replaced with (a — 7). Substituting
it in (41) and simplifying further yields

— 01 iy (0 940 ()

(43)

di,p(t)

+mmanm—mpam»ﬂ.<ﬂ>

PABS Rule: Using the above results, we propose the fol-
lowing rule for all correlations:

N
— E log <1 + = .
1€ Bps,pEBue { N 1 : o?

(i*,p") = argmax
(45)

For p;p, (t) > 0, d; ,(t) is a linear combination of the mean
channel power €2; ,, () and the beam measurement g7, (T ).
When g, ,, (T}, is large, the odds that the beam pair (7, p)
is selected increase. While, for p;, (t) < 0, the reverse is
true. As |p; p (t) | decreases from 1 to 0, the weightage for the
term that depends on g; , (T;,) decreases. Another point to
note from (11) is that €; ,, (¢ ) is a function of the orientation
¥ (t) of the UE. The selection rule, thus, takes into account
the change in the user’s orientation in each of the IV slots. We
also note that the PABS rule is different from the following
widely used CPBS rule [6], [14]-[16], [19]:

(i, p") =

argmax {g7, (T;,)}. (46)

i€ Bgs,p€Buk
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To implement the PABS rule, the UE needs to know its
orientation ¢ (t) and speed so that it can compute p;,, (¢)
and €; , (t). The UE can estimate ¢ (¢f) using orientation
sensors, which are now available commercially [9]-[12], [38].
Similarly, the UE can estimate its speed from the level-
crossing rate or the channel covariance [39]. Alternately,
the UE can directly measure p; ,, (t) and €2, ,, (¢) from previous
beam gain estimates. However, in practice, the number of
samples used for this purpose needs to be chosen carefully
to balance statistical accuracy and the ability of the system to
react to changes in the channel parameters. Note that the BS
does not need to know these parameters.

V. NUMERICAL RESULTS AND PERFORMANCE
BENCHMARKING

We now present Monte Carlo simulation results that quan-
tify the effect of different system parameters such as UE speed,
number of paths and paths per cluster, transmit and receive
ULA parameters, and measurement model related parameters.
A new aspect that we also explore is the effect of the UE
orientation change rate v’ (¢) on the performance.

Simulation Setup: We illustrate the results for Bgs = 18,
Bug = 18, Nx = Ny = 40, dx = dx = 0.25),
v = 3.85 kmph, and a carrier frequency of 28 GHz [5].
Let n = G%,,G=, PxA/o? denote the peak SNR when the
transmit and receive beams are aligned, where G* . = 16 dB
and G%, = 16 dB represent the peak transmit and receive
beam gains, respectively. For SCM, the parameters are K = 3,
€aop = 10.2°, qon = 15.5°, C = 4, and L = 20 [28].
The beam measurement and data transmission parameters are
Tgor = 0.125 ms and T}, = 5.147§;or. For example, when S = 6
and T;, = 20 ms, the beam measurement cycle duration is
Theas = 120 ms. Using (1) we generate 30 SCM channel
traces, each of duration 12 s, for a given value of ¢’ (¢). The
MBN model is used only for calculating the metric as per (45)
and selecting the beam.* We then compute the rate averaged
over all the traces.

Benchmarking: We benchmark the PABS rule with the
following rules:

e CPBS [6], [14]-[16], [19]: 1t is given by (46).

o Genie-Aided Selection Rule: Tt is given by

N 2
Pyg? (t
(i*,p") = argmax { " log, 1+%2(k)
i€Bps,peBue | 1 7

(47)

This rule is non-causal because it requires the BS to know
at the time of selection the gains for all the beams in the
next N data slots. It provides an upper bound on the
average rate achievable by any practical causal rule.

A comparison with the approaches in [18], [20]-[26] is
not possible due to the differences in the measurement, CSI
feedback, and data models. For example, in [18], the UE

4To compute its parameters, we use Ngy = 24 in (12), (13), (16), and (17).
To compute (20), we use Ngy = 87 fp, subject to a minimum of 24 terms.
It increases as 7fp increases because the number of zeroes of the function
O™(t, ), which is oscillatory, increase. However, we cap the maximum
number of terms to 63. The computed values are accurate to within 0.1%.
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perturbs the beams to find the AoA. In [20], [26], the
focus is on clustering the users spatially. Our approach is
complementary to the multi-armed bandit-based methods [24],
[25]. This is because the beam measurement sequence, which
these methods optimize, can be modified to account for time
variations and user orientation changes as per our approach.

A. Numerical Results

1) Role of Measurement Model: Figure 7 compares the
average rates of the CPBS and PABS rules as a function of the
peak SNR 7 for ¢’ (t) = 60°/s for FMC and PMC. Consider,
first, PMC. The average rate of the CPBS rule for S = 6
is greater than that for S = 12. This is because the serving
beam is measured more frequently and the beam measurement
cycle is shorter for S = 6. The same applies to the PABS
rule. Another observation is that the PABS rule achieves a
higher average rate than the CPBS rule. The gap between
the two increases as 7 increases. For both rules, the average
rates with PMC for S = 6 and 12 are more than that with
FMC. Therefore, to avoid clutter, we show results for PMC
henceforth.

2) Effect of UE Orientation Change Rate: Figure 8 plots the
average rate as a function of the orientation change rate ¢’ (t)
for CPBS, PABS, and the genie-aided rule for different S,
which determines the measurement cycle duration. Consider,
first, the CPBS rule. When ¢’ (¢) increases from 30°/s to 90°/s,
its average rate decreases by 44% and 50% for S = 6 and 12,
respectively. Thus, the performance degradation is significant.
As observed earlier, S = 6 leads to a higher average data
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Fig. 9. Effect of beam-width: Average rate as a function of the UE orientation
change rate ¢’ (t) for PMC (Byg = Bss = 18, Tpn, = 20 ms, and
n = 20 dB).

rate than .S = 12. On the other hand, the PABS rule is robust
to changes in the UE orientation. This is because its selection
metric in (45) accounts for the correlation between the channel
states at the times of measurement and data transmission,
and also the change in the mean channel power. The gap
between the two rules markedly increases as 1)’ () increases.
For example, for S = 12, the average rate of the PABS rule is
45% and 105% more than that of CPBS rule at ¢’ (t) = 30°/s
and 60°/s, respectively. The average rate of the PABS rule is
close to that of the genie-aided rule for both S thus, the PABS
rule is near-optimal. Even though the Jensen’s bound that is
used in (40) can be loose, the closeness to the genie-aided
results shows that the beam that maximizes the bound often
maximizes the objective function in (40). To understand the
benefits from receive beam prediction, we also plot results
for the genie-aided rule with S = 1, which measures and
selects the best beam at the end of every measurement cycle.
As expected, it provides an upper bound on the average rate
of any beam selection rule.

3) Effect of Beam-Width: Figure 9 plots the average rate as
a function of ¢’ (¢) for CPBS, PABS, and the genie-aided rule
for S = 6 for the following two parameter sets: 1) N = 40,
Nx = 40, Bgs = 18, and Byg = 18: This corresponds to
3-dB beam-widths of 6° to 12°, and 2) N = 20, Nx = 20,
Bgs = 9, and Byg = 9: This corresponds to 3-dB
beam-widths of 12° to 24°. The average rates of both PABS
and CPBS rules increase as the beam-width increases. This
is because the serving beam can retain a larger gain for a
longer portion of the measurement cycle when the beam-
width is large. Furthermore, with a smaller beam-width, more
time is needed to measure all the beams. As observed earlier,
the average rate of the PABS rule is higher than that of the
CPBS rule, and the gap between the two increases as 1’ (¢)
increases.

VI. CONCLUSION

In a millimeter-wave beamforming system with time-
varying channels and user orientation changes, the gains of
the many transmit-receive beam pairs that were estimated
at different times were outdated by different extents at the
time the beam pair was selected. We saw that for SCM,
the MBN model accurately characterized the time-evolution
of the non-stationary beam gains for both non-negatively
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and negatively correlated scenarios. The correlation coefficient
could change signs even for the same beam pair. The MBN
model was based on the bi-variate Nakagami-m PDF and
an affine transformation of it. It led to a near-optimal and
computationally simple PABS rule to determine the beam pair
that maximized the average rate of the system over multiple
slots of a measurement cycle.

The PABS rule markedly outperformed the CPBS rule and
was robust to the UE orientation changes. From the genie-
aided results, we observed that predicting the receive beam
could improve the average rate. An interesting research avenue
is characterizing the impact of imperfect CSI, transmit and
receive non-idealities, and inaccurate orientation estimates.

APPENDIX

A. Derivation of Expression for Mean Channel Power
E [lgip (t) Plgip (¢ +7) 7]

Substituting the expression for g;, (f) from (4) in
E [g7, (t)]. using the independence of the RVs ac(t), 0cs
and 6%, and E [|ac(t)]?] = A, we get

c,l?

. c L ,
Qip(t) = E) S E [|5tc,l(t)| }

c=11=1

<E (|25 (07, + v (1) P £ [| 22 (0%)

]

KA X 19:4 2 X X 2
+K—+1‘ » (9L05+w(t))‘ |z ( ios)‘ (48)
From the PDF in (5), the expectation G.(t) =
2
E { zm (921 T (t))‘ ] is given by
_ 1 e ’T 9
(;vrxc = — A 9+ t
- 5 [
- 2 -0, 0A,c 2
X exp ( (0+ 71-5 Onon.c) ) do, (49)
2O—AoA,c
1 o 2
— [ e+
-~ | 1z e+
g 2
X exp (M) do. (50)
20A0A,c

No closed-form expression is known for (49) because of
the involved form of its integrand. Therefore, to evaluate it,
we use GH quadrature, as per which ffooo exp(—22) f(z)dx =

iVGH w; f(x;) [35, (25.4.46)]. This yields (12). The expres-
_ 2
sion for G*.(t) = E UZ%X (Q‘CXZ)‘ } in (13) is obtained

in a similar manner. Su
yields (11).

stituting these expressions in (48)

B. Brief Derivation of Expression for
E [lgip (t) Plgip (¢ +7) 7]
Substituting the expression for g; ,, (t) from (4), expanding

the terms, and taking expectation yields (18), where the terms
TNLS (¢, 7), THS(¢,7), and T;o>"%(t, 7) are as follows.
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TNLoS(¢ 1) consists of cross-products involving the NLoS 5/ nix 2
charzlifel paths. It is given by < E “Zﬁ ( Cl’ll)| }
TS (,7) = Q1+ Q2+ Qs + Qa + Qs, (5D L
ip % Z E [O‘:hlz (If)ozchz2 (t+71)
where lo=1,lo#£l;
A2 c L
= - %) 4 X (Qrx * 7rx ([ prx
@ e 2 2 B e Ol (23 (02,4 0 0)) 27 (05,1, +0 (14 7))
X X 2 tx
xIE |:|Zp ( 01711 ( )| :| |:}Z (961 ll)} :| % E |:|Z;x( tcxhl2)|2:|‘|. (56)
<E “Z”( N tet+n)], (52)
L The many terms arise because we are computing the expecta-
Q2= 53 Z Z |a et (t ] tion of a fourth-order summation; many possible combinations
K +1) eim1 Li;=1 of terms arise from the four summations.
Since @, (t) 1is a circularly symmetric complex
x E UZ;"( XL @®)] ] E [|ZlX (0 )] ] ] Gaussian RV, we get E [lac (t)]*] = 292 and, as
before, E [|aci(¢)]?)] = 7. The expressions for
2 _
l Z E [|ae, 1, (2)] } [|th (961 lz)| } the terms E[ b (921—1-1/1(15))‘ } = Gp.(t) and
lo=1,15 £l 2 -
2=1,l0#l 2 E ‘Z;}" (ch’jl+w(t+r))‘ ] = G;:C(t + 7) are given
x E UZ;" (0 1, + o (t+7))| } , (53) in (12) and (13), respectively. And,
4
I E (|2 (62)]]
® = o rre | L L E laenF] o
i - / |25 (0)[" £ (6) do, (57)
< E (|25 (0% 1, + 0 ()| E |2 (6%.1,)] ] "
|: ; 1 ; } |: 1l } 2 \/_ Z wq (\/_UAOD ety + GAOD c) , (58)
2 X (ptx
x l 122 z_: (10,1, (O] B [‘Zi ( 52’12)‘ } where (58) follows along lines similar to Appendix A.
cambeate = Since  aci(t)ef,(t  + 1) and  the  term
< E |:‘Z;)x (O 1+ (t+7)) ﬂ ] 7 (54) 27 (921 + (t)) (Z;)X gegl +(t+ T))) both depend on
92"1, they are correlated. Since the RVs &.; and 921 are
1ndependent, we get
Q4 Z ZE Cyclyll Cl,ll(t—’_/r)
p B|ac ottt + 1125 (0246 (1)
X2 (0% 1, +0 ()25 (0831, + 0 6+ 7)) ] :
e poeh X (25 (02 + 9 (t+7))) } = 7.0%(t,7), (59)
xE [‘Z;X ( lcxl,ll)ﬂ where
l XC: XL: o (t,T)
x 1o () atey 1, (8 +7)
ca=1,c1#c2 la=1 C2 ’ o |:er (erxl + w ) (Z h (erxl + w t+ T)))
< (23 (050, + 9 (1)) Z5 (02, + 0 (¢ + T))} X exp (47‘(‘]th sin (9 w (t; 7) _ 9v)
(Y +T) Y (@)
<« T |:‘Z;x sz 12 ] (55) X sin
and X exp (—27TijD cos (02, + ¢ (t+7) —90))]. (60)
A2 L& -
% = I r 2 | 2 Bloea@aiat+n o Simily
L E|an®acit+ 1) (25 (0 + 0 (1)
)Zp (0%, + 0 (1) (25 (050, + 9 (4 7)) ] K25 (0%, 4 (t+7))] = 7e (O2(, 7). (61)
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We can simplify (60) and (61) along lines similar to Appen- [t is clear from (66) that ", By (1) {R (9: (1)) ‘ g] <

dix A. Substituting these in (51) yields (19).

T}95(t,7) consists of cross-products involving the LoS Zszl Eg.. - (tx) [R (giv pe (1))

channel paths. It is given by (21). Tz%gs’NLOS (t,7) consists of
cross-products involving the NLoS and LoS channel paths.

g} . Furthermore,

It is given by ZEgiﬁp*(tk) [R (gi* p+ (tr)) ‘g]
k=1
Tin;S,NLOS (t, 7_) N
_ KN|Z% (ggos)f ‘er 05+ (t + T))‘Q = Z Eg,;*,p*(tk) {R (gi=p= (tk)) |Gi= p* (Ti,p)} , (67)
L(K+ 1)2 P LoS k=1

c L because the measurements of different beam pairs are inde-
X X 2 X x \|2 i 1 i
~ Z Z% AR U zr (92_1 + (t))‘ } E U VA ( t )‘ } pendent. Therefore, taking expectation on both sides, we get

c,l

=1 1=1 : R < R*, where R* is the average rate of ®*. Hence, (66) is

L
+ 12 O + 0 ) DD AR (|28 (62)]7]

c=1[=1
X X 2
XE[‘ZP (gc,l+w(t+7))| :| 1
c [2]
+ 2R D E [aca(t)or (t+7) 25 (05, + 4 (1))
c=11=1 [3]

x (75 0+ 0+ )| B [1 2 (02) ]

4

X (Z5 (s + 0 (1) Z5 (s + ¢ (t+7)) o |- (62) [5]
As above, we have E “Z;} (o, +¢(t))ﬂ = s
o). E [\Z,&X( i +w<t+r>)ﬂ = Gt + 7). g
E Uzgx () ﬂ — G¥%(t,0), and (8]

[9]
E [acu(t)ag, (t +7) 2, (02, + ¢ (1))
X (Z5 (0% + w0 L+ 7)) ] = A0 (L T). (63) o
Substituting these in (62) yields (22).
[11]

C. Proof of Result 1

Let ® be a beam selection rule and let (7,p) be the beam  [12]
pair selected by it given g. Then,
[13]

N

_ 1

R=Egy () N Z R (927,3 (tk)) ; (64)
k=1 [14]

N
1
= E, N;Egz,m) {R (9%,,3 (tk)) ‘g] SNCH

Consider the following beam selection rule ®* as per which (16]
the selected beam (¢*,p*) is

. N [17]
o [ S

( ) ammax N; ;5 (tk) ,p( -
(66)
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the optimal beam pair selection rule.
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