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Abstract—In receive antenna selection (AS), only signals from
a subset of the antennas are processed at any time by the
limited number of radio frequency (RF) chains available at the
receiver. Hence, the transmitter needs to send pilots multiple
times to enable the receiver to estimate the channel state of
all the antennas and select the best subset. Conventionally, the
sensitivity of coherent reception to channel estimation errors has
been tackled by boosting the energy allocated to all pilots to
ensure accurate channel estimates for all antennas. Energy for
pilots received by unselected antennas is mostly wasted, especially
since the selection process is robust to estimation errors. In this
paper, we propose a novel training method uniquely tailored
for AS that transmits one extra pilot symbol that generates
accurate channel estimates for the antenna subset that actually
receives data. Consequently, the transmitter can selectively boost
the energy allocated to the extra pilot. We derive closed-form
expressions for the proposed scheme’s symbol error probability
for MPSK and MQAM, and optimize the energy allocated to pilot
and data symbols. Through an insightful asymptotic analysis, we
show that the optimal solution achieves full diversity and is better
than the conventional method.

Index Terms—Training, antenna selection, diversity methods,
fading channels, estimation, error analysis, quadrature amplitude
modulation, quadrature phase shift keying, energy efficient.

I. INTRODUCTION

ECEIVE antenna selection (AS) provides a low hardware

complexity solution for exploiting the spatial diversity
benefits of receiving with multiple antennas [1]-[3]. In AS,
the receiver does not receive and process signals from all its
antennas. Instead, it dynamically selects a subset of the an-
tennas with the ‘best’ instantaneous channel conditions to the
transmitter, and processes signals through them. This enables
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the receiver to employ fewer of the expensive radio frequency
(RF) chains. Consequently, AS has been adopted in next
generation wireless systems such as IEEE 802.11n [4]. Despite
its lower hardware complexity, AS achieves the full diversity
order with perfect channel state information (CSI) [5], [6].

In practice, the CSI needs to be acquired using a pilot-based
training scheme [7]. The basic operation of AS imposes the
constraint that only L antennas can be estimated at any time
with L RF chains. Therefore, in receive AS, the transmitter
needs to transmit pilots multiple times so that the receiver
can estimate the channels of all the available antennas and
choose the antennas with the best channels. As an example,
consider an AS system with N = 6 antennas and L = 2 RF
chains. To estimate the channels of all 6 antennas, at least 3
pilot transmissions are needed. The first pilot helps estimate
channel gains of antennas #1 and #2, the second pilot helps
estimate channel gains of antennas #3 and #4, and the third
pilot helps estimate channel gains of antennas #5 and #6. In
general, with N antennas and L RF chains, at least [N/L]
pilot transmissions are required, where [.] denotes the ceil
function.

In AS, estimation errors may cause a suboptimal antenna
subset to get selected and will also impair coherent demodu-
lation. While selection is quite robust to such errors, as has
been observed empirically in [8], coherent demodulation is
not. This forces the transmitter to increase/boost, if possible,
the energy allocated to the pilot symbols. Since the transmitter
does not know a priori which antennas will be selected,
it needs to uniformly boost the energy of all the pilots
used to estimate the channel gains of all the antennas. This
process is energy-inefficient because it obtains highly accurate
channel estimates for unselected antennas, as well. Under a
total energy constraint, it also draws energy away from data
symbols, and, thus, increases their symbol error probability
(SEP).

In this paper, we propose a novel training method for AS
that significantly improves the energy-efficiency of AS. In
the proposed method, the transmitter sends an extra pilot
symbol after the first [N/L] pilots, which we call selection
pilots. While the selection pilots help in selecting the best
antenna subset, the extra pilot helps in refining the channel
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estimates of the selected antenna subset that will be used for
data reception. A key point to note is that the impact of
the extra pilot on the SEP of receive AS is vastly different
compared to a non-AS system, which has as many RF chains
as antennas. In the latter case, sending two pilots — one with
energy Fs and the other with energy E. — leads to the same
estimation error as sending a single pilot with an energy of
E, + E.. With AS there exists a unique trade-off between
FEs and E. since the first pilot can be used for selection
and the second one for refining the estimates for coherent
demodulation. This is because increasing Fs; improves the
probability that the optimal antenna subset is selected, while
increasing F. specifically reduces the error in the channel
estimates of the selected antenna subset used for coherent
demodulation. Intuitively, the robustness of AS to selection
errors suggests that the transmitter can significantly reduce the
total energy it allocates to the many selection pilots. Instead,
it need only boost the energy of the extra pilot in order to get
accurate estimates for demodulation. The energy thus saved
can be transferred to the data symbols to reduce their SEP.

This trade-off has not been explored in the AS literature, to
the best of our knowledge. When more pilot symbols than re-
quired (i.e., [ N/ L) are transmitted, it has been conventionally
assumed that this affects the performance of AS only through
the product of the number of pilot symbols per antenna and
the energy per pilot symbol. This is the case, for example,
in [9], which analyzed the impact of imperfect estimates on
both subset selection and coherent demodulation. While [10]—
[15] also considered the impact of channel estimation errors
on AS, the way in which estimates are obtained was not
modified. Similar results for Selection Diversity receivers in
the presence of estimation errors were also derived in [16],
[17]. While optimal power allocation for pilots and data has
been considered for multiple antenna systems in [18]—[21] and
for a time division code division multiple access (TD-CDMA)
system in [22], it was not done for AS; consequently, the above
trade-off did not occur.

The paper makes the following additional contributions in
understanding and exploiting the above trade-off. Under a total
energy constraint, it derives closed-form expressions for the
fading-averaged SEP of MPSK and MQAM constellations of
the proposed method as a function of the fractions of energy
allocated to the various pilot and data symbols. The analysis
accounts for imperfect estimation in both the selection and
data transmission phases, and enables the fraction of energy
allocated to pilots and data to be optimized. The analytical
expressions clearly bring out the dependence of the SEP on
the number of available and selected antennas, the number of
data symbols, and the total energy available to the transmitter.
To provide a fair comparison, we also optimize the energies
allocated to pilots and data in the conventional AS training
method of [9], and develop a new closed-form solution for its
optimal energy allocation. The analysis, which is verified using
extensive Monte Carlo simulations, shows that an energy gain
as large as 3 dB over the conventional AS training method
can be achieved.

In the asymptotic scenario where the total available energy
is large, we show that the proposed AS training scheme
achieves the full diversity order. The asymptotic analysis
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Fig. 1. Training for receive antenna selection: conventional and proposed
AS training methods.

shows that the optimal energy allocation for the proposed
method is unique and strictly better than that of the conven-
tional optimized method. An approximate, but closed-form,
expression for the optimal allocation is also derived.

The outline of this paper is as follows. The AS training and
data transmission models are described in Sec. I and analyzed
in Sec. III, and are followed by extensive simulation results in
Sec. IV. We conclude in Sec. V. Several mathematical details
are relegated to the Appendix.

II. SYSTEM MODEL

Consider a system with one transmit antenna, /N receive an-
tennas, and L receive RF chains. Let hj, denote the frequency-
flat, block-fading channel between the transmitter and the
k™ receive antenna. It is modeled as a circularly symmetric
complex Gaussian random variable (RV) with unit variance.
Therefore, the channel gain |hy| is a Rayleigh RV. The
channel gains for different receive antennas are assumed to be
independent and identically distributed (i. i. d.), which is the
case when the receive antennas are spaced sufficiently apart
in a rich scattering environment [23].

We first describe the transmitter and receiver behavior for
the conventional AS training method, and then describe how
the proposed method differs from it.

A. Conventional AS Training Method

To enable the receiver to estimate the channel gains of all
the N links, the transmitter sequentially transmits a = []
pilot symbols [9], [15] each with energy ¢, sequentially, as
shown in Figure 1(a), where F); is the energy allocated to a
data symbol and £ > 0 is the energy scaling factor for pilots.
Each pilot symbol is received by at most L receive antennas.

The signal received by the k™ receive antenna is given by

Ty = \/eE1phy + ng, (D

where p is the (complex) pilot with [p| = 1, ni is a
circular symmetric complex Gaussian RV with variance Ny
that is independent across different antennas, k, and time. The
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minimum mean square estimate (MMSE) channel estimate for
the £™ antenna is [24]

~ EElp*
= ——7
cE + No
Since the channel estimates of different antenna elements

are independent, the receiver selects the L antennas with the
highest estimated channel gains. Let 27, denote the selected

2

subset of antennas. Note that ) 1, depends on {hk}

The pilot symbols are followed by d data symbols each
transmitted with energy F;. All the d data symbols are
received by the same antenna subset Q.. The received signal
at the k™ antenna for the I™ data symbol, s(), equals

y = hps® 10 ke 3)

The data symbols are equi-probable and derived from either
the MPSK or MQAM constellations. For MPSK, PIONNS
{VE{exp(Z™),m =0,...,M — 1}. For MQAM, s) =
,/2(%—]3_11)(@1 + jag), where ar,aqg € {2i — 1 —/M,i =
VM }+. To simplify the notation, we shall henceforth
drop the symbol index [, unless required otherwise.
The maximum likelihood (ML) decision variable for decod-
ing a data symbol is D = > fl,jyk. The constraint on total
ke,
energy, Er, takes the form!

(as + d)Ey = Er. @)

Let v £ ET . Therefore, El = — + 5- Notice that the choice
of ¢ affects the energy allocated Fq, to each data symbol.

B. Proposed Method

We now describe the proposed AS training method, which
is shown in Figure 1(b). As before, the transmitter now first
sequentially transmits a = [ 2] pilot symbols so that all the N
channels can be estimated, with L channels getting estimated
every time a pilot is transmitted. But, each pilot symbol is
now transmitted with energy aFso, where FEs is the energy
per data symbol and « is now the energy scaling factor for
these pilots.

The pilot symbol received by the k" receive antenna is
rr = VaFEsphy +ny, where ng, as before, is a circular
symmetric complex Gaussian RV with variance Ny. As in (2),
the MMSE channel estimate for the £™ antenna is given by

- aFsp*
hy = —————r, = arh 5

aE2+N0Tk arhy + ex, ()
where p is the (complex) pilot with |p| = 1, a; £ = I%EZNO’

. . A WIARVA
and the zero-mean Gaussian noise term e; = % has

a variance o2 = %
Since the channel estimates of different antennas are un-
correlated, the L antennas with the highest estimated channel

gains are selected. As before, ¢ 1, denotes the selected antenna
subset, and depends on {Bk}

k=1

IThe case where the total pilot and data energy is less than Ep is
suboptimal, and is, therefore, not considered here.
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Extra Pilot and Refined Estimates: The key difference in the
proposed method is that an extra pilot symbol is transmitted
with energy 5 FEs, and is received by the selected L antennas.
The extra pilot helps in refining the channel estimates of the
selected L antennas as explained below. Note that, in general,
B # a. The received signal, 7, for the extra pilot is

ri, = \/BEaphy +ny, k€ Qy, (©6)

where nj, is a circular symmetric complex Gaussian RV with
variance Ny, and is independent of ny.

The channel estimate of a selected antenna k € €2 L can
be refined using the two observations 7y and ry. The refined

MMSE estimate, Bk, that uses both r; and r; equals [24]

VaEsp*ry +/BExp*r,

hy, = = ashi ¢, (D)
(a4 B)Fs + Ny ko
where ay 2 (a(f/;;% and the zero-mean Gaussian noise
;o VaEap*ng+v/BEap*ng : 2
ter:n+g,;E7V T Bt Mo has a variance of o7 =
«
o p i Nz Note that e;. and ey, are correlated.

Data Reception: The pilot symbols are followed by d
data symbols, each transmitted with energy F». They are all
received by the antenna subset Q1.2 The received signal for
a data symbol s is

ke (®)

The maximum likelihood decision variable, D, for data de-

Yk = hks + ng7

codingis D= ), hkyk The total energy constraint is

ke
ET:(aa+ﬂ+d)E2. )
Let v £ ET . Hence, f,f] = m Now, a and f3 together

affect the energy E5 allocated to a data symbol. When g = 0,
the SEP of the proposed method is the same as that of the
conventional AS training method with € = a.

While a corresponding scheme can be developed for multi-
ple transmit antennas, its analysis is beyond the scope of this
paper. Even the one transmit antenna case considered in this
paper will turn out to be analytically interesting and insightful.

III. SEP ANALYSIS AND OPTIMIZATION

We now analyze the fading-averaged SEP for MPSK or
MQAM for receive AS with imperfect CSI for the conven-
tional and proposed AS training methods, and optimize their
parameters to minimize the SEP. The case where channel
coding is used across the d symbols is beyond the scope of this
paper due to its analytical intractability. This approach has also
been followed in [6], [9], [12], [17], which focus on the SEP to
gain insights. While [25] did analyze AS with channel coding,
channel estimation errors or training details for AS were not
addressed. Henceforth, E[A] and var [A] shall denote the
expectation and variance, respectively, of RV A. E [A|B] and
var [A|B] will denote the conditional expectation and variance
of A given B, respectively; z* denotes the complex conjugate
of scalar z; Y denotes the Hermitian transpose of vector Y.

2 After receiving the extra pilot, the receiver can, in fact, reselect the

antennas based on ka or ka depending on whether k is in Q 1, or not. We
do not allow this to keep the analysis tractable. Simulations show that the
performance gains from such a reselection are negligible.
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A. Conventional Method Optimization

We discuss the conventional method only briefly given the
analysis in [9]. The main contribution of this section lies
in determining the optimal value of ¢ that minimizes the
SEP subject to total energy constraint, and in deriving the
expression for the optimal SEP; these were are not considered
in [9]. This provides a fair benchmark for our new method,
which is analyzed next.

In terms of the notation used in our paper, the SEP ex-
pressions for MPSK and MQAM, denoted by Pgpsk (7) and
Fyioam(7), respectively, are [9]:

1 T sin” 0

111
Py = sin 0 + cpsk
wesk (7) = — /0 (sin2 0+ CPSK>

<0

.2
sin® 6
(sin2 6 + kL > a8, (10)
n=L+1 n

L

sin® 6

Plioau(7) = % (1 - \/LM) /O_ &0 (M)L

x ﬁ __sin®6 ) (11)
sin® 6 + —CQ’:LML 7

n=L+1
— 1 s _
where £(0) = T for 0 < 92 <2(Z,)and &) = 1, for
T T. A £y sIn A
7 = f < 2> CPSK = (as+d)((5+1)’ykj~as+d)’ and coam =
1.5e72/(M—1)
(ae+d)((e+1)y+ae+d) "

Lemma /: The optimal value of ¢, denoted by *(+y), that
minimizes the SEP of both MPSK and MQAM is

d(y +d)
e*(y) = | ——=. 12
) =\a6ra (12)
Proof: The proof is given in Appendix A. [ |

A

When v — oo, we have lim ¢*(y) = ¢} = \/g. Note
—00

that this asymptotic result (but not the general expression
for any v in Lemma 1) can also be construed as a special
case of the result in [22, (15)], which considered energy
allocation between data symbols and mid-amble pilots in a
TD-CDMA system to minimize mean square estimation error.
Consequently, the asymptotic expression for the optimal SEP
of MPSK, Pyjpsk (7). simplifies to

N(LAD (L) (N) 2N
vy (VAT Va)

e (5)o (M

(2N>T+z CZE (2N sin@(N —)T).

The derivation is relegated t0 Appendlx B. The asymptotic
expression for the optimal SEP of MQAM can be written
similarly.

Pyesk (1) =

W,N) . (13)

where ¢ (T, N) =

B. Analysis and Optimization of SEP of Proposed Method

We now analyze the SEP of the proposed method given «
and 3, and then minimize it. The following result about the
statistics of D shall be useful in deriving the SEP.
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Lemma 2: Conditioned on {fn, lﬁzl} and s, the deci-

. . . L lef) . ..
sion variable, D, is a complex Gaussian R<7 with conditional
mean, (p, and variance, oQD, given by

R 2
2E (D {fu,h | - 14
KD phig o 08 SZ ; (14)

ke
5 A .2 22
Op=var |:D‘{hl, hl}lefl£5:| = ((I—QQ)EQ +N0) Z ‘hk’ .
ke

(15)
Proof: The proof is given in Appendix C. [ |

Since up and 0% depend only on hy,, we see that all the
information in hy, is captured by hj,. We now derive the SEP
for MPSK and MQAM for the proposed method as a function
of o and f5.

Theorem /: With noisy channel estimates, the fading-
averaged SEP of MPSK and MQAM is:

M—1

™ 202 L
it - [ ()
MPSK ™ Jo angSK+sin29

s arbpsg L/n -t
< I {1+ ——) db, (16)
n=L+1 (a2 — ay)bpsk + sin” 6
4 1 2 sin? 0 L

Pa,ﬁ = — 1__ / 9 (_)

o) W( =) [ o (o
x H ( @1boaul/n >1d0 (17)

(a2 —a1)boam+sin® 0 ’

n=L+1

where £(60) = W for0 <6< T, anc? 5(0)) =1, for § <
T _ _ a+pB)y _
"= 7’2((11 = @rarArd 92 = Giyat(ynpTa Uk =
~ sin o 1.5v/(M—1)
Tarprraatprd 214 boam = 7= raar i
Proof: The proof is given in Appendix D. [ ]

Closed-form expressions can be derived from (16) and (17)
using [26, (5A.42), (5A.56)]. However, they are quite involved,
and are not shown here. The optimal values of « and 3 are
then found numerically using gradient search. Considerable
insight about them can be gained by analyzing the asymptotic
energy regime, as we show below.

C. Asymptotic Characterization of SEP (v — o0)

In the asymptotic regime, the SEP of MPSK and MQAM
shall be denoted by P> (7) and PﬁQif,Io (7), respectively.
In the results below, we do not show higher order terms
involving ~ since their contribution becomes negligible as
vy — 00.

Lemma 3: The asymptotic SEPs of MPSK and MQAM
are given by

N(L+1)(L+2)---(N)
TLN=L (4(a+ )"
x (aa+ B+ d)™ (a+B+1)N *QN(M)

S0 () o (57

Pl\(/l[PgKoo (v) =

W,N—k), (18)
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0,00 CNALAHD) (L42) - (N
PMb[jiM (M) =~"" ;Ljv_—)L((éiz;z-)ﬁ-/B)gN)

x (aa+ B+ )N (a+ B+ 1)N (M - 1)V (1—

() RS

i)

k=0
T 1 s
X (1/;(5,1\7—1{;) - <1— —H)u}(z,N—k))].
19)
Proof: The proof is given in Appendix E. [ |

The above expressions show that the diversity order is N for
any « > 0 and S > 0. This is to be expected since the
conventional training method, which is a special case of the
proposed scheme with regard to SEP, also achieves a diversity
order of N.

Even the form in (18) is intractable for determining the
optimal values of « and 3. We, therefore, minimize an upper
bound on the SEP that is obtained by replacing sin? # with 1
in (16) [27]. Let o, and 7%, denote the optimal values of «
and [, respectively, that minimize the SEP upper bound.

From the proof of Lemma 3 in Appendix E (see (41)), it
can be shown that Pﬁlg’gkoo (v) <y N Uff[ing (7), where

af s (LA1)(L+2)---(N)

M-1\ . _ s
Unibsi NI ( M >Sm (1)
(aa+B+d)(at+B+ N[ psin? (&))"
M
X( o+ B ) (1+a(a+6+1)> - 20

Similarly, for MQAM, Pgaany (7) < v~ NUgian: Where

pes o (L1 (L+2)- (N) (M—l) < 15 )N
MQAM ™ LN-L M M—1
1.5 N=L
y ((aa+ﬁ+d)(a+6+1)>N p (m) on
a+p ala+p8+1) ’

As we see below, the upper bounds provide considerable
insight about the optimal parameters. Specifically, for MPSK,
o, and B satisfy the following properties:

Theorem 2: 1) o} and % are related by

Br = —a% +/d - (az)* (a—1).

2) o is a zero of the function g; (), where

g1(@) 2 \/d—a(a=1) (Na2csc2 (%) + La—d(N_L>)

a—1

vt (Vo (1) 1) - (A1) @

(22)

1

3) And, o is unique and lies in the following range:

dN-L) . /= \/E

N —— — ) <&l =4/- 24
N(a—l)sm(M)_goo a’ 24)
with the equalities holding only if both the following condi-

tions hold: M = 2 (BPSK) and L divides N.
Proof: The proof is given in Appendix F. [ |

0<al <
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For large constellation sizes (M — o0), the optimal values
ok, and B, can, in fact, be determined in closed-form as
shown below.

Corollary /:

: d(N - L
fim o _ (4N =L) (25)
M—oo sin (%) N(a—1)
Proof: The proof is given in Appendix G. [ |

Corollary 1 motivates the following approximation for any
M, which is obtained by substituting (25) in (22):

U C]l\([](\;if)) sin (M) , (26)
Bi o~ — %sin(&)%—\/a\/l—(l—%) sin? (%)
27)

From the Corollary, it directly follows that the error in the
approximation disappears as M — oo. Interestingly, we shall
see that the error in (26) is small even when M is as small
as 4.

Corresponding Results for MOAM: Results analogous to

Theorem 2 and Corollary 1 are obtained for MQAM by
1.5

simply replacing sin (%) with |/ 5725
the expressions in (20) and (21) are very similar except that

sin (%) is replaced by /5725

The asymptotic expressions for SEP provide the following
insights about the proposed scheme.

1) Variation with System Parameters: While €%  in the
conventional method depends only on d and the number of
pilot symbols, a; in the proposed scheme, o depends on
all system parameters N, L, d, M, and a. Furthermore, as d
increases, the relative energy allocated to training increases
in the conventional and proposed methods. This trend is
consistent with the observations in [18], which considered
training for multiple antenna systems to maximize average
throughput.

2) BPSK (M = 2): Theorem 2 shows that this is the only
case when the proposed method provides no benefits over the
conventional method if L divides N. As expected, for this
case, (24) implies that o, = X  and (8% = 0. However,
the conclusion is different when L does not divide N even
for BPSK. In this case, o}, < €%, and the proposed scheme
necessarily improves performance.

3) Asymptotic Energy Gain: The conventional and pro-
posed methods both achieve the full diversity order of N.
Hence, we can compare them in terms of the asymptotic
energy gain, A, which measures the savings in total energy
achieved by the proposed method over the conventional op-
timized method for the same SEP. It is easy to see that, for
MPSK, A = % log,q ((Piirs/ Priiec” ) dB.

Taking the ratio of (13) and (18), we get

This follows because

(Va+va) (on +62)

A =101
%810 | (az, + Bz + 1) (aas + B + d)
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485 sm( )

10 N~ (N-L k
_—logm[Z( k )(aw(am+ﬂ;o+l)>

k=0
L N)) ] (28)

M—-1
x (u;( N k) v (
and 3% are either found numerically or approxi-

where o
mated using (26).

4) Energy Allocation: E; < E, and o, + B% > €.

From (4) and (9), for optimal values of the parameters, it can

—1)a —(ax.)?(a —ae’ ..

be seen that g—;—l: (azlasety/d—(as) (a—1) e This is

agk +d
negative because d — (« 00)2 (a—1)—(ag*, — (a — Dar)? =

—ala—1)(e*, —a%)® < 0 (since a > 1). Thus, B < Ej.
From (26), M \/—\/1 -(1 )sm2 (). Since
a > %, it follows that (o, + 5%)/e5, > 1. Furthermore,

the ratio increases as M increases.

Note that €3 F1 and (o}, + 5% ) E2 respectively denote
the quality of channel estimates used for data decoding in
the conventional method and the proposed method. Thus, the
proposed method not only allocates more energy to each data
symbol (since E5 > E4), but it also ensures that the quality
of estimates is better than the conventional method (since
(o, + B )Es > i Eq).

5) Behavior of Es/E\, i.e., Ratio of Data Energies Allo-
cated by The Two Methods: Understanding the behavior of
E5/FE; will help explain the behavior of SEP and A in the
next section.

(i) B/ Ey increases with M : To show this, it is sufficient to
300 % < 0 since o, scales as sin ( ~). From (4)
std

(a 1ax, +\/d (ax)2(a—1)+d"
Since e%, does not depend on M, its sufficient to show

that the denominator is non-decreasing in o . This follows

Do+~ @z - 1)) = (0
O‘—"C) > 0 since o, < \/E.
Vd—(ax)?(a—1) a

(i1) Ey/FEy increases with L and decreases with N (when

a is fixed): From (4), (9), and Theorem 2, we see that % =
agl +d

(a—D)ag,++/d—(a5,)*(a—1)+d

of the parameters and simplifying further, we get

Es Va+Vd

Bt \fla—Dr+VI-—7+Vd

where 7 £ (1 - %) sin? ( ) To prove the desired result it
is sufficient to show that the denominator is non-decreasing
in 7. This follows because

%(\/(a—1)7+¢1—7):0.5<\/a;1—\/1i7>.

This is non-negative because the inequality a > & 7 implies that
(1 — —) > 7, which after algebraic manipulations implies that

a1> 1

T = 1—7°

and (9), it can be seen that

0
because 77+ ((a

1)(1-

. Substituting the optimal values

(29)

(ili) E2/E; decreases with d: On substituting the optimal

values of parameters, the expression for the ratio simplifies
to B2 — Va+vd

Er \/(a 1) 51n M +\/1

. Since
]%I) sinz(%)+\/z
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Fig. 3. Effect of constellation size on average SEP of MQAM (N = 6,

L =1, and d = 10).

FEy > FEy, as shqwn in Sec. III-C4, the expression takes the
form g—f =1+ %, with f; is positive and independent of d,
and f5 is positive and monotonically increases with d. Hence,

the ratio decreases with d.

IV. SIMULATION RESULTS

We now plot the analytical results derived in Sec. III and
validate them with Monte Carlo simulations that use 10°
samples for each SNR. As specified in the system model, the
channel remains constant for d + a + 1 symbols. We also
compare the conventional and proposed AS training methods
as a function of all the system parameters IV, L, d, and M.

Figures 2 and 3 plot the SEP as a function of normalized
total energy, . (= 1), for MPSK and MQAM, respectively,
for a given L and N. While the SEP of both methods
expectedly increases with M, the performance gain of the
proposed method increases with M. This is because €7 of the
conventional method is insensitive to M despite the fact that
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Fig. 4. Optimal values of different parameters as a function of
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(8PSK

the SEP of larger constellations is more sensitive to channel
estimation errors. The optimal values of « and /3 that are
used in the figures are found by using a gradient search over
the SEP formulae of Theorem 1.> The figures also plot the
SEP obtained by using the approximate values of o’ and 3%,
given in (26). Notice that the SEP using the approximation is
accurate even at low values of . Furthermore, there is an
excellent match between the analytical and simulation results.
The small mismatch between analytical and simulation results
for MQAM is explained in Appendix D.

Figure 4 shows the optimal energy allocation (¢*, a*, and
B*) as a function of the normalized total energy. a*(v) and
B*(7) are obtained by performing a gradient search that min-
imizes Pﬁp_slf(('y). Also shown are the asymptotically optimal
values o’ and % of (26). These are very close to the exact
optimal values for % > 15 dB. Henceforth, we, therefore,
only use o} and % of (26), unless mentioned otherwise. In
the conventional method, £* monotonically decreases with

and saturates at \/j = 1.291. However, the proposed method

behaves differently. At low v, o™ () is close to zero and 8*(v)
is large since selection does not matter, only coherent reception
does. Once 7y crosses a threshold, the system allocates more
energy to the selection pilots. This triggers a corresponding
decrease in 3*(y) since the selection pilot and the last pilot
are both used for coherent reception.

Figure 5 shows the effect of the antenna subset size, L, on
the SEP. As L increases, the number of pilots that need to be
transmitted decreases. Hence, relatively less energy is spent on
training. Consequently, for both methods, the SEP improves
for all ~.*

3Since the optimal solution is unique in the asymptotic regime (y — 00),
we know that the gradient search will converge to the global minimum at
least for large ~. In our numerical computations, we have observed the same
for smaller v, as well.

4The behavior with N turns out to be different. At low 7, a smaller N is
better because the energy-starved system cannot afford to spend energy on
training. At high ~, where diversity order matters, a larger N does better.
Due to the better utilization of energy by the proposed method, this crossover
turns out to occur at a smaller value of ~.
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Figure 6 plots the asymptotic energy gain, A, as a function
of N and M. We can see that the energy gain increases
with M. This is because: (i) The relative quality of estimates
improves with M. (This can be seen from the behavior of the
ratio %, which was discussed in Sec. III-C4.) (ii) The
proposed method allocates relatively more energy to the data
symbols, as shown in Sec. III-C5. A similar argument, not
repeated here due to space constraints, also explains the
variation with N.

Figure 7 plots the energy gain as a function of L for fixed
N and different values of M. We choose N as 16 in order to
illustrate how the energy gain increases as L increases from
ﬂ to N — 1. This figure can be understood as follows: (i) For
N < L < N, ais fixed at 2. Hence, +5 —=_—== increases with L.
(11) E5/E; increases with L, as shown in Sec. III-C5. Hence,
the energy gain increases with L in this region. The same is
true even when L increases from 4 to 5 (¢ = 4) and 6 to 7
(a = 3). In other regions, as L increases, a decreases. Hence,
the energy gain decreases.

Figure 8 studies the joint impact of d and M on the
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Fig. 8. Effect of number of data symbols on asymptotic energy gain (MPSK,
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asymptotic energy gain. The energy gain decreases as d
increases because: (i) The relative quality of channel estimates

decreases since the ratio %

=< does not depend on d.
(ii) The relative energy allocated to data symbols decreases
since the ratio F2/E; decreases with d (see Sec. II-C5).
While the energy gain decreases, it still exceeds 1 dB when
d < 15 for M > 8. The above three figures again show
that the closed-form approximations for o, and 3% are just
as accurate as the optimal values found numerically using

gradient search.

V. CONCLUSIONS

We proposed a new training method tailored for antenna
subset selection that exploited the observation that subset
selection is robust to channel estimation errors, while coherent
demodulation is not. The method assigns less energy to
‘selection pilots’, which are used to select the antenna subset.
It instead allocates more energy to an extra last pilot to refine
the channel estimates for the antenna subset actually used for
data reception. We derived closed-form equations for the SEP
of both MPSK and MQAM, and showed analytically that it is
lower than the SEP of the conventional method that uses the
same pilots for selection and channel estimation.
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The analysis gave considerable insight about the behavior
of the proposed method vis-a-vis the conventional method.
While the conventional method’s optimal energy allocation
depended only on the number of data symbols, d, and the
number of pilot symbols, a, the proposed method’s optimal
parameters depended on N, L, d, and the constellation size,
M. Approximate, but closed-form, expressions are derived
for the optimal parameters that are exact as M — oo.
Even for M = 4, d = 10, N = 6, and v = 6 dB,
the approximation error in SEP is just 4%. The energy gain
increased as the constellation size or the number of pilots
transmitted increased. It decreased when more data symbols
were to be received by the same antenna subset.

The considerable energy savings achieved motivate future
work that incorporates a time-varying channel model and
an outage capacity analysis that quantifies the throughput
penalty of including an extra pilot symbol. Finally, the use of
data-decision-aided refinement of channel estimates is worth
exploring.

APPENDIX

A. Proof of Lemma 1

From (10), it is clear that the SEP of MPSK monotonically
decreases with cpsk. Hence, the ¢ that maximizes cpsg will
minimize the SEP of MPSK. Similarly, from (11), the ¢ that
maximizes cgam Will minimize the SEP of MQAM. Since,
cpsk and coam differ only by a constant scaling factor, the
same solution is optimal for both MPSK and MQAM.

For MPSK, %CPSK must be O at the extremum

0. This re-

. . o _
pomt, Le., ¢ ((ae+d)((8-§1)’y+a6+d)) -
sults in the equation: (ag* +d) (e* (vzg—k a)+y+d) =
€*(2ae* (v +a) + d(y+a) +a(d++)). Solving it shows

« _  [d(y+d)
that ¢* = (170

is the unique positive-valued optimum.

B. Derivation of (13)

From the expression for cpsg given in Sec. III-A, as

2 7
. Cl’i _ £ sln M .
vy — 00, ’YILH;O = G Hence, the asymptotic SEP

expression simplifies to

N (LH1)(L+2)--(N)
TLN-LeN

T M
x (e + 1) sin™2N (—) /
M7 Jo

Using the following result from [28, (2.513)] in (30) yields
the desired expression:

T
T (2k
s 2k
tdt = —+
[ s 2%(k>

(—DF =, (2K sin(2k — 25)T]
+ g 0 () Mg

Pisc(7) = (ae +d)™

sin?V 6do.  (30)

€19
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C. Proof of Lemma 2

R From (5), we see that hy is independent of ej but not

hi. We, therefore, need to take recourse to the following two

standard results on moments of conditional Gaussians: If X,

a complex Gaussian RV, and Y, a complex Gaussian random
vector, are jointly Gaussian, then

EX|Y]=E[X]+ SxyEy' (Y —E[Y]),

var [X|Y] = var [X] — Zxy 23 24y, (32)

where Y xy is the cross-correlation of X and Y and Xy is
the covariance of Y.
In our case, X 2 hy and Y £ [ ] . We can show from (5)

and (7) that Sy = [ %] and Syy =

hu,

[a1 a2], where, as

mentioned, a; = 3 bi';]ffNo and ag = (a(f/;% Hence,
s A ar a ! —ilk 2
E[h‘h,h}:a as] |® TR = g
k| Ny Nk [ 1 2] a1 as i k
and
» 2 a ai ] -t a
var {hk i } =1-—[a1 a2 Lli a; Llj

:1—a2.

Therefore, the decision variable’s conditional mean and vari-
ance are

(2] {h i g, o] = 32 i o]

keQyr
o| {iwii},, o] -
I ley,

> Jin]
From (8), we have E[yk‘izk,ilk,s} =

hy.

var

var {yk ‘ ilk, ilk, S} .
keQyr
izks and

var (1 -

-yk ’ ]Alk, iLk,S} = var [hk ‘ ]A“Lk,f“bk} |8‘2 + Ng =
az) B + Ny. Hence, the desired result follows.

D. Proof of Theorem 1

MPSK: The standard SEP expression for MPSK when D is
a Gaussian RV [27, (40)] is

- Lo (uplsin® (57)
PMPSK({hbhl} . ):_/ exp | ——5—— | 6.
ey, T Jo 0% sin” 0
(33)
The notation above E:Iearly shows the dependence of Pypsg on
the pbservables fll, fll, and ) 1. Note that 0 L, in turn, depends

on h;. From Lemma 2, the above equation can be simplified
to

2

M—1
~ 2 1 T bpsk 2
B {h h } S / _ h
MPSK ( b ZGQL) m™Jo P Sin2 ek%
€

L

ao

k

)

(34)

Sln2
B2 sin? (§7) Let Y =

where bpszK = 0B+ Ny

keQy,

M—-1
. 1 [T bPSK>
B h == M o,
MPSK({ l}z€s”2L> T Jo v | {fu} ZEQL(sm 0
(35)

'ysmz( )

(1- a2)7+aa+ﬂ+d

., the SEP simplifies to
ey,

. Averaging over {ﬁl}
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where M " (.) is the moment generating function
Y ‘ {hl}ngL
(MGF) of > conditioned on {fu} [30]. We
ke

know that hk conditioned on hk is a Gaussian RV. Using the
conditional results in (32), we can show that E [hk ‘ hk} = hk

and var [hk ‘ hk} = as — a1. Hence, Y is a non-central Chi-
square distributed RV, whose conditional MGF is [31]

szQL
1—(ag—a1)x
36)
Substituting (36) in (35) and averaging over the channel
estimates of the selected subset of antennas, {fu }l o yields
(2954

T

=(1—(a2 —al)x)fLexp

My i

1 M (ag - al)bPSK -k
Pyvipsk = ;/ <1 + Tz >
0

—bpsk )
x M T de, ((37)
keZQL|hk| <sm2 0+ ((12 — al)bPSK
where MZ i ? is the MGF of >~ ‘hk‘ Using the virtual
keQy keQy,
branch combining technique of [6], the MGF of > ‘hk‘

ke
becomes [9]

keQy

L
(1—aix) -k H ( il x)
n=L+1

Substituting this in (37) and simplifying further gives the
fading-averaged SEP expression.’

MQAM: Using Lemma 2, the standard MQAM SEP expres-
sion is [27, (48)1°

Poam ({El’ }:Ll}zem>
_4 (1 _
T

A2

QAM 2

'n29§ hy, de,
ke

%M)/fae)exp =

L

(38)
where £(0) = W for 0 <0 < 7, and £(0) = 1, for T <
™ 155, _ 15y/(M-1)

f < 2> and bQAM T (M-1)((1—-a2)E2+No) (17a2’)yﬂy+aa+ﬁ+d'

Proceeding along lines similar to that of MPSK, gives the
required result. This involves a two step process that first

averages over {hl} . given {hl} ., and then averages
ey, ey,

over {ﬁl} _ . We skip intermediate steps to avoid repetition
1eQr

and to conserve space.

SNote that the initial steps in this proof such as computing the moments
of the decision variable and using (33) are similar to [9]. However, it differs
thereafter from [9] because the SEP in our case depends on both ﬁl and le.

OThis expression implicitly assumes in its derivation that the variance of D
is the same for all symbols, which is not so for the MQAM constellation in
the presence of estimation errors. However, as the simulation results in [9],
[15], and this paper show, the expression is accurate.



KRISTEM et al.: A NOVEL, BALANCED, AND ENERGY-EFFICIENT TRAINING METHOD FOR RECEIVE ANTENNA SELECTION

E. Proof of Lemma 3

From the expressions for ag, aj;, and bpsg given in
Sec. III-B, as v — oo, we have the following:
£ sin? (%)

ala+p+1) (39)

lim ((12 — al)bPSK =
Y00

and
asbpsk (a+ p)sin® ({7)

lim a1besk =
+ B+ +B+d)
(a+pB+1)(ac+ B 240)

Yooy

= lim

y—=oo Y

Hence,

,B,00 NIL+H(L+2) -
PMP@K (V):,-Y N 7TLN_L

y ((aa—kﬂ-&;dj_(g—kﬂ—&-l))zv

M—1
x/ . sin?l g M
0 ala+B+1)
poin (%)
W—FSIH %)

and using (31) gives the desired result. The asymptotic ex-
pression for SEP of MQAM can be derived similarly.

(V)

()

N—L
+ sin 9> dh. (41)

N—-L

Expanding < in a binomial series

F. Proof of Theorem 2
1) Proof of (22): At the optimal values of a and 3, we have
ol = 0 and & Uﬁi,’gK’

9
da “ MPSK ot
from (20), a “and B satlsfy the followmg two equations:

(N = L)Blac + B+ d)(2a + B + 1) sin® (§7)
o?(a+ B)(a+ B+1)

_ Bsin® () fla—1)—d
‘N<”a<a+/3+1>> e+ i) @

and
(N — L)(aa + B + d)(a + 1) sin® ()
ala+B)a+p+1)
Bsin® () ( af 1)+d>
=N|14+ —""—= 1+ ————]. 43
( ala+p+1) (a+pB)? )
Taking the ratio of (42) and (43), we get
BRa+pB+1) ala+pB)?+pBa—1)—d
ala+1) —(a+B)2+ala—1)+d
When 1 is added to both sides, it becomes obvious that o+ 3
and o+ +1 are common factors of both sides of the equation,
which can be canceled since o+ > 0 for the optimal values.
We then get 52 + 2a8 + aa? — d = 0. This implies (22).
2) Derivation of (23): The partial derivative with respect
to « of (20) takes the form

= 0. Hence,

* *

(44)

aaan’iPﬁSK = f(mﬂ)KNa (a(a + B 4 1)+ Bsin? (%))

X (a(a+ﬁ)2 + B(a — 1)—d)) — ((a+6)(aa+ﬁ+d)

x (N — L)Bsin? (%) 20+ B + 1)> . (45)
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Here,

A (L+D)(L+2)---(N) (M—-1\ . _ T
& LEEDEED: 00 (M) oy
" (aa+B+d) N (a+p+1)N2 ) ﬁsin%ﬁ) e

a2 (a+ B)NH! ala+5+1) ’

is positive, for « > 0 and 3 > 0. Using the relationship in (22)
between the optimal o and 3, we can simplify (45) to

9 ap
(90[ MPSK

= B 205, + 85 + 1) flag; %)

x(a=Dsin? (1) gi(ak), (46)

o Bk

where ¢1(.) is as defined in (23). Hence, the solution of
DUl ) = 0 is either 8, = 0 or g1 (ak) = 0.

We first characterize the positive roots of g; (o) = 0.
3) At Least One Positive Root of ¢i1(«) Lies in

(O C]l\(fév f)) sin ( M)}: g1(«) is continuous and differen-
—(Vd +

AN=L) iy (). Then,

tiable for 0 < a < g. Furthermore, g1(0) =

Da(2=E) < 0. Let ar 2 /5

gi(a1) > 0 because (\/m‘Fal)m(Oq) —

adL’a; % %_1 2 (o
N (a —1 Sl (M)

> 0. The last expression is

non -negative because a = f%} > IE, which implies that
N N_q
L > L+ > L 1 sin (%)) Note that g1(c1) = 0 only

When L divides N and sin ( = 1, which occurs only when
M = 2 (BPSK). In this case, v is itself the root of g1(«)
and equals €. For all other cases, which will be the focus
of the steps below, it follows from the Intermediate value

theorem [32] that at least one root of gi(«) lies in the interval
d(N-1L)
N(a—1)
of g1(a) is necessarily different from &7

4) Positive Root of g1(«) is Unique: ¢1(c) cannot have

[0, ar1]. Since a1 < < el (see Lemma 1), this root

an even number of real roots in the interval |0, \/g because

91(0) <0, g1(a1) > 0, and g1 (\/g) > 0. If g1 («) has three

or more real roots in the interval [O, \/g] , then % g1 (o) must

have more than one real root in the same interval. We will
now rule out this possibility. From (23),

2 _ g2(e) 2 (TN
a—agl(a) = a1 + 2« (Ncsc (M) L) ,
47)
where

go(a) & a? ( 3N(a — 1) csc? ( ))+a2( 2L(a—1))
o (2Ndese? (£2) +d(N = L)) + Ld. (48)
) -

Notice that the second term, 2« (N csc? ( ), in the
right hand side (RHS) of (47) is positive for a > 0. We make
the following three observations about gs(a): (i) ¢2(0) =
Ld > 0. (ii) g2(cw) has only one positive real root. This
follows from Descartes’ rule of signs [32] since go(«) has
one sign change. And, (iii) go(«) is concave for o > 0
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since %gg(a) =—2(a—1) (9Nacsc? (&) +2L) <0, for
a > 0.

Let oy, be the positive root of gz(a). If o), > \/g, then,

%gl(a) > ( for all a € [O, \/ﬂ since each of the terms in
the RHS of (47) is positive. This implies that 2 g; (c) has no

real root in the interval |0, \/g , in which case we are done.

Else, let ap < g. Then, the following two observations

hold: (i) 5 Zg1(a) > 0 for a € [0,a,]. This is because the
concavity of g2() implies that the first term in the RHS
of (47) is positive in this interval. And, (ii) in the interval

d
Oép, a

, %gl(a) is concave, iLe., %gl(a) < 0. This

ollows from the reasoning below.

We have
P - 25g2(0) 2a(a = 1)Z g>(a)
9o 1-—o2a—1)  (d—a*(a— 1)

(a —1)(d+2a%(a—1))go

(a)
(d—a2(a—1)p2

(49)

The first term in the RHS of (49) is negative since go(a) is
concave. The second and third terms are also negative because
g2(«), which is concave for a > 0, must be both negative

and monotonically decreasing in [ap, \/g] The above two
observations together imply that 8% g1 () has at most one real

root in the interval {O, \/ﬂ .

Irrespective of ay,, we have shown that 22 g;(a) cannot

have more that one real root in the interval |0, \/g . Hence,

there is only one unique positive root of g ().

5) ak, 5 (i.e, B% # 0): The results thus far have
estabhshed that 8 UMP/;K = 0 occurs at exactly two values
of a: one value hes between 0 and o < e%, and the other
one equals .. Since f(0 B) > 0, it follows from (45) that

2 Uy PSK < 0. Thus, UMPSK increases from a negative

Value at a'= 0 to zero at exactly one point in the interval
(O a) and then decreases back to zero at o = €. Hence,
8a2 I?IPSK must be negative at o = ¢, which implies that
it is a maxima that is not of interest to us. Furthermore, this
also proves that the optimum solution must lie in (0, ) and

is unique.

At the same time, we know that the SEP of the proposed
method equals that of the conventional AS training method
when o = € and 8 = 0. Since the optimal value of «
is different from &7, this implies that the optimal SEP of
the proposed method is strictly lower than the conventional
method. In fact, the proof above shows that any feasible value
of 8 > 0 (and the corresponding «v) will lead to an SEP upper
bound that is lower than that for the conventional method for
large ~v. A similar behavior is observed in the non-asymptotic
regime as well.
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G. Proof of Corollary 1

We will now show that g; ( %iva—if))sin( 1)) — 0 as
M — oo. This will imply that %éva—if)) sin (%) is a root of

g1(«), and, hence, must be o,
From (23), after simplification, we get

LN —L) sin (l) =

g1

N(a—1) M
(N—1L) L(m\ L
X | = m + 1/ cot (M> + N (50)

As M — oo, we know that sin® (&) — 0. Therefore,

( d(N—
g1
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