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Abstract— Transmit antenna selection (TAS) is a technique that
achieves better performance than a single antenna system while
using the same number of radio frequency chains. We propose
a novel TAS rule called the λ-weighted interference indicator
rule (LWIIR). We prove that for the general class of fading
models with continuous cumulative distribution functions, LWIIR
achieves the lowest average symbol error probability (SEP)
among all TAS rules for an underlay cognitive radio system that
employs binary power control and is subject to the interference-
outage constraint. This constraint imposes a limit on the probabil-
ity that the interference power at the primary exceeds a threshold.
It is a generalization of the widely studied peak interference con-
straint. We then derive the average SEP of LWIIR. The insightful
performance analysis applies to any number of transmit and
receive antennas and to many constellations. We also analyze
the practical scenario in which the secondary transmitter has
imperfect information of the channel gains from itself to the
secondary and primary receivers. We show that the imperfections
in these two sets of channel gains have different impacts on the
system. Our benchmarking shows that LWIIR outperforms many
selection rules considered in the literature.

Index Terms— Cognitive radio, underlay, antenna selection,
interference outage constraint, SEP, imperfect CSI.

I. INTRODUCTION

COGNITIVE radio (CR) technology has the potential
to mitigate the scarcity of radio spectrum by enabling

different classes of users to access the spectrum together
without an exclusive and inefficient allocation of the spectrum
to just one class of users [2]. In the underlay mode of CR, users
are classified into two categories, namely, primary users (PUs)
and lower priority secondary users (SUs) [2]. An SU can
transmit concurrently in the same spectrum as the PU, but
must ensure that the interference due to its transmissions to
the primary receiver (PRx) is constrained. The performance of
underlay CR is, thus, fundamentally governed by the constraint
imposed on the interference caused to the PRx.

Various interference constraints have been investigated
in the literature. These include: (i) Peak interference
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constraint [3]–[8], in which the instantaneous interference
power at the PRx cannot exceed a threshold; (ii) Average
interference constraint [9]–[11], in which the fading-averaged
interference power at the PRx cannot exceed a threshold;
and (iii) Interference-outage constraint [12], [13], in which
the event that the interference exceeds a certain value is
referred to as an interference-outage, and the probability
of an interference-outage cannot exceed a threshold. While
the peak interference constraint focuses on the instantaneous
interference to the PRx, the other two constraints focus on its
statistics.

These interference constraints can significantly limit the
performance of the secondary system. This has spurred the
investigation of advanced techniques, such as transmit antenna
selection (TAS), to improve the secondary system perfor-
mance. TAS exploits the spatial diversity afforded by mul-
tiple antennas while avoiding the hardware complexity of the
latter [14]. Only one radio frequency (RF) chain, which is
dynamically switched to one of the antennas based on the
current channel conditions, is required. Compared to a single
antenna system, TAS can improve the ergodic capacity of
the secondary [4], [5], reduce the secondary outage probabi-
lity [4], [15] and symbol error probability (SEP) [9], [10] at the
secondary receiver (SRx), or increase the outage capacity [15].

In TAS for underlay CR, the choice of the antenna at
the secondary transmitter (STx) is driven not just by the
channel gains from it to the SRx’s antenna(s), but also by the
interference it causes to the PRx. It also crucially depends on
the interference constraint imposed on the secondary system.
In recognition of this, the following different TAS rules have
been considered in the literature.

• Peak Interference Constraint: Hanif et al. [4] proposed
a TAS rule, henceforth referred to as the HYA rule,
that selects the antenna with the highest STx to SRx
(STx-SRx) channel power gain from the subset of anten-
nas that satisfy the peak interference constraint.

• Average Interference Constraint: A difference TAS rule
is proposed in [11], which selects the antenna with the
maximum weighted difference of the STx-SRx and STx
to PRx (STx-PRx) channel power gains. For an STx that
transmits with fixed power, in [9], an optimal TAS rule
that minimizes the average SEP is proposed. This model
is extended to include continuous power control in [10].

• Interference-Outage Constraint: An ad hoc power back-
off technique to control interference-outage at the primary
with imperfect channel state information (CSI) at the
STx is considered in [16]. However, no TAS rule
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has been studied in the literature for this specific
constraint.

We focus on the interference-outage constraint given that it
is theoretically and practically well motivated, but its impli-
cations on the secondary system have not been thoroughly
investigated. Firstly, it is a generalization of the extensively
studied peak interference constraint, which corresponds to the
extreme case in which the interference-outage probability is
zero. Furthermore, the peak interference constraint requires
perfect CSI of the instantaneous STx-PRx channel power
gain at the STx, which is difficult to ensure in practice [7],
[16], [17]. Secondly, as mentioned, the optimal TAS rule for
it is not known in the literature, and it cannot be easily
deduced from the TAS rules proposed for the other interference
constraints. Thirdly, in terms of the impact on the primary
system, this constraint is justified when the primary system
offers delay or disruption tolerant services, or the primary
traffic is based on user datagram protocol (UDP) services
like voice and video traffic. Furthermore, it need not disrupt
primary wireless systems that can tolerate deep fades or
co-channel interference.

A. Contributions

We make the following contributions in this paper:
• We first propose a novel TAS rule called the λ-weighted

interference indicator rule (LWIIR) for an interference-
outage constrained underlay CR system. It selects the
antenna that minimizes a sum of two terms. The first
term is the instantaneous SEP of a maximal ratio combin-
ing (MRC) receiver and the second term is the indicator
function of the STx-PRx channel power gain weighted by
an interference-outage penalty factor λ. It differs from
the rules proposed in the literature [3], [4], [9]–[11].
As a result its analysis and performance are also
different.

• We prove that LWIIR has the following optimality prop-
erty among all the TAS rules that satisfy the interference-
outage constraint. For a general class of fading models
with a continuous cumulative distribution function (CDF),
which we shall henceforth refer to as continuous fading
models, it yields the lowest fading-averaged SEP. This
class encompasses several practically relevant distri-
butions such as Rayleigh, Rician, and Nakagami-m.
We note that the average SEP is an important measure
of reliability, and has been studied in the related
literature [3], [7]–[10].

• We then analyze the average SEP of LWIIR. First,
we derive a general expression that is in a single-integral
form for an arbitrary number of antennas and for many
constellations. We gain several insights about the behav-
ior of LWIIR as a function of different system parameters.
This includes a novel integral-free upper bound on the
interference-outage probability of LWIIR and a tight
closed-form upper bound for λ.

• We also analyze the different impacts of imperfect CSI
of the STx-SRx and STx-PRx channel power gains on
the average SEP and the interference-outage probability
of LWIIR.

Fig. 1. System model that consists of an STx with Nt transmit antennas
and one RF chain. It transmits data to an SRx with Nr antennas and causes
interference to the PRx.

B. Outline and Notation

Section II presents the system model and the problem state-
ment. LWIIR, its interference-outage probability, and its opti-
mality are studied in Section III. Its average SEP is analyzed in
Section IV. The impact of imperfect CSI on LWIIR is analyzed
in Section V. Numerical results are presented in Section VI,
and our conclusions follow in Section VII.

Notation: The absolute value of a complex number x is
denoted by |x|. The probability of an event A and the
conditional probability of A given B are denoted by Pr (A)
and Pr (A|B), respectively. For a random variable (RV) X ,
fX(·) denotes its probability density function (PDF), F c

X(x) =
Pr (X > x) denotes its complementary cumulative distribution
function (CCDF), and EX [·] denotes its expectation. Fur-
ther, X ∼ CN (σ2) means that X is a circular symmetric
zero-mean complex Gaussian RV with variance σ2. Scalar
variables are written in normal font and vector variables in
bold font. I{a} denotes the indicator function; it is 1 if a is
true and is 0 otherwise. The null set is denoted by ∅.

II. SYSTEM MODEL AND PROBLEM STATEMENT

The system model is shown in Figure 1. It consists of
an STx with Nt antennas that transmits data to an SRx with
Nr receive antennas and causes interference to a PRx with
one antenna. The STx dynamically selects one antenna at a
time and connects it to one RF chain. For i ∈ {1, 2, . . . , Nr}
and k ∈ {1, 2, . . . , Nt}, hik denotes the instantaneous channel
power gain from the kth antenna of the STx to the ith receive
antenna of the SRx. The instantaneous channel power gain
from the kth antenna of the STx to the PRx is denoted by gk.
We assume that all the gains of the NtNr STx-SRx channels
are independent and identically distributed (i.i.d.) RVs and
so are the gains of the Nt STx-PRx channels to the PRx.
This is justified when the antennas are sufficiently spaced
apart [3], [4], [9], [15]. Let H denote the STx-SRx channel
power gain matrix [hik] and g � [g1, . . . , gNt] denote the
STx-PRx channel power gain vector.

A. Antenna Selection Options and Data Transmission

The STx transmits with power Pt a data symbol d, which is
drawn with equal probability from a constellation consisting
of M symbols, where Pt is a system parameter. It can select
one out of Nt antennas or it can also decide to transmit with
zero power in order to not interfere with the PRx. For ease
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of exposition, we denote the latter option as transmitting from
a virtual antenna 0, and define h10 = 0, . . . , hNr0 = 0, and
g0 = 0.

Let s ∈ {0, 1, . . . , Nt} denote the antenna selected by
the STx. At the ith receive antenna of the SRx, let Ri denote
the signal received and let Ii denote the interference from
PU transmissions. Let the interference at the PRx due to
SU transmissions be Ip. Then, Ri and Ip are given by

Ri =
√
Pt

√
hise

jθisd+ ni + Ii, (1)

Ip =
√
Pt
√
gse

jϕsd, (2)

where E
[|d|2] = 1, θis and ϕs are the phases of the

complex baseband STx-SRx and STx-PRx channel gains,
respectively, and ni is a circular symmetric complex additive
white Gaussian RV. We assume Ii to be Gaussian. Therefore,
ni + Ii ∼ CN (

σ2
)
. This is widely assumed in the litera-

ture to ensure tractability [9]–[12]. For example, without it,
the maximum likelihood receiver need not reduce to MRC.
It is valid even with one primary transmitter (PTx) if the
PTx uses a constant amplitude signal to communicate with
the PRx [12]. With multiple PTxs, it is justified by the central
limit theorem. This is also valid when the interference seen at
the SRx is negligible, which occurs when the SRx and PTx
are far apart [6], [8], [17]. We refer the reader to [18] for an
in-depth comparison of this model with other models.

B. CSI Assumptions and Justifications

Before we state the optimal TAS rule problem, we discuss
the CSI assumptions below.

1) We assume that the STx knows the STx-SRx channel
power gains H, which is possible by exploiting reci-
procity [4]–[6], [9], [10]. However, it need not know the
phase of any of these channels. The SRx uses a coherent
demodulator. Hence, it only needs to know the complex
channel gains from the selected antenna of the STx to
itself, i.e., his and θis, for i ∈ {1, 2, . . . , Nr}. Inserting
a pilot symbol along with the data transmitted by the
STx can enable this.

2) We also assume that the STx knows the STx-PRx
channel power gains g, as has been widely assumed
in the underlay CR literature [4]–[6], [9], [10], [15].
Different techniques have been studied to obtain g,
which are summarized in [19]. These include making the
STx sense the primary signal periodically [20] or using
a power-feedback loop technique [21]. As we shall see,
LWIIR requires the STx to only know if the STx-PRx
channel power gain of each antenna exceeds a
threshold.

C. Problem Statement

We now formally state our problem. Let SEP(hs) denote the
instantaneous SEP when antenna s is used for transmission,
where hs � [h1s, . . . , hNrs]. From [22, eq. (14)], it is given
by

SEP(hs) ≈ c1 exp

(

−Pt

∑Nr

i=1 his

c2σ2

)

, for 0 ≤ s ≤ Nt, (3)

where c1 and c2 are modulation-specific constants. The
summation term

∑Nr

i=1 his in (3) arises because the SRx
employs MRC. This formula is exact for differential binary
phase-shift-keying with (c1, c2) = (0.5, 1) and non-coherent
binary frequency-shift-keying with (c1, c2) = (0.5, 2) [3]. It is
a tight approximation for many constellations, e.g., (c1, c2) =
(0.5, 1.7) for QPSK, (c1, c2) = (0.6, 5.5) for 8-PSK, and
(c1, c2) = (0.8, 8.2) for 16-QAM.

Comments:
• Even with zero transmit power (s = 0), it follows

from (3) that the SEP is1 c1 < 1. From (3), the SEP
will be strictly less than c1 when one of the 1, . . . , Nt

antennas is selected and a transmit power Pt is used.
Therefore, c1 can be interpreted to be a worst-case penalty
associated with using the zero transmit power option.
It ensures that the optimal TAS rule does not always
select the trivial s = 0 option to satisfy the interference
constraint [9], [12].

• Our model is based on binary power control, which has
been studied widely [4], [9], [12], [23] and requires
analytical methods that are different from those used for
continuous power control [10]. It is practically relevant
because it enables the use of more energy-efficient power
amplifiers.

TAS Rule Definition: A TAS rule φ : (R+)Nr × (R+)Nt ×
(R+)Nt → {0, 1, . . . , Nt} is a mapping from (H,g)
to the set of Nt + 1 available transmit antennas. Thus,
s = φ(H,g).

Interference-Outage Constraint: From (2), the instantaneous
interference power at the PRx is Ptgs. Therefore, the probabil-
ity that it exceeds an interference power threshold τ is equal
to Pr (Ptgs > τ ). It depends on the TAS rule used through s.
From the perspective of the PRx, H and g are random, and
so is s. Then, from its perspective, the interference-outage
constraint can be specified as the following probabilistic
constraint:

Pr (Ptgs > τ ) ≤ Omax, (4)

where Omax is the maximum allowed interference-outage prob-
ability. We note that this constraint becomes deterministic
for the STx when it knows the STx-PRx channel power
gains.

Let D be the set of all TAS rules. Our goal is to
find the optimal TAS rule φ∗ ∈ D that minimizes
the average SEP of the secondary system subject to the
interference-outage constraint. It can be mathematically
stated as the following stochastic, constrained optimization
problem P :

P : min
φ∈D

EH,g [SEP(hs)] (5)

s.t. Pr (Ptgs > τ ) ≤ Omax, (6)

s = φ(H,g). (7)

1For a constellation of size M , the SEP with zero transmit power is exactly
e0 � 1 − (1/M). While we design the TAS rule using (3) for all Nt + 1
options in order to ensure tractability, we shall use SEP(h0) = e0 in the
analysis in Section IV in order to ensure its accuracy.
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TABLE I

KEY NOTATIONS

III. LWIIR, ITS INTERFERENCE-OUTAGE

ANALYSIS, AND OPTIMALITY

We now propose LWIIR, and characterize its properties and
its interference-outage probability. Using these, we prove that
LWIIR solves P for the general class of continuous fading
models.

A. LWIIR and Its Properties

Let

yk � SEP(hk)
c1

= exp

(

−Pt

∑Nr

i=1 hik

c2σ2

)

, (8)

for 0 ≤ k ≤ Nt. LWIIR is defined in terms of a parameter
λ ∈ [0, c1], and is denoted by Sλ. It is as follows:

Sλ : s = arg min
k∈{0,1,...,Nt}

{
yk +

λ

c1
I{gk> τ

Pt
}
}
. (9)

To understand the behavior of Sλ, we first introduce the fol-
lowing terminology. We shall refer to yk +(λ/c1) I{gk>(τ/Pt)}
as the selection metric of antenna k, for 0 ≤ k ≤ Nt. Thus,
LWIIR selects the antenna with the smallest selection metric.
Further, we shall call an antenna k for which gk ≤ (τ/Pt) as
an outage-compatible antenna. Otherwise, we shall call it an
outage-incompatible antenna. Clearly, antenna zero is always
outage-compatible, and its selection metric is y0 = 1, which is
independent of the modulation used. We shall refer to λ as the
interference-outage penalty factor as it increases the selection
metric of, i.e., it penalizes, an outage-incompatible antenna.
Note that given H and g, LWIIR is a deterministic rule
for STx.

Behavior of LWIIR for Different λ Values:

1) For λ = 0, the selection metric of antenna k is yk.
As

∑Nr

i=1 hik ≥ 0, it follows from (8) that y0 =
1 ≥ y1, . . . , y0 ≥ yNt . And, y1, . . . , yNt are monotoni-
cally decreasing functions of

∑Nr

i=1 hi1, . . . ,
∑Nr

i=1 hiNt ,
respectively. Hence, antenna 0 will not be selected.
Therefore,

S0 : s= argmin
k∈{1,2,...,Nt}

{yk} = argmax
k∈{1,2,...,Nt}

{
Nr∑

i=1

hik

}

.

(10)

From (3), S0 is clearly the optimal rule if the
interference-outage constraint in (6) is inactive.

Fig. 2. Selection metric of antenna k as a function of
�Nr

i=1 hik and gk .

We shall, therefore, refer to S0 as the interference
unconstrained rule henceforth. Its interference-outage
probability U is given by

U = Pr

(
gs >

τ

Pt

)
= F c

g1

(
τ

Pt

)
. (11)

The second equality above follows because the antenna
s selected by S0 does not depend on g, and g1, . . . , gNt

are i.i.d. Thus, S0 is the optimal rule when Omax ≥ U .
2) For 0 < λ < c1, the selection metric of antenna k

is a linear combination of an exponentially decreasing
function of

∑Nr

i=1 hik and I{gk>(τ/Pt)}, which is a
discontinuous function of gk. A three-dimensional view
of this selection metric as a function of

∑Nr

i=1 hik and gk

is shown in Figure 2. Notice its discontinuous behavior,
which happens at gk = τ/Pt and is different from the
TAS rules in [3], [4], and [9]–[11].

3) For λ = c1, the selection metric of any outage-
incompatible antenna k is yk+1 > y0. Therefore, LWIIR
will select an antenna k with the largest

∑Nr

i=1 hik only
from the set of outage-compatible antennas. For this
special case, it is equivalent to the HYA rule, which
was proposed for the peak interference constraint.

B. Interference-Outage Probability and Optimality of LWIIR

We first derive the interference-outage probability of LWIIR
in terms of the probability distribution of y1, . . . , yNt . Since
y1, . . . , yNt are identically distributed, we denote their mar-
ginal CCDF and PDF by F c

y (·) and fy(·), respectively.
Lemma 1: The interference-outage probability Oλ of

LWIIR, for 0 ≤ λ ≤ c1, is given by

Oλ =NtU

∫ 1− λ
c1

0

[
UF c

y (x)+(1−U)F c
y

(
x+

λ

c1

)]Nt−1

fy(x)dx.

(12)

For the class of continuous fading models, Oλ is a continuous
and strictly monotonically decreasing function of λ. Further-
more, for any Omax ∈ [0, U ], a unique λ ∈ [0, c1] exists such
that Oλ = Omax.

Proof: The proof is given in Appendix A.
Using Lemma 1, we prove the following result.
Result 1: The optimal TAS rule that solves P lies in the

set of rules {Sλ : 0 ≤ λ ≤ c1}. If Omax ≥ U , then it is given
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by S0. Else, for 0 ≤ Omax < U , it is given by Sλ∗ , where
λ∗ > 0 is the solution of Oλ = Omax. Such a choice of λ∗ is
unique, strictly positive, and always exists.

Proof: The proof is given in Appendix B.
This result brings out how the interference constraint fun-

damentally affects the structure of the optimal TAS rule.
We obtain λ∗ by equating Oλ in (12) to Omax and solving
it numerically, for example, using the bisection method. The
following approach circumvents this problem.

Replacing x+(λ/c1) with λ/c1 in (12) yields the following
closed-form bound for Oλ:

Oλ ≤
[
U + (1 − U)F c

y

(
λ

c1

)]Nt

−
[
UF c

y

(
1 − λ

c1

)
+ (1 − U)F c

y

(
λ

c1

)]Nt

. (13)

For Nt = 2, the following different, simpler bound can also
be derived:

Oλ ≤ U2 + 2U(1 − U)F c
y

(
λ

c1

)
, (14)

which shows that Oλ is an increasing function of c1 since
F c

y (·) is a monotonically decreasing function. For example,
for Rayleigh fading and Nr = 1, equating (14) to Omax yields
the following closed-form upper bound for λ that holds for
τ ≥ − (Ptμg/2) ln (Omax):

λ ≤ c1

(
2U − U2 −Omax

2U(1 − U)

) Ω
c2

. (15)

C. Insights: A Simpler, Intuitive TAS Rule and Its
Interference-Outage Probability

In this section, we gain new insights about LWIIR when
λ → c1. Intuitively, this occurs when the interference-outage
constraint is very tight.

For a given realization of the channel gains, let Q (H,g)
denote the set of all outage-compatible antennas among the
antennas 1, 2, . . . , Nt. Now consider the following two cases:
(i) Q (H,g) 	= ∅: From Comment 3 in Section III-A,
it follows that as λ→ c1, Sλ becomes

s = argmax
k∈Q(H,g)

{
Nr∑

i=1

hik

}

. (16)

(ii) Q (H,g) = ∅: Here, Sλ selects the antenna s =
arg min {y0, y1 + λ/c1, . . . , yNt + λ/c1}. Using y0 = 1
and (8), the selection rule for this case simplifies to

s =

⎧
⎨

⎩

0, if
∑Nr

i=1 hi1 ≤ γ, . . . ,
∑Nr

i=1 hiNt ≤ γ,

arg max
k∈{1,2,...,Nt}

{∑Nr

i=1 hik

}
, otherwise, (17)

where γ � − (
c2σ

2/Pt

)
ln (1 − (λ/c1)). Hence, Sλ selects

antenna s 	= 0 if and only if there is at least one antenna k ∈
{1, 2, . . . , Nt} for which

∑Nr

i=1 hik exceeds γ. Else, s = 0.
Interference-Outage Probability: For the above selection

rule, it can be shown that

Oλ = UNt − UNt

(
F c

y

(
1 − λ

c1

))Nt

. (18)

From (18), we see that as λ → c1, Oλ decreases as U
decreases or as Nt increases. For Rayleigh fading and Nr = 1,
equating (18) with Omax yields the following closed-form
expression for λ for τ < − (Ptμg/Nt) ln (Omax):

λ = c1 − c1

(

1 −
[
1 − Omax

UNt

] 1
Nt

) Ω
c2

. (19)

Form (15) and (19) we see that λ increases as c1 increases
and decreases as Omax increases.

IV. SEP ANALYSIS OF LWIIR

We derive a general expression for the average SEP of
LWIIR, which we denote by SEP. It holds for any number
of transmit and receive antennas.

Result 2: SEP of Sλ is given by

SEP = e0

[
UF c

y

(
1 − λ

c1

)]Nt

+ T2, (20)

where e0 = 1 − (1/M) and

T2 =Ntc1(1 − U)
∫ λ

c1

0

[
U+(1 − U)F c

y (x)
]Nt−1

xfy (x) dx

+Ntc1

∫ 1− λ
c1

0

[
UF c

y (x) + (1 − U)F c
y

(
x+

λ

c1

)]Nt−1

×
(
Uxfy (x) + (1 − U)

(
x+

λ

c1

)
fy

(
x+

λ

c1

))
dx.

(21)

Proof: The proof is given in Appendix C.
Example: For Rayleigh fading, in which hik and gk are i.i.d.

exponential RVs with means μh and μg , respectively, it can
be shown that U = exp (−τ/(μgPt)). Let Ω � Ptμh/σ

2

denote the mean signal-to-noise-ratio (SNR) of the SU. Thus,
the CCDF and PDF of the RV y1 are given by

F c
y (x) = 1 − x

c2
Ω

Nr−1∑

m=0

(− c2
Ω ln(x)

)m

m!
, for x ∈ (0, 1], (22)

fy (x) =

(
c2
Ω

)Nr (− ln (x))Nr−1
x

c2
Ω −1

(Nr − 1)!
, forx ∈ (0, 1]. (23)

Note that further simplification of (21) to an integral-free
form is not possible because of the involved form of its two
integrands. However, it can be approximated to the following
integral-free summation:

T2 ≈ Ntλ(1−U)
n∑

l=1

wl

[
U+(1 − U)F c

y (tl)
]Nt−1

tlfy(tl)

+Nt (c1 − λ)
n∑

l=1

wl

[
UF c

y (vl) + (1 − U)F c
y (xl)

]Nt−1

× (Uvlfy (vl) + (1 − U)xlfy (xl)) , (24)

where tl = λzl/c1, vl � (1 − (λ/c1)) zl, xl = vl + (λ/c1),
zl and wl are the n abscissas and weights, respectively, for
Gaussian integration of moments [24, pp. 921–922].
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A. Insights: Rayleigh Fading and Nr = 1

For this case, (22) and (23) simplify to F c
y (x) = 1 − x

c2
Ω

and fy(x) = c2x
c2
Ω −1/Ω, for x ∈ (0, 1]. Upon substituting

these in (20), SEP simplifies to

SEP = e0 U
Nt

[

1 −
(

1 − λ

c1

) c2
Ω
]Nt

+
NtU

Ntc2λ

Ω

Nt−1∑

k=0

k∑

l=0

(
Nt−1

k

)(
k
l

) (
λ
c1

) c2(l+1)
Ω

(−1)l
(

c2(l+1)
Ω + 1

)

× (1 − U)k+1

Uk+1
+
Ntc1c2

Ω

Nt−1∑

k=0

k∑

l=0

Nt−k−1∑

m=0

(
Nt − 1
k

)

×
(
k

l

)(
Nt − k − 1

m

)
(−1)l+mUk(1 − U)Nt−k−1

× [Uψm,l+1 + (1 − U)ψm+1,l] , (25)

where ψk1,k2 =
∫ 1− λ

c1
0 (x+ (λ/c1))

c2k1/Ω
xc2k2/Ω dx.

In general, ψk1,k2 can be computed accurately as a sum of
n terms using Gaussian integration of moments as follows:

ψk1,k2 =
(

1 − λ

c1

) n∑

l=1

wl

(
vl +

λ

c1

) c2k1
Ω

v
c2k2

Ω
l + εn.

(26)

The error term εn decreases as O(1/n2) [25], where O(·) is as
per the Bachmann-Landau notation [26, Ch. 3]. In Section VI,
we will see that (26) is accurate even for n as small as 4.
Furthermore, for λ ∈ (c1/2, c1], ψk1,k2 can be written as an
infinite series [27]:

ψk1,k2 =
∞∑

m=0

Γ
(

c2k1
Ω +1

)(
λ
c1

) c2k1
Ω −m (

1− λ
c1

) c2k2
Ω +m+1

Γ
(

c2k1
Ω −m+ 1

)
m!

(
c2k2
Ω +m+ 1

) .

(27)

Four terms in the above summation turn out to be sufficient.
Insights From (25): The first term corresponds to the

average SEP due to s = 0. It increases as λ increases. This
is because a higher λ corresponds to a tighter interference-
outage constraint, which increases the probability of selecting
s = 0. It is also an exponentially decreasing function of τ and
Nt. The second and third terms correspond to the average SEP
due to the transmissions with power Pt. The second term is
directly proportional to λ and is inversely proportional to c1.

V. IMPACT OF IMPERFECT CSI ON LWIIR

We now study the behavior of LWIIR when the STx has
imperfect estimates of the STx-SRx and STx-PRx channel
power gains, as is the case in practice, for Rayleigh fading.
For tractability, we assume that the secondary receiver SRx
knows perfectly the Nr complex channel gains for the transmit
antenna selected.

Channel Estimation Model: We consider the minimum
mean square error (MMSE) channel estimation model [12],
[13], [17], [19], [28]. For the kth transmit antenna of the
STx, let αik =

√
hike

jθik ∼ CN (μh) denote the baseband

channel gain from it to the ith receive antenna of the SRx,
and let βk =

√
gke

jϕk ∼ CN (μg) denote the baseband
channel gain from it to the PRx. Let α̂ik and β̂k denote
the MMSE estimates of αik and βk, respectively. These
can be obtained from pilot transmissions by the SRx and
PRx with powers Ph and Pg , respectively. It can be shown
that α̂ik ∼ CN (

μĥ

)
and β̂k ∼ CN (μĝ), where μĥ =

Phμ
2
h/(Phμh + 1) and μĝ = Pgμ

2
g/(Pgμg + 1) [12]. This

implies that the channel power gain estimates ĥik = |α̂ik|2 and
ĝk = |β̂k|2 are i.i.d. exponential RVs with means μĥ and μĝ,
respectively. Furthermore, the correlation coefficient of hik

and ĥik is ρh � Phμh/(Phμh + 1), and that of gk and ĝk is
ρg � Pgμg/(Pgμg + 1).

The STx selects its transmit antenna on the basis of the
imperfect estimates of H and g as follows:

Sλ : s = arg min
k∈{0,1,...,Nt}

{
ŷk +

λ

c1
I{ĝk> τ

Pt
}
}
, (28)

where

ŷk � exp

(

−Pt

∑Nr

i=1 ĥik

c2σ2

)

, for 0 ≤ k ≤ Nt, (29)

ĥ10 � 0, . . . , ĥNr0 � 0, and ĝ0 � 0. Let F c
ŷ (·) and fŷ(·)

denote the CCDF and PDF, respectively, of the i.i.d. RVs
ŷ1, . . . , ŷNt . They are given by

F c
y (x) = 1 − x

c2
�Ω

Nr−1∑

m=0

(
− c2�Ω ln(x)

)m

m!
, for x ∈ (0, 1],

(30)

fy (x) =

(
c2�Ω
)Nr

(− ln (x))Nr−1
x

c2
�Ω
−1

(Nr − 1)!
, for x ∈ (0, 1].

(31)

Let

Û � e
− τ

μĝPt and Ω̂ � Ptμĥ

σ2
. (32)

1) Average SEP: The average SEP of the TAS rule in (28)
is given as follows.

Result 3: SEP of Sλ for an Nt × Nr CR system with
imperfect CSI at the STx is given by

SEP = e0

[
Û F c

ŷ

(
1 − λ

c1

)]Nt

+
Nt�

Nrc1(1 − Û)
(Nr − 1)!

×
∫ λ

c1

0

[
Û + (1 − Û) F c

ŷ (x)
]Nt−1

[− ln(x)]Nr−1
xΔdx

+
Nt�

Nrc1
(Nr − 1)!

∫ 1− λ
c1

0

(
Û [− ln(x)]Nr−1

xΔ

+ (1 − Û)
[
− ln

(
x+

λ

c1

)]Nr−1(
x+

λ

c1

)Δ
)

×
[
Û F c

ŷ (x) + (1 − Û) F c
ŷ

(
x+

λ

c1

)]Nt−1

dx,

(33)
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where � � c22/
(
Ω̂ [c2 + Ω (1 − ρh)]

)
and Δ �

� [1 + (Ω/c2)] − 1.
Proof: The proof is given in Appendix D.

Further simplification of SEP in (33) is not possible due
to the involved form of the integrand. However, for Nr = 1,
simplified expressions similar to (25) can be obtained.

2) Interference-Outage Probability:
Result 4: The interference-outage probability Oλ of Sλ

with imperfect CSI is given by

Oλ = Nt

∫ 1− λ
c1

0

[
ÛF c

ŷ (x) +
(
1 − Û

)
F c

ŷ

(
x+

λ

c1

)]Nt−1

×
(

(U −B)fŷ (x) +Bfŷ

(
x+

λ

c1

))
dx

+
B

1 − Û

(

1 −
[
Û +

(
1 − Û

)
F c

ŷ

(
λ

c1

)]Nt
)

, (34)

where B=UQ1

(
Pg

ρg

√
2τ

PgPt
,
√

2Pgτ
Pt

)
− ÛQ1

(√
2τPg

ρgPt
,
√

2τPg

ρgPt

)

and Q1(·, ·) is the Marcum-Q function [29, eq. (4.34)].
Proof: The proof is given in Appendix E.

In the interference-outage unconstrained case (λ = 0), Oλ

in (34) reduces to U even with imperfect CSI. This is because
the selected antenna does not depend on the STx-PRx channel
power gain estimates. In the other extreme case of λ = c1,
which is equivalent to the peak interference constraint, Oλ

simplifies to B
(
1 − ÛNt

)
/(1 − Û) > 0, while it is zero for

perfect CSI. Similar to (13), we can show that Oλ in (34) is
upper bounded as

Oλ ≤
B
(
1 − ÛNt

)

1 − Û
+
U −B

Û

([
Û +

(
1 − Û

)
F c

ŷ

(
λ

c1

)]Nt

−
[
ÛF c

ŷ

(
1 − λ

c1

)
+
(
1 − Û

)
F c

ŷ

(
λ

c1

)]Nt
)

. (35)

VI. NUMERICAL RESULTS AND PERFORMANCE

BENCHMARKING

We now present Monte Carlo simulations that measure the
average SEP over 106 data symbols for both perfect and
imperfect CSI. These simulate the entire transmit and receive
chains and do not assume the formula in (3); therefore, they
independently verify our problem formulation and analysis.
We set λ as λ∗, which is characterized in Result 1. We set
σ2 = 1 and μh = μg = 1, and show results for Rayleigh
fading.

Figure 3 plots the average SEP of LWIIR as a function
of the interference power threshold τ . The exact analytical
expression in (20) and its approximation in (24) with n = 4
terms are shown. They match well with the simulations. The
average SEP behavior depends on which of the two following
regions τ lies in. (i) Interference-outage constrained region
(τ < 8.6 dB), in which λ > 0: The average SEP decreases
as τ increases because the interference power allowed at the
PRx increases; (ii) Interference-outage unconstrained region
(τ ≥ 8.6 dB), in which λ = 0: The average SEP is a constant

Fig. 3. Average SEP as a function of interference power threshold τ for
different Nt × Nr values (Omax = 0.1, Pt = 5 dB, and QPSK).

Fig. 4. Average SEP as a function of τ for 8-PSK and 16-QAM for different
values of Omax (Pt = 13 dB, Nt = 8, and Nr = 1).

as LWIIR reduces to the interference unconstrained rule S0.
It decreases exponentially as Nt or Nr increase. Also plotted
is the average SEP of LWIIR when λ is obtained by equating
the upper bound for Oλ in (13) to Omax. We see that the
degradation in the average SEP is negligible when compared
to using λ∗. Given its integral-free form, (13) makes it easier
to implement LWIIR.

Figure 4 plots the average SEP as a function of τ for
different constellations and for two values of Omax. The
average SEP formula for Nr = 1 in (25) and its approxi-
mation in (26) with n = 4 terms for 16-QAM and n = 8
terms for 8-PSK are also plotted. These match well with
the simulations. In the interference-outage constrained region,
the average SEP decreases as Omax increases as the interfer-
ence constraint becomes more relaxed. In the interference-
outage unconstrained region, an error floor that is independent
of Omax arises.

To gain insights into the behavior of LWIIR, Figure 5 plots
the probability of s = 0 as a function of τ for Nt = 2
and 4 and for two values of Omax. It decreases exponentially
as τ increases. It decreases as Omax or Nt increase.

Benchmarking: We now compare the performance of LWIIR
with the following rules considered in the literature. To ensure
a fair comparison, these rules are adapted to enable them to
meet the interference-outage constraint.
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Fig. 5. Probability of s = 0 as a function of τ for different values of Omax
and Nt (Pt = 5 dB, Nr = 2, and QPSK).

1) Enhanced Minimum Interference (EMI) Rule [9]:
Among the antennas 1, . . . , Nt, it selects the one with
the lowest STx-PRx channel power gain. However,
it selects antenna 0 when all the STx-PRx channel power
gains exceed a threshold β. It is given by

s =

⎧
⎨

⎩

0, if g1 ≥ β, . . . , gNt ≥ β,

arg min
k∈{1,2,...,Nt}

{gk}, otherwise.

(36)

2) Enhanced Maximum-Signal-Power to Leak-Interference-
Power-Ratio (EMSLIR) Rule [10]: Among the antennas
1, . . . , Nt, it selects the one with the largest ratio of
the STx-SRx sum channel power gain to the STx-PRx
channel power gain. However, it selects antenna 0 when
these ratios of all the antennas are below a threshold η.
It is given by

s =

⎧
⎪⎨

⎪⎩

0, if
�Nr

i=1 hi1

g1
≤ η, . . . ,

�Nr
i=1 hiNt

gNt
≤ η,

argmax
k∈{1,...,Nt}

{�Nr
i=1 hik

gk

}
, otherwise.

(37)

The thresholds β of the EMI rule and η of the EMSLIR
rules are chosen to ensure that the interference-outage
constraint is met with equality in the interference-
constrained region. Note that setting β = ∞ and η = 0
reduces the EMI and the EMSLIR rules to the MI and
the MSLIR rules, respectively, in [30].

3) Generalized HYA (GHYA) Rule: Let W = {k|gk ≤
ξ, 1 ≤ k ≤ Nt} denote the set of all antennas whose
STx-PRx channel power gains are below a threshold ξ.
The GHYA rule selects the antenna k with the largest∑Nr

i=1 hik from W or antenna 0 if W is empty. It is
given by

s =

⎧
⎨

⎩

0, if W = ∅,

argmax
k∈W

{∑Nr

i=1 hik

}
, otherwise, (38)

where ξ is chosen such that interference-outage con-
straint is met with equality in the interference-
constrained region. This reduces to the HYA rule for
ξ = τ/Pt.

Fig. 6. Performance benchmarking: Average SEPs of LWIIR and several
TAS rules proposed in the literature (Omax = 0.1, Pt = 12 dB, Nt = 4,
Nr = 1, and QPSK).

4) Average Interference Constraint (AIC) Rule [9]: It
selects the antenna as follows

s = arg min
k∈{0,1,...,Nt}

{SEP(hk) + νgk} , (39)

where ν is chosen such that interference-outage
constraint is met with equality in the interference-
constrained region. It is optimal for the average inter-
ference constraint.

5) Difference Selection (DS) Rule [10], [11]: Among anten-
nas 1, . . . , Nt, it selects the one that maximizes the
weighted difference δ

∑Nr

i=1 hik − (1 − δ)gk, where,
as above, δ ∈ [0, 1] is chosen to satisfy the interference-
outage constraint.

Figure 6 compares the average SEPs of all the above TAS
rules. (i) For τ < 15.6 dB, LWIIR is in the interference-
outage constrained region and outperforms all other rules. For
example, at τ = 12 dB, its average SEP is lower by a factor of
14.5, 58.1, 1.5, 14.4, and 9.2 than the DS, EMI, AIC, GHYA,
and EMSLIR rules, respectively. (ii) For τ ≥ 15.6 dB, LWIIR
is in the interference-outage unconstrained region. The average
SEPs of the LWIIR, AIC, GHYA, and DS rules saturate to the
same value because they reduce to S0, which does not depend
on τ . The average SEPs of EMI and EMSLIR also saturate,
but to values that are 1-2 orders of magnitude larger.

Impact of Imperfect CSI: Figures 7 and 8 study the impact
of imperfect CSI on the interference-outage probability and
the average SEP, respectively, of LWIIR as a function of τ .
The scenarios with imperfect H (Ph = 5 dB and Pg → ∞)
and imperfect g (Ph → ∞ and Pg = 5 dB) are compared with
the perfect CSI scenario. The analysis and simulation results
match in both figures. (i) In the interference-outage constrained
region (τ < 13.6 dB), the interference-outage probability
with perfect CSI is exactly Omax = 0.1. However, with
imperfect g, it always exceeds Omax because the probability
of selecting an outage-incompatible antenna increases. This
also results in a lower average SEP compared to that for
perfect CSI. Notably, the trends are different with imperfect H.
Here, the interference-outage probability is below Omax for
τ ≤ 10.6 dB. Another difference is that the average SEP is
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Fig. 7. Imperfect CSI: Interference-outage probability as a function of τ
(Omax = 0.1, Pt = 10 dB, Nt = 2, Nr = 2, and QPSK).

Fig. 8. Imperfect CSI: Average SEP as a function of τ (Omax = 0.1,
Pt = 10 dB, Nt = 2, Nr = 2, and QPSK).

always worse than that for perfect CSI. (ii) In the interference-
outage unconstrained region (τ ≥ 13.6 dB), S0 is the optimal
TAS rule for all three cases. Therefore, the interference-outage
probability becomes U for all cases. We also see that the
average SEP with imperfect g saturates to the same value as
that for perfect CSI. However, with imperfect H, it saturates
to a higher value. With imperfect CSI, the other TAS rules
also violate the interference-outage constraint, but by different
extents. The corresponding plots are not shown due to lack of
space.

VII. CONCLUSIONS

We proposed a novel and SEP-optimal TAS rule called
LWIIR for an underlay CR system that is subject to the
interference-outage constraint, which generalized the widely
studied peak interference constraint. It applied to the general
class of continuous fading models and to many constellations.
LWIIR was a discontinuous function of the STx-PRx channel
power gain and was different from the TAS rules proposed in
the literature. We derived a general expression for the average
SEP of LWIIR for an arbitrary number of transmit and receive
antennas. LWIIR reduced the SEP significantly compared to
the other TAS rules. Furthermore, we saw that imperfect CSI
of the STx-SRx channel power gains and of the STx-PRx

channel power gains had different impacts on the interference-
outage probability and the average SEP.

Several interesting avenues for research arise out of this
work. These include incorporating multiple primary receivers,
antenna subset selection, and continuous power control in the
model to better utilize the available CSI. Secondly, it would
be of interest to develop the optimal TAS rule when the STx
has imperfect CSI. Lastly, a comprehensive system-level study
that characterizes and compares the impact of the different
interference constraints on the primary system as well as the
secondary system is desirable.

APPENDIX

A. Proof of Lemma 1

We first derive the expression for Oλ = Pr (gs > (τ/Pt))
in (12). Ptgs can exceed τ only when s 	= 0. Thus, using the
law of total probability, Oλ is given by

Oλ =
Nt∑

j=1

Pr

(
s = j, gj >

τ

Pt

)
= NtPr

(
s = 1, g1 >

τ

Pt

)
.

(40)

The second equality above follows due to symmetry.
Let k antennas out of the antennas 2, . . . , Nt be outage-

compatible. The total number of ways in which such k anten-
nas can be chosen is

(
Nt−1

k

)
. Given k, all these combinations

are equally likely as the STx-PRx channels are i.i.d. One such
combination is when the antennas 2, . . . , k + 1 are outage-
compatible. For it, define the event Ak = (g2 ≤ (τ/Pt))∩· · ·∩
(gk+1 ≤ (τ/Pt)) ∩ (gk+2 > (τ/Pt)) ∩ · · · ∩ (gNt > (τ/Pt)).
Therefore, using the law of total probability, we can write Oλ

in (40) as

Oλ = Nt

Nt−1∑

k=0

(
Nt − 1
k

)
Pr

(
s = 1, g1 >

τ

Pt
, Ak

)
, (41)

= Nt

Nt−1∑

k=0

(
Nt − 1
k

)
Pr (Gk) Pr

(
s = 1

⏐
⏐
⏐Gk

)
, (42)

where Gk denotes the event (g1 > (τ/Pt)) ∩ Ak.
As g1, . . . , gNt are i.i.d., we get

Pr (Gk) = (1 − U)k UNt−k. (43)

Expression for Pr
(
s = 1

⏐
⏐
⏐Gk

)
: Given Gk, Sλ in (9) selects

antenna 1 if y1 + λ
c1
< yi for 2 ≤ i ≤ k+1, y1 + λ

c1
< yj + λ

c1

for k + 2 ≤ j ≤ Nt, and y1 + λ
c1
< y0 = 1. Hence,

Pr
(
s = 1

⏐⏐
⏐Gk

)
= Pr

(
y1+

λ

c1
< 1, y1+

λ

c1
< y2, . . . ,

y1+
λ

c1
< yk+1, y1+

λ

c1
< yk+2+

λ

c1
,

. . . , y1+
λ

c1
< yNt +

λ

c1

⏐
⏐
⏐Gk

)
. (44)

Conditioning on y1, the events in (44) are mutually inde-
pendent. Furthermore, y2, . . . , yNt are identically distributed.
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Hence, we get

Pr
(
s = 1

⏐
⏐
⏐Gk, y1 = x

)
= I�

x<1− λ
c1

�
[

Pr

(
y2>x+

λ

c1

)]k

× [Pr (yk+2 > x)]Nt−k−1 . (45)

Now, averaging over y1 and writing it in terms of the CCDF
and the PDF of y1, we get

Pr
(
s = 1

⏐
⏐⏐Gk

)
=
∫ 1− λ

c1

0

[
F c

y

(
x+

λ

c1

)]k [
F c

y (x)
]Nt−k−1

×fy(x) dx. (46)

Finally, substituting (46) in (42) yields (12).
Existence of λ: From (12), we see that for the class of

continuous fading models, Oλ is a continuous and strictly
decreasing function in λ. Furthermore, Oλ = U when λ = 0
and Oλ = 0 when λ = c1. Thus, by the intermediate value
theorem, for every 0 ≤ Omax ≤ U , there exists a corresponding
unique λ ∈ [0, c1] such that Oλ = Omax.

B. Proof of Result 1

We consider the following two cases.
1. Omax ≥ U : From the discussion in Comment 1 in

Section III-A, it follows that the interference unconstrained
rule S0 is clearly the optimal rule.

2. 0 ≤ Omax < U : Here, S0 does not satisfy the interference-
outage constraint. Instead, consider Sλ∗ in (9), where λ∗

is chosen such that the interference-outage probability is
equal to Omax. From Lemma 1, such a choice of λ∗ exists
and is positive. For a given realization of y1, . . . , yNt and
g1, . . . , gNt , Sλ∗ selects the antenna s∗ that minimizes yk +
(λ∗/c1) I{gk>(τ/Pt)}, for 0 ≤ k ≤ Nt. Consider any TAS
rule φ that selects the antenna s = φ(H,g) and satisfies the
interference-outage constraint.2

From above, it follows that

EH,g

[
ys∗ +

λ∗

c1
I{gs∗> τ

Pt
}
]
≤EH,g

[
ys +

λ∗

c1
I{gs> τ

Pt
}
]
.

(47)

Using EH,g

[
I{gk>(τ/Pt)}

]
= Pr (gk > (τ/Pt)) and substitut-

ing yk = SEP(hk)/c1 (from (8)), we get

EH,g [SEP(hs∗)] + λ∗ Pr

(
gs∗ >

τ

Pt

)

≤ EH,g [SEP(hs)] + λ∗ Pr

(
gs >

τ

Pt

)
. (48)

We also know that Pr (gs∗ > (τ/Pt)) = Omax. Rearranging
terms, we get

EH,g [SEP(hs∗)] ≤ EH,g [SEP(hs)]

+λ∗
(

Pr

(
gs >

τ

Pt

)
−Omax

)
. (49)

As φ satisfies the interference-outage constraint and
λ∗ > 0, (49) implies that EH,g [SEP(hs∗)] ≤ EH,g [SEP(hs)].
Thus, Sλ∗ is optimal.

2We do not denote the antennas selected by Sλ∗ and φ as s∗(H, g) and
s(H, g) in order to keep the notation simple.

C. Proof of Result 2

We start with the probability of error conditioned on
y � [y1, . . . , yNt ], which we denote by Pr (Err|y). Using the
law of total probability, it can be written as

Pr (Err|y) = Pr (s = 0,Err|y) +
Nt∑

k=1

Pr (s = k,Err|y) . (50)

Furthermore, Pr (s=k,Err|y)= Pr (s=k|y) Pr (Err|y, s = k),
for 0 ≤ k ≤ Nt. Averaging over y and exploiting symmetry,
SEP is given by

SEP = Ey [Pr (s = 0|y) Pr (Err|y, s = 0)]
+NtEy [Pr (s = 1|y) Pr (Err|y, s = 1)] . (51)

Given s = 0, the SEP is equal to e0. Thus,

Pr (Err|y, s = 0) = SEP (h0) = e0. (52)

Given s = 1, from (8), we get

Pr (Err|y, s = 1) = SEP (h1) = c1y1. (53)

Hence,

SEP = e0Ey [Pr (s = 0|y)] +Ntc1Ey [y1Pr (s = 1|y)] .
(54)

From the law of total expectation, we know that
Ey [Pr (s = 0|y)] = Pr (s = 0). Similarly,

Ey [y1Pr (s = 1|y)] = Ey1 [y1Pr (s = 1|y1)] . (55)

Substituting these two results into (54), we get
SEP = T1 + T2, where

T1 = e0Pr (s = 0) , (56)

T2 = Ntc1Ey1 [y1Pr (s = 1|y1)] . (57)

We now evaluate T1 and T2.
First Term T1: From (9), we know that s = 0 is selected

when the selection metrics of antennas 1, . . . , Nt exceed the
selection metric of antenna 0, which is y0 = 1. This happens
only when antennas 1, . . . , Nt are all outage-incompatible.
Therefore, we can write

T1 = e0Pr

(
g1 >

τ

Pt
, . . . , gNt >

τ

Pt
,

y1 +
λ

c1
> 1, . . . , yNt +

λ

c1
> 1

)
. (58)

Using the fact that channels are i.i.d., and by writing the above
formula in terms of the CCDFs of y1 and g1, we get the first
term in (20).

Second Term T2: From the law of total probability, we have

Pr (s = 1|y1) = Pr

(
s = 1, g1 >

τ

Pt

⏐
⏐
⏐y1

)

+Pr

(
s = 1, g1 ≤ τ

Pt

⏐⏐
⏐y1

)
. (59)

We recall the definition of the events Ak and Gk =
(g1 > (τ/Pt)) ∩ Ak from Appendix A. Similarly, we define
the event Lk � (g1 ≤ (τ/Pt)) ∩ Ak. Summing over all the
events in which k antennas out of the antennas 2, . . . , Nt are
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outage-compatible, we get the following in a manner similar
to (42):

Pr (s = 1|y1) =
Nt−1∑

k=0

(
Nt − 1
k

)
Pr
(
s = 1

⏐
⏐
⏐Gk, y1

)
Pr (Gk)

+
Nt−1∑

k=0

(
Nt − 1
k

)
Pr
(
s = 1

⏐
⏐⏐Lk, y1

)
Pr (Lk) .

(60)

The expression for Pr (s = 1|Gk, y1) is given in (45). The
expression for Pr (s = 1|Lk, y1) can be derived along lines
similar to that for Pr (s = 1|Gk, y1) in (45). This yields

Pr (s=1|Lk, y1 = x) = I�
x≤ λ

c1

� [F c
y (x)

]k
+ I�

x> λ
c1

�

×[F c
y (x)

]k
[
F c

y

(
x− λ

c1

)]Nt−k−1

.

(61)

Substituting Pr (Gk) = (1 − U)k
UNt−k and (45) in (60) sim-

plifies the first part of (60). Similarly, substituting Pr (Lk) =
(1 − U)k+1

UNt−k−1 and (61) simplifies the second part
of (60). Substituting (60) in Ey1 [y1Pr (s = 1|y1)] and aver-
aging over y1 yields (21).

D. Brief Proof of Result 3

The antenna s selected by Sλ now depends on ŷ �
[ŷ1, . . . , ŷNt], while the SEP using the antenna k is given by
c1yk, for 1 ≤ k ≤ Nt. Hence, to analyze the average SEP,
we instead condition on y and ŷ as follows:

Pr (Err|y, ŷ) = Pr (s = 0,Err|y, ŷ)+
Nt∑

k=1

Pr (s = k,Err|y, ŷ) .

(62)

Simplifying further in a manner similar to the steps from (50)
to (55) in Appendix C, we get

SEP = e0Pr (s = 0) +Ntc1Ey1,ŷ1 [y1Pr (s = 1|ŷ1)] . (63)

The first term in (63) can be obtained by replacing gk with
ĝk and yk with ŷk in (58). The expectation in the second term
can be written in terms of the joint PDF fy1,ŷ1 (·, ·) of the
correlated RVs y1 and ŷ1 as follows:

Ey1,ŷ1 [y1Pr (s = 1|ŷ1)] =
∫ 1

x̂=0

Pr (s = 1|ŷ1 = x̂)

×
[∫ 1

x=0

xfy1,ŷ1 (x, x̂) dx
]
dx̂.

(64)

The expression for Pr (s = 1|ŷ1 = x̂) can be derived along
lines similar to the steps from (59) to (61) in Appendix C,
by replacing y1 with ŷ1 and g1 with ĝ1. Thus, its final
expression is obtained by replacing F c

y (·) with F c
ŷ (·) and U

with Û in the expression for Pr (s = 1|y1) in (60).

Joint PDF fy1,ŷ1 (·, ·): Consider first the joint PDF of two
bivariate gamma RVs V �

∑Nr

i=1 hi1 and W �
∑Nr

i=1 ĥi1,
which is given by [29, eq. (6.1)]

fV,W (v, w) =
exp

[
− 1

(1−ρh)

(
v

μh
+ w

μĥ

)]

(Nr − 1)! (1 − ρh)μhμĥ

(
vw

ρhμhμĥ

)Nr−1
2

×INr−1

(
2
√
ρhvw

(1 − ρh)√μhμĥ

)

, v, w ≥ 0. (65)

Here, INr−1 (·) is the modified Bessel function of (Nr − 1)th

order. From it, we can obtain the joint PDF fy1,ŷ1 (·, ·) using
the variable transformation y1 = exp

(−PtV/(c2σ2)
)

and
ŷ1 = exp

(−PtW/(c2σ2)
)
, with y1 given by (8) and ŷ1

by (29). We can then show that

∫ 1

0

xfy1ŷ1 (x, x̂) dx =
�Nr (− ln (x̂))Nr−1

x̂Δ

(Nr − 1)!
, (66)

where � and Δ are defined in the result statement. Substitut-
ing (66) in (64) and then in (63) yields (33).

E. Proof of Result 4

Instead of (40), we write the outage probability as follows:

Oλ = NtPr

(
s = 1, g1 >

τ

Pt
, ĝ1 ≤ τ

Pt

)

+NtPr

(
s = 1, g1 >

τ

Pt
, ĝ1 >

τ

Pt

)
. (67)

Let k be the number of STx antennas for which ĝj ≤ (τ/Pt),
for 2 ≤ j ≤ Nt. Similar to the events Ak, Lk, and Gk

that were defined in Appendices A and C, we define Âk =
(ĝ2 ≤ (τ/Pt)) ∩ · · · ∩ (ĝk+1 ≤ (τ/Pt)) ∩ (ĝk+2 > (τ/Pt)) ∩
· · · ∩ (ĝNt > (τ/Pt)), L̂k � (ĝ1 ≤ (τ/Pt)) ∩ Âk, and Ĝk �
(ĝ1 > (τ/Pt))∩ Âk. Then, along lines similar to (60), we can
write the first term in (67) as

Pr

(
s = 1, g1 >

τ

Pt
, ĝ1 ≤ τ

Pt

)

=
Nt−1∑

k=0

(
Nt − 1
k

)
Pr

(
g1 >

τ

Pt
, L̂k

)

×Pr

(
s = 1

⏐
⏐
⏐g1 >

τ

Pt
, L̂k

)
. (68)

To compute this, we proceed as follows:
1) Given ĝ1 ≤ (τ/Pt) and the definition of s in (28),

it follows that the selection of antenna 1 does not depend
on g1. Thus, Pr

(
s = 1

⏐
⏐
⏐g1 > (τ/Pt) , L̂k

)
= Pr

(
s = 1

⏐
⏐
⏐L̂k

)
,

which is obtained by replacing y1 with ŷ1 and F c
y (·) with

F c
ŷ (·) in (61) and then averaging over ŷ1.
2) Using the fact that ĝ2, . . . ĝNt are independent of g1 and

ĝ1, we get

Pr

(
g1 >

τ

Pt
, L̂k

)
= Pr

(
g1 >

τ

Pt
, ĝ1 ≤ τ

Pt

)
Pr
(
Âk

)
.

(69)
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Furthermore, since ĝ2, . . . , ĝNt are i.i.d., we get Pr
(
Âk

)
=

(
1 − Û

)k

ÛNt−k−1. Also,

B � Pr

(
g1 >

τ

Pt
, ĝ1 ≤ τ

Pt

)
=
∫ τ

Pt

0

∫ ∞

τ
Pt

fg1,ĝ1(x, x̂) dx dx̂,

(70)

where fg1,ĝ1 (·, ·) is the joint PDF of the bivariate exponential
RVs g1 and ĝ1. This is a special case of (65) with Nr = 1,
and is obtained by replacing μh, μĥ, and ρh with μg , μĝ,
and ρg, respectively. Then, evaluating the above integral yields
the expression for B in the result statement.

The second term in (67) can be simplified in a similar
manner. Substituting the expressions for these two probability
terms in (67) yields (34).
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