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Abstract—The ordered transmissions scheme requires fewer
sensor nodes to transmit their measurements than the conven-
tional unordered transmissions scheme (UTS) in which all nodes
transmit. Yet, it achieves the same error probability as UTS.
For the practically relevant scenario in which the measurements
of the sensor nodes are spatially correlated, we present a novel
correlation-aware ordered transmissions scheme (CA-OTS) for
the binary hypothesis testing problem with Gaussian statistics.
It uses the timer scheme to make the nodes transmit their
measurements in the decreasing order of the absolute values of
the measurements without any node knowing the measurements
of other nodes. CA-OTS applies to the general case where the
hypotheses differ in the mean vector and covariance matrix, and
markedly reduces the number of transmissions. It differs from
the literature that assumes that the measurements of the nodes,
when conditioned on the hypotheses, are statistically independent
or the covariance matrix has a special structure. When the
mean vector or covariance matrix is the same for the two
hypotheses, we propose novel refinements that require even fewer
transmissions. We also derive insightful upper bounds for them
that apply to a general product-correlation model.

Index Terms— Wireless sensor networks, detection, ordered
transmissions, correlation, energy-efficiency.

I. INTRODUCTION

NERGY-EFFICIENCY is a critical issue in the design
of wireless sensor networks (WSNs). It ensures that
these networks have the longevity required by their many
compelling and diverse applications such as transportation
and logistics, environmental monitoring, military surveillance,
and healthcare [2]. Several techniques, such as censoring,
sensor selection, on-off keying, duty cycling, and clustering,
have been proposed in the literature to address this challenge
[3]-[5]. They improve the energy-efficiency by curtailing the
number of transmissions by the nodes. However, this invari-
ably degrades performance.
A noteworthy exception is the ordered transmissions scheme
(OTS), which reduces the average number of transmissions
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by 50% compared to the error rate-optimal unordered trans-
missions scheme (UTS), in which all the sensor nodes trans-
mit. It does so without any increase in the error probability
[6]-[16]. OTS was first proposed in [6] for the binary hypoth-
esis testing problem. It exploits the fact that the decision
statistic at the fusion node (FN) can be written as the sum
of the log-likelihood ratios (LLRs) of the measurements
at the individual sensor nodes. In OTS, the nodes trans-
mit in the decreasing order of the absolute values of their
LLRs. This is accomplished by the timer-based multiple access
scheme [17] in which each node sets a timer that is a monotone
non-increasing function of a local, non-negative real number
called metric. In OTS, the metric is the absolute value of the
LLR. When a node’s timer expires, it transmits its LLR to
the FN. This ensures that the nodes transmit their LLRs in
the decreasing order of their metrics in a distributed manner
without any node knowing the metric of any other node. Every
time the FN receives an LLR from a node, it decides on a
hypothesis or waits for the next transmission. Once the FN
decides, it broadcasts a control signal to stop the other nodes
from transmitting and draining their battery energies.

A. Literature Survey on OTS

In [7], OTS is used for target detection in radar networks.
In [8], only a sensor node whose absolute value of the LLR
exceeds a threshold can transmit. Among such nodes, the one
with the largest channel power gain transmits. This is repeated
over multiple coherence intervals and the transmitting node’s
power is adapted to minimize the total energy consumed.
In [9], just one observation is shown to be sufficient for
OTS to decide on a hypothesis when the number of nodes is
asymptotically large. In [10], an ordered transmissions-based
sequential detection scheme for spectrum sensing is used
to maximize the weighted sum throughput of the primary
and secondary users. In [11], a linear regression problem
involving multiple sensors is studied. The sensors transmit in
the increasing order of the difference between their training
data and observed data, and the goal is to minimize the mean
squared error. In [12], a constraint is imposed on the number of
transmissions to the FN. A combination of OTS and slotted
Aloha for detecting a shift in the mean is studied in [13].
In [14], OTS is adapted for energy harvesting sensor networks
and the problem of missing transmissions is addressed.

The above articles [7]-[14] assume that the measurements
of the sensor nodes, when conditioned on the hypothe-
ses, are mutually independent. However, in many practical
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deployments, the measurements can be spatially dependent
or correlated [18]. For example, as WSNs become more
ubiquitous and the cost of a sensor node decreases, these
nodes are likely to be densely deployed [19]. In these cases,
the decision statistic at the FN is no longer the sum of the
individual node LLRs. Instead, it also consists of cross-terms
involving products of the measurements of multiple nodes.
Thus, ordering on the basis of the absolute values of the LLRs
no longer works.

OTS for correlated measurements has received less attention
in the literature. It has recently been studied in [15], [16]
for a decomposable Gaussian graphical model. In this model,
each node is a vertex. The measurements of any pair of
non-adjacent vertices are independent when conditioned on the
measurements of the other vertices. Furthermore, the graph can
be decomposed into maximal cliques, which might have some
vertices in common. In [15], [16], the problems of detecting a
shift in the mean vector and a shift in the covariance matrix are
separately studied. Both works exploit an elegant property of
the graphs to group the vertices belonging to maximal cliques
into clusters. All the nodes within a cluster transmit their
measurements to the cluster head. Ordering is used to reduce
the number of cluster heads that transmit.

However, for several commonly studied correlation models,
the graph is complete, i.e., it is a maximal clique. In this case,
all the nodes end up transmitting. One example is the uniform
correlation model [20], [21]. In it, the correlation between
any two nodes is the same. This model is a special case of
the more general product-correlation model [22] in which the
correlation between two nodes 7 and j can be written as 91'9]‘,
fori # j, 1 < 4,5 < N, where 61,03,...,0ny € (—1,1)
are arbitrary constants and N is the number of nodes. This
happens, for example, when the measurements at the sensor
nodes are linearly attenuated, noise corrupted versions of a
source signal [23]-[25]. A different example is the exponential
correlation model in which the correlation-coefficient between
nodes i and 7 is pl*~7!, for some 0 < p < 1 [26]. The graphical
model for it is a line. Every maximal clique consists of only
two adjacent nodes, one of which is the cluster head. The
other node transmits to its two adjacent cluster heads. Thus,
the total number of transmissions is not reduced.

B. Focus and Contributions

We propose a novel correlation-aware OTS (CA-OTS) for
the binary hypothesis testing framework. It applies to Gaussian
statistics with a general correlation model in which the two
hypotheses differ in their mean vectors and their covariance
matrices. In CA-OTS, the metric of a node is the absolute
value of its measurement. And, when the timer expires, a node
transmits its measurement to the FN. We derive novel decision
rules at the FN that reduce the average number of transmis-
sions while achieving the same optimal error probability as
conventional UTS.

Since the measurements are correlated, this choice of the
metric can seem counter-intuitive at first since the absolute
value of the measurement no longer fully captures how infor-
mative it is. A holistic understanding of OTS, which we put

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 69, NO. 3, MARCH 2021

forth below, is needed to understand this. OTS consists of
three key components that need to be jointly designed. The
first component is the metric, which determines the order in
which the nodes should transmit. The second component is the
payload of the packet that a node transmits to the FN when its
timer expires. The third component is the decision rules at the
FN, which enable it to make a decision early but using only
the information that it has received thus far from an ordered
subset of nodes.

We then present refined versions of CA-OTS for the
shift-in-covariance and shift-in-mean binary hypothesis testing
problems. These refinements bring out the importance of
designing the metric. Their corresponding novel decision rules
exploit the additional structure in the problem to improve
performance or reduce complexity. In the shift-in-covariance
problem, the covariance matrices for the two hypotheses
are different while the mean vectors are the same. For
the product-correlation model, we derive an insightful upper
bound on the average number of transmissions. It shows
that the average number of transmissions decreases to the
lowest possible value of one as the signal-to-noise ratio (SNR),
which we formally define later, increases. To the best of our
knowledge, similar results are available in the literature only
for independent measurements [7], [9].

In the shift-in-mean problem, the mean vectors for the
two hypotheses are different while the covariance matri-
ces are the same. For it as well, we derive an insightful
upper bound on the average number of transmissions for the
product-correlation model. It shows that the average number
of transmissions decreases by at least 50% as the separation
between the two mean vectors increases. While such results
are available in the literature, they only apply to independent
measurements [6] or the decomposable Gaussian graphical
model [15].

Our benchmarking results show that CA-OTS and its refine-
ments markedly reduce the average number of transmissions
compared to UTS. This translates into an improvement in the
energy-efficiency of the WSN — without compromising on its
error probability. The results also bring out the impact of
correlation among the measurements on the performance of
all the schemes.

C. General Mathematical Principle and Comments

Separability of the decision statistic in terms of functions
of the local measurements is the key mathematical principle
behind OTS when the measurements are independent when
conditioned on the hypotheses. This leads to a natural ordering
of the sensor nodes in terms of the absolute values of the
LLRs. Even for correlated measurements, this principle is
exploited in [15] and [16], where the decision statistic is
written in a form that is separable across cluster heads for the
decomposable Gaussian graphical model. Our work shows that
even if the decision statistic is not separable, as is the case for
several correlation models [20], [23]-[25], an ordering can be
imposed so long as the lower and upper bounds on the decision
statistic are separable. This principle differs from model order
reduction techniques such as reduced rank detection [27],
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which assume that the FN has access to all the measurements
and employ a reduced rank, lower complexity detector that
maximizes the divergence between the hypotheses.

There are two key differences between our approach and
those in [15], [16]. First, our approach applies to any general
correlation model. Second, the ordering happens across all the
sensor nodes. On the other hand, in [15], [16], all nodes within
a cluster transmit to the cluster head and ordering happens only
across the cluster heads. CA-OTS also differs from sequential
detection in which the nodes transmit one by one, but in a
random order [28].

D. Organization and Notations

Section II presents the system model. Section III specifies
CA-OTS and its refinements. Simulation results are presented
in Section IV, and are followed by our conclusions in
Section V.

Notations: The probability of an event B is denoted by
Pr(B), and the conditional probability of B given event D by
Pr(B|D). The expectation with respect to a random variable
(RV) X is denoted by Ex|[-]. Matrices and vectors are denoted
using boldface characters. The notation y ~ N (u, C) means
that y is a Gaussian random vector with mean @ and a
covariance matrix C. For a matrix P, P;; denotes the entry in
the ™ row and j™ column, det(P) denotes its determinant,
and Apmin(P) and Apax(P) denote its smallest and largest
eigenvalues, respectively. For a vector v, v' denotes its
transpose and v; denotes its i element. The identity matrix of
size N x N is denoted by Iy and the all-zero vector is denoted
by 0. For a real number z, sgn(x) denotes its sign, [z] denotes
the ceiling function, and |z denotes the floor function. For N
continuous RVs, X1, X5, ..., Xy, we use the order statistics
notation to denote the r™ largest value by X (-] and the index
of this RV by [r]. Therefore, X{1j > X[ > -+ > X|n.

II. SYSTEM MODEL

Consider a WSN that consists of /V sensor nodes and an FN.
Let N ={1,2,..., N} denote the set of indices of the sensor
nodes. Time is divided into measurement rounds. In each
round, a decision needs to be made by the FN on the basis of
the measurements it receives from some or all of the sensor
nodes.

We consider the binary hypothesis testing framework,
which is a fundamental problem in signal detection theory
[6], [9], [10]. In general, the signal models under the two
hypotheses for Gaussian statistics are given by [15], [16]

Hy:y ~ N(u“’),R(U)),
Hi:y~ N(u(l),R(l)), 1)

where y =[y1,¥2, ... ,yN]T, y; 1s the measurement at node ¢,
19 and R are the mean vector and covariance matrix,
respectively, under hypothesis Hy, and g and R are
the mean vector and covariance matrix, respectively, under

T
hypothesis H;. Let pu = [u(lh’),ugl), . ,u(f\?) , for h €

{0, 1}. The mean vectors and covariance matrices are assumed
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Sensor nodes

Fusion node fem——pDecides Hy or H;

Ho -y ~ N, R)
H:y NN(M(1)7R(1))

Fig. 1. A WSN consisting of N nodes that transmit their measurements to
an FN, which decides in favor of a hypothesis.

to be known to the FN. The system model is illustrated
in Fig. 1.

Optimum Decision Rule: Let c,, be the cost incurred if
hypothesis H,, is chosen when hypothesis H, is true. Let (j
and (; be the prior probabilities of Hy and H;, respectively.
The decision rule that minimizes the error probability is given
by [29, Ch. IIL.A]

f(y|Hy)\ 2
1Og<f<y|ﬁro>) P @

where f(y|H}) is the probability density function (PDF) of
the measurements conditioned on the hypothesis Hy, and 3 =

log(((c10 — c00)Co) / ((co1 — ¢11) ¢1)). For the signal model
in (1), the decision rule in (2) becomes

i) sy {222

Expanding the products and rearranging terms yields

T T det(R(l)) O\ (rOY ' ,0

n (N(o>)T(R(o>)’1”(o> ;% 25, (@)

where

(o))
. Q(Ru))’lu(l) _ 2(R<o>)’1u(o>, )

We see that cross-terms of the form Gj;y;y; arise in (4)
whenever G is not a diagonal matrix.

The matrices R(?) and R(") are assumed to be positive def-
inite. If either of them is positive semi-definite, then the mea-
surement of a node can be expressed as a linear combination
of other nodes’ measurements. In that case, the FN modifies
the decision rule in (4) to only account for the measurements
whose covariance sub-matrix is positive definite.

Timer Scheme: At the start of each measurement round,
the FN broadcasts a beacon signal to all the nodes.
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Upon receiving the beacon, node ¢ sets a timer that is a
monotone non-increasing function of a locally-computed real
number called metric. All the nodes use the same metric-to-
timer mapping. Once its timer expires, the node transmits a
packet to the FN. The metric and the information contained
in the packet are functions of the measurement ;. We specify
them in the next section. The timer scheme ensures that the
nodes transmit in the decreasing order of their metrics, without
any communication between the nodes. Its design can take
into account several aspects such as the differences in the
propagation and detection delays, and even physical layer
capabilities of the nodes such as carrier sensing [17].

When the FN receives a packet from a node, it decides on a
hypothesis or it waits for the next packet. Once the FN makes
a decision, it broadcasts a control signal to all the sensor nodes
to halt their timers for the rest of the round. The process starts
afresh at the beginning of every round when the nodes make
a new set of measurements. As in OTS, we assume that the
quantization error is negligible and the FN receives with a
negligible probability of decoding error and collision [6], [7],
[91, [15], [16].

III. CORRELATION-AWARE OTS

We present CA-OTS for the general case in which both
mean vectors and covariance matrices of the two hypotheses
can be different. Thereafter, we present novel refinements for
the following two specializations, which are important in their
own right:

o Shift-in-Covariance: Here, R(®) # R™ but (0 = p),
This happens, for example, when the nodes detect a
Gaussian signal in the presence of spatially correlated
Gaussian noise [29, Ch. III-B].

o Shift-in-Mean: Tn this, u(© # p™@ but R = RO,
This happens, for example, when the nodes detect a
deterministic signal in the presence of spatially correlated
Gaussian noise [29, Ch. III-B].

A. General Case

In CA-OTS, we specify that the metric of node i is |y;].
Thus, node ¢ sets its timer to be a monotone non-increasing
function of |y;|. Once the timer expires, it transmits a packet
containing its measurement y; and its index ¢. Thus, the FN
receives measurements in the order |y[1]} , |y[g]} ey
where the subscript [i] is the index of the node with the 7'
largest metric. Expressing (4) in terms of the ordered statistics
notation and rearranging the terms yields

N
ZGz Z]y[l] + ZZG YY) Zs[i]y[i]
i=1 j=1 i=1
J#i
Hy
Z Beens (6)

where  Syen — 28 + (Nu))T(R(l))*1
() (RO) (@ 4 10g (det(R<1>) /det(R<0>))

When the FN has received measurements from the nodes
1],[2],...,[k], we can write (6) in a compact matrix
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form, which is as follows. Let r; = y[l],y[Q],...,y[k]]T
and un_ = [Ypt1]sYr2),- o Yv)] be the vector of
measurements that are received and yet to be received,
respectively. Let P, = [G[i][jﬂ, for 1 < 4,7 < k, mp =
[S[l], S2ps -1 S| » TNk = [G[i][j]}» fork+1<i,5 <N,

and vy = (5[k+1]/2)+2211 Glak+1190)» (Sh+2)/2)

+ 3 G2 - (5131/2) + iy G Z]}

We see that Py is the sub-matrix of G that corresponds to
the k received measurements, my, consists of the entries of s
that correspond to the received measurements, T x_j is the
sub-matrix of G that corresponds to the (N — k) nodes that
have not yet transmitted, and the elements of vy_j depend
on the nodes [k+ 1],...,[/V] that are yet to transmit and
also the k received measurements. Thus, d(y) in (6) can be
recast as

d(y) = rpPry + miry +uy_, Ty _pun_p
+2vh un k. (D)

The FN can compute the terms r,Pyr; and mjry in (7)
from the £ measurements it has received. However, it does not
know upn_g. It also does not know T n_j; and v_; since
they depend on the order in which the remaining nodes will
transmit. We explain this with an example.

Example: Let N = 4, k = 2, and [1] = 2 and [2] = 4.
Thus, node 2 transmitted first followed by node 4. The FN
can compute the term r%Pkrk + m{rk. The FN also knows
that nodes 1 and 3 have not transmitted. However, it does not
know if [3] is 1 or 3. It, thus, does not know T _ and vy _.
As a result, it cannot compute the terms u},_kTN_k,uN_k
and VJTv_kuN—k- However, notice that T y_j and vy_j; when
[3] = 1 and [4] = 3 are permuted versions of T _j and vy _j
when [3] = 3 and [4] = 1. We formalize this insight below.

Let {1,0o,...,n_) denote the indices of the
(N — k) nodes that have not transmitted such that
él <Ulyg < oo < Un_p. Letuy_p = [ygl,yZQ,...,ygNik]T,
Ty = [GZMJ]’ for 1 < 4,7 < N —k, and vy_j =

k k
[(841/2) + > Gy, (56,/2) + 22 Glae Y, - - -

T
(SZN_k/Q) +Zf=1 G[i}fwky[i]J . Here, 01,05,... . fn_pk
can be interpreted as the unordered indices. In the example
above, /1 = 1 and ¢ = 3. Similarly, uy_j can be
interpreted as the vector of unordered yet-to-be-received
measurements and Tpx_j; as the sub-matrix of G that
corresponds to these unordered measurements. Depending
on the measurements, some permutation of them yields
[k+1],[k+2],...,[N]. Let U, denote the permutation
matrix of size (N — k) x (N — k) for this permutation.
Then, uy—r = Uﬂ—I.NIN,k, Tka = UWTN,]CU;FF, and
vN—i = UxVy_j. Using U, UL = ULU,; = In_4, (D)
becomes

d(y) = rjPyry + myr,

+aN_ Ty Uy f + 2VN_pUn_k  (8)

Since the quantities T ~N—r and Vy_j depend on the nodes
that are yet to transmit and not on their ordering, the FN
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can explicitly compute them. This is unlike T _j; and vy _p
in (7). Furthermore, |yg,| < ‘y[k] ,for1 <¢ < N —k We
can now bound the unknown terms U} k,Tkaﬁka and
VN _,Uun—_g and, in effect, d(y) in terms of the measurements
received thus far. It leads to the following novel decision rules,
which are derived in Appendix A.

Result 1: Let the FN have received y[1}, Y[}, - - -
the nodes [1],[2],...,[k] and

s Y[y from

T T
ag = rkPkrk + m;rg

>

JEN{[1],[2],..,[k]}

b = 2y

k

5

5 *+2_ Gy
i=1

The following decision rules achieve the same optimal error
probability as UTS:

1) If Amin (TN,k) > 0:

Decide H; if: @i > Bgen + by, )
Decide Hy if: @i < Bgen — Amax (TN—I@) (N — k')y[Qk]
— by, (10)

Wait for tNhe next transmission, ~otherwise.
2) 1 Auwin (T 1) <0< A (Tov—r )

Decide H; if: @ > Bgen — Amin (TN—k) (N — k)y[Qk]

+ bkv (11)
Decide H() if: ap < Bgen - )\max (TN—k’) (N - k)y[2k]
— by, (12)

Wait for the next transmission, otherwise.
3) If )\max (TN—k’) < 0:

Decide H; if: @i > Been — Amin (TN—I@) (N — k')y[Qk]
+ bk7 (13)
Decide Hy if: @i < Bgen — b, (14)

Wait for the next transmission, otherwise.

If k = N, the FN decides based on (6). |
Remark: The FN can compute the lower and upper thresh-
olds in the decision rules above since they are entirely
in terms of the k measurements y), Y[z}, .-, Y and the
k node indices [1],[2],...,[k] that it has received. For
example, to compute the sum 3wy 7y [(55/2) +

Zle GliY1i) ‘, the FN only needs to know who the remaining
nodes are and not the order in which they will transmit.

B. Detecting a Shift in Covariance

In this case, R(®) # RM but p(©) = p) = . We present
two approaches below that bring out the important role that
the metric plays in the design of the scheme.

We first write the decision rule in (4) as follows:

AT g
dcov(z) =z Gz 5 5cov; (15)
0

1569
where B.ov = 206 + 1og(det(R(1))/det(R(0))) and
z =y — p. Expanding (15), we get
N N N H,
Z Giiz? + Z Z Gijziz; 2 Beov- (16)
i=1 =1 j=1 Ho
i

We shall refer to z; = y; —u; as the mean-shifted measurement
of node 1.

We propose that the metric for node 4 is |z;|. When its
timer expires, it sends z; and its identity ¢ to the FN.! Now,
lz11)] > |29)] > -+ > |2n|. Based on (15), we present two
approaches to derive the decision rules, namely, covariance-
shift-OTS (CovShift-OTS) and CovShift-Refined-OTS. They
present different trade-offs between complexity and the num-
ber of transmissions.

1) CovShift-OTS: Here, we bound the quadratic term z'Gz
to obtain the following decision rules. The derivation is given
in Appendix B.

Result 2: Let the FN have received the mean-shifted mea-
surements  2[1, 2[2]; - - -, 2[x]- Lhe following decision rules
achieve the same error probability as UTS:

1) If Amin(G) > 0:

k
Decide Hj if: Apin(G) ZZ[QZ] > Beov,s (17)
i=1
k
Decide Ho if: Amax(G) D 25 < Beov
i=1
— Amax(G) (N = )=y, (18)

Wait for the next transmission, otherwise.
2) If Anin(G) < 0 < Apax(G):

Decide Hy if: Amin(G) Y 28y > feov

i=1
—Amin(G) (N — k)z[Qk]a
(19)
k
Decide Hy if: Amax(G) D 27 < Beov
i=1

—Amax(G) (N — k)2,

(20)
Wait for the next transmission, otherwise.
3) If Anax(G) < 0:
k
Decide Hy if : Auin(GQ) Z Z[Qi] > Beov
i=1
—Amin(G) (N —k)zfy, 2D
k
Decide Hy if : Amax(G) D 28y < Beovs  (22)
i=1
Wait for the next transmission, otherwise.
If k = N, the FN decides based on (16). [ |

IFor this, a node i is assumed to know its mean j;, which is easy to ensure
in practice.
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Analytical Bounds: To understand the performance of
CovShift-OTS, we derive an upper bound on the average
number of transmissions A. While this is intractable for
arbitrary R(®) and R(Y), we derive bounds for the product-
correlation model [22]. In it, under H;, the correlation-
coefficient between the measurements y; and y; at nodes ¢
and j is 6;6;, where 61,6>,...,05 € (—1,1). Thus, jol-) =
0;0;0;0;, for i # j, and O’?, otherwise, where 012 is the
variance of the measurement at node ¢ under H;. Note that
the variances 0%,03,...,0% can be different. Furthermore,
R = ~4I,. Thus, only spatially white noise is measured
under Hy [16]. From the definition of G in (5), we get

1 1

)\min G)=—- N YSRYR

( ) Y0 /\min (R(l))
Anax(G) = — — —— (23)

e B Yo >\max (R(l)) .

Let

5cov ﬂcov
= and qp= —2 24
“ Amin(G") . o )\max(G> ( )

Result 3: A is upper bounded by

A<N-—(N-1)p (25)

where 7 depends on the signs of Seovs Amin (G), and Apax (G).
It is given as follows:

1) If Apin(G) > 0:
1, if Beov <0,
U= [1 — do(an) + 50(%)} Go
{1 — 91 () + 51( )} (1, otherwise.

(26)
2) If Auin(G) < 0 < Apax(G):
a(F)era(F) e if v < 0,
o 60(%) Co+ (%) (1, otherwise.
(27)
3) If Amax(G) <
i ao>+ao<;>}<o
7=+ [1-dueo) + o1 (F)] G f B <0,
1, otherwise,
(28)

where 6y(z) = [1 - 2@(\/%)}N,
D YR
—Q(ﬁ[ﬁ zw]ﬂe—fdw, 29)

and Q(-) denotes the Gaussian Q-function [30, Ch. 26.2].
Proof: The proof is given in Appendix C. [ ]

sw|a
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Remark: The different cases arise in Result 3 because (cov,
Amin(G), and Apax(G) can be positive or negative. The
integral in (29) can be easily evaluated using Gauss-Hermite
quadrature [30, Ch. 25.4] as follows:

CE L ARERE)

alfzw)

where w; and a;, for 1 <1 < g, are the Gauss-Hermite weights
and abscissas, respectively, and g is the number of terms.’

To gain insights, consider the case where 7 is fixed and
0? =02 =--- = 0% = 1. Define 1 /7o as the SNR. When
v1 — oo and g is fixed, SNR — oo. It follows from (23) that
Amin(G) = 1/90, Amax(G) — 1/70, and Beoy — 00. Thus,
do(a1) — 1 and dp(ap/N) — 1. Furthermore, 61(ay) — 0
and 6;(a1/N) — 0. Thus, 7 — 1 and A — 1. Hence, on an
average, the FN can make a decision with a single transmission
without any increase in the error probability.

We see from Result 2 that the FN does not need to know the
identities of the nodes that have transmitted to implement the
decision rules for CovShift-OTS, which is unlike CA-OTS.

2) CovShift-Refined-OTS: As in CovShift-OTS, the metric
of node i is |z;| and it transmits z; upon timer expiry. Thus,
as before, ]‘ >‘z[2]| > > |z[N]‘.

In terms of the order statistics notation, the decision statistic
deov(2) can be expressed as

cov Z G[z]

Y

N N
YD G-
i=1 j=1
J#i
When the FN has received the mean-shifted measurements
2[5 2]2] - - > 2] from the nodes [1],[2],...,[k], we can
express (30) in the following form that is similar to (7):

(30)

T
deoy(z) = (r},)" Prry, + (Wy_y,) Ty

+2(Viv_p) s 31)
where P, and Tpy_p have been defined earlier,
rooo= [pcesomml s Wvey = [Eees
drals o] s and Vi = JEL Glijk+1)213);
Zz 1 Glik+2)211)» - - ,Zz 1 Gl N]zm] . As in Section III-

A, the FN constructs TN,k, which is the sub-matrix of G
that corresponds to the unordered measurements from the
nodes in the set N\{[1],[2],...,[k]}. The decision rules for
CovShift-Refined-OTS are as follows.

Result 4: Let the FN have received the mean-shifted mea-
surements (1], 2[2], - - -, 2[x] from the nodes [1],[2],...,[]
and

aj, = (r})" Pur},
k
> Gz -

[k} Hi=1

bj, = 2 |z

>

JEN\{[1],[2],...

2We have found that g = 8 is sufficient to ensure numerical accuracy for
all system parameter values of interest.
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The following decision rules achieve the same error probability
as UTS:

1) If )\min (TN—k’) Z 0:
Decide H; if: @}, > Beov + D}, (32)
Decide Ho if: @, < oo — Amax (T ) (N = k)2,
b, (33)
Wait for the next transmission, ~otherwise.

2) If Amin (TN,k) <0 < Ao (TN,k):

Decide H if: @, > fuow — Amin(Tav—i ) (N = )2,

b, (34)
Decide Hy if: @) < feoy — Amax (TN_k,) (N — k)=2,
b, (35)

Wait for tlle next transmission, otherwise.
3) If )\max (TN—k’) S 0:

Decide H, if: @, > Beor — Amin (’I‘H) (N — k)23,
(36)
(37

+ by,
Decide Hy if: @), < Beoy — b},

Wait for the next transmission, otherwise.
If k = N, the FN decides based on (16).
Proof: The proof is similar to that in Appendix A, and is
skipped to conserve space. [ ]
The decision rules for CovShift-OTS use Anin(G) and
Amax(G), which only needs to be computed once. How-
ever, this approach bounds the term (r})" P,r} instead of
computing it exactly, which CovShift-Refined-OTS does. The
looser bounds increase the odds that the FN requires more
transmissions to decide. CovShift-OTS is a refinement over
CA-OTS as it uses a more refined metric. However, it is
more involved than CovShift-OTS as it needs to compute
the smallest and largest eigenvalues of T _j, which changes
every time the FN receives a measurement. This discussion
also implies that the upper bound in Result 3 also applies to
CovShift-Refined-OTS.

C. Detecting a Shift in Mean
In this case, p(® # p® but R = R = R. Thus,
the decision rule in (4) simplifies to
H,
STy 2 ﬁmeam
Ho
where s = 2R’1(u(1) — u(o)) and Bpean = 20 +
(u(l))TR_lu(l) — (u(o))T R !9, Thus, (38) becomes

(38)

N

H,
Zwi 2 ﬁmean; (39)
i=1 Mo

where, for 1 <7 < N,

N
w; = s;y; and s; = 2ZR;j1 (u(jl) - u(jp)) ; (40)

j=1
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and R;jl denotes the element in the i row and j® column of
R

In this case, the measurement y; of node 7 is weighted by the
node-specific scaling factor s; that depends on the covariance
matrix R and the mean vectors p(°) and p(Y). We propose
the MeanShift-OTS scheme in which the metric of node i is
|w;| and it transmits a packet containing w; when its timer
expires.” Now, |wyy)| > |wyg| > --+ > |wjy|. The decision
rules for MeanShift-OTS are as follows.

Result 5: Let the FN have received wyy}, wya, - . . , w(x) from

nodes [1],[2],...,[k]. The decision rules, which ensure the
same error probability as UTS, are as follows:
k
Decide Hy if : Y " wpy) > Bmean + (N — k) [wyg|, (1)
i=1
k
Decide Ho if : Y wjy) < fmean — (N — k) [wyy |, (42)
i=1

Wait for the next transmission, otherwise.
Proof: The proof is similar to that of Theorem 1 in [6]
and is skipped. [ ]

When k£ = N, the decision rule is the same as UTS, which
is given in (39).

Analytical Bounds: To gain analytical insights, we consider
the product-correlation model from before. In it, R;; =
0i0;0;0;, for i # j, 1 < 4,5 < N, and Ry = J?, for
1 <4< N. And, u(o) = 0 [13], [15]. We assume the uniform
cost model in which cg1 = ¢19 = 1 and cgg = CLI‘L =0, and
G = ¢ = 0.5 [6], [16]. Thus, e = (pV) R1p),
We now derive an upper bound on the average number of
transmissions A.

Result 6: A is upper bounded as

A< -(|3] 1)+ mqrm+mal, @

where the constants 7, and ky, for h € {0, 1}, are given by

N
N N -
21 Jooo 33 1—6? si| o

— sgn(s:) ew] )] e~ dy,

N
K = - 1 /+OOH 1-Q ! ﬂmean_siﬂ(ih)
V21 oo V1—6? |si| o

(44)

1)2
— sgn(s;) mw] )] e T d. (45)
Proof: The proof is given in Appendix D. [ ]
As before, using Gauss-Hermite quadrature,
the integrals in (44) and (45) can be easily
computed as follows for h € {0,1}: n =

3 “i N 1 Bmean—si 15"
121 ﬁ Hi:l Q \/179? |si|oi — = Sgn(si) ﬁ@ial

3This requires node 4 to know s;. This can be communicated to the node
by the FN, and it needs to be done only once.
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& wy 1 Bmean—s: 1"
and K, = Z TH {1—@ <\/10? [ IHCoes
) VEal)).

To understand Result 5, consider /Lgl) = u(Ql) = ... =
u§§> = u and the uniform correlation model, in which
Rij = vp, for i # j, 1 < 4,j < N, and Ry = 7,
for 1 < 4 < N. It follows that §; = ,/p and s; =
2u/ (y[L+p(N —1)]), for 1 < i < N. Hence, under Hy,

Brmean — z/1(11)) /(|siloi) = (N —2) u/(Qﬁ) and under

Hy, (ﬁmean - 1/1(1 )) /(|si| o7) = Nu/(2\/'7). Consequently,
if 4 — oo and v is fixed, we have 79 — 0, 71 — 0, kg — 1,

and k1 — 1. And we get, A < [N/2] + 1.

—sgn(s

IV. NUMERICAL RESULTS

We now benchmark the average number of transmis-
sions A since the error probability is the same as that of
UTS. A reduction in A also translates into an improvement
in energy-efficiency as follows. The energy-efficiency of a
scheme is the ratio of the average energy consumed by UTS
to the average energy consumed by the scheme to make a
decision. The larger this value is compared to one, the more
energy-efficient the scheme is. When the nodes transmit with
the same power, it follows that the energy-efficiency is equal
to N /A. When the nodes use different powers, e.g., when
they are at different distances from the FN and employ power
control, a reduction in A implies a higher energy-efficiency,
but the connection between the two is not as mathematically
direct.

We illustrate results for the uniform cost model and (y =
¢1 = 0.5. The Monte Carlo simulations are averaged over
105 measurement rounds. We show results for two correlation
models. First, to demonstrate the generality of our model,
we show results for the product-correlation model. In it, we set
ei = Hmax - (Z - 1)(9max - emin)/ (N - 1)7 for 1 <1 <
N, Opin = 0.25, and 0,,,c = 0.75. Thus, the correla-
tion between the measurements of different pairs of nodes
is different. Second, to evaluate the impact of correlation,
we show results for the uniform correlation model, in which
the correlation-coefficient between any two nodes is p € (0, 1).
The advantage of this model is that p is a single parameter that
can be varied. Note that for these correlation models, there is
only one cluster with a single cluster head as per the protocols
proposed in [15] and [16]. Since all nodes within a cluster have
to transmit to the cluster head, the number of transmissions
for these protocols is N, which is the same as that of UTS.

A. General Case: Shift in Both Mean and Covariance

We show results for an example that involves both product-
correlation and uniform correlation models. Speciﬁcally RM
follows the product-correlation model with R = 0,05, for
z#g,lgz,jgN,andRS):1,for1§z§N.And,
R follows the uniform correlation model with RE?) =0.5,
fori;«éj,lgi,jSN,andRS):l,forlSiSN.Weset
p©@ =0and p® = p[1,1,...,1]", and vary p. Fig. 2 plots
A as a function of the number of sensors N for UTS and
CA-OTS for different values of . For UTS, A = N. As N
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Average number of transmissions (A)

-o-u=1
ol [ =
*O",u =5

2 4 6 8 10 12 14 16 18 20
Number of sensors (N)

Fig. 2. Shift in both mean and covariance: A as a function of N for different
values of p (u©@ = 0, p® = p[1,1,..., 1", RY = 0.5 for i # j.
1<ij <N RY =1forl<i<N R} =06 fori#j
1<i,j<N,and R =1, for 1 <i < N).

22

19 —UTS b

o CA-OTS
----CovShift-OTS (Upper bound)|4
- CovShift-OTS

--a--CovShift-Refined-OTS

16

13

10

Average number of transmissions (A)

~Q
\0‘95330 O0o0o

0000000 0caa

30 40 50 60 70
Signal-to-noise-ratio (SNR) in dB

Fig. 3.  Shift-in-covariance: A as a function of the SNR ~v1/70 for the
product- correlation model (N =20, u(© = p® =11,1,...,1]T, RO =
~voIn, R = 410:0;, for i # j, 1 < i,j < N, and R}

i = 1, for
1<z<]\%)

increases, A of CA-OTS increases. However, for all values of
1, it is much smaller than N. For example, when N = 20,
CA-OTS requires 31%, 51%, and 59% fewer transmissions
than UTS for 1 = 1, 3, and 5, respectively. A decreases as 1
increases because the distributions become more separated.

B. Shift-in-Covariance

Product-Correlation Model: Fig. 3 plots A of CA-OTS,
CovShift-OTS, CovShift-Refined-OTS, and UTS for N =
20 nodes. For hypothesis H;, we set Rz(-;) = mb;0;, for
z';éj,lSi,jSN,andREil):'yl,forl§z’§N.
For hypothesis Hy, we set R(O) = ~¢Iy. And, p® =
p® =[1,1,...,1]". As the SNR 7, /~o increases, CA-OTS,
CovShift-OTS, and CovShift-Refined-OTS all require fewer
transmissions, on average, to make a decision compared to
UTS. CovShift-Refined-OTS requires fewer transmissions than
CA-OTS at all SNRs. For SNRs less than 6 dB, CA-OTS
requires fewer transmissions than CovShift-OTS. This happens
because the effect of cross-terms is more pronounced at
smaller SNRs. CA-OTS computes the cross-terms that involve
only the received measurements instead of bounding them,
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A
NN
S N
N

—UTS

M-o--CA-OTS

|- CovShift-OTS 1
--&-CovShift-Refined-OTS

a o
@

N
N
T

-
N
T

R
| o-0-0©
o -o-0--0-0-0 00" il

«g—.,.&"‘g'“
K R |
n,__..g«..g..‘..a..‘..i....,q..,..g..mgm b

|

Average number of transmissions (
N
o

N O 0

0 0.1 0.2 03 04 05 06 0.7 0.8 0.9 0.99

Correlation-coefficient (p)

Fig. 4.  Effect of correlation on the shift-in-covariance problem: A as a
function of p for the uniform correlation model (N = 20, u(® = p@) =

11, 1% RO = 5y, R} = mp, fori # 4.1 <ij <N,
R =1, for 1 < < N, and 71 /70 = 10 dB).

as is done by CovShift-OTS. When the SNR increases, even
CovShift-OTS requires fewer transmissions than CA-OTS
because it uses a more refined metric. Also plotted is the
upper bound on A for CovShift-OTS from Result 3. It becomes
tighter as the SNR increases and eventually becomes one.

Uniform Correlation Model: Fig. 4 plots A of all the
schemes as a function of the correlation-coefficient p for
p@ =p® =11,1,....1]", RO = Iy, Rl(jl-) = v1p, for
z';éj,1§i,j§N,andR§i1):'yl,forlgigN.Thisis
done for N = 20 and ~; /7o = 10 dB. As before, the ordered
transmissions schemes require fewer transmissions than UTS,
and CovShift-Refined-OTS requires even fewer transmissions
than CA-OTS for all values of p. Even CovShift-OTS, despite
its simplicity, requires fewer transmissions than CA-OTS for
p < 0.8. For example, when p = 0.4, CA-OTS, CovShift-
OTS, and CovShift-Refined-OTS require 50%, 80%, and 80%,
respectively, fewer transmissions than UTS. However, when
p > 0.8, the effect of cross-terms increases and CovShift-OTS
requires more transmissions than CA-OTS.

As p increases from 0 to 0.9, A for CovShift-OTS
and CovShift-Refined-OTS increases. It stays the same until
p = 0.93. However, for p > 0.93, it decreases. This
can be understood using the notion of generalized variance.
It is a measure of dispersion for a multivariate distribution
and is equal to the determinant of the covariance matrix
[31, Ch. 7.5]. This makes it equivalent to entropy, which is an
affine function of the above determinant for Gaussian statistics.
From [20], det(R™M) = ¥ (1 — p)V ' (1 +(N — 1) p). And,
det(R(O)) = 'y(])v. At p = 0, det(R(l)) > det(R(O)). Intu-
itively, the more the difference between the two dispersions,
the easier it is to distinguish between the two hypotheses. As p
increases, det(R(l)) decreases and it becomes more difficult
to distinguish H; from Hj. Thus, A increases. When p = 0.9,
A of CovShift-OTS is the same as UTS. Here, it turns out that
Amin(G) = 0 and B.oy > 0. Consequently, the condition for
deciding Hj early is never satisfied in (17). Each additional
measurement is less informative when p is large. This implies
that the FN is also often unable to decide early about Hj.
When p > 0.93, det(R(l)) becomes significantly smaller than

1573

20 :
—UTS

-o--CA-OTS

MeanShift-OTS (Upper bound)
15 H-%--MeanShift-OTS 8

Average number of transmissions (A)

0 \ \ \ \ \
2 4 6 8 10 12 14 16 18 20
Number of sensors (N)

Fig. 5.  Shift-in-mean: A as a function of N for the product-correlation
model (u(©) =0, u =[3,3,....3]", R = R} = 0,0;. for i # j.
1<i,j <N, and R =R =1, for 1 <i < N).

Average number of transmissions (A)

p=>5

—CA-0TS
o0 MeanShift-OTS

0.9 0.99

75 . . . . .
0 01 02 03 04 05 06 07 08

Correlation-coefficient (p)

Fig. 6. Effect of correlation on the shift-in-mean problem: Zoomed-in-view
of A as a function of p for different values of p for MeanShift-OTS and
CA-OTS for the uniform correlation model (N = 20, u(® = 0, p) =
plL 1, T RY = R = p fori#j.1<i,j<N adR} =
R =1, for 1 <i < N).

det(R((i)) and it is easier to distinguish between H; and H.
Thus, A decreases.

C. Shift-in-Mean

Product-Correlation Model: Fig. 5 plots A of CA-OTS,
MeanShift-OTS, and UTS as a function of N. This is done for
p©@ =0, p® =1[3,3,...,3]", and the covariance matrix for
both hypotheses follows the product-correlation model with
RY =R\ =66, fori # j,1<i,j<N,and R} =
RS ) = 1,for 1 <7 < N. As N increases, the average number
of transmissions of CA-OTS and MeanShift-OTS increase.
Both CA-OTS and MeanShift-OTS have a much smaller A
than UTS. Also plotted is the upper bound on A that is derived
in Result 6. It tracks the simulation curve well.

Uniform Correlation Model: To understand the effect of cor-
relation, Fig. 6 plots A as a function of p for MeanShift-OTS
and CA-OTS. This is done for N = 20, u(© = 0, pM) =
pi1,.., 1" and RY = R = p fori # 5,1 <i,j <N,
and RE?) = RS) =1, for 1 < i < N. We show results for
# = 3 and 5. The results for UTS are not shown given its
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substantially worse performance. Both the schemes have the
same A because the scaling factor s; is the same for all the
nodes. Hence, ordering on the basis of |w;| is the same as
ordering on the basis of |y;|. As p increases, the distributions
become more separated and A decreases.

As p increases, two factors counteract each other. First, as p
increases, the measurements are more correlated. Thus, each
additional transmission conveys less information. Hence, more
transmissions are needed to make a decision. Second, as p
increases, the generalized variance decreases. This implies that
it becomes easier to distinguish the two distributions since the
measurements become more clustered around the mean. When
p increases from 0 to 0.6, the first factor dominates. As a
result, A increases. However, when p > 0.6, the second factor
becomes dominant. This leads to the marginal decrease in A
as p increases. For p = 5, the two distributions are already so
separated that the increased clustering around the mean as p
increases has a negligible impact on the ability of the FN to
distinguish between the two distributions. Thus, the first factor
dominates and A increases as p increases.

V. CONCLUSION

We proposed CA-OTS for the binary hypothesis testing
problem with correlated Gaussian statistics for the general case
in which the mean and covariance of the two hypotheses were
different. CA-OTS required far fewer transmissions on average
than UTS, in which all nodes transmitted, without compro-
mising on the error probability. For the shift-in-covariance
problem, in which the two hypotheses differed only in their
covariance matrices, we proposed two novel approaches that
brought out the importance of designing the metric and the
decision rules. For CovShift-OTS, our upper bound on the
average number of transmissions showed that the FN required
only one transmission to make a decision at large SNRs. For
the shift-in-mean problem, in which only the mean vectors
were different, we proposed MeanShift-OTS, which again used
a different metric and decision rules. We also derived an
upper bound, which showed that as the difference between
the mean vectors increased, MeanShift-OTS saved at least half
the number of transmissions compared to UTS. Future work
includes incorporating power adaptation to improve energy
efficiency and modeling deep channel fades, due to which
some transmissions may be missed by the FN.

APPENDIX
A. Decision Rules for CA-OTS

In (8), the decision statistic is a sum of four terms. The first
two terms, rj Pyry and mjry, and thus their sum ay, are in
terms of measurements that are known to the FN. We bound
the third term ﬁ;\;,kTkaﬁka as follows. Since Ty _} is
a symmetric matrix, from [32, Ch. A.5.2], we get

)\min (TN—k’) Z yJQ
JEN{[1],[2],....[k]}

~T T ~
ukaTN—kuN—k’
2
> v

> )\max (TN—k)
JEN\{[1],[2],..., [k]}

VAN VAN

(46)
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Since — |y[;€]‘ < yj < |y, for j € N\{[1],[2],..., [k},
we get 0 < EjEN\{[l],[Q],...,[k]} y? < (N—k)y[Qk] Fl‘om the def—
inition of Vy_j, in Section III-A, we can bound v}, Un_x
as

-5 < VN N g < %,
where b, is defined in the result statement. To bound
Ul Ty pUn_k + 2V5_,TUn_k, we need to consider the
signs of A\pin &TN_k) and Apax (’TN_k). This gives rise to
the following three cases:

1. If /\min(TN—k) > 0: In

(47)

this case, 0 <

ﬁ}ﬂvikTkaﬁka < Amax 'T‘N,k) (N —k) yﬁk]. Substituting
this and (47) in (8) yields

A(y) < & + Amax Tk ) (N = K)yfy +br, @48)

d(y) > ax — bg. (49)
Therefore, if
8 < feon = Amax (T ) (N = R)yfy —be,  (50)

then it follows from (48) that d(y) < Byen. Thus, the FN
should decide Hy. Similarly, if

ai > 5gen + bkv (51)
then it follows from (49) that d(y) > [een. Thus, the FN
should decide Iﬁ, as is done in UTS. N

2. If A (TN,;C) < 0 < Amax (TN,k).- Here,
Amin (Tka) (N —k) y[Qk] <
Amax (’TN_k) (N —k) yfk]. The upper bound on d(y)
is the same as (48). Hence, it can be shown that the condition
for deciding Hj is the same as that of the first case. This
yields (12).

Since Amin (TN—k) (N — k) y[Qk] < ﬁ};/_kTN_k,ﬁN_k,
it follows that

~T ~ ~
uN_kTN,kuN,k <

A(y) > a + Awin (Tr ) (N = R)yy — b (52)
Thus, if
8 > Boen = A (T ) (N = R)yfy +br, (53)

then, from (52), d(y) > [een. Hence, the FN should decide
H,. N

30 /\max(TN,k) < 0 In
Amin Tka)(N— k) y[Qk] < ﬁ?v_kTkaﬁka < 0.
Thus,

this  case,

d(y) < ap + by. (54)

Therefore, if
ai < ﬁgen - bk’7 (55)

then, from (54), d(y) < Been and the FN should decide Hj.
The lower bound on d(y) is the same as (52). Hence, the
condition for deciding H; is the same as that in the second
case.

When k£ = N, the FN has received all the N measurements.
Thus, it employs (6) to decide.
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B. Decision Rules for CovShift-OTS
Here, we use the following eigenvalue bounds on G:
Amin (G) 2'7 < dgoy (2) < Amax(G) 7z z.
T

(56)

Writing z'z in terms of the mean-shifted measurements
received from the nodes [1],[2],. .., [k], and the ones not yet
received from the nodes [k + 1], [k +2],...,[IV], we get

k
LR W
i=1

Since the nodes transmit in the decreasing order of the absolute
values of their mean-shifted measurements, we have 0 <
z[Qj]<z[2k]7 for1 <k<j<N.

As in Appendix A, we need to consider the following three
cases to apply this inequality:

1. If Amin (G) > 0: In this case, the above discussions imply
the following:

N

Z Z[er

j=k+1

(57)

k

Amin(G) <Z Z[%]) < deoy (Z) )

i=1

(58)

dcov(z) < /\max(G) (Z Z[Qi] + (N - k)Z[Qk]> :

i=1

(59)
Therefore, if A\pin(G) (Zkzl 22] > feov, then, from (58),

i=1~[i )
we get deoy(z) > feov. Hence, the FN should decide Hj, just
as UTS would after receiving all N measurements. Again, if

k

)\max(G> <Z Zﬁ]) < Bcov - )\max(G) (N - k)Z[Qk]7 (60)

i=1
then, from (59), dcov(z) < Beov and the FN should decide Hy.
2. If Anin(G) < 0 < Apmax(G): In this case,
k
Amin(G) <Z zﬁ] + (N - k)sz]> < deov(2) . (61)
i=1
Therefore, if A\pin(G) (Zle Z[Qi] + (N - k;)z[Qk]) > Beovs
then, from (61), dcov(z) > Beov and the FN should decide Hj.
The decision rule for Hy is obtained using a similar logic.
3 If Anax(G) < 0: In this case, we get deow(z) <
Amax(G) (26, ) - Thus, the FN will decide Hy if
k
Amax(G) (Do z[Qi]
lows similarly.
As before, when k£ = N, the FN decides based on (16).

< feov. The decision rule for H; fol-

C. CovShift-OTS: Upper Bound on the Average Number of
Transmissions

We first consider the case when Amin (G) > 0. The average
number of transmissions A equals

A=N-G, (62)

where S is the average number of transmissions saved. Let D
be the event that the FN decides after receiving one transmis-
sion. In this case, the number of transmissions saved is N — 1.
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Let 7 = Pr(D;). Clearly, S > (N — 1) 7. From the decision
rules in (17) and (18), the event Dy occurs if Ayin(G) 2[21] >
Beov and the FN decides Hi, or Apax(G) 2[21] < Beov —
Amax(G) (N — 1)2[21] and the FN decides H,. Substituting
the expressions for oy and ¢ from (24), ¥ can be written as

U= Prqzﬁ] > al} U {z[zl] < %D . (63)

If Beov < 0, then a1 < oy < 0 and 7 = 1. Thus, S > N — 1.

Next, consider the case when 3.,y > 0. Here, 0 < ag < ay
and the events z3, > oy and 2[21] < (ap/N) are mutually
exclusive. Using this in (63), we get

_ o
U= Pr(zﬁ] > 041) + Pr(z[zl] < FO) . (64)
We now compute the two probability terms in (64) separately.
a)  Computing Pr{zﬁ] > a13 : We know that

Pr(zfl] >a1) = 1 — Pr(zﬁ] < oq). Conditioning on

the hypotheses Hy and H; and applying the law of total
probability, we get

1
Pr(zfl] > al) =1- ZChPr(z[Ql] < a1|Hh). (65)
h—0
Note that z[zl] < aj implies 27 < oy, V1 <4 < N. Thus,

Pr(zﬁ] < a1|Hh)
:Pr(—\/al <zi<\/a1,V1§i§N|Hh). (66)
Under Hy, the RVs z; are independent and identically distrib-

uted (i.i.d.) Gaussian RVs with zero mean and variance 7.
Thus,

Pr(—y/a1 < z; < y/a1,V1 <i < N|Hj)

—{1—2@(@)]]\’—%(&1), ©67)

where dy (-) is defined in the result statement.

To calculate Pr(— /a1 <z < /a1,V1 <i< N|Hy),
we use the following trick that holds for the
product-correlation model. The RVs z; can be written
as [22]

zi:ai(\/1—91-2%+91\11>, for1 <i <N, (68)

where U, Uy Uy ..., Uy are (N+1) iid. Gaussian
RVs with zero mean and unit variance. Let & =
Pr(—\/oq < z; < \/o1,V1 <i < N|Hy). Substituting z;
from (68), conditioning on ¥, and applying the law of total
probability yields

§=Eg

(70)
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The last step follows because W1, Wy, ..., ¥y, and ¥ are i.i.d.

Substituting the PDF of ¥ yields

7 [ ol )
—Q(ﬁ[\/i— wm “Fdy. (D

From the definition of d1(-) in (29), we get & = &1 (aq).

Substituting (67) and (71) in (65) yields
Pr(zﬁ] > al) =1 = o(a)] Co +[1 — 61 (a)] 1. (72)

b) Computing Pr(z[1 (aO/N)).' Conditioning on Hy and
H, and applying the law of total probability, we get

Pr(zfl] <(a0/N)) = Ei:o Q,,Pr(z[Ql] <(ap/N) |H;,,). As
above,

Pr(af) < ) =do(F) +ai(F) a3
Adding (72) and (73) yields the expression for ¥ in (26) when
ﬂCOV 2 0~ _

The lower bound on S when Ayin(G) < 0 < Apax(G)
is obtained in a similar manner by considering the decision
rules in (19) and (20). Lastly, the lower bound on S when
Amax(G) < 0 is obtained in a similar manner by considering
the decision rules in (21) and (22).

D. MeanShift-OTS: Upper Bound on the Average
Number of Transmissions

Let S; denote the average number of transmissions saved
when the event in (41) occurs, which makes the FN decide on
H;. Similarly, let Sy denote the average number of transmis-
sions saved when the event in (42) occurs, which makes the
FN decide on Hj. Since these events are mutually exclusive,
the average number of transmissions saved S is given by

S =S; + So. (74)
a) Lower Bound on S, : Let 7, be the number of transmissions
after which the FN decides H;. Then, proceeding along lines
similar to the proof of Theorem 1 in [15], we have

N [$]+1
S1=> (N—k)Pr(ry =k) > (N —
k=1

k?) Pr(Tl = k}) .

ol
Il
—

(75)

For1 <k <[N/2]+1, we have [N/2] -1 < N—-k < N-1.
Thus, S7 in (75) can be lower bounded further as

(2] )< 2]

When the FN decides H; in at most [IN/2] 4 1 transmis-
sions, it follows from (41) that Z£5{21+1 W) > Bmean +

(76)
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(I_N/QJ — 1) ‘w”N/Qprl]‘. HCHCC,

ofo=[2] )

. Mhlwm " +<H _ 1) gy o]

>
(77)

i=1

Next we show that w; > Bpean, V1 < ¢ < N, implies
Zi[ivl/ﬂﬂ ] > Bmean —|—(LN/2J -1 |w (N/2]+1]| For this,
notice that ﬁmean = (u(l)) R 'u®™ > 0 since R is a
positive-definite matrix. Hence, w; > [Bmnean implies that
|wi| > Omean. This, in turn, implies that Z N 2+t wyy >
Omean + ([ N/2] = 1) ‘w fN/21+1]| Hence, from (77) we get

PI'<’7'1

Conditioning on the hypotheses, Pr (w; > Bmean, V1 < i < N)
can be written as Pr(w; > Bmean, V1 < i < N) = Z}L:O Ch
Pr (wz > Bmean, V1 < i < Nth,)-

Since w; = s;4; and s; is a constant, it follows that
wy,Wa, ..., wy also follow the product-correlation model
when conditioned on Hj,. Their correlation-coefficient x;; is
given by Xij = 97;0]', if §iS5 > 0, and Xij = —910]', otherwise.
Thus, x;; can be compactly written as x;; = sgn(s;s;) 0;0;.
Furthermore, w; is a Gaussian RV with mean siuih under
hypothesis h €{0, 1}, and variance s?c?. Hence, along similar
lines as (68), for 1 < ¢ < N, w; can be expressed in terms
of (N 4 1) i.i.d. Gaussian RVs ¥, Uy, Uy, ... Uy with zero
mean and unit variance as

w; = szuz ) 4 si| o <\/1 — 6020, + sgn(s;) 9i\11> . (79

Let Th = Pr(wi > ﬁmean;V1 <1< NlH},,), for h € {0, 1}.
Substituting (79) in Yp, we get

1 [ﬂmean - z/ff(zh)

< gw + 1> > Pr(w; > Bumean; V1 < i < N). (78)

—sgn(s;) 0; ¥
1—91-2 |51,|O"L g( )

Y, =Pr <\Ifz >

v1<z'<N>. (80)

Conditioning on ¥ and proceeding along similar lines as (69)
and (70) yields

Ty =
N (h)
1 Bimean — Silb;
o Q —sen(s;) 0; ¥
I1|o( i 2t - e
Substituting the Gaussian PDF of ¥ and writing the expecta-
tion as an integral yields the expression for 7, in (44). Thus,

Th = np and Pr(w; > Bean, V1 <i < N) = Zizo ChMn
Substituting this in (78) and then in (76), we get

se([3] ) Een

81)

(82)
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b) Lower Bound on Sy: Along similar lines as above, S can
be lower bounded as

o=((3] ) e

where k, is defined in (45). Substituting (82) and (83) in (74)
and then in (62) yields (43).

(83)
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