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Modeling and Analysis of Differential CQI
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Abstract— Reduced feedback schemes are crucial in achieving
the high data rates expected of orthogonal frequency-division
multiplexing-based 4G and 5G cellular systems. They ensure that
the feedback overhead required for acquiring the channel-state
information to enable downlink scheduling and adaptive modula-
tion and coding at the base station (BS) does not overwhelm the
uplink. We present a novel modeling and analysis of the single-
user and multi-user throughputs of the differential feedback
scheme that is used in both 4G and 5G standards. In this feedback
scheme, a user feeds back a 4-bit wideband channel quality
indicator (CQI), which indicates the rate that the user can decode
if the BS was to transmit to it over the entire system bandwidth,
and a 2-bit differential CQI for each subband relative to it. Our
analysis incorporates co-channel interference, different single-
stream multi-antenna modes, and different schedulers, which
cover a wide range of the tradeoff between the throughput and
user fairness. It brings out several insights such as the increase
in the throughput as the correlation between subbands increases
and how differential feedback reduces the overhead significantly
while only marginally reducing the throughput.

Index Terms— Adaptive modulation and coding (AMC), dif-
ferential feedback, exponential effective SNR mapping (EESM),
orthogonal frequency division multiplexing (OFDM), scheduling.

I. INTRODUCTION

CONTEMPORARY cellular communication standards
such as 4G Long Term Evolution (LTE) use orthogonal

frequency division multiplexing (OFDM) in the downlink [2].
OFDM has also recently been adopted in the 5G new radio
standard, but with a more flexible numerology compared to
LTE [3]. In it, the system bandwidth is divided into several nar-
row bandwidth orthogonal subcarriers, which are aggregated
to form subchannels (SCs).

Frequency-domain scheduling, adaptive modulation and
coding (AMC), and multiple-input-multiple-output (MIMO)
are among the key techniques employed in such OFDM
systems to enhance the spectral efficiency [2]. In scheduling,
the base station (BS) determines which user to allocate to
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each SC. In AMC, the BS determines the modulation and cod-
ing scheme (MCS) to transmit for each SC. To enable these,
the BS ideally needs each user to feed back the channel state
information (CSI) for every SC. Such feedback is required
not only in frequency-division duplexing systems, but also in
time-division duplexing systems, due to imperfect calibration
of the transmit and receive radio frequency chains and due to
asymmetry in the uplink and downlink interferences.

Reduced feedback schemes are key to providing the BS with
the requisite CSI and ensuring that the feedback overhead does
not overwhelm the uplink. Several such schemes have been
proposed in the literature and adopted in standards [3], [4].
We summarize them below. We do not delve into feed-
back techniques for MIMO as their design principles are
different.

A. Reduced Feedback Schemes Used in OFDM Systems
Threshold-based, best-m, clustering-based, and differential

feedback are among the popular reduced feedback schemes
studied in OFDM systems [4]–[7]. In threshold-based feed-
back, each user feeds back a quantized value of the signal-to-
noise ratio (SNR) of each SC [4], [5]. In best-m feedback, each
user reports only the indices and the corresponding rates for m
SCs that can support the highest rates [6], [7]. In clustering-
based feedback, adjacent SCs are grouped into clusters and
feedback is sent only for each cluster [8]. Differential schemes
feed back, using fewer bits, only the difference between a
reference value and the quantity to be fed back.

Practical 4G LTE and 5G systems employ a combination
of the above schemes [2], [3]. In them, feedback is conveyed
by the channel quality indicator (CQI), which indicates the
MCS that can be decoded over a pre-specified transmission
bandwidth. Three feedback schemes are specified in LTE.
In wideband feedback, which is an example of clustering-based
feedback, a user reports just a single wideband CQI. It is the
highest-rate MCS that can be decoded if the entire system
bandwidth were allocated to that user. To support frequency-
domain scheduling, the following two schemes are instead
used; they feed back extra information to supplement the
wideband CQI. In UE-selected subband feedback, the indices
and an average CQI for the best-m subbands, where each
subband comprises several adjacent SCs, are sent. This is a
variant of best-m feedback. In higher layer-configured sub-
band (HLCS) feedback, for each subband, a 2-bit differential
CQI that encodes the difference between the wideband CQI
and the MCS that the user can decode on the subband is sent.
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In 5G, wideband feedback and HLCS feedback have been
specified thus far [3].

The throughput of wideband feedback is analyzed
in [9] and [10]. The throughput of UE-selected subband
feedback and a subband-level feedback scheme without differ-
ential feedback is analyzed in [11]. A medium access control
(MAC)-level throughput analysis is presented in [12], but
only for wideband feedback. The above papers also differ
in their channel and cell layout models. While [9] and [10]
consider the multi-cell scenario and model large-scale fad-
ing, [11] and [12] consider the single-cell scenario and do
not model large-scale fading.

B. Focus and Contributions
In this paper, we present a novel and systematic modeling

and analysis of the differential feedback-based HLCS feedback
scheme. Such an analysis is not available in the literature,
to the best of our knowledge. As we shall see, it requires the
development of several new approximation methods. It gives
valuable mathematical insights about the performance of a
feedback scheme that is an integral component of both 4G and
5G standards. It enables a system designer to independently
evaluate or verify the performance of the scheme over a
wide range of system parameter settings without resorting to
computationally intensive simulations.

We first derive an expression for the throughput of the
HLCS feedback scheme for a single-user scenario. This
incorporates the effect of both large-scale fading and small-
scale fading. We then generalize it to a multi-cell, multi-
user scenario for three different schedulers that provide vastly
different trade-offs between cell throughput and user-fairness.
We do so for the case when the subband fading gains
conditioned on the large-scale fading are independent and
identically distributed (i.i.d.), which is justified when the
coherence bandwidth of the channel is comparable to the
subband bandwidth. Our results apply to different single-
stream multi-antenna diversity modes such as single-input-
multiple-output (SIMO), multiple-input-single-output (MISO),
and single-stream MIMO. We also extend the analysis to
various multi-stream single user (SU)-MIMO, multi-user
(MU)-MIMO, and massive MIMO modes for the single-cell
scenario.

A key innovation in our approach is the modeling of
wideband CQI using the exponential effective SNR map-
ping (EESM) [13], [14] and an accurate analysis of the
joint statistics of EESM and differential CQI. EESM can be
interpreted as the equivalent SNR that a codeword sees if it
were transmitted over a flat-fading channel.1

We gain more insights by analyzing the following two
extreme scenarios: (i) Users feed back complete CSI to
the BS, for which we show that the throughput expression
simplifies considerably and holds for any correlation between
the subband fading gains, and (ii) Subband fading gains of the

1Other approaches based on using the median of the subband CQI val-
ues [15] and mutual information-based effective SNR mapping (MIESM) [16]
have been studied in the literature. However, the median-based approach does
not ensure that a codeword generated using the MCS given by it can be
decoded and the MIESM-based approach is analytically intractable.

user are fully correlated, for which we show that differential
feedback achieves the same throughput as full CSI feedback,
but with significantly less overhead. This is a special property
of differential feedback and is not true, in general, for other
schemes.

Our analysis differs significantly from prior works on dif-
ferential CQI feedback, which have been simulation-based
and, thus, do not generalize easily [17], [18]. It differs
from [19], [20], and the references therein, which study dif-
ferential feedback in MIMO-OFDM systems but do not model
CQI feedback and discrete rate adaptation, which are an
integral part of the 4G and 5G standards. It is also very dif-
ferent from [11], which does not model differential feedback,
considers only a single-cell scenario, and models the statistics
of EESM and the SNR of single-stream MIMO differently.

C. Organization and Notation
This paper is organized as follows. Section II presents a

brief overview of the 4G LTE and 5G standards, and the
system model that they motivate. Section III analyzes the
average throughput of the single-user scenario. Section IV
extends the analysis to the multi-cell, multi-user scenario with
frequency-domain scheduling. Numerical results are presented
in Section V. Our conclusions follow in Section VI.

Notation: We denote the probability of an event A by Pr(A)
and the joint probability of events A and B by Pr(A, B). The
conditional probability of A given B is denoted by Pr(A | B).
The probability density function (PDF) and cumulative distrib-
ution function (CDF) of a random variable (RV) X are denoted
by fX(·) and FX(·), respectively. We denote the expectation
with respect to an RV X by EX [·], and the absolute value
by | · |. We denote the cardinality of a set V by #(V) and
its complement by V �. We denote the complex conjugate of a
complex number a by a∗. We denote vectors and matrices
using boldface characters. For a matrix H, we denote its
(j, j)th element by [H]jj and its Hermitian transpose by H†.

II. PRELIMINARIES AND SYSTEM MODEL

A. Overview of LTE Frame Structure and CQI Feedback
We first summarize the essential features of the LTE down-

link, which motivates the system model that we describe
next and sets up our terminology. We also comment on its
commonalities with 5G. A downlink frame in LTE has a
duration of 10 ms and comprises 10 subframes. Each subframe
is of duration 1 ms and consists of two 0.5 ms slots. Each
slot consists of seven OFDM symbols in the normal cyclic
prefix (CP) mode. In the frequency domain, the system band-
width is divided into several subcarriers, each of which has
a bandwidth of 15 kHz. A physical resource block (PRB)
consists of a group of 12 adjacent subcarriers and has a
duration of one slot. 5G, in addition, supports a flexible
numerology in which the subcarrier spacing can vary from
15 kHz to 240 kHz. A slot comprises 14 OFDM symbols.
The frame duration is the same as in LTE, but the number of
slots in a frame varies [21].

CQI Feedback: The CQI is a 4-bit value that indicates an
estimate of the MCS that the user can reliably decode on
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the downlink. There are 24 = 16 CQIs, whose MCSs and
rates are tabulated in [2, Table 10.1]. The CQI is estimated
by the user from the signal quality measurements of the
reference signals it receives from the BS. The frequency of
CQI feedback is controlled by the BS. The finest possible
frequency resolution for CQI reporting is a subband, which
consists of q adjacent PRBs, where 2 ≤ q ≤ 8. This implies
that a codeword can be transmitted over a frequency-selective
channel even though only one MCS is reported for it.

Scheduling and AMC: Based on the coarser subband-level
CQI received from all the users, the implementation-specific
scheduler at the BS determines which user to allocate to
a PRB. It makes these decisions at most once in every
millisecond, and conveys it to the users on the downlink
control channel.

In AMC, the BS determines the transmit rate to the sched-
uled user on each PRB by mapping the received CQI to
an MCS, which consists of a modulation scheme and a code
rate. The MCS chosen and the user scheduled, thus, depend
on the channel conditions. LTE supports QPSK, 16QAM, and
64QAM and the code rate varies from 0.08 to 0.93. 5G also
supports 256QAM. To reduce the control signaling overhead,
the same MCS is used for transmission on all the PRBs
allocated to a user in a subframe, which consists of two slots.

In this paper, we focus on single-stream transmission, which
encompasses single-input-single-output (SISO), SIMO, MISO,
and single-stream MIMO. This enables us to characterize the
impact of CQI feedback on the throughput. The design and
throughput analysis of codebook-based precoding for multi-
stream transmission is different, and is an open problem.

B. System Model for a Single-User Scenario With
Small-Scale and Large-Scale Fading

We first study a point-to-point transmission in the OFDM
downlink between a BS that has Nt transmit antennas and
a single user that has Nr receive antennas. This brings out
the key ideas using notation that is considerably simpler than
that for the multi-cell scenario, which we consider next in
Section IV. Our model below captures several practically
important – but not all – aspects of the system described
above, and is tractable and insightful. The system bandwidth
is divided into NPRB orthogonal PRBs. Groups of q adjacent
PRBs form subbands. Hence, the total number of subbands is
NSB = �NPRB/q�, where �·� denotes the ceiling function.

1) Channel Model: In the channel between the user and
the BS, signals experience frequency-selective small-scale
fading, which follows the Rayleigh distribution, and also
undergo path-loss and shadowing, which have been referred to
as large-scale fading in [22]. Shadowing follows the lognormal
distribution. They are modeled as follows.

Small-Scale Fading: The complex downlink baseband fad-
ing gain Hn (i, j) of subband n of the user between the ith

receive antenna of the user and the jth transmit antenna of
the BS is a circularly-symmetric complex Gaussian RV with
zero mean and unit variance. For tractability, we assume that
it remains constant over a subband. This is justified when
the bandwidth of a subband, which ranges from 360 kHz to
1.4 MHz in LTE, is comparable to the coherence bandwidth of

the channel. For instance, for the typical urban (TU) channel,
the coherence bandwidth is 530 kHz [23, Ch. 3]. The fading
gains between the different transmit antennas of the BS and the
different receive antennas of the user are i.i.d. [23, Ch. 2]. The
subband fading power gains |Hn (i, j) |2, for 1 ≤ n ≤ NSB,
are statistically identical, which follows from the uncorrelated
scatterers assumption [23, Ch. 2].

Large-Scale Fading: ω denotes the lognormal RV that
models the large-scale fading; it is the same for all
subbands [10], [22]. In dB scale, it is a Gaussian RV with
mean μω(x) = −δdB(x0) − 10η log(x/x0) and standard
deviation σshad, where x is the distance between the user and
the BS, δdB(x0) is the path-loss at a reference distance x0

from the BS, and η is the path-loss exponent [23, Ch. 1].
2) SNRs for Different Single-Stream Multi-Antenna Modes:

The instantaneous SNR γn of subband n for SIMO (Nr ≥ 1
and Nt = 1) with maximal ratio combining (MRC), MISO
(Nr = 1 and Nt ≥ 1) with maximal ratio transmission (MRT),
and single-stream MIMO (Nr ≥ 2 and Nt ≥ 2) with singular
value decomposition-based MIMO beamforming [24], is [10]

γn =
PT ωφn

PN
= Ωφn, (1)

where PT is the transmit power of the BS per subband,
PN is the additive white Gaussian noise (AWGN) power
per subband, and φn depends on the multi-antenna mode.
For SIMO φn =

�Nr

j=1 |Hn (j, 1) |2 is a gamma RV with
PDF fφn(v) = vd−1e−

v
λ /(Γ (d) λd), for v ≥ 0, where Γ (·)

is the gamma function [25, (8.310)]. The PDF has a shape
parameter d = Nr and a scale parameter λ = 1 [24].
Similarly, for MISO, φn =

�Nt

i=1 |Hn (1, i) |2 is a gamma
RV with d = Nt and λ = 1. For single-stream MIMO,
φn can be accurately approximated as a gamma RV with
d = NtNr and λ = ((Nt + Nr)/(NtNr + 1))

2
3 [24].2 In all

cases, Ω = (PT /PN )ω is a lognormal RV with dB scale
parameters μΩ = μω(x) + ξ log (PT /PN) and σΩ = σshad,
where ξ = 10/ log(10).

3) MCS Set for AMC: The BS has available to it an MCS
set M = {1, 2, . . . , M} of MCSs to choose from. MCS m has
a rate rm and a decoding threshold Tm. The user can decode
MCS m on subband n only if γn ≥ Tm. Else, an outage
occurs [9], [26]. Let r1 < r2 < · · · < rM and T1 < T2 <
· · · < TM < TM+1, where r1 = 0, T1 = 0, and TM+1 = ∞.

4) Feedback: We now describe the HLCS feedback scheme
and also contrast it with full CSI feedback, in which a user
feeds back as CQI the highest-rate MCS that it can decode on
each subband.

Full CSI Feedback: This is a threshold-based feedback
scheme, in which the CQI fed back for subband n is m if
Tm ≤ γn < Tm+1. Given this CQI, the BS transmits with
MCS S̃n = m on subband n [26]. This scheme requires
B = log2(M) bits per subband for feedback, which results

2For supporting MISO and single-stream MIMO, a precoding matrix indi-
cator (PMI) and a rank indicator (RI) are fed back additionally in LTE and
5G [2, Ch. 11], [3]. To ensure tractability and to focus on the impact of
differential CQI on the system throughput, we assume that this feedback
resolution is sufficiently fine so that the actual SNR is close to the ideal SNR
derived above. Our results, thus, provide an upper limit for MIMO systems
with coarse PMI feedback.
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Fig. 1. Illustration of generation of wideband CQI and differential CQI offset
values for the user for NSB = 4 subbands.

in an overhead of NSBB bits per user. In LTE and 5G, M is
set as 16 [2, Table 10.1], [3]. While one CQI table is specified
in LTE, three CQI tables are specified in 5G; the BS selects
one among them [3].

HLCS Feedback: In it, the user determines a wideband CQI
W assuming that the entire system bandwidth is allocated to it.
For each subband n, it also determines the subband CQI Sn,
assuming that the subband is allocated to it. The user then
generates a subband differential CQI offset value Dn using
W and Sn. This is illustrated in Fig. 1. The details are as
follows:

Step 1) Wideband CQI Generation: The MCS W corre-
sponding to this wideband CQI must be such that a code-
word transmitted using it over the entire system bandwidth
can be decoded by the user. Since different subbands see
different SNRs, the MCS to feed back is not obvious at first
sight.

To do this systematically, we use EESM, whose accuracy
has been extensively validated in [9], [13], and [14]. It maps
a vector of NSB subband SNRs γ = (γ1, . . . , γNSB) seen by
different parts of the codeword into a single effective SNR
ζ(m) for MCS m as follows [13]:

ζ(m) =−βm log

�
1

NSB

NSB�

n=1

exp
�

−γn

βm

��

, for m ≥ 2, (2)

where βm is an MCS-dependent scaling constant [13]. Here,
ζ(m) is interpreted to be the equivalent SNR for MCS m in a
frequency-flat AWGN channel that results in the same prob-
ability of error as that when transmitting over the frequency-
selective channel. Consequently, the wideband MCS W is
chosen as the highest-rate MCS for which ζ(m) ≥ Tm. Thus,

W = m, if and only if ζ(m) ≥ Tm, ζ(m+1) < Tm+1,

. . . , ζ(M) < TM , for 2 ≤ m ≤ M. (3)

Else, W = 1, which corresponds to the rate r1 = 0
(no transmission).

Step 2) Differential CQI Generation: Let Sn ∈ M denote
the subband MCS, which is the index of the highest-rate MCS
that the user can decode on subband n. Clearly, Sn = m
if Tm ≤ γn < Tm+1. In both LTE and 5G, it is encoded
differentially with respect to W to generate the 2-bit subband

TABLE I

IMPORTANT VARIABLES AND SYSTEM PARAMETERS

differential CQI offset Dn as follows [2, Ch. 10], [3]:

Dn =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1, Sn − W ≤ −1,

0, Sn − W = 0,

1, Sn − W = 1,

2, Sn − W ≥ 2.

(4)

The vector D = (D1, . . . , DNSB) of differential CQI offsets,
which requires 2NSB bits, and W , which requires 4 bits, are
then fed back to the BS. Given Dn and W , the BS transmits
with MCS S̃n on subband n, where

S̃n = W + Dn. (5)

We shall generalize this system model and notation to the
multi-cell, multi-user scenario in Section IV. It can also be
easily generalized to allow for less or more than 2 bits of
differential feedback. We summarize the important variables
and system parameters described above in Table I.

III. SINGLE-USER SCENARIO: AVERAGE

THROUGHPUT ANALYSIS

For the single-user scenario, using the law of total expecta-
tion, the fading-averaged throughput R̄n on subband n of the
differential feedback scheme is given by

R̄n =
M�

m=2

rmPr
�
S̃n = m, γn ≥ Tm


, (6)

since rm bits/symbol is achieved only if the BS transmits with
MCS m (S̃n = m) and the codeword is decoded by the user
(γn ≥ Tm). The summation in (6) begins at m = 2 and not
m = 1 since r1 = 0. From (4) and (5), S̃n is m when one
among the following four mutually exclusive events occurs:
(i) W = m + 1, Sn ≤ m; (ii) W = m, Sn = m; (iii) W =
m − 1, Sn = m; or (iv) W = m − 2, Sn ≥ m. Therefore,

Pr(S̃n = m, γn ≥ Tm) = Pr(W = m+1, Sn≤m,γn≥Tm)

+Pr(W = m, Sn = m, γn ≥ Tm)

+Pr(W =m−1, Sn = m,γn≥Tm)

+Pr(W =m−2, Sn ≥ m,γn≥Tm) .

(7)
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For 1 ≤ m ≤ 2, W can become zero or negative in one or
more events in (7). For m = M , W can become M+1. We set
the probabilities of such events to 0 in (7). The computation of
each term in (7) involves the following three key steps, which
are explained in detail below: (i) Reducing the dimension of
the multi-variate PDFs involved using tight approximations;
(ii) Developing a general integral form for computing the
probabilities involving these reduced-dimension PDFs; and
(iii) Using recent results about the statistics of EESM to
evaluate this integral.

A. Reducing the Dimension of the Multi-Variate PDFs

We focus on the first term in (7) below for 3 ≤ m ≤ M−1.
From (3), it follows that

Pr (W = m + 1, Sn ≤ m, γn ≥ Tm)

= Pr(ζ(m+1) ≥ Tm+1, ζ
(m+2) < Tm+2, . . . , ζ

(M)

< TM , Tm≤γn <Tm+1). (8)

The RVs ζ(1), ζ(2), . . . , ζ(M) are correlated since they are
all functions of the same set of RVs γ1, . . . , γNSB . Thus,
computing (8) requires an (M − m)-dimensional joint PDF
of the RVs ζ(m+1), . . . , ζ(M), γn. However, no expression is
known for it. An exact closed-form expression is not available
even for the marginal PDF of ζ(m) due to its involved form.

To solve this problem, we use the following intuition.
If MCS m+2 cannot be decoded by the user, then it it is highly
unlikely that a higher rate MCS can be decoded.3 Therefore,

Pr
�
ζ(m+1) ≥ Tm+1, ζ

(m+2) < Tm+2,

. . . , ζ(M) < TM , Tm ≤ γn < Tm+1



≈ Pr
�
ζ(m+1) ≥ Tm+1, ζ

(m+2) < Tm+2,

Tm ≤ γn < Tm+1) . (9)

Using the law of total probability, we then have

Pr
�
ζ(m+1) ≥ Tm+1, ζ

(m+2) < Tm+2, Tm ≤ γn < Tm+1



= Pr
�
ζ(m+1) ≥ Tm+1, Tm ≤ γn < Tm+1



−Pr
�
ζ(m+1) ≥ Tm+1, ζ

(m+2) ≥ Tm+2,

Tm ≤ γn < Tm+1) . (10)

The above reasoning also implies that if MCS m + 2 can be
decoded, then it is highly likely that the lower rate MCS m+1
can also be decoded. Therefore, (10) simplifies to

Pr
�
ζ(m+1) ≥ Tm+1, ζ

(m+2) < Tm+2, Tm ≤ γn < Tm+1



≈ Pr
�
ζ(m+1) ≥ Tm+1, Tm ≤ γn < Tm+1



−Pr
�
ζ(m+2) ≥ Tm+2, Tm ≤ γn < Tm+1


. (11)

3While this is trivially true for a flat-fading channel, this is not the case for
a frequency-selective channel due to the non-linear form of EESM [10].

Similarly, the second, third, and fourth probability terms
in (7) simplify as follows:

Pr(W = m, Sn = m, γn ≥ Tm)

≈ Pr
�
ζ(m) ≥ Tm, Tm ≤ γn < Tm+1



−Pr
�
ζ(m+1) ≥ Tm+1, Tm ≤ γn < Tm+1


, (12)

Pr(W = m − 1, Sn = m, γn ≥ Tm)

≈ Pr
�
ζ(m−1) ≥ Tm−1, Tm ≤ γn < Tm+1



−Pr
�
ζ(m) ≥ Tm, Tm ≤ γn < Tm+1


, (13)

Pr(W = m − 2, Sn ≥ m, γn ≥ Tm)

≈ Pr
�
ζ(m−2) ≥ Tm−2, γn ≥ Tm



−Pr
�
ζ(m−1) ≥ Tm−1, γn ≥ Tm


. (14)

Combining (11)–(14) yields the following much simpler
expression for (7):

Pr
�
S̃n = m, γn ≥ Tm


≈ Pr

�
ζ(m−2) ≥ Tm−2, γn ≥ Tm



−Pr
�
ζ(m−1)≥Tm−1, γn≥Tm+1



−Pr
�
ζ(m+2)≥Tm+2, γn≥Tm



+Pr
�
ζ(m+2)≥Tm+2, γn≥Tm+1


.

(15)

The corresponding expressions for Pr
�
S̃n = m, γn ≥ Tm


for

the special cases of m = 2 and m = M are

Pr
�
S̃n = 2, γn ≥ T2


≈ Pr(T2 ≤ γn ≤ T3)

−Pr
�
ζ(4) ≥ T4, γn ≥ T2



+Pr
�
ζ(4) ≥ T4, γn ≥ T3


,

and

Pr
�
S̃n = M, γn ≥ TM


≈ Pr

�
ζ(M−2) ≥ TM−2, γn ≥ TM


.

B. General Integral Form for the Probabilities

Each term in (15) is of the general form Pr(ζ(l) ≥ Tl,
γn ≥ t), where l ∈ {m−2, m−1, m+2} and t ∈ {Tm, Tm+1}.
It can be written in terms of the PDF fγn(·) of γn as

Pr
�
ζ(l) ≥ Tl, γn ≥ t



=
� ∞

t

Pr
�
ζ(l) ≥ Tl|γn = v


fγn(v) dv. (16)

As defined in (1), γn = Ωφn, where Ω is a lognormal
RV and φn is a gamma RV whose parameters depend on the
multi-antenna mode used. Its PDF is

fγn(v) = EΩ[fγn(v|Ω = u)] ,

=
� ∞

0

fΩ(u)
1
u

fφn

�v

u


du. (17)
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Substituting (17) and the lognormal PDF of Ω in (16), we get

Pr
�
ζ(l) ≥ Tl, γn ≥ t



=
ξ√

2πσΩ

� ∞

0

1
u2

e
−
�

μ log(u)−μΩ√
2σΩ

�2

×
� ∞

t

fφn

� v

u


Pr
�
ζ(l) ≥ Tl|γn = v, Ω = u


dv du.

(18)

Using the variable substitution y = (ξ log(u) − μΩ) /
�√

2σΩ

�

and expanding ζ(l) as per (2) yields

Pr
�
ζ(l) ≥ Tl, γn ≥ t


=

1√
π

� ∞

−∞

e−y2

Λy

� ∞

t

fφn

�
v

Λy

�

×Pr

⎛

⎝−βl log

⎛

⎝
NSB�

j=1

e
−φjΛy

βl

NSB

⎞

⎠

≥ Tl

⏐
⏐
⏐γn = v, Ω = u


dv dy,

(19)

where

Λy = e(
√

2σΩy+μΩ)/ξ. (20)

Notice that (19) is of the form 1√
π

�∞
−∞ e−y2

h(y) dy, where

h(y) =
1

Λy

� ∞

t

fφn

�
v

Λy

�

×Pr

⎛

⎝−βl log

⎛

⎝
NSB�

j=1

e
−φjΛy

βl

NSB

⎞

⎠≥Tl

⏐
⏐
⏐γn =v, Ω=u

⎞

⎠dv.

(21)

Applying Gauss-Hermite quadrature, (19) simplifies to

Pr
�
ζ(l) ≥ Tl, γn ≥ t


≈ 1√

π

NGH�

i=1

wGH(i)h(yi), (22)

where wGH(i) and yi, for 1 ≤ i ≤ NGH, are the weights
and abscissas, respectively [27, (25.4.46)]. Substituting the
expression for h(yi) from (21) in (22) yields

Pr
�
ζ(l) ≥ Tl, γn ≥ t


≈ 1√

π

NGH�

i=1

wGH(i)
Λyi

� ∞

t

fφn

�
v

Λyi

�

×Pr

⎛

⎝−βl log

⎛

⎝
NSB�

j=1

e
−φjΛyi

βl

NSB

⎞

⎠ ≥ Tl

⏐
⏐
⏐γn = v, Ω = u

⎞

⎠ dv.

(23)

We now compute the expression for

Pr

�

−βl log
�

1
NSB

�NSB

j=1 e
−φjΛyi

βl

�

≥ Tl

⏐
⏐
⏐γn = v, Ω = u

�

.

Upon removing the log, rearranging terms, and using the fact
that φj is independent of φn, for j 
= n, we get

Pr

⎛

⎝−βl log

⎛

⎝
NSB�

j=1

e
−φjΛyi

βl

NSB

⎞

⎠ ≥ Tl

⏐
⏐
⏐γn = v, Ω = u

⎞

⎠

= FXl(i)(x (v; l)) , (24)

where x (v; l) = (NSBe
−Tl
βl − e

−v
βl )/(NSB − 1) and

Xl(i) =
1

NSB − 1

NSB�

j=1,j �=n

e
−Λyi

φj
βl . (25)

C. Exploiting EESM Statistics
From (2) and (25), we see that the RV −βl log (Xl(i)) is

related to the effective SNR of MCS l over (NSB−1) subbands.
Recent results on EESM statistics in [9] show that Xl(i) can
also be well approximated as a Beta RV.4 This is different
from [11], which models ζ(l) as a lognormal RV. Hence,

FXl(i)(x (v; l)) = B(x (v; l) ; al(i), bl(i)), for x (v; l) ∈ [0, 1],
(26)

where B(x (v; l) ; al(i), bl(i)) =
� x(v;l)
0 zal(i)−1(1−z)bl(i)−1 dz� 1

0 zal(i)−1(1−z)bl(i)−1 dz

is the regularized incomplete Beta function [25, (8.392)].
In terms of the mean μl(i) and variance vl(i) of Xl(i),
the parameters al(i) and bl(i) obtained from [27, (26.1.33)]
are

al(i) =
μl(i)

�
μl(i) − (μl(i))

2 − vl(i)
�

vl(i)
, (27)

bl(i) =
(1 − μl(i))

�
μl(i) − (μl(i))

2 − vl(i)
�

vl(i)
. (28)

Furthermore, from (25), it can be easily shown that μl(i) and
vl(i) can be written as

μl(i) = (1 + Λyiλβ−1
l )−d, (29)

vl(i) =
1

NSB − 1
�
(1 + 2Λyiλβ−1

l )−d − (μl(i))2
�
. (30)

Substituting (29) and (30) in (27) and (28) yields the expres-
sions for al(i) and bl(i). We shall test its accuracy in
Section V.

Substituting the expression for the Beta CDF from (26)
in (23) yields

Pr
�
ζ(l) ≥ Tl, γn ≥ t


≈ 1√

π

NGH�

i=1

wGH(i)
Λyi

� ∞

t

fφn

�
v

Λyi

�

×B(x(v; l); al(i), bl(i)) dv. (31)

As shown in Appendix A, this can be evaluated as a finite
series as follows:

Pr
�
ζ(l) ≥ Tl, γn ≥ t



≈ 1
Γ (d)

√
π

NGH�

i=1

wGH(i)e
−t

Λyi
λ

×
d−1�

i1=0

�
d − 1

i1

��
t

Λyiλ

�d−1−i1 NGL�

i2=1

wGL(i1, i2)

×B (x (λθGL(i1, i2)Λyi + t; l) ; al(i), bl(i)) , (32)

4The Beta approximation for Xl(i) is based on the fact that e
−Λyi

φj
βl has

a finite and positive support of (0, 1]. When N such i.i.d. RVs with finite and
positive support are added, the central limit approximation of Papoulis states
that the sum is well approximated by a Beta RV even for small N [28].
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where wGL(., .) and θGL(., .), for 1 ≤ i2 ≤ NGL, are the
weights and the corresponding abscissas, respectively, of gen-
eralized Gauss-Laguerre quadrature [29]. Recall that d and
λ depend on the multi-antenna mode used. In (32), we have
found that just NGH = 10 and NGL = 8 terms are sufficient for
ensuring numerical accuracy for the entire range of parameters
of interest.

Evaluating (31) for all values of l and t that arise in (15) and
combining them yields Pr

�
S̃n = m, γn ≥ Tm


. Thereafter,

substituting it in (6) yields the final expression for R̄n. This
is not shown due to its length and as it provides no additional
insight.

D. Two Insightful Extreme Cases
To benchmark the performance of the differential feedback

scheme and gain insights, we now analyze two extreme cases:
(i) User feeds back full CSI to the BS and (ii) Differential
feedback with fully correlated subbands, which occurs when
the subband bandwidth is much less than the coherence
bandwidth, as is the case, for example, in rural environments.

1) Full CSI Feedback With Arbitrary Subband Correlation:
Result 1: With full CSI feedback, the fading-averaged

throughput R̄n on subband n is given by

R̄n =
1

Γ(d)
√

π

M�

m=2

rm

�
NGH�

i=1

wGH(i)

×
�

U

�
Tm

Λyiλ
, d

�

− U

�
Tm+1

Λyiλ
, d

���

, (33)

where U (·, ·) denotes the upper incomplete gamma function
[27, (6.5.3)].

Proof: The proof is given in Appendix B.
Equation (33) brings out the dependence of R̄n on the MCS

set through the parameters rm and Tm, on the multi-antenna
mode used through the parameters d and λ, and on large-scale
fading through Λyi .

2) Differential Feedback With Fully Correlated Subbands:
In this case, for every channel realization, all subband SNRs
of the user, which are statistically identical, take the same
value with probability 1 [30], [31, Ch. 7]. Therefore, it follows
from (2) that

ζ(m) = γ1 = · · · = γNSB , for 1 ≤ m ≤ M. (34)

Substituting (34) in (5) yields W = Sn and Dn = 0.
Hence, S̃n = Sn. Therefore, the expression for the fading-
averaged throughput is the same as that in (33) for full CSI
feedback. Note that (33) applies to any correlation between
the subband SNRs. Also, full CSI feedback yields the highest
throughput among all feedback schemes. Therefore, differ-
ential feedback achieves the highest throughput when the
subband SNRs are fully correlated.

IV. MULTI-CELL, MULTI-USER SCENARIO WITH

FREQUENCY-DOMAIN SCHEDULING

In the multi-cell, multi-user scenario with co-channel inter-
ference, the BS serves K users in a cell. The frequency-domain
scheduler at the BS schedules a user in each subband based on

the differential and wideband CQIs fed back by the users. This
is done once in every scheduling interval, which is of the order
of one millisecond. We shall refer to cell 0 as the reference
cell. It receives co-channel interference from C neighboring
cells.

In order to track the user as well as the BS indices,
we expand the notation as follows. Let H(l)

kn denote an
Nr × Nt matrix, whose (i, j)th element H

(l)
kn (i, j) denotes

the complex downlink baseband fading gain on subband n
of user k between receive antenna i of the user and transmit
antenna j of BS l, where 0 ≤ l ≤ C. Each element
is a circularly-symmetric complex Gaussian RV with unit
variance. As before, H

(l)
kn (i, j) for different i, j, k, n, and l

are independent RVs since the users are spaced sufficiently
far apart [10], [23]. The large-scale fading of the channel
between user k and BS l is now denoted by ωlk. In dB scale,
ωlk is a Gaussian RV with mean μωlk

(xlk) = −δdB(x0) −
10η log(xlk/x0) and standard deviation σshad, where xlk is
the distance between BS l and user k, and the parameters
δdB(x0) and η are defined in Section II-B.1. The presence
of co-channel interference makes the modeling of the resul-
tant signal-to-interference-plus-noise ratio (SINR) for single-
stream MIMO intractable because of an additional inter-stream
interference term in its denominator. Hence, we focus on
SIMO and MISO in this section.

A. SINR for SIMO and MISO
For SIMO with MRC and for MISO with MRT, the SINR

γkn on subband n of user k takes the following general form:

γkn =
PT

PN

ω0k

εkn
φkn, (35)

where PT and PN are defined in Section II-B.2. Here, φkn

tracks the small-scale fading and the denominator term εkn =
(PT /PN)

�C
l=1 ωlk|Ikn(l)|2 + 1 tracks the interference and

noise powers or their scaled versions thereof, as described
below.

For SIMO with MRC, φkn =
�Nr

j=1 |H(0)
kn (j, 1) |2 is a

gamma RV with parameters dk = Nr and λk = 1, and

Ikn(l) =
�Nr

j=1

�
H

(0)
kn (j,1)

�∗
H

(l)
kn(j,1)��Nr

j=1 |H(0)
kn (j,1)|2

is a scaled version of

the interference caused by BS l to user k on subband n.
It is a circularly-symmetric complex Gaussian RV with unit
variance [32]. Hence, εkn is a sum of C lognormal RVs, which
are modulated by exponential RVs that correspond to small-
scale fading, and unity. It is well approximated by a lognormal
RV with parameters μεkn

and σεkn
[10]. These parameters are

obtained by the moment generating function (MGF) matching
method [33]. In it, the MGF Ψεkn

(s) of εkn, which is given
below, is equated with that of the lognormal distribution, which
is given in [33, (9)], at two different values of s. It can be
shown that

Ψεkn
(s) ≈ e−s

π
C
2

C�

l=1

⎡

⎣
NGH�

i=1

wGH(i)

1+s PT

PN
e(μωlk

+
√

2yiσshad)/ξ

⎤

⎦, (36)

where wGH(i) and yi are the weights and abscissas, respec-
tively, of Gauss-Hermite quadrature.
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For MISO with MRT, φkn =
��Nt

i=1 |H(0)
kn (1, i) |2

2

is
the square of a gamma RV with parameters dk = Nt and

λk = 1, and Ikn(l) =
�Nt

i=1

�
H

(l)
k�(l)n (1, i)

∗
H

(l)
kn (1, i),

where k�(l) is the user scheduled on subband n in cell l.
This is because the beamforming weights used by BS l to
serve the user k�(l) are proportional to H

(l)
k�(l)n(1, i), for 1 ≤

i ≤ Nt. Here, εkn consists of a sum of C lognormal RVs,
which are modulated by small-scale fading related RVs, and
unity. As above, we approximate (PT /PN )ωlk|Ikn(l)|2, for
each l, by a lognormal RV whose parameters μ�

ωlk
and σ�

ωlk

are obtained using the Fenton-Wilkinson method [23, Ch. 3].
We then approximate εkn by a lognormal RV, as above, using
the MGF matching method. This yields

Ψεkn
(s) ≈ e−s

π
C
2

C�

l=1

 
NGH�

i=1

wGH(i)e−(s exp(μ�
ωlk

+
√

2yiσ
�
ωlk

))
!

.

(37)

For both SIMO and MISO, we match Ψεkn
(s) at s = 0.2 and

s = 1, as prescribed in [33].
Since the ratio of two lognormal RVs is a lognormal RV,

the SINR γkn in (35) for both SIMO and MISO can now be
written as

γkn = Ωkφkn, (38)

where Ωk is a lognormal RV with parameters μΩk
=

ξ log (PT /PN )+μω0k
(x0k)−μεkn

and σΩk
=
"

σ2
ω0k

+ σ2
εkn

,
and φkn, which tracks small-scale fading, is as defined above.

B. Cell Throughput Analysis With Scheduling
We now analyze the cell throughput per subband in the

reference cell for the following three schedulers, which trade
off between throughput and fairness differently:

1) Round-Robin (RR) Scheduler: It allocates subbands to
users in a pre-determined, channel-agnostic manner to ensure
fairness, but it does not exploit multi-user diversity. For exam-
ple, in the kth scheduling interval, all subbands are allocated
to user k, for 1 ≤ k ≤ K .

2) Greedy Scheduler: On each subband, it selects the user
that fed back the highest MCS index. Hence, it exploits multi-
user diversity but is not fair.

3) Modified Proportional Fair (MPF) Scheduler [34]:
It selects the user with the highest ratio of reported rate to its
fading-averaged value. Thus, it exploits multi-user diversity
and also ensures fairness.

Let u denote the scheduled user on subband n. Let S̃un

denote the MCS that the BS uses to transmit to user u on
subband n. Since only one user is scheduled on subband n in
each scheduling interval, using the law of total expectation,
the average cell throughput R̄cell (n) for subband n is

R̄cell (n) =
K�

k=1

M�

m=2

rmPr
�
u = k, S̃un = m, γun ≥ Tm


,

(39)

=
K�

k=1

M�

m=2

rmPr
�
S̃un = m, γun ≥ Tm



×Pr
�
u = k|S̃un = m, γun ≥ Tm


. (40)

Here, the expression for Pr
�
S̃un = m, γun ≥ Tm


is already

derived in Section III, except for the change in notation.
In the following, we present expressions for the conditional
probability term Pr

�
u = k|S̃un = m, γun ≥ Tm


in (40) for

the three schedulers.
Result 2: The conditional probability Pr(u = k|S̃un = m,

γun ≥ Tm) is given as follows:
1. RR Scheduler:

Pr
�
u = k|S̃un = m, γun ≥ Tm


=

1
K

. (41)

2. Greedy Scheduler:

Pr
�
u = k|S̃un = m, γun ≥ Tm



=
K�

g=1,g �=k

Pr
�
S̃gn < m


+

K−1�

q=1

1
q + 1

×
�

V⊂{1,...,K}\k

#(V )=q

 
�

∀ν∈V
Pr
�
S̃νn = m


!

×
⎡

⎣
�

∀j∈V�
Pr
�
S̃jn < m


⎤

⎦ , (42)

where Pr
�
S̃gn < m


=

�m−1
p=1 Pr

�
S̃gn = p


. The term

1/(q + 1) in (42) accounts for the probability of selecting
user k when q other users belonging to the set V report the
same highest MCS index S̃un.

3. MPF Scheduler: For subband n of user g, let Rgn ∈
{r1, . . . , rM} denote the rate allocated by the BS. Let
mgk denote the index of the highest-rate MCS that is
strictly less than rmE [Rgn] /E [Rkn], where E [Rgn] =
�M

m=1 rM Pr
�
S̃gn = m


. Then,

Pr
�
u = k|S̃un = m, γun ≥ Tm



=
K�

g=1,
g �=k

⎡

⎣
mgk�

j=1

Pr
�
S̃gn = j


⎤

⎦. (43)

Proof: The proof is relegated to Appendix C.
We now evaluate probabilities of the form Pr

�
S̃gn = p


that

arise in (42) and (43).

C. Evaluating Pr
�
S̃gn = p



From the definition of S̃gn in (5) and the law of total
probability, we get5

Pr
�
S̃gn = p


= Pr(Wg = p + 1, Sgn ≤ p)

+Pr(Wg = p, Sgn = p)
+Pr(Wg = p − 1, Sgn = p)
+Pr(Wg = p − 2, Sgn ≥ p) . (44)

5As in Section III-A, the probability terms in which Wg ≤ 0 or Wg > M
are set to 0.
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Writing (44) in terms of γgn and the effective SNR ζ
(p)
g

corresponding to MCS p for user g in a manner similar to (8),
and applying the simplifications described in Section III-A,
we get

Pr
�
S̃gn = p


≈ Pr

�
ζ(p−2)
g ≥ Tp−2, Tp ≤ γgn < ∞



−Pr
�
ζ(p−1)
g ≥ Tp−1, Tp+1 ≤ γgn < ∞



+Pr
�
ζ(p+1)
g ≥ Tp+1, 0 ≤ γgn ≤ Tp−1



−Pr
�
ζ(p+2)
g ≥ Tp+2, 0 ≤ γgn < Tp


. (45)

The above expressions for p = 2 and M are similar to
those in Section III-A. Each term in (45) is of the form
Pr
�
ζ
(j)
g ≥ Tj , t1 ≤ γgn ≤ t2


, where j ∈ {p− 2, p− 1, p + 1,

p + 2}, t1 ∈ {0, Tp, Tp+1}, and t2 ∈ {Tp−1, Tp,∞}. Writing
in terms of the PDF fγgn(·) of γgn, we get

Pr
�
ζ(j)
g ≥ Tj, t1 ≤ γgn ≤ t2



=
� ∞

t1

fγgn(v) Pr
�
ζ(j)
g ≥ Tj |γgn = v


dv

−
� ∞

t2

fγgn(v) Pr
�
ζ(j)
g ≥ Tj|γgn = v


dv. (46)

Next, we evaluate
�∞

t fγgn(v) Pr
�
ζ
(j)
g ≥ Tj|γgn = v


dv,

where t ∈ {t1, t2}, separately for SIMO and MISO because
the PDF of φgn is different for them.

SIMO: From (38), the SINR γgn for user g on subband n is
the product of the lognormal RV Ωg and the gamma RV φgn.
This is similar to the expression in (1) for the SNR except that
it now tracks the user index g. Hence, the expressions derived
in Section III-B directly apply to this scenario, except for the
updated notation.

MISO: From (38) and Section IV-A, γgn for MISO is the
product of a lognormal RV Ωg and φgn, which is now the
square of a Gamma RV whose PDF can be shown to be

fφgn(v) = (
√

v)dg−2e
−

√
v

λg /(2Γ(dg)λdg ), for v ≥ 0. The
general steps (16)–(25) of Section III-B still apply in this case.
The RV Xj(i) in (25) is again approximated as a Beta RV as
follows. From (25), the mean μj(i) of Xj(i) is given by

μj(i) = E [Xj(i)] = E

�
exp

�
−Δ(g)

yi
φgn/βj

�
, (47)

where Δ(g)
yi = e(

√
2σΩg yi+μΩg )/ξ is the same as the constant

Λyi (cf. (20)) except that it also tracks the user index g.
To compute the expectation in (47), we use the PDF of φgn

from above and substitute u =
√

v/λg in the resulting integral

to get μj(i) = (1/Γ(dg))
�∞
0

e−(Δ(g)
yi

(λgv)2/βj)udg−1e−u du.
Applying generalized Gauss-Laguerre quadrature, as done in
Appendix A, yields

μj(i)≈ 1
Γ (dg)

NGL�

i2=1

wGL (dg, i2)e
−
�

(λgθGL(dg,i2))2Δ(g)
yi

βj

�
, (48)

where wGL (·, ·) and θGL(·, ·) are the weights and abscissas,

respectively. Similarly, the variance vj(i) = E

�
(Xj(i))

2
�
−

(μj(i))
2 of Xj(i) is given by

vj(i)≈ 1
NSB−1

�
1

Γ (dg)

NGL�

i2=1

wGL (dg, i2)

× exp

�

−2 (λgθGL(dg , i2))
2 Δ(g)

yi

βj

�

−(μj(i))
2

�

. (49)

Substituting (48) and (49) in (27) and (28) yields aj(i)
and bj(i).

Upon substituting the Beta CDF with these parameters and
the expression for fφgn

�
v/Δ(g)

yi


in (23), we get

Pr
�
ζ(j)
g ≥ Tj , γgn ≥ t



≈ 1

2
√

πΓ(dg)(λg)
dg

NGH�

i=1

wGH(i)

Δ(g)
yi

×
� ∞

t

�
v

Δ(g)
yi

� dg−2
2

e
−1

λg

�
v

Δ(g)
yi B(x(v; j); aj(i), bj(i)) dv,

(50)

where, similar to x(v; l) in Section III-B, we have x(v; j) =�

NSBe
−Tj
βj − e

−v
βj

�

/(NSB − 1). Simplifying (50) along lines

similar to (52)–(54) yields

Pr
�
ζ(j)
g ≥ Tj, γgn ≥ t



≈ 1
Γ (dg)

√
π

NGH�

i=1

wGH(i)e−
t�
λg

×
dg−1�

i1=0

�
dg − 1

i1

��
t�

λg

�dg−1−i1 NGL�

i2=1

wGL(i1, i2)

×B
�
x
�
(λgθGL(i1, i2) + t�)2Δ(g)

yi
; j


; aj(i), bj(i)


,

(51)

where t� =
#

t/Δ(g)
yi . This completes our derivation of the

cell throughput for the multi-cell scenario.

D. Extension to Multi-Stream SU-MIMO and MU-MIMO
The above analysis can be extended to multi-stream

SU-MIMO, MU-MIMO, and massive MIMO modes for the
single-cell scenario as follows. A tractable extension for the
multi-cell scenario is an open problem. For ease of exposition,
we drop the cell index l in the following discussion.

1) Open-Loop Spatial Multiplexing with a Zero-Forcing
(ZF) Receiver with Nr ≥ Nt: In this case, the BS transmits
Nt parallel streams of data to user k on subband n. The user
multiplies the received signal for the jth stream by the jth row

of
�
Hkn

†Hkn

−1

Hkn
† to cancel the inter-stream interfer-

ence. Hence, the SINR γkn(j) of user k for subband n for the
jth stream is given by γkn(j) = PT (j)ωkφkn(j)/PN(j) =
Ωkφkn(j), where PT (j) is the transmit power of the BS
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for the jth stream, PN (j) is the AWGN power for the jth

stream, φkn(j) = 1
$��

Hkn
†Hkn

−1
�

jj

is a gamma RV

with parameters dk = Nr −Nt +1 and λk = 1 [35], [36], and
Ωk = (PT (j)/PN (j))ωk is a lognormal RV with parameters
μΩk

= μωk
(xk)+ξ log (PT (j)/PN(j)) and σΩk

= σshad. This
is now similar to (1). Therefore, the analysis subsequent to it
applies.

2) Open-Loop Spatial Multiplexing with MRC at the
Receiver with Nr ≥ Nt: In this case, user k multi-
plies the received signal for the jth stream by the h†

kn(j),
where hkn(j) is jth column of Hkn. Hence, γkn(j) =
PT (j)ωkφkn(j)/(PN (j)εjn), where φkn(j) = � hkn(j) �2

is a gamma RV with parameters dk = Nr and λk = 1
and εjn = (PT (j)/PN (j))

�Nt

q=1,q �=j ωkIkn(q, j) + 1. Here,

Ikn(q, j) = � h†
kn(j)hkn(q) �2

/� hkn(j) �2 is a gamma RV
with parameters dk = Nt − 1 and λk = 1 [35]. Since γkn(j)
is similar to (35), its subsequent analysis applies.

3) MU-MIMO with ZF Precoding with K ≤ Nt and
Nr = 1: In this case, the BS transmits one data stream to
each user on subband n. Hence, the SINR γkn of user k on
subband n is given by γkn = PT (k)ωkφkn/PN (k) = Ωkφkn,
where PT (k) is the transmit power to user k, PN (k) is
the AWGN power for user k, φkn is a gamma RV with
parameters dk = Nt − K + 1 and λk = 1 [36], and
Ωk = (PT (k)/PN (k))ωk is a lognormal RV with parameters
μΩk

= μωk
(xk)+ξ log (PT (k)/PN (k)) and σΩk

= σshad. Now
γkn is similar to (1) and its subsequent analysis, therefore,
applies.

4) Massive MIMO with Matched Filter (MF) Precoding with
Nt/K → ∞, and Nr = 1: In this case, due to channel hard-
ening, it can be shown that [22] γkn = PT (k)ωkNt/PN (k)
is a lognormal RV with parameters μγkn

= μωk
(xk) +

ξ log (NtPT (k)/PN (k)) and σγkn
= σshad. Since γkn is the

same for all n, this is similar to the fully correlated subbands
scenario. Hence, its analysis applies.

V. NUMERICAL RESULTS

Simulation Setup and Parameters: The MCS set is as per
LTE [2, Table 10.1]. It has M = 16 MCSs whose rates range
from 0 to 5.55 bits/symbol. The associated decoding thresholds
are generated as Tm = (2Rm − 1)/κ, where κ is the coding
loss factor that is set as 0.398 [6]. The values of βl for different
MCSs are given in [37], and NSB = 10.

For the multi-cell, multi-user scenario, we consider a hexag-
onal cellular layout with cell radius R = 300 m, C = 6
co-channel interfering cells, and a frequency-reuse factor of
one. The simulation results are averaged over 2000 realizations
of small-scale and large-scale fading and 200 user drops. The
user locations are distributed uniformly in the cell except
for a circular area of radius 30 m around the BS [10]. The
shadowing and path-loss parameters are σshad = 6 dB, η = 3.5,
x0 = 30 m, and δdB(x0) = 10 dB. The ratio PT /PN is set to
achieve a pre-specified cell-corner SNR, which is varied in the
figures. The analysis results are computed for each user drop
using the final simplified form of (40) for each subband, and
are then numerically averaged over the drops and subbands.

Fig. 2. CDF and CCDF of Xl(i) for i.i.d. subband fading gains for SISO
for NSB = 10 and 20 (l = 11 and Λyi = 10 dB).

Fig. 3. Single-user scenario: Average throughput per subband of HLCS
feedback for MISO and single-stream MIMO as a function of PT

PN
(NSB =10).

Statistics of Xl(i) in EESM Expressions: We compare
in Fig. 2 the CDF and the complementary CDF (CCDF) of the
Beta RV with the empirical CDF and CCDF of Xl(i) [6], [9].
The CDF captures the accuracy of the fit for small values
of Xl(i), but saturates to 1 for larger values. The CCDF helps
visualize the accuracy of the fit better in the latter regime. This
comparison differs from that in [6], which models ζ(l) as a log-
normal RV, and that in [9], which plots the CDF and CCDF of
the RV −βl log

�
(1/NSB)

�NSB

n=1 exp (−γn/βl)


. This is done
for MCS l = 11, which uses 64QAM and a 0.46 rate code,
and SISO. We see that the Beta approximation is accurate
over a three orders of magnitude range for NSB = 10 and 20.
The accuracy of the fit increases as NSB increases, since the
aforementioned central limit approximation of Papoulis [28]
becomes more accurate.

Single-User Scenario: Fig. 3 plots for HLCS feedback the
average throughput per subband of a user as a function of
PT /PN for MISO with Nt = 2 and 8, and single-stream
MIMO with Nr = 2, Nt = 2 and Nr = 4, Nt = 4,
when the subband fading gains are i.i.d. The analysis curves
are plotted using the final simplified form of (6) that is
obtained in Section III. Also shown for comparison are the
corresponding results when the subbands fading gains are fully
correlated. As we saw in Section III-D.2, this has the same
throughput as full CSI feedback for any correlation. Hence,
the corresponding analysis curves are plotted using (33).
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Fig. 4. Multi-cell, multi-user scenario: Cell throughput per subband of the
three schedulers as a function of number of users K for MISO (Nr = 1,
Nt = 4, NSB = 10, and cell-corner SNR of 5 dB).

Fig. 5. Multi-cell, multi-user scenario: Cell throughput per subband of the
three schedulers as a function of the cell-corner SNR for SIMO (Nr = 4,
Nt = 1, NSB = 10, and K = 10).

In all cases, we observe a good match between the analytical
and simulation results over a large 40 dB range for PT /PN .
We observe that the loss in throughput due to differential
feedback is marginal as the number of antennas increases.
In all cases, the throughput increases as PT /PN increases
and saturates to 5.55 bits/symbol, which is the rate of the
highest-rate MCS.

Multi-Cell, Multi-User Scenario with Scheduling: Fig. 4
plots the cell throughput per subband of HLCS feedback and
full CSI feedback as a function of K for MISO (Nt = 4) for
the three schedulers. We observe a good match between the
analytical and simulation results. For any given K , we see that
the RR scheduler has the lowest cell throughput and the greedy
scheduler the highest. The cell throughputs of the greedy
and MPF schedulers increase as K increases and saturate to
5.55 bits/symbol. A new observation is that compared to full
CSI feedback, the reduction in throughput due to differential
feedback is the most for the MPF scheduler. However, even
here, it is at most 15.50% for all K .

Fig. 5 plots the cell throughput per subband of HLCS feed-
back as a function of the cell-corner SNR for SIMO (Nr = 4)
for the three schedulers with q = 2 PRBs. It also compares
the performance of HLCS feedback (24 bits overhead), full
CSI feedback (40 bits overhead), and UE-selected subband

feedback (17 bits overhead when the best three subbands are
selected [2, Ch. 10]). For a given cell-corner SNR, the through-
put of HLCS feedback is nearly the same as that of full
CSI feedback for all three schedulers and exceeds that of
UE-selected subband feedback. We note, however, that the
feedback overheads of the three schemes are different.

VI. CONCLUSIONS

We presented an accurate analysis of the throughput of
the differential feedback-based HLCS feedback scheme that
is used in both 4G and 5G standards. We did so for different
single-stream multi-antenna modes for the single-user scenario
and the multi-cell, multi-user scenario with co-channel inter-
ference. EESM enabled an accurate and tractable modeling of
the generation of the wideband and differential CQIs. We saw
that when the subband fading gains were fully correlated,
differential feedback was as good as full CSI feedback.
Otherwise, at low SINRs, it incurred a marginal reduction in
throughput. We also observed that the MPF scheduler was
more sensitive to differential feedback. An interesting avenue
for future work is to extend the proposed analysis to different
multi-stream SU-MIMO modes with Nr < Nt, MU-MIMO,
and massive MIMO for the multi-cell scenario.

APPENDIX

A. Expression for Pr
�
ζ(l) ≥ Tl, γn ≥ t

�
in (32)

In the integral in (31), substituting the gamma PDF
fφn(v/Λyi) from Section II-B.2 and thereafter using the
variable transformation z = (v/(Λyiλ)) − (t/(Λyiλ)), we get

Pr
�
ζ(l) ≥ Tl, γn ≥ t



=
1

Γ (d)
√

π

NGH�

i=1

wGH(i)

×
� ∞

0

�
t

Λyiλ
+ z

�d−1

e
−
�

z+ t
Λyi

λ

�

×B (x (λzΛyi + t; l) ; al(i), bl(i)) dz. (52)

Expanding the (t/(Λyiλ) + z)d−1 term as a binomial series,

Pr
�
ζ(l) ≥ Tl, γn ≥ t



=
1

Γ (d)
√

π

NGH�

i=1

wGH(i)e
−t

Λyi
λ

×
d−1�

i1=0

�
d − 1

i1

��
t

Λyiλ

�d−1−i1 � ∞

0

zi1e−z

×B (x (λzΛyi + t; l) ; al(i), bl(i)) dz. (53)

The integral
�∞
0

zi1e−zB (x (λzΛyi +t; l) ; al(i), bl(i)) dz
in (53) is of the form

�∞
0 zi1e−zf(z)dz, which can be accu-

rately approximated by generalized Gauss-Laguerre quadrature
as follows [29]:

� ∞

0

zi1e−zf(z)dz ≈
NGL�

i2=0

wGL (i1, i2) f (θGL(i1, i2)) , (54)



2372 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 4, APRIL 2019

where wGL(·, ·) and θGL(·, ·) are the weights and abscissas,
respectively. The error in the approximation decreases as NGL

increases. Applying this in (53) yields (32).

B. Proof of Result 1
In full CSI feedback, the CQI fed back by the user for

subband n is the index of the MCS that can be decoded by
the user on that subband. Hence, Pr

�
S̃n = m, γn ≥ Tm


=

Pr(Tm ≤ γn < Tm+1). This holds even for correlated subband
fading gains. Writing in terms of the PDFs of Ω and φn,

Pr(Tm ≤ γn < Tm+1) =
ξ√

2πσΩ

� ∞

0

1
u2

e
−
�

μ log(u)−μΩ√
2σΩ

�2

×
� Tm+1

Tm

fφn

�v

u


dv du. (55)

Substituting y = (ξ log(u) − μΩ)/
�√

2σΩ

�
and applying

Gauss-Hermite quadrature yields

Pr
�
S̃n = m, γn ≥ Tm


≈ 1√

π

NGH�

i=1

wGH(i)
Λyi

×
� Tm+1

Tm

fφn

�
v

Λyi

�

dv, (56)

where wGH(i) and yi, for 1 ≤ i ≤ NGH, are the weights and
abscissas, respectively, and Λyi is defined in (20). Substituting
the expression for the gamma PDF fφn(·), the integral in (56)
can be written in terms of the upper incomplete gamma
function U(·, ·) as follows:

Pr
�
S̃n = m, γn ≥ Tm) =

1
Γ(d)

√
π

NGH�

i=1

wGH(i)

×
�

U

�
Tm

Λyiλ
, d

�

− U

�
Tm+1

Λyiλ
, d

��

. (57)

Substituting (57) in (6) yields (33).

C. Deriving Pr
�
u = k|S̃un = m, γun ≥ Tm



1) RR Scheduler: Since it is feedback-agnostic, the proba-
bility of a user getting selected is the same for all K users
and is, therefore, equal to 1/K .

2) Greedy Scheduler: Let V be the set of users other than
user k that report their highest MCS as S̃un. Let #(V) = q.
User k is selected for subband n in the following two cases:

(i) q = 0: In this case, the MCS S̃un reported by user k is
higher than those reported by all the other users. Hence,

Pr
�
u = k|S̃un = m, γun ≥ Tm



= Pr
�
S̃gn < S̃un, ∀g 
= k

⏐
⏐
⏐S̃un = m, γun ≥ Tm


, (58)

=
K�

g=1,g �=k

Pr
�
S̃gn < m


, (59)

where (59) follows because the subband SINRs of different
users are mutually independent.

(ii) q ≥ 1: In this case, we break ties at random [10].
Therefore, user k is selected with probability 1/(q + 1).

Consequently, writing in terms of all possible realizations of V ,
we get

Pr
�
u = k|S̃un = m, γun ≥ Tm



=
K−1�

q=1

1
q+1

�

V⊂{1,...,K}\k
#(V )=q

Pr
�
S̃νn =m, S̃jn <m, ∀ν ∈ V , ∀j

∈ V �
⏐
⏐
⏐S̃un = m, γun ≥ Tm


, (60)

=
K−1�

q=1

1
q + 1

�

V⊂{1,...,K}\k
#(V )=q

 
�

∀ν∈V
Pr
�
S̃νn = m


!

×
⎡

⎣
�

∀j∈V�
Pr
�
S̃jn < m


⎤

⎦ . (61)

Combining (59) and (61) yields (42).
3) MPF Scheduler: It schedules user k on subband n if it

has the highest ratio of the rate reported to its average rate.
Since this ratio is a real number, ties between users occur
with zero probability and need not be considered. Furthermore,
the event Rgn = rm is the same as the event S̃gn = m. Thus,

Pr
�
u = k

⏐
⏐
⏐S̃un = m, γun ≥ Tm)

= Pr

�
Rgn

E [Rgn]
<

Rkn

E [Rkn]
, ∀g 
= k

⏐
⏐
⏐Rkn = rm, γkn ≥ Tm

�

,

(62)

= Pr
�
Rgn < rmgk

, ∀g 
= k
⏐
⏐
⏐Rkn = rm, γkn ≥ Tm


, (63)

where mgk is as defined in the result statement. Since the
MCSs reported by different users are independent, we get

Pr
�
u = k|S̃un = m, γun ≥ Tm


=

K�

g=1,
g �=k

Pr
�
Rgn < rmgk

�
.

(64)

Furthermore, Pr
�
Rgn < rmgk

�
=

�mgk

j=1 Pr(Rgn = rj) =
�mgk

j=1 Pr
�
S̃gn = j


. Substituting this in (64) yields (43).
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