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Exploiting Correlation With Wideband CQI and
Making Differential Feedback Overhead Flexible

in 4G/5G OFDM Systems
Vineeth Kumar and Neelesh B. Mehta , Fellow, IEEE

Abstract— Differential channel quality indicator (CQI) and
wideband CQI are key components of the reduced feedback
schemes employed in the 5G New Radio (NR) and 4G Long Term
Evolution (LTE) standards. They enable a base station (BS) to
acquire channel state information that is essential for rate adapta-
tion and frequency-domain scheduling without overwhelming the
uplink. We present a novel throughput-optimal rate adaptation
rule that exploits the correlation between the differential and
wideband CQIs to improve throughput without any additional
feedback. It also shows that the prevalent conventional method
that adds the two CQIs is sub-optimal. We then propose a novel
flexible-overhead differential CQI feedback scheme, in which
the number of bits for differential CQI can be different across
the subbands. This provides a new flexibility to the BS to
control the feedback overhead. It differs from the current rigid
parameterization, in which a user always feeds back a 2-bit
differential CQI for each subband. In various single-user and
multi-user deployment scenarios involving small-scale fading,
large-scale shadowing, and co-channel interference, the proposed
approach achieves nearly the same throughput as the feedback
scheme employed in 5G and LTE, but with much less overhead.

Index Terms— 5G new radio, long term evolution, discrete rate
adaptation, channel quality indicator, exponential effective SNR
mapping, OFDM, scheduling.

I. INTRODUCTION

THE 4G Long Term Evolution (LTE) and the 5G new
radio (NR) standards use orthogonal frequency division

multiplexing (OFDM) as the physical layer access technology
on the downlink [2], [3]. In order to achieve high spectral
efficiencies, these standards divide the system bandwidth into
orthogonal subcarriers and employ techniques such as rate
adaptation, frequency-domain scheduling, and multiple-input-
multiple-output (MIMO) [2].

Differential channel quality indicator (CQI) feedback, which
is also referred to as higher layer-configured subband (HLCS)
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feedback, is a critical component of both 4G LTE and 5G
NR. It provides the channel state information that is essential
for frequency-domain scheduling and rate adaptation by the
base station (BS), while controlling the feedback overhead
on the resource-limited uplink feedback channel. In HLCS
feedback, CQI is fed back at the frequency resolution of
a subband. A subband comprises 24-96 adjacent subcarriers
in 4G and 48-384 adjacent subcarriers in 5G. The CQI
is fed back as wideband CQI and differential CQI. The
wideband CQI, which consists of only 4 bits, is the index
of the modulation and coding scheme (MCS) that can be
reliably decoded if the entire system bandwidth is allocated
to that user. For each subband, the differential CQI encodes
using 2 bits the difference between the index of the MCS
that the user can reliably decode on that subband and the
wideband CQI.

The larger bandwidths and the larger number of users that
need to be serviced have led to feedback overhead becoming a
significant bottleneck in the uplink. This is despite the above
steps taken to control it [4], [5]. Given its practical importance,
this issue has attracted considerable attention in the literature,
which we summarize below. We do not delve into the feedback
schemes for MIMO or millimeter-wave communications since
they are based on a different set of principles.

A. Prior Works on Subband-Level CQI Feedback

Subband-level CQI feedback schemes, which are closely
related to the HLCS feedback scheme, have been studied
in [4]–[11]. In these schemes, CQI is fed back at the
frequency-domain resolution of a subband. In [6], the through-
put of subband-level CQI feedback when used in conjunction
with multi-user (MU)-MIMO is studied, but only via simu-
lations. In [8], subband-level CQI is used for allocating user
pairs to subbands in a non-orthogonal multiple access system.
In [7], its throughput with carrier aggregation is studied via
simulations. In [9], subband-level CQI is used to design a
scheduling algorithm that enhances the throughput while still
adhering to quality-of-service constraints in a multicast net-
work. In [10], the throughput of subband-level CQI feedback
is analyzed for a single-cell, multi-user scenario. In [12],
the spatial correlation of large-scale shadowing is utilized to
restrict the number of users that feed back CQI. However,
the above works do not model differential encoding, which is
a key element of HLCS feedback.
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In [4], Gaussian process regression is used to predict future
CQI values and send the HLCS feedback less often. This
is improved upon using predictive filters in [5]. In [11],
expressions for the throughput of the HLCS feedback scheme
are derived for a multi-cell, multi-user scenario. However,
these works assume full channel state information [6]–[10]
or employ the conventional MCS selection rule (C-MSR) in
which the BS adds the wideband and differential CQIs to
determine the index of the transmit MCS of each subband
[4], [5], [11].

B. Focus and Contributions

In this paper, we present two innovations. We first propose
a throughput-optimal MCS selection (TOMS) rule that exploits
the correlation between the wideband and differential CQIs to
improve rate adaptation. We then propose a novel differential
CQI feedback scheme for the sub-6 GHz bands of operation.
It employs a novel combination of the wideband and differ-
ential CQIs and applies the TOMS rule. In it, the number of
bits used for differentially encoding the CQI can be different
for different subbands. This gives the BS a new flexibility to
control the total feedback overhead, for example, as a function
of the loading in the cell. We make the following contributions:

• We propose a novel TOMS rule for the BS that specifies
the throughput-optimal MCS to use in each subband
given the wideband and differential CQIs. It exploits
the correlation that is inherent between these two
CQIs. The correlation occurs because the wideband CQI
depends on each subband’s signal-to-interference-plus-
noise ratio (SINR). Furthermore, the large-scale shadow-
ing and path-loss are the same for all subbands, even
though the small-scale fading is not. To the best of
our knowledge, this correlation has not been exploited
in the literature. We also highlight the sub-optimality
of C-MSR [4], [5], [11].

• We derive novel closed-form expressions for
the feedback-conditioned goodput of an MCS, which the
TOMS rule maximizes, as a function of the wideband
and differential CQIs. The expressions reduce the
complexity of implementing the TOMS rule. We derive
them for the following three widely studied deployment
scenarios: (i) Scenario with path-loss, small-scale fading,
and noise [10], [13], [14], (ii) Scenario with path-loss,
small-scale fading, large-scale shadowing, and noise [11],
[15], [16], and (iii) Scenario with path-loss, small-scale
fading, large-scale shadowing, co-channel interference,
and noise [9], [15], [17]. The first scenario is also relevant
when the standard deviation of lognormal shadowing is
small [18]. The second and third scenarios capture the
randomness due to shadowing, which is different for
different links and users. Our expressions apply to many
single-stream MIMO, single-user multi-stream MIMO,
and MU-MIMO modes.

• We propose a subband-level, flexible-overhead differen-
tial CQI feedback scheme. It feeds back the wideband
CQI using 4 bits, but the number of bits for differential
CQI can be different for different subbands. It differs
from HLCS feedback, in which a user always feeds

back 2 bits per subband for differential CQI. Intu-
itively, the wideband CQI tracks path-loss and large-
scale shadowing, which are the same for all subbands in
the bandwidths typical in sub-6 GHz deployments. The
differential CQI tracks the small-scale fading at a finer
subband level. This judicious combination of wideband
and differential CQIs, which are already adopted in the
standards, and the TOMS rule ensures that minimal mod-
ifications are needed for the proposed feedback scheme
to be implemented.

• Our comprehensive benchmarking shows that our
approach achieves the same or higher throughput than
HLCS feedback with significantly less feedback overhead
in all the above scenarios.

Comments: Our approach differs from differential feedback
for MIMO-OFDM systems in [13] and the references therein
because these works do not model salient aspects of the 4G
and 5G standards such as differential and wideband CQIs,
and rate adaptation. Differential techniques have been exten-
sively investigated in classical areas such as quantization [19,
Ch. 3] and modulation [19, Ch. 5]. However, our cellular
system model and problem formulation are different, require
novel analytical tools, and lead to a different solution. Our
approach also differs from the BS-side estimation technique
in [20], which did not consider differential feedback. Only
a throughput analysis of the conventional HLCS feedback
scheme with C-MSR is developed in [11]. Our approach,
which focuses on reducing the frequency-domain feedback
overhead, is complementary to the approaches in [4] and [12],
which exploit correlations in time and spatial domains.

C. Organization and Notation

This paper is organized as follows. Section II presents the
system model. Section III develops the TOMS rule for differ-
ent scenarios. Numerical results are presented in Section IV.
Our conclusions follow in Section V.

Notation: We denote the probability of an event A by Pr(A)
and the joint probability of events A and B by Pr(A, B). The
conditional probability of A given B is denoted by Pr(A | B).
We denote the probability density function (PDF) of a random
variable (RV) X by fX(·), its cumulative distribution func-
tion (CDF) by FX(·), and the expectation with respect to X
by EX [·]. We denote the complex conjugate of a by a∗ and its
absolute value by |a|. Vectors and matrices are denoted using
bold-face characters. For a matrix H, we denote its Hermitian
transpose by H†. The indicator function 1{a} equals 1 if a is
true, else it is 0.

II. 4G/5G DOWNLINK BASICS AND SYSTEM MODEL

We consider the following system model that captures sev-
eral key aspects of the OFDM-based cellular downlink in 4G
LTE and 5G NR systems. We treat the two systems together
given the commonalities in their design in the sub-6 GHz
bands. We also highlight the differences between them in the
discussion below. A group of adjacent subcarriers constitutes
a physical resource block (PRB). q adjacent PRBs constitute a
subband. Let the number of subbands be B. Then, the number
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of PRBs is qB. For example, in LTE, a subcarrier has a
bandwidth of 15 kHz. In 5G NR, the subcarrier bandwidth
instead varies from 15 kHz to 240 kHz [21]. In both standards,
a PRB comprises 12 subcarriers and a subband comprises
2 to 8 PRBs.

A BS serves K users in the reference cell 0, which receives
co-channel interference from C neighboring cells. The BS has
Nt transmit antennas and each user has Nr receive antennas.

A. Channel Model

1) Small-Scale Fading: H(c)
kn is an Nr × Nt matrix, whose

(i, j)th element H
(c)
kn (i, j) denotes the complex downlink base-

band fading gain on subband n of user k between transmit
antenna j of BS c and receive antenna i of the user, where
1 ≤ i ≤ Nr, 1 ≤ j ≤ Nt, 1 ≤ n ≤ B, 1 ≤ k ≤
K , and 0 ≤ c ≤ C. With Rayleigh fading, H

(c)
kn (i, j)

is a circularly-symmetric complex Gaussian RV with unit
variance. For subband n, H

(c)
kn (i, j) are independent and

identically distributed (i.i.d.) for different i and j [22, Ch. 2].
H

(c)
k1 (i, j), . . . , H(c)

kB(i, j) are statistically identical but cor-
related [23, Ch. 3]. To model this correlation, we employ
the widely used exponential correlation model, in which the
covariance of H

(c)
kn (i, j) and H

(c)
kn�(i, j) is ρ2|n−n�|, where

0 ≤ ρ ≤ 1 [24], [25]. Later, we show how our approach
can also be applied to an arbitrary correlation model.

2) Large-Scale Shadowing and Path-Loss: The large-scale
shadowing of the channel between user k and BS c is
denoted by ωck. It is the same for all subbands [22, Ch. 1].
In dB scale, ωck is a Gaussian RV with mean μωck

(xck) =
−δdB(x0) − 10η log10(xck/x0), which models path-loss, and
standard deviation σshad. Here, xck is the distance between
BS c and user k, δdB(x0) is the path-loss in dB at a reference
distance x0 from the BS, and η is the path-loss exponent. This
model captures the heterogeneity in shadowing and path-loss
across users in both signal and interference terms.

3) SINR for Different Multi-Antenna Modes: To simplify
notation, we henceforth drop the cell-index for all variables
associated with the users in the reference cell 0. Therefore,
we use ωk instead of ω0k, Ωk instead of Ω0k, and so on.
The following expression for the SINR γkn on subband n of
user k in the reference cell applies to several multi-antenna
modes [11], [26]:

γkn =
PT ωk

PNεkn
φkn = Ωkφkn, (1)

where

Ωk =
PT ωk

PNεkn
, (2)

εkn =
PT

PN

C�
c=1

ωck|Ikn(c)|2 + 1. (3)

Here, PT is the BS transmit power per subband, PN is additive
white Gaussian noise (AWGN) power per subband, ωck is the
path-loss and large-scale shadowing from BS c to user k, φkn

is the small-scale fading on subband n between BS 0 and user
k, and Ikn(c) is the small-scale fading of the interfering signal
from BS c to user k on subband n.

Fig. 1. Illustration of channel model, subbands, flexible-overhead differential
CQI feedback, and the TOMS rule (B = 4).

B. Discrete Rate Adaptation and CQI Feedback
The BS has an MCS set M = {1, 2, . . . , M} of M MCSs.

In it, MCS m has a rate rm and a decoding threshold Tm. User
k can decode it on subband n if γkn ≥ Tm. Else, an outage
occurs [10], [27]. Without loss of generality, let 0 = r1 < r2 <
· · · < rM and 0 = T1 < T2 < · · · < TM < TM+1 = ∞. User
k determines from γkn the subband CQI Qkn as follows. It is
the index of the highest-rate MCS that it can reliably decode
on subband n, i.e.,

Qkn = m, if Tm ≤ γkn < Tm+1. (4)

For example, in LTE, there are M = 24 = 16 CQIs, whose
MCSs and rates are tabulated in [2, Table 10.1]. LTE supports
QPSK, 16QAM, and 64QAM modulation schemes and the
rates after channel coding range from 0.15 to 5.55 bits/symbol.
In 5G, there are three such MCS tables [3]. 5G also supports
256QAM. The SINR γkn can be estimated by the user
using the reference signals it receives from the BSs. In our
analysis, we assume that the estimation error at the receiver
is negligible [26], [28].

The wideband CQI Wk is the index of the highest-rate
MCS such that a codeword transmitted using it over the entire
system bandwidth can be reliably decoded by user k [2,
Ch. 10]. Unlike the subband CQI, Wk is a single number
that is reported for the entire bandwidth even though different
subbands experience different, albeit correlated, fades in a
frequency-selective channel. To systematically determine Wk,
we use the exponential effective signal-to-noise-ratio (SNR)
mapping (EESM). It has been used in analyses and system-
level simulations of cellular standards [4], [28], [29]. It maps
the vector of subband SNRs γk = (γk1, . . . , γkB) seen by a
codeword transmitted over B subbands into a single effective
SNR ζ

(m)
k for MCS m as follows:

ζ
(m)
k = −βm log

�
1
B

B�
n=1

exp
�
−γkn

βm

��
, for m ≥ 2, (5)

where βm is an MCS-dependent scaling constant [4], [29].
ζ
(m)
k is interpreted as the equivalent SNR for MCS m that

results in the same probability of error in an AWGN channel.
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TABLE I

DETERMINATION OF DIFFERENTIAL CQI
GIVEN THE NUMBER OF FEEDBACK

OVERHEAD BITS

Wk is then the highest-rate MCS for which ζ
(m)
k ≥ Tm. Thus,

for 2 ≤ m ≤ M ,

Wk = m if and only if

ζ
(m)
k ≥ Tm, ζ

(m+1)
k < Tm+1, . . . , ζ

(M)
k < TM . (6)

Else, Wk = 1, which corresponds to the zero rate (r1).

1) Flexible-Overhead Differential CQI Feedback: We pro-
pose that user k encodes the difference Δkn = Qkn − Wk

for subband n using bkn ∈ {0, 1, 2, 3, 4} bits. The maximum
of 4 bits arises because only 16 MCSs are defined for feedback
in LTE and 5G [2, Ch. 10], [3]. Let the encoded value be Dkn,
which we shall refer to as the differential CQI for subband n
of user k. The values it can take depend on bkn.

The proposed encoding scheme for bkn ∈ {1, 2, 3} is
specified in Table I.1 (i) For bkn = 1 bit, if Δkn ≤ 0, then
Dkn = 0. Else, Dkn = 1. (ii) For bkn = 2 bits, if Δkn ≤ −1,
then Dkn = −1. If Δkn = 0, then Dkn = 0. If Δkn = 1, then
Dkn = 1. Else, if Δkn ≥ 2, then Dkn = 2. This encoding
is kept the same as that in HLCS feedback [2, Ch. 10]. The
encoding for bkn = 3 bits is specified in a similar manner.
We refer to Dk = (Dk1, . . . , DkB) as the vector of differential
CQIs and bk = (bk1, bk2, . . . , bkB) as the overhead bit
pattern (OBP).

The user feeds back Dk and Wk to the BS. Hence,
the total differential feedback overhead for user k is Ok =�B

n=1 bkn bits and the total feedback overhead including the
4-bit wideband CQI is (Ok + 4) bits. This system model
illustrated in Fig. 1.

2) Implementation Aspects: The BS chooses the OBP bk

and communicates it to the user. It is important to note
that this needs to be done only occasionally, i.e., every few
tens of seconds. For example, the BS can do this when the
loading in the cell changes. Thus, higher-layer radio resource
control signaling suffices for implementing it. We note that in
LTE and 5G, HLCS feedback is only permitted for aperiodic
feedback due to its higher overhead [2, Ch. 10]. Our scheme
can enable differential CQI feedback to be used even for
periodic feedback since its overhead can be controlled by
the BS.

1Two extreme cases need a special mention. First, for bkn = 4 bits, Qkn
is reported as is without differential encoding since 4 bits are sufficient to
indicate one among the 16 MCSs in the MCS table. Second, for bkn = 0 bits,
no feedback is sent for subband n.

III. OPTIMAL MCS SELECTION RULE &
FEEDBACK-CONDITIONED GOODPUT

We now determine the throughput-optimal downlink MCS
S̃∗

kn for subband n of user k given the wideband CQI Wk and
the vector of differential CQIs Dk.

The rate achieved when MCS m is chosen is equal
to rm1{γkn≥Tm} because the user can decode it only if
γkn ≥ Tm. Therefore, the throughput conditioned on Dk and
Wk = w is

E
�
rm1{γkn≥Tm} |Dk, Wk = w}

= rmPr(γkn ≥ Tm|Dk, Wk = w) . (7)

Let Ψ(m)
kn (Dk, w) = rmPr (γkn ≥ Tm|Dk, Wk = w).

We shall refer to it as the feedback-conditioned goodput of
MCS m on subband n. Hence, the throughput-optimal MCS
S̃∗

kn for subband n is

S̃∗
kn = arg max

m∈M

	
Ψ(m)

kn (Dk, w)



. (8)

Thus, S̃∗
kn is the index of the MCS that maximizes the

feedback-conditioned goodput. We refer to this as the TOMS
rule. C-MSR is sub-optimal since it determines the MCS S̃kn

for subband n differently as
S̃kn = Wk + Dkn. (9)

The main challenge lies in deriving an expression for
Ψ(m)

kn (Dk, w) that is tractable and has a low computational
complexity. We set up the problem below. Given Dkn and
Wk = w, it follows that γkn ∈ [Lk(n), Uk(n)), where Lk(n)
and Uk(n) are the lower and upper thresholds of the SINR
region in which γkn lies.2 This region can be easily inferred
as follows: (i) From Table I, the BS identifies the condition
for Δkn that corresponds to the given value of bkn and the
fed back Dkn. (ii) The condition in Δkn translates into a
corresponding condition for Qkn since Qkn = w + Δkn

(cf. Section II-B.1). (iii) From the condition for Qkn, the BS
then determines the range in which γkn lies using (4). For
example, bkn = 2 bits and Dkn = −1 imply that Δkn ≤ −1.
This, in turn, implies that Qkn ≤ w − 1. From (4), we then
get 0 ≤ γkn < Tw. Similarly, for bkn = 2 bits and Dkn = 0,
we get Qkn = w and Tw ≤ γkn < Tw+1.

Substituting the SINR regions for γk1, . . . , γkB in (7) yields

Ψ(m)
kn (Dk, w) = rmPr (γkn ≥ Tm|Lk(1)≤γk1 < Uk(1),

. . . , Lk(B) ≤ γkB < Uk(B), Wk = w) .

(10)

Applying Bayes’ rule, we get

Ψ(m)
kn (Dk, w) = rm

Pr (γkn≥Tm, Lk(1)≤γk1 <Uk(1),
. . . , Lk(B)≤γkB <Uk(B), Wk = w)

Pr (Lk(1) ≤ γk1 < Uk(1),
. . . , Lk(B) ≤ γkB < Uk(B), Wk = w)

.

(11)

Note that the expression for Ψ(m)
kn (Dk, w) in (11) depends on

the statistics of the signal and interference-plus-noise terms,
which, in turn, depend on the deployment scenario under
consideration.

2For the special case of bkn = 0 bits, γn ∈ [0,∞).
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We now compute Ψ(m)
kn (Dk, w) separately for the afore-

mentioned three scenarios. We employ novel scenario-specific
approximations that simplify the expression for Ψ(m)

kn (Dk, w).
In the scenarios with shadowing, we reduce it to a ratio
consisting of a sum or difference of probability terms involving
an effective SNR (or SINR) and a subband SNR (or SINR).
We then employ several techniques from the literature to
compute these terms.

A. Scenario With Path-Loss, Small-Scale Fading, and Noise

In this scenario, the post-processing SNR on subband n of
user k in cell 0 takes the following unified form:

γkn = γ̄kφkn, (12)

where γ̄k = (PT δ(x0)/PN ) (xk/x0)
−δ is the mean SNR of

user k and φkn tracks the small-scale fading. φkn is a gamma
RV with PDF fφkn

(v) = vdk−1 exp (−v/ϕk) /(Γ (dk)ϕdk

k ),
for v ≥ 0, where Γ (·) is the gamma function [30, (8.310)], dk

is its shape parameter, and ϕk is its scale parameter. It applies
to single-input-multiple-output (SIMO) with maximal ratio
combining (MRC), multiple-input-single-output (MISO) with
maximal ratio transmission (MRT), and single-stream MIMO
with singular value decomposition (SVD)-based beamforming
as follows [31]:

• SIMO with MRC:3 dk = Nr and ϕk = 1 because
φkn =

�Nr

i=1 |Hkn (i, 1) |2.
• MISO with MRT: dk = Nt and ϕk = 1 because

φkn =
�Nt

j=1 |Hkn (1, j) |2.
• Single-stream MIMO with Beamforming: dk = NrNt

and ϕk = ((Nt + Nr)/(NtNr + 1))
2
3 [31].

To compute the probabilities in the numerator and denomi-
nator of (11), we need the joint PDF of the B subband SNRs
γk1, . . . , γkB and the M effective SNRs ζ

(1)
k , . . . , ζ

(M)
k , which

together determine w. However, such a PDF is intractable.
In fact, even the marginal distribution of ζ

(m)
k is not known

in closed-form. This problem can be addressed by noticing
that the information conveyed by Wk is also captured in
the SNR regions for γk1, . . . , γkB . This is because the large-
scale fading, on which Wk depends, is also captured by the
SNR regions since the differential CQI for each subband is
generated by subtracting Wk from the subband’s MCS index.
This motivates the following approximation, in which the
conditioning on Wk = w in (10) is dropped and then the
Bayes’ rule is applied:

Ψ(m)
kn (Dk, w) ≈ rm

Pr (γkn ≥ Tm, Lk(1) ≤ γk1 < Uk(1),
. . . , Lk(B) ≤ γkB < Uk(B))

Pr (Lk(1) ≤ γk1 < Uk(1),
. . . , Lk(B) ≤ γkB < Uk(B))

.

(13)

We shall see in Section IV-C that this is accurate for a wide
range of values of ρ from 0 to 0.9.

1) Computational Complexity and Its Reduction: The joint
PDF fγk

(·) of γk = (γk1, . . . , γkB), which is needed to
compute the numerator and denominator in (13), is given

3The expression for SINR for single-input-single-output (SISO) is a special
case of SIMO. We do not show it separately.

by [24]

fγk
(u1, . . . , uB) =

e
−dk

γ̄k(1−ρ2) (u1+uB+(1+ρ2)
�B

i=2 ui)

(γ̄k

dk
)dkBΓ (dk) (1 − ρ2)dk(B−1)

×
∞�

t=0

�
dkρ

γ̄k(1 − ρ2)

�2t

×
�

ν1≥0,...,νB−1≥0
ν1+···+νB−1=t

⎡
⎣B−1


j=2

(uj)νi+νi−1+dk−1

νjΓ (νj + dk)

⎤
⎦

× (uB)νB−1+dk−1

Γ (ν1 + dk) ν1(u1)
1−ν1−dk

,

for u1 ≥ 0, . . . , uB ≥ 0. (14)

The complexity in computing the tth term in the above series
is O

��
B+t−2

t

��
because of the summation

�
ν1≥0,...,νB−1≥0
ν1+···+νB−1=t

.

It rapidly increases as t or B increases.
The complexity can be significantly reduced by computing

Ψ(m)
kn (Dk, w) using only the CQI of the 2Nw adjacent sub-

bands whose indices lie between n − Nw and n + Nw. Let
n− and n+ denote the smallest and the largest indices, respec-
tively, of the subbands that are used to compute Ψ(m)

kn (Dk, w).
Since n varies from 1 to B, the following three conditions can
occur:

1) n−Nw ≤ 0 and n + Nw ≤ B: In this case, n− � 1 and
n+ � n + Nw.

2) n−Nw > 0 and n+Nw ≤ B: In this case, n− � n−Nw

and n+ � n + Nw.
3) n−Nw > 0 and n+Nw > B: In this case, n− � n−Nw

and n+ � B.
Therefore, (13) can be compactly written as follows for all the
three conditions:

Ψ(m)
kn (Dk, w)≈rm

Pr(γkn≥Tm,Lk(n−)≤γkn− <Uk(n−),
. . . , Lk(n+)≤γkn+ <Uk(n+))

Pr (Lk(n−)≤γkn− <Uk(n−),
. . . , Lk(n+) ≤ γkn+ <Uk(n+))

.

(15)

This approach exploits the decay in correlation between the
subband gains as the frequency separation between the sub-
bands increases.

To express Ψ(m)
kn (Dk, w) in a compact closed-

form, let N = n+ − n−, τ(ν1, . . . , νN−1) =
[Γ(dk + ν1) · · ·Γ(dk + νN−1)ν1! · · · νN−1!]

−1, G (y, a) =� y

0 xa−1e−x dx be the lower incomplete gamma function [30,
(8.350)], and

Θi(T ) = G
�

dk(1 + ρ2)T
γ̄k(1 − ρ2)

, νi−n− + νi−n−+1 + dk

�
, (16)

Φ(T ) = G
�

dkT

γ̄k(1 − ρ2)
, ν1 + dk

�
, (17)

Υ(T ) = G
�

dkT

γ̄k(1 − ρ2)
, νN−1 + dk

�
. (18)

Result 1: For subband n, the feedback-conditioned goodput
Ψ(m)

kn (Dk, w) for MCS m equals

Ψ(m)
kn (Dk, w) ≈

�
rm

C(k)
m (n)

D(k)(n)
, Tm < Uk(n),

0, else,
(19)
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where C
(k)
m (n)/D(k)(n) is the probability of γkn ≥

Tm conditioned on the event Lk(n−) ≤ γkn− <
Uk(n−), . . . , Lk(n+) ≤ γkn+ < Uk(n+). Here,

D(k)(n) =
∞�

t=0

ρ2t
�

ν1≥0,...,νN−1≥0,
ν1+···+νN−1=t

τ(ν1, . . . , νN−1)

× [Φ (Uk(n−)) − Φ (Lk(n−))]

[Υ (Uk(n+)) − Υ (Lk(n+))]−1

×
⎡
⎣ n+−1


i=n−+1

Θi (Uk(i)) − Θi (Lk(i))
(1 + ρ2)νi−n−+νi−n−+1+dk

⎤
⎦ . (20)

And, C
(k)
m (n), for 2 ≤ n ≤ B − 1, is given by

C(k)
m (n) =

∞�
t=0

ρ2t
�

ν1≥0,...,νN−1≥0,
ν1+···+νN−1=t

τ(ν1, . . . , νN−1)

× [Θn (Uk(n)) − Θn (max {Tm, Lk(n)})]
(1 + ρ2)νn−n−+νn−n−+1+dk

× Φ (Uk(n−)) − Φ (Lk(n−))

[Υ (Uk(n+)) − Υ (Lk(n+))]−1

×

⎡
⎢⎢⎣

n+−1

i=n−+1,

i�=n

Θi (Uk(i)) − Θi (Lk(i))
(1 + ρ2)νi−n−+νi−n−+1+dk

⎤
⎥⎥⎦ . (21)

For the boundary cases of n = 1 and n = B, the expressions
for C

(k)
m (1) and C

(k)
m (B) are similar to the expression for

D(k)(n) in (20) and can be obtained by modifying it as
follows. The expression for C

(k)
m (1) is obtained by replacing

Φ (Lk(n−)) in (20) by Φ (max {Lk(1), Tm}). The expression
for C

(k)
m (B) is obtained by replacing Υ (Lk(n+)) in (20) by

Υ (max {Lk(B), Tm}).
Proof: The proof is given in Appendix A.

2) Comments: We make the following comments:
• The notation in it is involved because it accounts for the

range in which each subband’s SNR lies. Furthermore,
the expressions depend on the subband index n.

• The infinite series in (20) and (21) arise due to the infinite
series in the joint PDF in (14). At most 70 terms of the
series are sufficient for ensuring numerical accuracy for ρ
as large as 0.9, with far fewer terms needed for smaller ρ.

• The complexity of evaluating the inner summation
in (20) and (21) is O

��
2Nw+t−1

t

��
. For example, for

B = 10 and t = 30, we need to compute only
31 terms for Nw = 1. This is much smaller compared to�
B+t−2

t

�
= 4.9 × 107 terms needed for the exact

computation.
• The same expressions apply to any arbitrary correlation

model for Nw = 1. This is because the bi-variate and tri-
variate PDFs of the given subband SNR and the adjacent
subband SNRs that are needed in (20) and (21) are special
cases of (14) for any correlation model. This also enables
Rician fading to be incorporated into our model.

• The expression for Ψ(m)
kn (Dk, w) in (19) is similar in

form to [20, (3)]. However, there are two key differences:
(i) Given bkn, the quantization regions indicated by the

feedback bits are fixed in the scheme considered in [20].
However, with differential feedback, these regions are
determined by Wk and change in every feedback instance.
(ii) The expressions for C

(k)
m (n) and D(k)(n) above use

a simpler windowing-based approach, unlike [20].

B. Scenario With Path-Loss, Small-Scale Fading, Large-Scale
Shadowing, and Noise

In this scenario, the expression for the post-processing SNR
γkn for SIMO with MRC, MISO with MRT, and single-stream
MIMO with SVD-based beamforming [31] changes to

γkn =
PT ωkφkn

PN
, (22)

where φkn is a gamma RV (cf. Section III-A), and ωk

models the path-loss and shadowing. As before, the term
Ω�

k = PT ωk/PN is a lognormal RV with dB-mean
μΩ�

k
= μωk

(xk) + ξ log(PT /PN ) and dB-standard deviation
σΩ�

k
= σshad, where ξ = 10/log(10).

With shadowing, evaluating (10) is again intractable.
To address this, we observe that the shadowing is the same for
all subbands. We apply the intuition that given the wideband
CQI Wk = w, limited additional information about S̃∗

kn is
conveyed by the feedback bits for subbands other than n.
Consequently, (11) simplifies to

Ψ(m)
kn (Dk, w)

≈ rm
Pr(γkn ≥ Tm, Lk(n) ≤ γkn < Uk(n), Wk = w)

Pr(Lk(n) ≤ γkn < Uk(n), Wk = w)
. (23)

Note that this is different from the approach in (13), which
dropped the conditioning on Wk = w and retained all
other terms. We shall see in Section IV-C that the above
approximation is tight for all SNRs and for all ρ between
0 and 0.95. It yields the following result.

Result 2: Given the wideband and differential CQIs,
Ψ(m)

kn (Dk, w) is given by

Ψ(m)
kn (Dk, w) ≈

�
rmEm(w,n)

G(w,n) , Tm < Uk(n),

0, Tm ≥ Uk(n),
(24)

where Em(w, n) is the joint probability of the events
γkn ≥ Tm, Lk(n) ≤ γkn < Uk(n), and Wk = w, and G(w, n)
is the joint probability of the events Lk(n) ≤ γkn < Uk(n)
and Wk = w. They are given by

Em(w, n) = Pr
�
ζ
(w)
k ≥ Tw, γkn ≥ max {Tm, Lk(n)}

�
− Pr

�
ζ
(w)
k ≥ Tw, γkn ≥ Uk(n)

�
− Pr

�
ζ
(w+1)
k ≥Tw+1, γkn≥max {Tm, Lk(n)}

�
+ Pr

�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ Uk(n)

�
, (25)

Gm(w, n) = Pr
�
ζ
(w)
k ≥ Tw, γkn ≥ Lk(n)

�
− Pr

�
ζ
(w)
k ≥ Tw, γkn ≥ Uk(n)

�
− Pr

�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ Lk(n)

�
+ Pr

�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ Uk(n)

�
. (26)
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Furthermore, for w = M , Pr
�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ g

�
= 0,

for all g.
Proof: The proof is given in Appendix B.

All the probability terms in Em(w, n) and G(w, n) are

of the form Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
. Notice here that the

effective SINR ζ
(l)
k = −βl log

�
(1/B)

�B
n=1 exp (−γkn/βl)

�
depends on γkn. Using the steps in [11, (16)–(32)], which
we summarize below, it can be written in closed-form.
We do not show the detailed derivations to conserve
space.

• Step 1: Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
is written as

�∞
g

Pr
�
ζ
(l)
k ≥ Tl|γkn = v

��∞
0 fΩ�

k
(u) 1

ufφkn
(v/u)dudv,

where fΩ�
k
(·) is the PDF of the lognormal RV Ω�

k

and fφkn
(·) is the PDF of the gamma RV φkn.

Then, Gauss-Hermite quadrature [32, (25.4.46)] is
used to simplify the inner integral.

• Step 2: Pr
�
ζ
(l)
k ≥ Tl|γkn = v

�
is evaluated in terms of the

CDF of a Beta RV with parameters ali and bli,
which are given below. The Beta RV arises because
the term (1/B)

�B
n=1 exp (−γkn/βl), which is

inside the exponential of the expression for the
effective SNR ζ

(l)
k in (5), can be accurately approx-

imated by it [28].
• Step 3: The Beta CDF is substituted in the outer inte-

gral in Step 1. Then, variable transformations,
generalized Gauss-Laguerre quadrature [33], and
simplifications yield the following expression for
Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
:

Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
≈ 1

Γ (dk)
√

π

GH�
i=1

zie
−g

Λ(αi)ϕk

×
dk−1�
p=0

�
dk − 1

p

��
g

Λ(αi)ϕk

�dk−1−p GL�
j=1

z̃
(p)
j

×B
�

B

B − 1
e

−Tl
βl − 1

B − 1
e

−(ϕkα̃
(p)
j

Λ(αi)+g)
βl ; ali,bli

�
,

(27)

where Λ(x) = exp
��√

2σΩ�
k
x + μΩ�

k

�
/ξ
�

,

B (x; a, b) =
�

x
0 za−1(1−z)b−1 dz� 1
0 za−1(1−z)b−1 dz

is the regularized

incomplete Beta function [30, (8.392)], z̃
(p)
j and

α̃
(p)
j , for 1 ≤ j ≤ GL, are the weights and abscissas,

respectively, of generalized Gauss-Laguerre quadra-
ture [33], and zi and αi, for 1 ≤ i ≤ GH, are
the weights and abscissas, respectively, of Gauss-
Hermite quadrature [32, (25.4.46)].4 The parame-
ters ali and bli in (27), which define the Beta

4Generalized Gauss-Laguerre quadrature replaces the integral�∞
0 xme−xf(x) dx with the finite summation

�GL
j=1 z̃

(m)
j f

�
α̃

(m)
j

�
.

Gauss-Hermite quadrature replaces the integral
�∞
0 e−x2

f(x) dx with�GH
i=1 zif(αi). We have found GL = 8 and GH = 10 to be sufficient to

ensure numerical accuracy for the system parameter values of interest.

PDF [28], are given by

ali =
μli

Vli

�
μli − (μli)

2 − Vli

�
, (28)

bli =
1 − μli

Vli

�
μli − (μli)

2 − Vli

�
. (29)

Here, μli and Vli are the mean and variance,
respectively, of the Beta RV, and are given by

μli = (1 + Λ(αi)ϕkβ−1
l )−dk , (30)

Vli =
1

B − 1

��
1 + 2Λ(αi)ϕkβ−1

l

�−dk − (μli)
2
�
. (31)

Extension to Multi-Stream and MU-MIMO Modes: The
expression for Ψ(m)

kn (Dk, w) in (24) is also applicable to
the following multi-stream single user (SU)-MIMO and
MU-MIMO modes:

• For the vertical Bell labs’ layered space-time (V-BLAST)
receiver architecture [11] with Nr ≥ Nt, the BS transmits
Nt streams of data to user k on subband n. To cancel the
inter-stream interference, the received signal for stream
j is multiplied with the jth row of AknH†

kn, where

Akn =
�
H†

knHkn

�−1

. The SINR γkn(j) of user k for
subband n and stream j is given by

γkn(j) =
PT (j)ωkφkn(j)

PN (j)
= Ωk(j)φkn(j), (32)

where PT (j) and PN (j) are the transmit power of the
BS and the AWGN power, respectively, for stream j,
φkn(j) = 1/Akn(j, j) is a gamma RV with parame-
ters dk = Nr − Nt + 1 and ϕk = 1 [26], [34],
and Ωk(j) = PT (j)ωk/PN (j) is a lognormal RV with
parameters μΩk(j) = μωk

(xk)+ξ log (PT (j)/PN (j)) and
σΩk(j) = σshad. The key point to note is that γkn(j)
has the same form as (22). Therefore, Result 2 and its
subsequent simplifications apply.

• Similarly, for MU-MIMO with zero-forcing precoding
and V-BLAST with MRC, the SINR expressions can
again be written as the product of a lognormal RV and
a gamma RV [11]. Hence, Result 2 and its subsequent
simplifications apply.

C. Scenario With Path-Loss, Small-Scale Fading,
Large-Scale Shadowing, Co-Channel
Interference, and Noise

In this scenario, a user experiences path-loss, small-scale
fading, large-scale shadowing, co-channel interference from
neighboring cells, and noise on every subband. The derivation
of Ψ(m)

kn (Dk, w) is different for SIMO with MRC and for
MISO with MRT because their interference statistics are
different.

1) SIMO With MRC: Recall from (1) that γkn = PT ωk

PN εkn
φkn.

Here, φkn =
�Nr

i=1 |Hkn (i, 1) |2 is a gamma RV
with parameters dk = Nr and ϕk = 1 [26]. And,
εkn = PT

PN

�C
c=1 ωck|Ikn(c)|2 + 1. For MRC, Ikn(c) =��Nr

j=1 (Hkn (j, 1))∗ H
(c)
kn (j, 1)

� ���Nr

j=1 |Hkn (j, 1) |2.
It can be shown to be a circularly-symmetric complex
Gaussian RV with unit variance [35]. εkn is now a sum
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of C lognormal RVs, which are modulated by exponential
RVs, and unity, which arises due to the noise term. It is well
approximated by a lognormal RV with parameters μεkn

and
σεkn

[11]. These parameters are obtained by the moment
generating function (MGF)-matching method [17]. Since
ωk/εkn is a lognormal RV, Ωk in (2) is a lognormal RV with
parameters μΩk

= μωk
(x0k) − μεkn

+ ξ log (PT /PN ) and
σΩk

=
�

σ2
ωk

+ σ2
εkn

.

Computation of Ψ(m)
kn (Dk, w): Since γkn is a product of a

lognormal RV and a gamma RV, it has the same form as (22).
Therefore, Result 2 and its subsequent simplifications apply.

2) MISO With MRT: In this case, φkn =��Nt

j=1 |Hkn (1, j) |2
�2

is the square of a gamma
RV with parameters dk = Nt and ϕk = 1, and

Ikn(c) =
�Nt

j=1

�
H

(c)
sn (1, j)

�∗
H

(c)
kn (1, j), where s is

the user scheduled on subband n in cell c. This is because
the beamforming weights used by BS c to serve the user s

are proportional to H
(c)
sn (1, j), for 1 ≤ j ≤ Nt. Here, εkn

in (3) is a sum of C lognormal RVs, which are modulated by
small-scale fading related RVs, and unity. We approximate
(PT /PN )ωck|Ikn(c)|2, for each c, by a lognormal RV
whose parameters μ�

ωck
and σ�

ωck
are obtained using the

Fenton-Wilkinson method [22, Ch. 3].5 As before, εkn is
approximated as a lognormal RV using the MGF-matching
method.

Computation of Ψ(m)
kn (Dk, w): One key difference in this

case compared to SIMO with MRC in Section III-C.1 is
that the RV φkn is the square of a gamma RV. While the
general expression for Ψ(m)

kn (Dk, w) in (24) still applies,

the probability terms Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
in it have to be

computed differently. The final expression for it is derived in
Appendix C.

Deriving tractable expressions for Ψ(m)
kn (Dk, w) for single-

stream MIMO with beamforming and for multi-stream MIMO
modes in this scenario is an open problem.

IV. PERFORMANCE EVALUATION

AND BENCHMARKING

We now present Monte Carlo simulation results for all the
aforementioned scenarios. We consider a hexagonal cellular
layout with C = 6 co-channel interfering cells around the
reference cell. The cell radius is 300 m and the frequency-
reuse factor is one. The simulation results are averaged over
2000 realizations of small-scale fading and large-scale shad-
owing (if applicable). The path-loss parameters are η = 3.5,
x0 = 30 m, and δdB(x0) = 10 dB. For discrete rate adaptation,
we use the MCS set in [2, Table 10.1], which is common to
LTE and 5G. The decoding thresholds Tm and the scaling
constants βm, for 1 ≤ m ≤ 16, are as per [36, Table 1]. The
decoding thresholds range from −9.5 dB to 19.8 dB, while
the scaling constants range from 1 to 28.

5Note that the MGF-matching method is not used here because the MGF
of the RV (PT /PN )ωck |Ikn(c)|2 is not known in closed-form. However,
the mean and variance of the RV, which are all that the Fenton-Wilkinson
method requires, can be easily derived.

A. Benchmarking Schemes

We compare with the following combinations of feedback
schemes and MCS selection rules, which have been employed
in several works in the literature:

• Full Channel State Information (CSI) Feedback
[4], [6]–[9]: In it, for each subband, the user feeds back
as CQI the 4-bit index of the highest-rate MCS that
it can reliably decode on that subband. No differential
encoding is used. Given the CQI, the BS transmits using
the same MCS. It has a total feedback overhead of
4B bits/user. It gives an upper limit for the throughput
achievable with any subband-level CQI feedback scheme.

• HLCS Feedback [2]–[4], [11]: In this differential feed-
back scheme, bkn = 2 bits for all subbands. The dif-
ferential encoding is done as per Table I. It has a total
feedback overhead of (2B + 4) bits/user. The BS uses
C-MSR to determine the MCS for each subband.

B. Scheduling in the Multi-User Setting

Since the throughput in a multi-user setting also depends
on the scheduler employed by the BS, we present results for
the following two popular schedulers that trade off differently
between cell throughput and user fairness. These are adapted
for the TOMS rule as follows. First, we recall the following
notation. The SINR of subband n of user k is γkn. The optimal
MCS for this subband, as per (8), is S̃∗

kn. It has a decoding
threshold TS̃∗

kn
, rate rS̃∗

kn
, and a feedback-conditioned goodput

Ψ(S̃∗
kn)

kn (Dk, w) = rS̃∗
kn

Pr
�
γkn > TS̃∗

kn
|Dk, Wk = w

�
.

1) Round-Robin (RR) Scheduler: It allocates subbands to
users in a fixed, channel-agnostic manner. For instance, in the
first scheduling interval, all subbands are allocated to the
first user. In the second scheduling interval, all subbands are
allocated to the second user, and so on.

2) Modified Proportional Fair (MPF) Scheduler [10]: It
allocates subband n to the user in that has the highest ratio of
feedback-conditioned goodput to its mean value Ψ̄kn. Hence,

in = arg max
1≤k≤K

�
Ψ(S̃∗

kn)
kn (Dk, w)

Ψ̄kn

�
. (33)

This scheduler exploits multi-user diversity and ensures
fairness.

In the multi-user simulations, we also average over
200 independent user drops of K users, whose locations are
distributed uniformly in the reference cell except in a circular
area of radius 30 m around the BS [5]. The shadowing is
generated independently for each link as per the lognormal
distribution, and is different for different links. Even for
a given user, the shadowing of its signal and individual
interference components are different.

C. Scenarios Without Co-Channel Interference

1) Assessing the Accuracy of Results 1 and 2: Fig. 2 plots
the throughput per subband that is achieved by the TOMS
rule as a function of the correlation coefficient ρ between
the subband small-scale fading gains for a single user for
B = 5. The OBP used is (1, 1, 1, 1, 1). This is done for
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Fig. 2. Throughput per subband as a function of correlation coefficient ρ for
a user that uses an OBP of (1, 1, 1, 1, 1) for different mean SNRs (B = 5,
Nt = 1, and Nr = 2).

SIMO at two mean SNRs and two σshad values. For σshad = 0,
the throughput-optimal MCS is determined using Result 1,
while for σshad = 6, it is determined using Result 2. For
σshad = 0, results are shown only up to ρ = 0.95 because
the presence of 1 − ρ2 term in (20) and (21) makes accurate
numerical computation difficult as ρ approaches 1. Also shown
are the results when Ψ(m)

kn (Dk, w) is computed numerically
from (11). For this, we generate 106 channel realizations for
each mean SNR and σshad value. The probability term in the
numerator of (11) is determined by measuring the fraction of
realizations in which the corresponding event occurs. Simi-
larly, the probability term in the denominator of (11) is also
determined. We see that Result 1 is accurate over a wide range
of ρ from 0 to 0.9. Similarly, Result 2 is accurate from ρ = 0 to
ρ = 0.95. We also see that as ρ → 1, the throughput increases.
This is because as ρ → 1, the MCSs on all subbands are equal
with probability 1 and are equal to the wideband MCS. In this
case, the throughput equals that of full CSI feedback.

2) Effect of Shadowing: Fig. 3 plots the average throughput
of the TOMS rule and C-MSR as a function of σshad for
a user that has a mean SNR of 10 dB at σshad = 0.
Results are shown for OBPs (1, 1, 1, 1, 1, 1, 1, 1, 1, 1) and
(1, 2, 1, 2, 1, 2, 1, 2, 1, 2) for single-stream MIMO in Fig. 3(a)
and for MISO in Fig. 3(b). We set ρ = 0.86, which is the
correlation coefficient between adjacent subband gains for the
typical urban (TU) channel model [22, Ch. 1]. The TOMS
rule outperforms C-MSR for all σshad for both multi-antenna
modes. This is because the TOMS rule, which exploits the
correlation between the wideband and subband CQIs, typically
chooses a higher rate MCS compared to C-MSR. However,
the TOMS rule requires more computations at the BS than C-
MSR. The throughputs increase as σshad increases because the
mean of the lognormal RV Ω�

k is proportional to exp
�
σ2

Ω�
k
/2
�

,
which increases as σshad increases. Similar observations also
hold for other OBPs and other multi-antenna modes.

3) Comparison With Imperfect CSI: Fig. 4 investigates the
impact of imperfect estimates at the receiver and feedback
delays. It plots the average throughput of the two rules as
a function of σshad for SIMO for the following three cases:

Fig. 3. Throughput per subband as a function of σshad for a user that has
a mean SNR of 10 dB for different OBPs and MIMO modes (ρ = 0.86 and
B = 10).

(i) With perfect channel estimates at the receiver and no
feedback delay; (ii) With imperfect channel estimates at the
receiver, in which the wideband CQI and differential CQI
are both generated based on the imperfect channel esti-
mates and the BS determines the MCS on the basis of this
imperfect CQI;6 and (iii) With imperfect channel estimates
and feedback delay, in which the BS receives the above
imperfect CQI and transmits after a delay. Figs. 4(a) and
4(b) plot the results for the OBPs (1, 1, 1, 1, 1, 1, 1, 1, 1, 1)
and (1, 2, 1, 2, 1, 2, 1, 2, 1, 2), respectively. For both OBPs,
the average throughputs of both rules decrease in the presence
of imperfect channel estimates and feedback delays. In all
cases, the average throughput with the TOMS rule exceeds
that of C-MSR.

4) Throughput-Bit Budget Region for a User: Fig. 5
presents a different perspective by plotting the normalized
throughput, which is the ratio of the throughput and the
throughput of full CSI feedback, as a function of the total

6The subband channel gain is estimated as follows. There are 2 resource
elements per PRB containing a downlink reference signal. Each subband
consists of 3 PRBs in our simulation setup. The UE employs a linear
minimum mean square estimator to estimate the subband channel gain from
the 6 resource elements that carry reference signals.
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Fig. 4. Effect of imperfect channel estimates at the receiver and feedback
delays: Throughput per subband as a function of σshad for a user that has a
mean SNR of 10 dB (SIMO, Nr = 2, ρ = 0.86, B = 10, speed of 3 kmph,
and delay of 8 ms).

differential feedback overhead Ok. It enables us to visually
assess the efficacy of many OBPs and the gains from using the
TOMS rule. The many values that Ok can take show the new
flexibility available to the BS to control the uplink feedback
overhead. This is done for the scenario with path-loss, small-
scale fading, large-scale shadowing, and noise. For each Ok,
the normalized throughput of the OBP that maximizes the
throughput is shown using the marker ‘◦’.7 For this best
OBP, the normalized throughput with C-MSR is shown using
the marker ‘∗’. Also shown are the range of values of the
normalized throughputs that are achieved by 20 randomly
chosen OBPs with the TOMS rule and C-MSR. Since they
are sub-optimal, their normalized throughputs lie in a black
vertical line below that of the optimal OBP. For Ok = 20 bits
and B = 10, the best OBP turns out to be the same as that of
the HLCS feedback scheme. However, for other values of Ok,
it is different. For example, it is (1, 1, 1, 1, 1, 1, 1, 1, 1, 1) for

7The OBP is found using a greedy search algorithm. It starts from an all-
zero OBP that has Ok = 0 bits. In each iteration, it increments Ok by 1,
computes the throughput via Monte Carlo simulations for each of the B OBPs
that arise for the B locations of this bit, and selects the OBP that maximizes
the average sum throughput.

TABLE II

BEST OBP AS A FUNCTION OF THE
TOTAL DIFFERENTIAL FEEDBACK

OVERHEAD Ok (B = 10)

Fig. 5. Normalized throughput as a function of Ok (bits) for different OBPs
(σshad = 6, mean SNR of 15.3 dB, ρ = 0, B = 10, and SIMO with Nr = 2).
The normalized throughput of the best OBP that maximizes the throughput is
shown using the marker ‘◦’. For the best OBP, the normalized throughput with
C-MSR is shown using the marker ‘∗’. For each value of Ok , the vertical line
shows the spread in the throughputs achieved by 20 randomly chosen OBPs.

Ok = 10 bits and (1, 2, 1, 2, 1, 2, 1, 2, 1, 2) for Ok = 15 bits.
The best OBPs for different Ok are tabulated in Table II.

As Ok increases, the normalized throughputs of both MCS
selection rules increase and tend towards 1 since more CSI is
fed back. The TOMS rule outperforms C-MSR for all Ok. The
difference between the two is the most when Ok is between
5 and 15 bits. The proposed approach yields 80% of full CSI
feedback’s throughput at a total feedback overhead of 13 bits.
This is only 32.5% of the 40-bit overhead of full CSI feedback.
Furthermore, it yields 90% of full CSI feedback’s throughput
with a total feedback overhead of only 22 bits.

5) Multi-User Case: Fig. 6 plots the cell throughput of
the different feedback schemes and MCS selection rules as
a function of σshad for the MPF and RR schedulers for SIMO
with K = 5 users. This is done for the scenario with path-loss,
small-scale fading, large-scale shadowing, and noise. Results
are shown for Ok = 12 bits, for which the best OBP is
(1, 2, 1, 1, 1, 1, 1, 1, 2, 1). All users use the same OBP. The
ratio PT /PN in (1) is set such that the mean cell-edge SNR
is 3 dB. For σshad = 0, which corresponds to the scenario
with path-loss, small-scale fading, and noise (Section III-A),
the throughput is computed using Result 1 and plotted using
the marker ‘×’.

For all values of σshad and for both schedulers, the TOMS
rule outperforms C-MSR. For the MPF scheduler, the through-
put increases as σshad increases. Intuitively, this occurs because
the MPF scheduler exploits multi-user diversity and chooses
users with higher mean SNRs in each user-drop. On the other
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Fig. 6. Cell throughput per subband achieved by different feedback schemes
and MCS selection rules as a function of the lognormal shadowing standard
deviation σshad for different schedulers with Ok = 12 bits (cell-edge SNR
of 3 dB, ρ = 0.86, Nt = 1, Nr = 2, B = 10, and K = 5).

Fig. 7. Cell throughput per subband as a function of K for RR and MPF
schedulers (σshad = 6, B = 10, Ok = 12 bits, and SIMO with Nt = 1 and
Nr = 4).

hand, the throughput of the RR scheduler is insensitive to
σshad. This is because it does not exploit multi-user diversity
and does not benefit from the variation in the SNRs due to
shadowing. One unexpected outcome is that Result 2 yields
the same throughput for the TOMS rule as Result 1 even for
σshad = 0. Thus, neglecting the frequency-domain correlation
between the subband gains due to small-scale fading has a
negligible impact once the correlation between the wideband
and differential CQIs is accounted for.

D. Scenario With Path-Loss, Small-Scale Fading,
Large-Scale Shadowing, Co-Channel Interference, and Noise

Fig. 7 plots the cell throughput per subband of the
TOMS rule and C-MSR as a function of K for the OBP
(1, 2, 1, 1, 1, 1, 1, 1, 2, 1), for which Ok = 12 bits. Results
are shown for the RR and MPF schedulers for SIMO. For
reference, the cell throughputs of full CSI feedback and HLCS
feedback are also shown. The cell throughputs of all schemes
increase as K increases for the MPF scheduler, due to its
ability to exploit multi-user diversity. On the other hand,
the cell throughputs are insensitive to K for the RR scheduler.

As before, the TOMS rule outperforms C-MSR for both sched-
ulers. The throughput gain is larger for the MPF scheduler than
the RR scheduler, especially for larger K . The cell throughput
of the TOMS rule is close to that of HLCS feedback for all
K . The TOMS rule achieves this despite requiring only 66.7%
of the overhead of HLCS feedback. With K = 10, the MPF
scheduler in conjunction with the TOMS rule achieves 92.3%
of the cell throughput of full CSI feedback with just 40.0% of
its total feedback overhead. The corresponding value for the
RR scheduler is 91.1%.

V. CONCLUSION

We proposed a novel flexible-overhead feedback scheme
that used a combination of wideband CQI and differential CQI.
In it the number of overhead bits for differential feedback
could be different for different subbands. We also derived
closed-form expressions for the feedback-conditioned goodput
of an MCS as a function of the OBP, and saw that the
TOMS rule selected the MCS with the largest feedback-
conditioned goodput. We did so for several deployment sce-
narios that incorporated different combinations of small-scale
fading, large-scale shadowing that was heterogeneous across
links and users, co-channel interference, and multiple antenna
modes. The derivations exploited the correlation between
the differential and wideband CQIs to arrive at expressions
with much lower computational complexity. They used novel,
accurate approximations to handle the involved form of
EESM and the joint PDF of the correlated subband channel
gains.

We observed that the TOMS rule outperformed C-MSR.
The proposed OBPs yielded significant throughput gains espe-
cially for medium feedback bit budgets. With multiple users,
the proposed approach achieved nearly the same throughput
as the conventional HLCS feedback scheme with much less
overhead for both MPF and RR schedulers. Interesting avenues
for future work include modeling frequency-selective fading
within a subband and developing new learning algorithms that
efficiently implement the TOMS rule for arbitrary signal and
interference statistics.

APPENDIX A
BRIEF DERIVATION OF RESULT 1

The events Lk(n) ≤ γkn < Uk(n) and γkn ≥ Tm are
mutually exclusive for Tm > Uk(n). Hence, for Tm ≥ Uk(n),
it follows that

Pr (γkn ≥ Tm, Lk(1) ≤ γ1 < Uk(1),
. . . , Lk(B) ≤ γB < Uk(B)) = 0, (34)

which also implies that Ψ(m)
kn (Dk, w) = 0. For Tm < Uk(n),

Ψ(m)
kn (Dk, w) can be written in terms of the joint PDF fγ(·)

of the vector γ = (γn− , . . . , γn+) of subband SINRs as

Ψ(m)
kn (Dk, w)

≈ rm

� Uk(n−)
Lk(n−) · · · � Uk(n)

max{Tm,Lk(n)} · · ·
� Uk(n+)

Lk(n+) fγ (u) du� Uk(n−)

Lk(n−)
· · · � Uk(n)

Lk(n)
· · · � Uk(n+)

Lk(n+)
fγ (u) du

.

(35)
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To compute the denominator D(k)(n) in (35), we substitute
the PDF fγ(·) of γn− ,…,γn+ from (14) in (35). This yields

D(k)(n) =
� Uk(n−)

Lk(n−)

· · ·
� Uk(n)

Lk(n)

· · ·
� Uk(n+)

Lk(n+)

1
( γ̄k

dk
)dkN

× e
−dk

γ̄k(1−ρ2)

�
un−+un++(1+ρ2)

�n+

i=n− ui

�

Γ (dk) (1 − ρ2)dk(N−1)

∞�
t=0

Z2t
k

×
�

ν1≥0,...,νN−1≥0
ν1+···+νN−1=t

⎡
⎣ n+−1


j=n−+1

(uj)νi+νi−1+dk−1

νjΓ (νj + dk)

⎤
⎦

× (un+)νN−1+dk−1

Γ (ν1 + dk) ν1(un−)1−ν1−dk
dun− . . . dun+ ,

(36)

where Zk = dkρ/(γ̄k[1 − ρ2]). Taking the integrals inside the
summation, separating them out in terms of un− , . . . , un+ , and
writing the resulting expression in terms of lower incomplete
gamma functions yields the expression for D(k)(n) in (20).
The integration in the numerator in (35) is also computed in
a similar manner.

The expressions for the numerator for subbands n = 1 and
n = B are computed in a similar manner. They turn out to
be slightly different due to two reasons. First, the limits of
integration for these two boundary subbands are different from
those for the other subbands. Second, in (14), the exponents
of u1 and uB are different from those of u2, . . . , uB−1.

APPENDIX B
DERIVATION OF RESULT 2

As in Appendix A, Ψ(m)
kn (Dk, w) = 0 for Tm ≥ Uk(n).

For Tm < Uk(n), it follows from (23) that

Ψ(m)
kn (Dk, w) ≈ rm

Pr(Wk = w, γkn ≥ max {Tm, Lk(n)})
−Pr(Wk = w, γkn ≥ Uk(n))

Pr(Wk = w, γkn ≥ Lk(n))
−Pr(Wk = w, γkn ≥ Uk(n))

.

(37)

In (37), each term in the numerator and the denominator
is of the form Pr(Wk = w, γkn ≥ g). From (6), this common
form can be written as

Pr(Wk = w, γkn ≥ g) = Pr
�
ζ
(w)
k ≥ Tw, ζ

(w+1)
k < Tw+1,

. . . , ζ
(M)
k < TM , γkn ≥ g

�
. (38)

Computing it is intractable as it requires an
(M − w + 2)-dimensional joint PDF of the RVs
ζ
(w)
k , ζ

(w+1)
k , . . . , ζ

(M)
k , and γkn. It can be simplified by

observing that if a user cannot decode MCS w + 1, then it
it is highly unlikely that it can decode a higher-rate MCS.
Therefore,

Pr (Wk = w, γkn ≥ g)

≈ Pr
�
ζ
(w)
k ≥ Tw, ζ

(w+1)
k < Tw+1, γkn ≥ g

�
, (39)

= Pr
�
ζ
(w)
k ≥ Tw, γkn ≥ g

�
− Pr

�
ζ
(w)
k ≥ Tw, ζ

(w+1)
k ≥ Tw+1, γkn ≥ g

�
. (40)

Similarly, if the user can decode MCS w+1, it is highly likely
that it can also decode w. Applying this reasoning to simplify
the second probability term in (40) yields

Pr
�
ζ
(w)
k ≥ Tw, ζ

(w+1)
k ≥ Tw+1, γkn ≥ g

�
≈ Pr

�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ g

�
. (41)

Combining (40) and (41), we get

Pr(Wk = w, γkn ≥ g) ≈ Pr
�
ζ
(w)
k ≥ Tw, γkn ≥ g

�
− Pr

�
ζ
(w+1)
k ≥ Tw+1, γkn ≥ g

�
.

(42)

Applying the simplifications in (38)–(42) to each term
in (37) yields (24).

APPENDIX C
Pr (Wk = w, γkn ≥ g) FOR MISO WITH MRT

Using the approach in [11, (51)], we get

Pr
�
ζ
(l)
k ≥ Tl, γkn ≥ g

�
≈ 1

Γ (dk)
√

π

GH�
i=1

zie
−g�

×
dk−1�
p=0

�
dk − 1

p

�
(g�)dk−1−p

GL�
j=1

z̃
(p)
j

×B
�

B

B − 1
e

−Tl
βl − 1

B − 1
e

−(α̃
(p)
j

+g�)2
ϕ2

kΔ(αi)
(k)

βl ; ali, bli

�
,

(43)

where g� = (1/ϕk)
�

g/κ (αi) and κ (x) = e(
√

2σΩk
x+μΩk)/ξ.

The constants z̃
(p)
j , α̃

(p)
j , GL, zi, αi, and GH have been defined

in Section III-B. The parameters ali and bli of the Beta RVs
are calculated using (28) and (29), respectively. The mean μli

and variance Vli are

μli ≈ 1
Γ (dk)

GL�
j=1

z̃
(dk)
j e

−
ϕ2

k

�
α̃
(dk)
j

�2
κ(αi)

βl ,

Vli ≈ 1
B − 1

⎡
⎣ 1

Γ (dk)

GL�
j=1

z̃
(dk)
j e

−
2ϕ2

k

�
α̃
(dk)
j

�2
κ(αi)

βl − (μli)
2

⎤
⎦ .

The detailed derivation is not shown here to conserve space.
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