Lecture-13: Perturbation theory

1 Perturbation theory for proof of convergence

Proposition 1.1. From the local exponential stability condition, there exist positive constants k, cg, ¢y, cp, ¢
and a Lyapunov function V : R* — R, such that

co INRO|* < V(NA() < co [NRW), (1)
IVV(NA())| < Ney [|h ()], (2)
V(NRh) < —¢V(Nh), for ||®(a)] < k- (3)

Proposition 1.2. [t follows from the global asymptotic stability condition that for any k > 0, there exists
ti € Ry such that ||®(a)| < k for all t > ty.

Proof. From the global asymptotic stability, we have for any initial point a € M(Z) and € > 0, there exists
te > 0 such that ||®4(a) — a*|| < € for all t > t.. Since |®;(a)| < ||Pi(a) — a*|| + ||a*|, the result follows. O

Corollary 1.3. Under local exponential stability and global asymptotic stability conditions on the mean-field
model, there exists a Lyapunov function V : R — R, such that V(Nh(t)) < V(Nh(ty))e ?¢=t) for all
t >ty

Proof. Recall that at time t = 3, we have V(Nh(t) V(Nh(tg)). Further for times t > tj, we have
|®:(a) — a*|| < k and hence (V(Nh(t)) + ¢V (Nh(t)))e™ (t t) < 0. O

Lemma 1.4. Let d = |Z|, and consider the Mckean-Viasov equation a = f(a) for distribution process
a: Ry — M(Z), that satisfies the following two conditions.

Condition 1. Lipschitz partial derivatives. First order partial derivatives 8£ =(a) (a) exist and are Lipschitz

for all w,z € Z.

Condition 2. Stability. The mean-field model is globally asymptotically stable and locally exponentially
stable.

Consider a,b € M(Z) such that ||b—al| < & for some ¢ > 0, then there exist positive constants ¢ and o
independent of N such that

ING - a) Ve (a)] < ce ", 12,(5) — B1(a) — (b — a)V,(a)

c —0
h < 7ze™”
Proof. Recall that e(t,a,b) = ®1(b) — ®i(a) — (b — a)VPi(a) and h(t,a,b) = (b — a)VPi(a). We will fix a,b
and simplify the notation to e(t) and h(t). Recall that

d

Z 7 Ofi( (I)t )) o = Z Zag@?t )‘? aq;é?)kei = VP (a) Ve, @) f(P(a)).

Jj=1 ,5=1 =

We can write the time derivative of h as

h=(b—a)Vaf(®:(a) = (b= a)Va®i(a)Va,(a) f(®:(a)).

Therefore, we can write the time derivative of error e as

é= f(®:(0)) = f(®e(a)) = PV a,(a) f(P:s(a)).

From the definition of error, we observe that e(0) = 0. We observe that

L =2(h i) =20 KV F(i(a)



1. Since h is defined on a bounded set and first-order partial derivatives are Lipschitz, the first-order

partial derivatives are bounded, as there exists a constant x > 0 such that ‘% ||hH2) < w||h|)?. This

together with the fact that h(0) = b — a implies that [|h(t)|| < ||b— al/e2*. From local exponential
stability condition, we obtain that V(Nh(t)) < e~ =tV (Nh(ty)) for t > t;. Thus, we can write

ce [NA()|* < V(NR(1)) < cue™ ) | NA(t)|*.

Thus, we can write

Cy _¢(p_ Cy  (o+K) _®
INR()]] < V¢ 20 | NR(t) || < Vet TN —a)] e =" (4)

2. Fix z € Z where d £ |Z|. From the mean-value theorem for continuous function f : M(Z) — M(Z),

Fo(@e(0)) = f2(Pe(a)) = (R4(b) — () V fo(Re(a) + (Re(b) — P1(a))€:)”
for some ¢ € [0,1]%. Recall that e(t) + & Nh(t) = ®4(b) — ®¢(a). Thus, we have

o = €V L (Bila) + (e + WE)T + L NAVL(@o(a) + (e + D)) = V1(21(a)")

Since the first-order partial-derivatives of f are Lipschitz, there exists L., M, > 0such that ||V f,(b) — Vf.(a)| <

L. ||b—al| and sup,cq per= |V f2(b)|| < M.. Defining a constant B £ sup,cq yen(M: + % | Nh|) V
L, ||Nh| independent of N, we get

L, 1 L, L, B
2 | < = - < = < _
621 < llell M + 22 [INB| (el + - INBI) < llell (M + 22 INAI) + 5 INAI < Blell +

N2

It follows that ||¢|| < BVd |le|| + N2 , and since e(0) = 0, we obtain |le(t)| < ﬁ(eB\/Et —1). We can
write the time derivative of Lyapunov function as

V(e) = (&, VV(e)) = (F(24(0)) — f(®e(a)) = hV f(Pe(a)), VV (e)) .

Consider ¢ > t;, such that ||®(a)|| < k. From (3)), we know that V(Nh) = (VV(Nh), NAV f(®,(a))) <
—¢V(Nh). Replacing Nh by e in this equation, we get (VV(e), eV f(P+(a))) < —¢pV(e). Therefore,

we obtain

oV (e)

V() < =0V (e) + 3 (£-(@u(b) = £-(1(@) = (e + VL (@) ) =2

Z€EZ

Substituting e + h = ®4(b) — ®4(a) and &, € [0,1] from mean-value theorem in the above equation and
using the L,-Lipschitz property for Vf,, we obtain

age(j) < =V (e)+|le+ hl[> (L, VV(e)).

Vie) < —¢V(e)+)_(eth) [sz(‘l’t(a)+(6+h)£z)T*sz(‘1>t(a))T

ZEZ

Replacing Nh by e in ([2)), we obtain |[VV (e)|| < ¢, |le]|. Taking L as a constant for all z € Z and
applying Hoélder’s inequality to (L, VV(e)) and from Minkowski inequality that implies ||e + hH2
2([le]|* + [|]]*), we get

V(e) < =gV (e) + 2LV dey(|le]|’ t N2 ||Nh|| llel])-

Substituting Nk by e in (), we obtain that c; lell> < V(e) < ey |le]/?, and thus

Ve < (o~ 222 1o Yvie) + 2LprN2 N2 VT,




Defining a constant ¢ £ Ly/dé? C“c” sel¢+te it follows from () that

V(e)<—(o- 2LCMH 1)V + g VTl

Defining W £ +/V and considering time t, such that ||| < f for all t < ty, we obtain
W(e) < f?W( )+;e for all t >ty A ty,.
4 N2 ) C

We observe that %(W(e(t))e%t) = (W(e) + 2W(e))e it g %e%t_d)t for all ¢ > tj. Integrating both
sides over t > t;, we obtain

¢ (7 4¢ C
W e(t)) < W(e(te))e™$7) + / e D0 < [We(t))e T + J e < e
Since W = V/V, substituting Nk by e in , we obtain
Vd CVd s
lelly, < Ve flell, < —=W(e) < ze
Ve VanN
O
Corollary 1.5. Under the conditions in Lemma[I.4, we have
[ Ive, N - )< [ letabl <
— t ) X 20_7 teR, » &y 1 X O'N2.

Theorem 1.6. The empirical distribution processes of a family of CTMCs (X : Q — ZN) : N € N)
converge to the equilibrium point a* of the mean-field model in the mean-square sense with rate O(hy(N) V

ha(N)), i.e.,
E_un (o) || AN (00) — a*||” = O(hl(N) v hg(N)>7

when the following conditions hold.

Condition 1. Asymptotically accurate mean-field model.

E avi |[F(AN(G) = D0 Qhv(as(b = AV())|| = Oha(N)).

bibs AN (00)

Condition 2. Bounded mean state transitions. E .~ ) 2 5248 (o0) Qﬁz(w) 5 1o = AN(oo)H2 = O(he(N

Condition 3. Bounded state difference. MAX, 94N - IIb —all = o(1).

Condition 4. Lipschitz partial derivatives. The first order partial derivatives gTZ exist and are Lipschitz
for allw,z € Z.

Condition 5. Stability. The mean-field model is globally asymptotically stable and is locally exponentially
stable.

Proof. Recall that h(t) = (b — a)V®(a) and g(a) = _fteﬂh |[®;(a) — a*||* dt is the solution to the Pois-
son equation where the integral is finite and hence we can exchange integral and derivative to obtain
(Vg(a),b—a) fteR (a) — a*), h(t)) dt. Taking N(b—a) = e, — e, for z,w € Z, and recalling that
INh(t)|| < ce=" for some ¢, > 0, we observe that

Vg(a)] < / 2 [y(a) — a* | || NR(H)]| df < oo.
teR,



Thus, we can conclude that ||Vg(a)|| < K for all a € M(Z). We further recall that we can write

E an oo ||AY (00) — a*

i = ETI'AN(OO) l <V9(AN(OO))7 (f(AN(OO)) - Z Qﬁz(w)ﬁb(b — AN(OO)))>

b:b#£AN (c0)

= > QN (90) — 94V (00)) — (Tg(AN (00)), (b~ AV () ) |.

bibs AN (00)

From the Holder’s inequality applied to the inner product, triangle inequality, and the fact that sup, [|[Vg(a)| <
K, we obtain

. an o [|AY (00 < KE v || f(AY (00)) — Z QAN(OQ) p(b— AN (c0))
b:b£AN (c0)
+]Eﬂ-AN(oo) [ Z QAN(OO)b’g AN <Vg AN )),(bAN(OO))>|‘|
b:b£AN (00)

From proof of Lemma [T.4] we observe that
| lel, =g -l [ 1wl =odp -l
tERy tERL
Further, we can show that there exists a constant b independent of N such that
1
9(b) — g(a) = (Vg(a),(b—a))[ <b ) lle@lly dt + 55 / 1h(0)]|* dt = O(||b — al|*).
teR

O

Remark 1. Relaxing the perfect mean-field model assumption implies that the CTMC A" is no longer
required to be density dependent. Furthermore, relaxing the bounded state transition condition makes the
result applicable to CTMCs for which the number of jumps during a transition is a function of IV instead
of a constant. The rate of convergence in these cases depends on the distance between the generator of the
CTMC with N particles and the mean-field model, and depends on the mean-square jump size of the CTMC
AN at steady-state.
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