Lecture 17/, 18, 19 )

Hacr\da # Mhplicafive. weighta update ,on predichon and
I (a mudhoamed bandit
¥ Lown bounds

E@wpﬂi? with the best coi'n

Fon ;gimphu'/y , we will restnict 1o a pimple, yet canonical {oﬁw.l—

ation .

Paedichon Problem (PP)

Thue 1o an umknow v Aequinit y":(«d,,...,,,) e 0,13,

Oun 3001 jo b puedict the next Cnba, b? .o_ookin& of the

Puvious entnies.

- amjt’ in the wWanab-ce we n be (orery eusy hme .
Bt we o.Ja Aeek b be compelibivt with a Ad'oi k
expuA; which wt com denote ba k. coim :

Gini odput x; (Heiod adtimet, lcten
Rewnsd- FF o comecl pudichons
Opaowdion: 2= ((w0), ., %.(v), V=i< k)
0= (3 x9= | 4! (1&;(”%,..., 1{,,‘,(*,0#,%')) : i<k,

Ol 2a0)  Lons of the enpe
redi chon o‘ the {u.h“—';

2 («QoMca o the poot, padidhon) ;:i-,:%%:c covt O“b)(




HCh'O\n . Choode an ex‘wd’ -Il— 'oauo' on Ot: @
I{,— = 6+—[Oe) é[ﬁ]
Qeand’ Forumulotion :

P L -
P( R ") = g"’ ;";:'} (Z‘ 15 %, B2y, ;:':ﬁ k fi,’ 1{7«;&4 iaﬁ)

Multiaamed Bandit Prsblem  (MAB)

Obpevafiom: Ke ovda obsuve the od’pui‘e{ the selected
coin, Oy = (XIJ(J), e yet-l)

We cam define "8 (k,n) /.uwluda 69 alave .

It 4 ny o rce 2 ™en) 2 2"kn)

Bk a5 wt gaw ki, in the waratcage the prdidon
Can be wong ety fime., amdl fkw‘om 7"len)= O(n)
Ty, thwe d.:éinih'om one pot Wa voefud. Swtp'ubiv\a((?,
the mulbpliahi Aget-can be handled. We. difine

n
R (o) = min wan  max Log Z2 gy 1,3
B Yeiod  l<ick

Elilaﬁ)#y.,}
> he will pee ﬂ'\oi' Jb, the beot expw\*inwm a Ao

cr‘, 2 .‘.!'-loak, then
K"(k,n) = a




]j He;ah’rd Ml?om!'a nlaammm(un)( e mulfiplicahive wu?k{' @

update methad Mrona
Tnitialize : w¢ = |, = i<k Hazan, Kole)

For t=1, ., n, updcd’e_

tH

Wy = "’*’it ('- 812)&(4')#3&)}) ’, 1<k
Ou}Ei: é}: = Joogk ie (K] at 2l is the u.vcu?N'fJ

modwtz ‘e
k
Z flL > =t

Devote: %= paedichon () ot time
¢
IIM = fo‘ral Roan inamed HU time t

— ‘me{)

= 5 - Lidiyeyid
= f'ohi. Lo o{ Cxpod' i il hme

t -
L - = Linieyy L (y)
Theoavmm  Fon vty £ Y,

——

buw = Llogk+ 2we) 4] . ¥ ielr).
Enoo‘ We fol(ow a po{'ﬁn"/ol {umcﬁow aﬁuaacla
Let §° = 5 0t e the potentiad ot tme t

=

Ty l
, @:k’

and ot - (-




The lua obAwha: A the W““‘ rake

¢h' = L-.) - £ st 1i";(+)¢%4—3
(=

When 2 9y, X
B ZU* - £ Z‘ o 1{1( (#) = % )3

L=1

_zu" - s _Zu/z = P (rel)

< 4 (s+35Y t doslk,
[Al'hb( hj_:.:z < £rg” i[)zgl/l)

hon gl Thu,

e

Q:n c Q(Hi)ﬂ-k + l Q%}L
Coao“m\}. I& l:n =min 4, @"’a h‘>/ , them

Lelk)

R (k) =2




rod. UAfry the. paviows thaoaum, we ge-

Ln

) < 2(5 + L »QOJk ) +
t

'(min \wn

< 4 lo?hlv:“ + ol

whot Wt tnged 0ssumphon o{ the. c:mollav ‘odcf“£<‘,é
1« by oxumphon | L» < 4.
J’f WA A?" 3 pron %m
Otherwige wt hoat
Lo . t«} T, .2 %(F’;,- z)
R:jn ’U';"‘ Loin
> lfm <
-l,,an
> R "/k n) = ﬂaell =2 ]
Z’ Muﬂ’iph‘cab\m woihi' updal'c
l\)lulc Uc:?k‘hw' malo)‘u% dlowed o 1o come mulhphca.’\\rd?
d.OAL b the »QCM%»(MO ‘an GII\A thip A the. lﬂ-‘o{
we can do, Om ovmage we com 3&& oublinean. negnek.
We now allow nandowized é thet~ choare c?(pul' 1=t
with Pﬁobabnbf& 6{, ’Ot Degme,

Alkn) = i man 2 E[Ly, (O] - min Z 46,
e 4 te(k) t=




Mdtiplicahive b)eiaH' Update (MWU) ®
- UPM& wdaH’ an Ll{d“-l
- Selede T with probabibly pf) = w;"/@*, e (1]

7__5._{0—.’1-{!'\— ,:OJL ié‘/z_/

E[ﬁ:’!w\)] B Lv’:‘“" = ﬂoak + Qﬂ:\:w
E

Jaeg @hi 2 1t

=)

W

é’f{% Pt(i) ('_Q)Q;U’)
k
= @tf—;ﬂ(i) (-2 ¢:tn)

R O P )
-§(aa§%&>

E [ (V)

< @’f o~ £ E [tz 8]
t .
< k. &'Q%E['QIJ(J)]

= k. e—& ’E[Lfmu]

t Lf
@ 2 wt= (-9
> L dg(tc) < Logk - 2E [Gu]

S [ |[fwg] =llogk + 207 + £
[ Wv & & ((,wl'w& —b?(l—c)ses«w‘,)

=l,




N ®
L E[4,]) - 4 =

iL,OOkain
A A

whoe we wed @
g = l Jbod:k .
m

Kemonk ). The Condikow @ abosve io e comany We

Cawn 3d’Ju'o( o(ﬁ" ,w.uva o mone aw?{.,.( anal7m). as
{ol(ows: Devote. €™ =(1-2). Them,
é(—fl Zh e-n(lfq» Lilt++)

(=t

— :
Eﬁ Z. ":"“
ot

£t e
< | - et Ae) .21.'(**’)&"

1= + yl ._——————-lz' . y

= et 2 Z% oMk

=1 (=

(W’iva ejk < "‘)U—)(?L ¥ 7 O)

< - E[L, (¢0]+ pr E[ 1, (+]
A
ke we woed Ly (FtD) 2| [in ow cae £ (F1)=Li (1)
TWV), pocud:ra o b‘{w ,
-1 Loy < ﬁog kR - n E[ﬁnr;u] +_ﬂ:;_n




n n
> E[lﬁhﬂ)]’ Loia = {?a,k—; m ¥nso
n N
Whida 7\:'(0 the Co.ml(.a.nv wiftrouk ooowm'a. G)

Remark 2. The rchume ohove neguineg, the kmwled7¢
O‘I n to Ac{'q . Pn ao(aph'\)(_ N Can be

wed o ?d' the Aome swoudt withoud
Rhowiv\a n

We. hanve Shown
5, P k < 3 n Lo K
5[k ) ';z~‘ 9

[D] Mubbarmed Bandsit
wc, now wmoyc ‘{’Z) the MA Pnoblcm and conaidw

5"P8 = mn m > - min 4% A
5k ) 3 ET’E[ L, 0] i Z Lo

Lilt) = Llxtw), Ye) -
¥ A 3imple extension 01, MWU kb the MAR will MMPLJ'

upolake the wu‘ahf oi the seleded . T thin case
£+ k - -Q,_(‘“Jl I, =t
@ - = wt e £Xe= i3

M~ T ™

IN

(=

wt (1- n L) Dy, g *%L 0:(+) ﬂi:md)




,’Mbm whaae  wt dom’{ knouo 'ﬂ\mu 1o pnocceo'_ @
> Fix 1 Dencte b(?‘ Pe(i) the yMbab;u7 1 &Am‘?
the " .

Let 2i(H) = & Agp s,
P.(i)
and. updote the waim @

el " 2.(+)
+ - .
'wi.c'\‘ .

w, =
The’": t+l R + " 2 \R?
§ < {;lwi (l— vlﬂa(’c) + ?ri_ 0, (TL)>
k
= éf ( | — rl > P.li) A.;{H_ 121+=53
L Pe
+nt Zoply L 1, .
-I =\ Pf() —"7:—('_) 210— S)
e 31y tso+ g La(H) )
- Ff(lt)
bt w ant Atude again Ainee P, (T) an be
aAlaH'J\M.ib, Amall .

»Fx2 Add o comptant Pe (D).

A AN




Foa thia o.lao., we hawe
bk YRE
@ = ZW.oe

=)

< ﬁu, / g_{mLpL +))

t

tik
? E( Pe()- Vl/k) ( 11(’r)+_yl ﬁ (H)

l" rl lk”
t+! k '3
2 QT <] - _1\_ . Z, P, (i) ZU—) + rlL %f.-(’r)
¢ k(i) e-(Fn)
L ke e
TN Sy L),
26 (1-n) "
Whue
L = LW ag
P (i)
Note M
L N b‘ N
_I_LZZ p ) Lty = W Z L L = Zg )
kx_ = k* =1 F (=
Thun,
te k.
Bl () i (D)
é'{‘ k_(!,rl) k"“ '[) =1

Tk o, "= '-ﬁ— I- ll + + Z0,(
- ¥ 8 ( ﬁ—"'l) ) ﬁ?n)lhﬂ”“))




kliq) k(y)
k n

5 ,zzzm)
2k1.('_7) i1 t=

On the stha hamd
¢ > w - flP/ Z 1.-(+))
Combima e bownds abo\r( W ?d-

-1 = A Loo k. ~1_ = 1, ()

k(lrr))t”'
L, 30 == 4w
L k’("’]) =1 t=1

Kﬂwanafﬁ the tams and fak?r\a, Cz,)ed’aﬁoh on both Alds,
[z Lz, (9] = Log b 4+ 1L = E[1. 4]

(l'\) Izl;l +=1 )
+ 3 . z:z: JE[)z m]
o L"(l'qJ t=\ i

Qaim: E [Li(H)])= LW

ﬂ. E(Z;(f)/I,,..,It]= ﬁ,iw Lsr -3
s E[L.W]: L6

o,

n n n h
Eflae]) < k{o;h + Lin+ %. . Z ié}“‘“)




D E[Loy]-tun = KAk 5,
1

= 5 e k Loy k. fo\yl=(_ILTﬁ.¢LL.

@

E] Lowo. Bounds
Both i”{k,n) and "8 (k,») have the 5ollouin&

Common {o.n,m:

_J-L(k,ﬂ) = mn man Py ’E éiu’
’9\ 5"6{0,13" l<i<k [m f&lf);eaf}]

- éﬂ‘{n(ﬂ#gé
The two problema ovJAa ah'“u in flein inﬁwmlv’ov\ Alauchue .
We {ol(ow the Aome approedn to deive Lower Jooumds
f‘”‘ hoth pasblema :

7lk,n) > ﬁ(k,n) = min max /E[Zn: 27, () - min Z:Z.'(f)]
R Ce Rt

whua

2 ~iid Ba (ri)
To dwive owr dowunn bound  we sulake the ;.:_7\,& pob o
ohove. to that of Kiv\al"na, the i mim'miu'v} pi. namda the
"bheat aawmn idewh'{(ml\'onv probslem.
The Pw\l\'mlm excmpk we work with 1A the {ol(oufna:
Genuate T~ wnil (] anl Lot pd_=2_t-£ and pi=d ¥ 27




Denote ba F ord IE,  The probolilifics urds :r-d and
'E,u— the O\HA.O.L( C)tpczfahon TM {M GM7 9
E‘» (Z ZI - nn Z Zi t’)]

velk] ¢=

_'_ZZ E g_:z (k) - mun 2:2 H
R §=1 N iele) t :)

[z:z () — min_ F, zz(f]
Le(k]

el (4

E; [21,(“] Z. P(1c~4) B[ 2]
e
This woes an impostont pac P“h} 0{ OUA

Con/sbwd\on nam that
Jand on ,bb/y;w Z" am ?{MM inclep.

ojI

k
— S? (T, = ‘)lit*ij —-2 ’PJ(I& J)

Denste ba N; the numbs oz tmer Ty =) i dasenin t=l_ n,
v'.e‘/ N Z 1{11' J?l
On Corv\bm\yé f‘m bo und abou{, e ?d'

Ex z:z.I () -win  Z2;(H]

ve(k] tl

> s(n- E[N3])

——
avea o‘ig, # o‘hw\w the bof cAm A nel AC[CJCA




Oun gcmi now do b bound E*[NJJ{& PP amd @
MAR  The idwa o that /E [] i not \rb? O\f;«f‘]{ﬂa‘w\
F, shue eadh 2] Bu()/, Fonwfl? we wil Ahow:

Lemma

(/Al'r} tix Lemma, and MHV} thal

ZN n,
J=!

Wwe. 30;{-
Rlery> en(1g) = eom £500
[2 - ¢ J‘F\a(h)] Con he peleded

ohi dn f“ hen [ <1
F ;zr;,(w L_-—-/% @
- L (Ink, g MAB,
‘13(” e {n, {or PP

We hayvt:

__Q(\r‘) < 2%k, < O(J !.ka)
() e M lem) < O(WQ@;L) “’L‘e“t]

(The wre kscn will be anmignad a5 M)




I?Roo‘! o! Lemwa @
Nste that NJ depends 0»17 ovn L, L, whid in tuan
dcmr\dﬂ on 0, . 0,. Recall that O indudes whidh am was

Acleded ot h'mcé ‘M Iéd's-b—-l. Denche l:? P the
distnibuhion aj 0"  wdnlP, and § i dirtibusion
wndu 'Pd Thew,

Ei[n,])- E.N] <2n d(78)

<[22 n. XD(PNQ) *

Conpidan )

D(Por 1 86+) = 2 D8y, 1pe | 0, us | r)

Fen MAB
Note thek 0O, = (I, Zs., (t+)) . Fudhamare, givom Q

fiuol 0- ot
PIh\'O* [L, Uf) - &leoe (l, af) :
Thone |
NM‘ D{POL—HID" // &Owlof/ PO‘L)

L_s) - D(PZ:[“,(HI”D{P, Len }} (‘921+ﬂ(4+l))0"',l—+.,/ Po+f Ihl)

= [E, [1,2:‘,.:}5 D(,lT //5’—2)]




e co E[1.,)
Thws

E; [%)- E.[N]
¢ [eaann o {Z Efig,.,]

= ‘E;['JJ)'

= £nfn <
&’
which Compb.lu the p/woz ‘M MAE .
!Foa PP)
Now 0,=(Z.(H, ..Zx (D, L¢) . oua (3) in the

pALViOws am!v/\\) (J«an(?eo to
D(PDMID* // &Otﬂ [ot / PO*“)

) D{P‘etuuloﬂLﬂ ” 82 ctet s, , Pm’l*")

= D(iﬁ ’/:"L—’S) Fbubwihd W( WN7 A‘T{MI L
hovt the suault .




 ledwede [contd) N @

mwm{ Vo_and gudichon usiny MWU

~ Recall that oun %Ocziwaq to fmd &
_Abdn Heod W_)_,?,bamd Mnimhe

s dog EL& x; (t) ) -
SR W 46&_‘6‘# \_‘_l_ o

i S I(z:. B, (i1 27.) )

UAnaQ (ommmd_pwﬁm “wt eotablihad
* that the poblumn i equivalont b pmbq.émla.
o Q/war_mwjgmd (he wmmmm?m qw_)q .
] SL[L,n)_ Q—-!.Qaqqn +001)
fﬁ Pk the Wd%ouﬁhm hod co Campuﬁdnmi

! Im‘aluu% ﬂ\o}dxpmda expou@qﬁé_ on k.

o [A/L Now wWWM .
i JJM% lo the pudichon poblom | bu!r
- wih fime depono’m)-z— »fuw) ’ '

_J




o Sesjially, .
_Joa (ZLPx(f))- —

n

1 T’_—Z@ ({k* D nlt)

o . gt

| éf [ t( \xf“fx )
:‘ = | Zl;k;(\‘) o ZL @Ltli* ) ui )
Z 9 (I(X{' )7( CI‘) -E e( \14*7') z‘\(t}

T J;ﬁﬁ B- alt)
- l_—

A /1) Py
BTN Jaaaowwa ri‘Jéfc = IR TR

c

Thwa,  the M}«JCQMJ{ hounded by
- -—zﬁEL ] _ZP Al

e o "'i

whae fi() < B, -



®)
| UA%OM!A!UrM com bound the Ju'?kf -3idle

bR —

éfeta%ﬁé—ﬁ. Y .

~ Rurak: (@) T algouithm abost iy eaoler
| ,‘NPM v Companiion with v pmvseld
I Mbob‘ojbuh/ma Wdzp&v\da onn
_ oo Jm- W&’,ﬁ}nf/v_, fhe. Q’Q{J%d,wu q{
ju?v)(cm R s Mﬁb?mwm
(i) While the @ MWy iAgCMQM’uﬁg‘,
Zidlon b v eondin auge, bud theae i
| Q,S\,JafLLOU‘é[f&!&na;ﬁ.e,miW‘OM -
 now WM Hme. (omd ol seuelonn
~ hil thot hime). The pous o MY At from
e ?ad—Jfkahtcom harolle g0 ﬁm&-{m—

e fiora. .



Q
thia ¢
anl.&guL
JUILM
Note

tlry .
)\Q{.}U-lm
et ol

bobilik

nJPM

“”‘”5

SN0 )/
Z
| Zﬁ%PéJ}

p
el
&

t=
L




J

1A Jba momm+9 nuabw’ndfow puzped\'v(
— Lt Lo = Lp () T, ba« Lo

2 [e "Z"'"]

— )]

- im0 faﬂuJ.aL Qdf f&p Oun mal.t.pm;n+
:C"'OIQL S .

| ﬂaafE(e &= ]f

E-z IE[ “l“] -
[ quLJ*r LE[L‘]]

—QF[Z_ lq-ri’n ;’
— l@n the olrer f\m\d _fw S
oy Efe L = log Zpfire T




" max -y Z LilD) <qE[2 L]+ g




= "*“(f—f—]

.;__i QHE‘C}>O
T .

T - o
~which MCOMM_&L?MJMM

Thug, ushad wt bowe shawin

tA_Ike /albs..uuv _v




