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Abstract—One class of applications envisaged for the
IEEE 802.15.4 LR-WPAN (low data rate - wireless personal are
network) standard is wireless sensor networks for monitong
and control applications. In this paper we provide an analyical
performance model for a network in which the sensors are at
the tips of a star topology, and the sensors need to transmit
their measurements to the hub node so that certain objectise
for packet delay and packet discard are met.

We first carry out a saturation throughput analysis of the
system; i.e., it is assumed that each sensor has an infinite didog
of packets and the throughput of the system is sought. After a
careful analysis of the CSMA/CA MAC that is employed in the
standard, and after making a certain decoupling approximaton,
we identify an embedded Markov renewal process, whose analis
yields a fixed point equation, from whose solution the saturéon

standard) with wireless ad hoc sensor networks. The end to
end applications, however, will initially remain unchadge
Hence the concern is whether the wireless network will be
able to carry the measurement traffic with the same level of
performance as the wired network.

A. Preview of Contributions

In this paper we provide the results of our analysis of a star
topology sensor network based on the IEEE 802.15.4 standard
Here we limit our work to the situation in which packets flow
only from the sensors to the head of the hub of the star (i.e.,
the PAN coordinator). We first obtain the saturation thrqugth

throughput can be calculated. We validate our model against of the network. Then we provide some results on performance

ns2 simulations (using an IEEE 802.15.4 module developed by

J. Zheng [14]). We find that with the default back-off parameters
the saturation throughput decreases sharply with increasig
number of nodes. We use our analytical model to study the
problem and we propose alternative back-off parameters tha
prevent the drop in throughput.

We then show how the saturation analysis can be used to
obtain an analytical model for the finite arrival rate case. This
finite load model captures very well the qualitative behavio
of the system, and also provides a good approximation to the
packet discard probability, and the throughput. For the default
parameters, the finite load throughput is found to first increase
and then decrease with increasing load. We find that for typial
performance objectives (mean delay and packet discard) the
packet discard probability would constrain the system capaity.
Finally, we show how to derive a node lifetime analysis using
various rates and probabilities obtained from our performance
analysis model.

Keywords: wireless sensor networks, performance anal-
ysis, LR-WPANs

I. INTRODUCTION

Low rate-wireless personal area networks (LR-WPANS)
are designed to serve a variety of applications with a focus
on enabling wireless sensor networks. The IEEE 802.15.4
standard [1] has evolved to realize the physical (PHY) and
multiple access control (MAC) layers of such LR-WPANS.
The ZigBee alliance has developed the network and upper
layers [2]. The overall objective of our work reported here
is to analyse the performance of such networks for industria
sensing and measurement applications. The aim is to replacé
existing wired sensor networks (based, e.g., on the Fisldbu
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with finite rate arrivals of measurements. The following is a
preview of our main contributions and findings.

1) We provide a fixed point analysis, using a decoupling
approximation (see [4] and [10]) for the saturation
throughput analysis of IEEE 802.15.4 networks. The
CSMA/CA mechanism in IEEE 802.15.4 is significantly
different from that in IEEE 802.11, for which the anal-
yses in [4] and [10] were done. Hence a major novelty
in our present work is that we extract a Markov renewal
process model for the evolution of the CSMA/CA chan-
nel in IEEE 802.15.4, and then develop a decoupling
approximation for this model. We find that our analysis
captures the saturation throughput with a maximum error
of 5% (see Figure 16).

We find that the design of the CSMA/CA MAC in

IEEE 802.15.4 is such that the aggregate saturation

throughput decreases sharply with the number of nodes.

We use our analytical model to show that with the

default parameters, with increasing number of nodes the

backoff adaptation does not work well and the network
operates in a congested regime. We show that, staying
within the framework of the standard, it is possible to
modify the backoff parameters so that the saturation
throughput decreases only slightly when the number of
nodes increases. It is also found that packet discard
probability is much reduced after these modifications

(see Figures 18 and 19).

) The saturation analysis thus obtained is used to perform
a heuristic finite load analysis. Simulations show that
the analysis captures very well the qualitative behaviour
of delay, throughput, and packet discard probabilities,
and for the latter two also provides a good analytical
approximation (see Figures 21 and 22).

4) Finally, we show how a node lifetime analysis can be
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performed by using the various event rates and probab{i-GAME) to address the problems observed. Ramachandran
ities derived from our performance analysis model (s§23] has reported a comprehensive list of bugs in the exjstin

Figure 23). ns2 implementation of 802.15.4.
In our work we have followed an approach along the lines
B. Related Literature of Kumar et al. [10]. We first obtain a saturation analysis

Zheng and Lee [11] have given an overview of the standarf. Which each node is characterised by a single unknown
Kinney [9] has provided a description of ZigBee technoRttempt probability, which is obtained by the solution of a
ogy, along with a comparative study of ZigBee with Bluefixed point equation. Then a finite load analysis is obtained
tooth. There have been several simulation studies of tR¥ & novel application of the saturation analysis. Ovefadl t
|IEEE 802.15.4 CSMA/CA mechanism. In [15], Zheng and Le@nalysis is simpler than the one based on detailed per node
report on a module that they have developed for the ns2 sinfdarkov chains and provides better insight. Also we compare
lator ([14]), and provide results from several sets of samtioh OUr results against the more standard ns2 simulator.
experiments. Other simulations studies have been repaorted
[25], [12], [7]. Timmons and Scanlon have done the very first )
analytical modeling of the IEEE 802.15.4 single cell netvorC- Outline of the paper
in the context of medical sensor body area networks. TheirThe rest of the paper is organized as follows. Section II

much simplified analysis [13] focuses on long-term powgjriefly reviews LR-WPAN architecture and its specifications
consumption of devices. Park et al. [19], Pollin et al. [18]n Section 11l we identify various scenarios that occur when
and Tao et al. [21] propose Markov chain models to analyg@des interact using the IEEE 802.15.4 slotted CSMA/CA
the performance of the 802.15.4 slotted CSMA/CA protocol iyAC. In Section V, we identify a cyclic evolution of system
the saturation condition. The analytical approach is sinib  pehaviour, provide a stochastic model of the evolution of
that introduced by Bianchi [4] for analysing the IEEE 802.1¢ertain processes, and also formulate a fixed point equation
DCF with saturated nodes. In [21], the authors assume thafrious performance measures are derived in Section VI.
times at which channel activity starts are renewal instanis  Numerical results along with a discussion are also provided
develop a 3-dimensional Markov chain for the joint evolatiothe same chapter. In Section VII-B, we discuss how back-off
of a node’s back-offs and the residual time within a channghrameters can be changed to modify network performance. In
cycle. This yields a complex Markov chain, whose transitiogection VIl we use the saturation analysis to develop agfinit
probabilities are expressed in terms of an unknown vectgyad analysis. In Section IX we show how our model can be
of probabilities. Finally, after some assumptions the wsial ysed to derive an estimate of node lifetime. Finally Sec¥on
involves the solution of a vector fixed point equation in thige summarise the insights gained from our work in this paper.
unknown vector of probabilities. One assumption that is @nadhe appendix contains the details of the derivations ofouesi

is that the number of nodes that can attempt at any timegnsition probabilities and conditional distributions.
always n, the total number of nodes. Also, only saturation

analysis is performed. In [22], Ramachandran et al. model
the contention access period specified in the IEEE 802.154. IEEE 802.15.4: A $IORT OVERVIEW AND SCOPE OF
standard using nonpersistent CSMA as the access mechanism. OUR MODELING
The authors show that reducing the number of CCAs to
1 is advantageous in terms of achievable throughput and
delay in situations where a MAC layer acknowledgment is
not required. The analysis is also based on a Markov chain
model for the behaviour of each node, but is limiting since no
buffering at the nodes is considered. The authors replaee th
uniform distribution of backoff window size with a geometri
distribution of the same mean. The possibility of colligon
is ignored while formulating the Markov chain model of a
tagged node. In [17] the authors consider a beacon enabled
star topology network with bidirectional traffic. Each node
modeled as an M/G/1 queue and then a Markov model like
the one developed by Bianchi [4] is obtained. Fig. 1. A star topology LR-WPAN sensor network

Kohvakka et al. in [16] provide a simplified analysis of a
cluster tree topology of IEEE 802.15.4 sensor nodes. Ledbni We begin by providing a quick overview of the parts of the
et al. [20] report the analysis of IEEE 802.15.4 CSMA/CAEEE 802.15.4 MAC standard that are relevant to our study.
when all nodes initiate their transmission attempts siamdt Figure 1 shows a star topology sensor network comprising a
osly. Thus these authors do not consider any particuldidrafPAN coordinator and several sensors as leaf nodes. Since we
model. Koubaa et al. [24], discuss the inefficiencies of thmnsider only a simple star topology, with flow of traffic only
CFP and GTS mechanisms of IEEE 802.15.4 standard. Thhem the leaf nodes to the hub, we need to consider only the
authors then propose an implicit GTS allocation mechanishRHY and MAC standards.

o
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Fig. 2. The IEEE 802.15.4 superframe structure.
SIFS

LIFS

A. PHY and MAC Overview Fig. 3. lllustration of LIFS and SIFS
Throughout we assume that we are working in the 2.45GHz

band and hence the PHY data rate is 250 Kbps, the sym&dleriod symbols, otherwise a LIFS of a duration at least

rate is 62.5 symbols/second; hence the symbol timksjss. aMinLIFSPeriodsymbols follows (see Figure 3).

In practice wireless transceivers are always half duplendé

the IEEE 802.15.4 devices require a finite amount of timg, Scope of Our Analytical Model

to switch between transmission and reception. This time is

. . We consider a beacon enabled star topology network, in
denoted bya}TurnaroundTlmen the standard and is equal towhich all the communication is from the sensors to the PAN
12 symbol times.

W he MAC ificat The IEEE 802.15 coordinator. Thus we do not consider peer-to-peer communi-
€ now “”T‘ to t. N specifications. The "~>cation, nor do we consider mesh topologies. We only model
can operate either in a beacon enabled or a non-beacon én & slotted CSMA/CA MAC. and not unslotted CSMA/CA

mode. In the beacon enabled mode, the PAN coordinator wor SSince we are interested,in an application in which m'ea-

W.ith time slqts defiped through a superframe structure (Sgﬁrements continuously flow from the sensors to the PAN
Figure 2). This permits a synchronous operation of the nEkWocoordinator, it is assumed that the active part of the sugpert
so that nodes can go to sleep and wake up at designated ti

W hi dei K Each ; h rﬁ.\éesequal to the beacon interval. For such traffic the time
e assume this mode In our work. Each superirame has acilgqeq in the CFP part of a superframe will often be wasted.

and inactive portiqns. The PAN Coorginator interapts vvi‘tb.t Thus, no CFPs are assumedince we focus on analyzing

petwork only during the active portion. The actlvg portion, - performance of slotted CSMA/CA, we assume a large
IS gomposed of three parts.: a beacon., a contention ac?&ﬁﬁerframe duration. This allows us to ignore the beacon
period (CAP), and a contention free period (CFP). The actiye\nsmission time and all the time wasted at the end of each

portion starts_ with t_he transmission of a beacon and a CQfaacon interval due to nodes not being able to complete their
commences immediately after the beacon. All frames, excqPlsmissions in the fragment of time left at the end of a

acknowledgment frames and any data frame that immediat Ié(acon interval. Thus all of channel time is assumed to be
follows the acknowledgment of a data request command od for CSMA/CA based access
would happen following a data request from a node to the Since we are analyzing the star topology, which has only

Egklﬂ;?é)flnatohr), t_ransm|tted n ﬂ;]e Cr']A‘P’ mlu?/t/use a Srllon%q'ne hop transmissions, the ZigBee routing algorithm doés no
mechanism to access the channel. We note that Wee into the picture. It is also assumed that none of the

do not model data requests from nodes to the PAN CoordlnaI)%rvices; disassociates during the whole traffic flow, and also

in our work reported here. . . that communication failures never cause a device to coeclud
The CFP, if present, follows immediately after the CAP ang o+ it has been orphaned.

extends up to the end of the active portion of the superframéy, assume also that all nodes are perfectly synchronized at
(see Figure 2). To. use a CFP, a.node issues an explicit-| s period boundaries.
GTS (guaranteed time slot) allocation request to the PAN
coordinator. The PAN coordinator, can allocate available&sS& )
to nodes. In the CFP, a device can transmit during its GTS; 1€ Slotted CSMA/CA Algorithm
without any contention with other devices. We note that, as The CSMA/CA algorithm is implemented using units of
per the standard, the PAN coordinator may allocate only digne, called backoff periods, each of lengiunitBackoffPe-
to seven GTSs in a CFP. Hence, no more than seven notied (= 20 symbol times = 0.32 ms). Note that 10 bytes can
can be involved in the CFP during a superframe. It followge transmitted in one backoff period. In slotted CSMA/CA,
that in a network with a large number of nodes this featuibe backoff period boundaries of every device in the PAN
will be useful only for sporadic alarm traffic that requiresry are aligned with the superframe slot boundaries of the PAN
low latency. See also [24] for an additional discussion @f trroordinator, and transmissions begin on the boundary of a
limitations of the GTS mechanism. backoff period.

Transmitted frames are always followed by an IFS period'1We note that the CSMA/CA mechanism can be analysed in themces
Frames(MPDUs) of length up taMaxSIFSFrameSizare of the GTS mechanism by using an approach based on queuesenitice
followed by a SIFS period of duration of at leaasMinSIF- interruptions (see [3]).



Each device maintains three variables for each transmissimacBattLifeExt is set to TRUE, the backoff exponent BE is
attempt: NB, CW and BE. NB is initialised to 0, and counts thiaitialized to the smaller of 2 and macMinBE; otherwise BE
number of additional backoffs the algorithm has to do whilis initialised to macMinBE.
attempting the current transmission. CW is the number of The CSMA/CA algorithm analysed in this paper assumes
backoff periods, that need to be clear of channel activifptee macBattLifeExt set to FALSE, so that backoff countdown can
the transmission can commence. MAC ensures this by petcur throughout the active portion of the superframe amd th
forming clear channel assessmef@CA) at the boundary of frame transmission also can start at any of the backoff derio
CW consecutive backoff periofiSCW is set to 2 before eachboundaries throughout the active portion of the superframe
transmission attempt, i.e., two consecutive CCAs must fied t The default values of the various CSMA/CA parameters, as
channel clear in order for the node to attempt a transmissidn the standard, are given in the following table.

BE is the backoff exponent and is initialized neacMinBE If

a node finds a packet at the head-of-line (HOL) of its bufter, i Parameter Value
starts a backoff uniformly distributed ovér, 227 —1) backoff aMaxBE . S
periods. The backoff counter is decremented by 1 at the start aMaxframeRetries 3
boundaries of successive backoff periods irrespectivengf a macngCSMABackoffs 4
channel activity. The counter is frozen during the CFP amd th machnB!E 3
macBattLifeExt FALSE

inactive portion of a superframe, and resumes when the CAP
in the following superframe begins. Once the backoff counte
reaches 0, the node starts performing CCAs. If both the CCAs !/l. UNDERSTANDING NODE INTERACTIONS IN THE
succeed, the node transmits the packet. If either of the CCAs |EEE 802.15.4 80TTED CSMA/CA ALGORITHM
fails, CW is reset to two and both NB and BE are increased byQur first aim is to develop an analytical model for cal-
one, ensuring that BE does not exceddaxBE If the value culating the saturation throughput of an IEEE 802.15.4 star
of NB is greater thammacMaxCSMABackofthe CSMA/CA  network. By saturation throughput it is meant that all the
algorithm terminates with a Channel Access Failure stdthis. nodes always have packets to send, and hence always contend
packet being attempted is discarded after a Channel Access access. Saturation throughput is one measure of system
Failure. If both the CCAs from a node succeed, it proceeds ¢apacity, and we will see how it can be used to develop an
transmit the HOL packet, provided that the frame transmissi gpproximate analysis for finite arrival rates.
and the subsequent acknowledgment can be completed one IFSke all such standards, the IEEE 802.15.4 MAC stan-
period before the end of the CAP. If this is not possible, thgard [1] is written with an implementer in mindt describes
node shall defer its transmission until the start of the CAP ¢he behaviour of an individual nodén order to model the
the following superframe. system, howevemve need to understand how nodes interact

If the node can proceed, it transmits the packet. This m@y this section we will identify the various scenarios these
result either in a successful transmission or a collisiorsul- \hen the nodes interact. This will reveal a certain cyclical
cessful transmission is always accompanied by the reeeptigolution of the aggregate behaviour of the nodes, which
of a MAC acknowledgment. A MAC acknowledgment is oyl lead to the mathematical model that we will develop in
fixed length, 11 bytes. The transmitting node always waitSection V.
for acknowledgment fomacAckWaitDuratioibefore declaring  whenever a node has a packet to transmit, it starts a random
a collision. If the packet collides with some other packefackoff. Once the backoff is completed, the node seeks a
while being transmitted, it is retransmitted with all baffko reservation of the channel. For that purpose, following the
parameters set to their initial values. A packet is retrattenh packoff, it performs a CCA, at the start of the next backoff
at mostaMaxFrameRetriedimes after transmission failuresperiod, to see whether the channel is free. A CCA lasts
due to collisions, before being discarded. _ for 8 symbol times and the CCA status, either success or

CSMA/CA employs one more paramet@acBatiLifeEXto  fajlyre, is revealed at the end of the 8th symbol time. This
exploit the possibility of energy savings at the PAN cooedlin is pecause if the channel is declared to be free even at the end
tor in case of very low duty-cycle traffic. In slotted systemgt the gth symbol time, the node can turn its transmitter on
with macBattLifeExt set to TRUE, the backoff countdown onlyyithin the remaining 12 symbol times and can begin a new
occurs during the firshacBattLifeExtPeriodull backoff peri- - yransmission at the start boundary of the next backoff perio
ods following the beacon. An IFS period and subsequent frafife actual CCA algorithm involves integrating the observed
transmissions to the PAN Coordinator are required to start §jgna| energy over some window, and the result of a CCA
this duration. So if the PHY at the PAN Coordinator does ng§ highly dependent on the window, the number of nodes
indicate any reception during this period, the PAN Coorthna transmitting and their proximity to the node performing the
can go into a doze mode, thus saving its battery energy.dtA. Hence, in order to facilitate our analysis, we make the

2Energy saving is an important consideration in sensor nésvdn the Slmpllf)(Ing assumptlio_n that' 'f_ any channel activity (Sm'l
802.11 standard nodes keep their receivers on even duridkgptigperiods transmission or collision) finishes before the end of the 8th
so that they can sense any transmission and freeze theitecsuduring symbol time in a backoff period, the channel appears to be

activity periods. However, carrier sensing also requinesrgy. In the 802.15.4 - . .
standard, during backoff, a node's receiver can shut dows @gA is Vvirtually free from the point of view of all the nodes not

performed only after backoff is finished, thus saving energy involved in the activity. This can be expected to provide a



o T, IFS for Node 1 Backoff Backoff Node 1
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T T CCA1l CCA2 Collision Wait duration
CCA1CCA2 Data t, ACK
Node 2
. == Backof
Case 1 Channel becomes virtually D D f = = = | | !
free for other nodes CCA1 CCA2 Collision Wait duration
T IFS for Node 2 . - .
o L orroce Fig. 5. A collision between two nodes. Both complete theickodfs at the
Node 2 H H &w } N } } same backoff period boundary, and both CCAs of both nodestimahannel
CCA1 CCA?2 Data P ACK idle. Then the packet transmissions collide.
Case 2 LW
== = = S
. . o woies [ 1T SSSSE S
Fig. 4. A successful transmission.If the amount of time poed by data ccAlccA2  Dam  t, ACK
in its last backoff period is less than 8 symbol times then @l times [
remain in the backoff period, sufficient to turn around anddsan ACK; Node 2 1 1 ‘ 1 1 1 1 1 1
then Case 1 occurs. Otherwise the turn around time spills iove the next N
backoff period and the ACK must start at the beginning of thet rbackoff Casel
period boundary; hence, Case 2 occurs. [1 [1 S o T ey
Node 1 | ‘ ey S 1
CCA1 CCA2 Data s ACK
: : P Node 2 | | | | | H | | |
higher chance of CCA success, hence leading to optimistic ceAL
results. Case? Backef

In case the first CCA succeeds, the node waits until the stalt 6 Node 2 attempts while data or an acknowledgment aiBgbe
of the next backoff slot and performs one more CCA. If theansmitted in Case 1 and Case 2 respectively. In both thesdag channel
channel is again found to be free, the node starts transsnissi not virtually free. Node 2's first CCA fails and it enters ihext backoff

. f:ycle for the same packet.
at the start of the next backoff period boundary. The reason
using two CCAs becomes clear from the remaining discussion
in this subsection. . . . .
is depicted in Figure 5, where nodes 1 and 2 are shown to

A successful transmission is always accompanied by rc66IIi de

ception of a MAC acknowledgment of length 11 bytes (seé . . L .
While a node performs CCAs, if some activity is going on

Figure 4, where the last byte of the ACK is shown spillin . . L . ;
over into the second backoff period). Once a node finish%?,d the channel is not virtually free, its first CCA itself Wil

reception of data, it needs a tinig.; (see Figure 3) before all. This possibility is shown through Figures 6 a_md 7.
its transmitter is turned on, and then it starts transmissio On the other hand, when a node starts a CCA, if the channel

of the MAC ACK. Since, transmission of an ACK can startS €ither in second CCA (CCA 2) or i~ due to some
at a backoff period boundary only,.. can have values node, then the first CCA (CCA 1) from the node will succeed,

in the range:aTurnaroundTime< t,., < aTurnaroundTime b_ut this node’s CCA_2 will fail. Figures 8 _and 9 show the_
+ aUnitBackoffPeriod The whole transaction also includesituations where the first CCA succeeds while the seconsl fail

an interframe space time after transmission of the MAET Node 2. This explains why two CCAs are needed.

acknowledgment (see Figure 3).
In case data transmission finishes before the end of the  sackor Backoff
Node 1 N =
8" symbol time in its last backoff period, the receiver can N R\\*\g — |
turn its transmitter on (during the remaining 12 symbol tine conn cehz o Collon o waltduraton
before the start of the next backoff period and, hence, it CaRoge »_Backo N1
start the transmission of the ACK at the next backoff period "coal ccAz  Colision

‘ Backoff

Collision Wait duration
boundary. But if data requires more than 8 symbol times in Backo
its last backoff period, the receiver has less then 12 symbadpdes (1| Backof
times in that backoff period and hence the turn around time CCA1

spills over into the next backoff period. So, the ACK has tp, . o -

. . . . ig. 7. Node 3 attempts while channel is in collision and meefeven
wait one more entire backoff period. In either case the cBBNnRrually. its first CCA fails and it enters its next backoffate for the same
becomes virtually free for exactly one backoff period. Dieno packet.

that backoff period by, ... Figure 4 shows these situations.
Backoff

There will be a collision only if two or more nodes —— 7 [] EEiaaaaay ‘  Node1
start their first CCA (in the sequence of two CCAs) at the "CCA1CCA2  Transmission
same backoff boundary. A transmitting node always waits for Backof
acknowledgment fomacAckWaitDuratiorbefore declaring a ][] EeL  Node2
collision. This is the worst case delay which can occur in "~ coaiceaz

reception of acknowledgment. Denote the ACK transmission . -
Fig. 8. Node 2 attempts while Node 1 is in a second CCA. Itsrs€CA

time by,z:zck- ThenmaCA_CkwaitDura_tiOFF max(taC{C)""_Zwk_: fails even when the first has succeeded. Node 1's transmissiaies on,
aTurnaroundTime- aUnitBackoffPeriod+ 7,.;. This situation while Node 2 enters into the next backoff
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Case 1 L S ——
LY.
ﬂ ﬂ = S| S| None of the (n-2) nodes
Node 1 ! ! ‘L\ \‘x \‘x = } ‘L\ \f* } } ‘ ‘ / attempted here.
CCA1 CCA2 Data o ACK Channel | : : : : : : : : : : : ‘\ : :
At least one of the (n-2)
Node 2 } } } } [_‘ [_‘ } } } Cycle 1 Cycle 2 Cycle 3 nodes attempted here
CCAl CCA2——— = (M Typaeacd 20) (n-13) (0, T+ D)

Backoff
Case 2

) . o . Fig. 10. A snapshot of evolution of the activity at three rmd€he fourth
Fig. 9. Node 2 attempts while channel isfp .« . Its second CCA fails time-line superposes these activities, thus depicting clicay evolution for
even when the first has succeeded. Node 1's transmissioiesam, while the aggregate system.

Node 2 enters into the next backoff

case of Node 1 in Figure 10), or a collision between two or

IV. OBSERVATIONS ABOUT THEIEEE 802.15.4\s2 . a
more nodes (like Nodes 2 and 3 in Figure 10).

MODULE
A detailed look at IEEE 802.15.4 ns2 module [14] revealed CCA1 CCA2 T t

dath-ack L. IFS for NODE 1
that there are a few inconsistencies between the module agg.,
the IEEE 802.15.4 standard [1]. We made changes in the ﬂ ﬂ S SN _
module to address the following discrepancies, which are Toaa-acit B T Chanel becomes viruall

relevant to our work. Node2
1) A node performing CCA decides whether the CCA S

has succeeded only at the end of #ia symbol time Fig. 11. A successful transmission. It lasts #/q:q—qcx + 26 duration, the
in a backoff period. Once the second CCA succeec%‘l,a;‘trt‘sr'r:;t"i'r’]“iﬁgyf;rlﬁflvf‘rféh;agi”o%Sg‘gr‘:z)ré."’md only- 1 nodes are available
the remaining 12symbol times(which is equal to
aTurnaroundTimg left in that backoff period are suf-
ficient for the node to turn its transmitter on. Inthe ns2 7
module, a node spends one extra backoff period before
starting actual transmission, whenever its second CGh.. [1 []

= ] ‘
I

SucceedS CCA1 CCA2 { m Nodeslandeepome available
2) Whenever a node’s frame collides, the attempt countg. W;ﬁf;;e(j“hjf:mp‘a“e"“'s momen
is increased by one until the counter exceeds gt
aMaxFrameRetriesafter which the frame is discarded. T, 1% N/ ceal
one of the other (n-2) nodes

Unlike the standard, in the ns2 module a node resets this Channeldocs not become virually attempted at these points
counter when the attempt process of a packet spills over
into a new superframe. Fig. 12. A cycle containing collisions. Its length1$,,;; + 46 because Node
3) In case a channel access failure occurs while attempt%gas attempted at th&” b_ackoff period boundary after cqlhsmn is over.
. . y n — 2 nodes were available there to attempt at that point for neslecy
for a packet, the packet should be discarded. But in the

ns2 module a packet is reattempted indefinitely often . .
. S .. .. Suppose the network consisteftontending nodes, exclud-
after channel access failures, and is discarded only if. it

f . . ing the PAN coordinator. The length of a cycle dependshen
aces more thamMaxFrameRetriegollisions. . . ) .
number of nodes available to attempthe first backoff period
of the cycle. A cycle contains a single idle backoff period of
lengthd, if none of the available nodes attempts to sense the
channel at the start boundary of this backoff period (sedeCyc
A. A Cyclic Evolution 2 in Figure 10). It leaves all those nodes free to attemptén th
Time is divided into contiguous backoff periods whosaext cycle.
duration is denoted by. All node activities are initiated at In Figure 11 we show a successful transmission cycle. Let us
backoff period boundaries. We need to study each nodesamine this carefully. The total busy period of the tratisac
individual behavior and also the aggregate channel agtivits shown asly,iqa—ack- ACknowledgments always start at the
From the point of view of the channel activity, we can definboundary of a backoff period and being of fixed length 11
certain cycles (see the last time line in Figure 10). Thelgytes (i.e., 22 symbols) consume only 2 symbol times in their
could be a succession of idle backoff periods. An idle chanrlast backoff period. Thus, at the start boundary of this b#ck
period ends when both of the successive CCAs of one or mgreriod, the channel becomedrtually free for other nodes
nodes are successful. Once this happens, the channehactibecause a CCA that starts at this backoff period boundary
in the following cycle can evolve in one of two ways: i.e.(being of 8 symbol times duration) will find the channel clear
subsequently there may be a successful transmission (asamd hence a new cycle might be started by other nodes in

V. THE STOCHASTIC MODEL AND A FIXED POINT
EQUATION



this backoff period. ThusTjuia—ack does not include this B. The Stochastic Model

backoff period. Defind uqtq—ack- @s the portion o yara—ack, As shown in Section V-A, the cycles defined are always
excludingtaci- (recallingta.r- from Section i) i.e., multiples of the backoff period. Denote the backoff period
boundaries by, = kd,k > 0. Then denote the start times
Tyata—ack* = Tdata—ack — tack= of the cycles by the random timé5,i > 0, with T; € {¢; :
j >0}, andTp(=0) < Ty < T, < ---. Associated with each
It is seen that, a cycle of successful transmission lasts oy, i > 0, is a random variableX; € {1,2, ......... n}, which is

Tiata—ack+20 duration and, only: —1 nodes are available for the number of nodes available to attempt at the instanthe
attempt in the following backoff period. Note from Figure 1Qycles are indexed by > 1, with cycle i being the interval
that the channel is viewed as being in an idle cycle (Cycle 2);_,, T;). Denote the cycle length by

even though the transmission of Node 1 is not complete.

. . . U, =1T,—T;_
In Figure 12 we depict a collision cycle. If there are 2 or Pt
more nodes available to attempt at the beginning of a cycle,
. T .. . . . X X X X X
there is a possibility of collision. If there is a collisiorf & - 05 ‘ | | N | | | e
nodes, it continues fof,,; duration. During its last backoff  « ot ot ot bt it
period, if a collision consumes less than or equal to 8 symbbl Y 19T, T Y Ta

times, again the channel becomes virtually free from thatpoi_ )
of view of nodes not involved in collision; then, this backof "9 13- Channel cycles and notation for the Markov renewatess

period is not included irf,;;. After the collision, all thek We draw the following conclusions from the discussion of
senders wait for acknowledgment ferac AckW ait Duration  gaction V-A.

before realising that there is teansmission failure Define a

positive integer/ such that o If X; =mn, then Cyclei + 1 may comprise a successful

transmission, a collision, or the cycle may be an idle one,
Tool + macAckW ait Duration Tooll depending upon the number of nodes that attempt.
s W +2 - 5 o If X; =n —1 (as would happen after a success cycle),
then Cyclei + 1 may have a successful transmission, a
where 7., is the actual time spent in collision by a node. collision, or the Cyc|e may be an idle one, depending
A careful look at various parameters reveals that the only ypon the number of nodes that attempt.

possible values of/ are 4 and 5. Thus a cycle containing , |f X, < n—1, it means we are in a case like that shown in

J+1:[

a collision activity has one of the following three posstisk. Figure 12, i.e., at least one of these nodes has attempted,
e Case 1:k < n, and one or more of the — k& nodes and the following cycle cannot be an idle one. It can have
not involved in the collision perform successful CCAs,  a successful transmission or a collision depending upon
while & nodes involved in collision are still waiting for how many nodes have attempted.

acknowledgments. In this case the length of the currentlt is seen that, if the number of nodes available to at-
cycle will be T.oi; + 54,5 € {2,3,..J} with, n — k nodes tempt at the beginning of the cycle is known, the evolution
being available to contend for next cycle. Also the nexif the cycles in the future does not depend on the past,
cycle cannot be an idle cycle. i.e., the random vectofU,,, X;+1) and the random vector

o Case 2:k < n, and all thek nodes involved in the ((Xo,To), (X1,T1),-------- (Xi-1,T;-1),T;) are indepen-
collision finish with theirmacAckWaitDuratios and none dent, givenX;. Hence, although the cycles are not indepen-
of the othern — k nodes attempts for a CCA in thisdent,(X;,T;),i =0,1,2...... is a Markov renewal process. To
duration. In this case the length of the current cycle wiknalyse this we need the transition probabilities
beT..,; + (J+1)d, and all then nodes will be available /
to contenc(j for n)ext cycle. PUipr = u, Xig1 = k|X; = k)

« Case 3k = n. There will not be any node available tofor all possible values ofi, £ andk’. Also, {X;,i > 0} will
attempt after the collision is over. The current cycle wilbe a Markov chain. We can obtain the transition probability
last forT..;; + (J + 1) duration, and all the: nodes will matrix M for this Markov chain, and hence we can compute
be available to contend for next cycle. the steady state probabilities, 1 < k < n.

These situations are illustrated by Figure 12, which corr _Given the number of nodes available to attempt at the

sponds toJ = 4. Here the current cycle may be of length eginning of a cycle, the conditional expectation of the-cor

Toon + (i + 1)8,4 = 1,2, 3, provided that some of the nodesresponding cycle length can be developed, and we can define

other than 1 or 2, attempt at thi&" backoff period boundary '€ following quantities. Fot < k < n (and any:) define,
after the collision is over. The cycle length will B&,;; +5¢ if EpU = Z“ZP(UZ'“ =u, X1 =KX, =k)

none of other nodes attempt while nodes 1 and 2 are waiting w K

for acknowledgments. The figure shows the case where thgen, the expected duration of a cycle will be given as
cycle length isT..; + 46. In Figure 10 the channel enters "

into Cycle 4, while Nodes 2 and 3 are still waiting for EU — Zﬂ'kEkU

acknowledgments. =



€
r(©) (u7 k) CCA2 Taata—ack Teou Tdata—ack* Lack* SUCCGSSfU”y
sent data
CRD) 0 0 0 0 0 0
(Tdatafack +25,n — 1) [ Taata—ack 0 Taata—ack — 0 J Lgata
(u’ k) (Tcoll + jé’ k)

j€{2,3,...J} 4 0 Teotl 0 0 0

k€ {1,2,.. (n—2)}
(Teou + (S +1)d,n) ) 0 Teolt 0 0 0

TABLE |

VALUES OF 7(¢) (u, k) FOR SEVERALeS AND ALL POSSIBLE(u, k)S. IT CAN BE SEEN THATREE) CAN BE UNIQUELY DETERMINED, GIVEN (U;, X;).

We can also determine the conditional expected durations #s follows. As shown in Figure 10, the channel evolves over
which channel is either in second CCAyutq—ack OF Teonr, Cycles. At the end of each cycle we need to determine the
in a cycle. More generally, suppose, in thi& cycle the activity in the next cycle. The nodes that can attempt in the
channel remains in eveatfor an amount of time’%z(e). Thus, next cycle are in their backoff periods. We assume that each
R!® can be considered as a “reward” (corresponding to tisiCh node attempts independently in a slot with probability
occurrence of event) in the it" cycle. It can also be shown3. Thus, if £ nodes can potentially attempt at a backoff
that, for each event of interest, R\ will be a functionof Period boundary, then we assume that the number of attempts
(Us, X;) (see Table I). By this we mean that for each evef binomially distributed with parameters and 3. With
of intereste, there is a function(®) (u, k'), such that, for all this assumption, the transitions probabilities of the Mark
possible values of,, ¥’ and anyi, if (U;, X;) = (u, k') then renewal process, and the conditional expectations defined i
R@(e) — (e (u, k'). Note that{REe),i > 1} are such that, given Section VB can be wri_tt_en down. Thg _detaile_d d_eriv_ation of
X, Rgi)l and ((Xo,To), (X1, T1), -, (Xi1, Ti—r), Ti) are the transitions probabll!tles qnd conditional d|§tr|knul$ are
indepéndent. Then we define (for aly provided in the Appendix. This approach permits us to obtain
channel event rates in terms of the unknown vakue
ExRY =" "1 (u,K')P(Uit1 = u, Xiy1 = K| X; = k) In order to obtain3, we separate out a typical (“tagged")

u K node and analyse it while viewing the other nodes as an
Now, the expected duration for which the channel remains @fvironment We can expresg in terms of certain channel
evente in a cycle, can be obtained as activity measures of other nodes. It is shown in Section V-D

that there is a functiod(, -, -) such that

E(R(e)) = Z TrkEkR(e) ﬂ = G(Oé, Qdata—ack* acoll)
k=1

. . . here« is the probability that the tagged node’s CCA fails,
) w
Let R\“)(t) be the duration duringp, t] for which the channel Vdota_aere IS the probability that the tagged node finds one

is in evente. Then by a regenerative argument (or the Markogf the other nodes in a successful transmission i
renewal reward theorem) we see that, with probability 1, '

the probability that the tagged node finds some of the other
. R (t) 22’21 7L ELR© nodes in a collision. In the overall analysis procedure, ae c
tlir?o r S B U call the above equation a typical node&ssponse equatign
: o .with the various probabilities capturing thefluenceof the
Hence various event rates in the system can be determined.
(e.g., the throughput of good packets can be obtained tﬁirslwronn_went on the tag_ged no_de. Ea_ch of these probabilities
way) are obtqlned as a cgrtaln fracyon of t_|me that the otherl
' nodes (i.e., the environment in relation to the tagged node)

) o are in certain states. For example,,; is the fraction of time
C. A Decoupling Approximation that the othern — 1 nodes are in a collision. In order to obtain

Motivated by the approach in [4] and [10], we propose a d#hese probabilities we proceed as follows: (i) It is assuithed
coupling approximation in order to analyse the above pmcegach node in the environment also behaves like the tagged
In this section we provide an outline of our approach. Eaatode, and hence attempts during its back-off periods at the
node alternates between periods when it performs backoedfs aate 3, and (ii) then we obtain the desired fractions of times
unsuccessful CCAs and periods when it transmits (sucdbssfiby assuming that when several nodes are performing back-
or unsuccessfully). Le denote the rate at which a node’soffs they attempindependentlyeach with probabilitys. This
backoffs complete during the time when it is performinigtter approximation is exactly the kind of approximation i
backoffsi.e., 3 is a rate conditioned on times during which thether fixed point based analyses such as in [4] and [10]. This
node is performing back-offs. Unlike the IEEE 802.11 DCFields equations that can be called tt@upling equations
mechanism, here nodes do not freeze their backoff timersiwhe In order to obtain the coupling equations, we obtain the
there is activity on the channel. So, it is not possible tokwomprobabilities of various events occuring when each ofithel
with “conditional time” as is done in [10] to facilitate thenodes (that comprise the tagged node’s environment) uses th

fixed point analysis for 802.11 WLANS. Instead we procee@nknown) attempt ratg. The channel evolves over cycles as




shown in Figure 10. Using the Markov regenerative analysi®des have saturated queues. A node goes through the backoff
described in Section V-B we find the fraction of time occupiegrocedure for its head-of-the-line (HOL) packet. Each such
by certain events (e.g., a collision). As per the decouplifzackoff procedure can end in one of three ways: successful
approximation, we assume that the tagged node see the eveamatzssmission, collision, or a channel access failure, (hene of
with this probability. Thus channel activity measures sbgn the CCAs during the backoff procedure succeeds). If thege is
the tagged node can be determined in term@0€.9.,a = success, a fresh backoff procedure is begun for the nexgpack
H(n—1,8),acou = Heon(n—1,3), etc., where thed._(-,-) If there is a collision, a fresh backoff procedure is begun fo
functions are shown in Section V-D. This yieldsn terms of the same packet and the packet is discarded aftepllisions
the activity measures of the enviroment, and vice versas THiNV = 4 in the standard, as 3 retries are allowed). Upon the
gives the following fixed point equation. discard of a packet a fresh backoff procedure is begun for the
next packet. Finally, if there is a channel access failure fo
f=G(H(n ~1,6), Hiata—ack+ (n = 1, 8), Heou(n = 1,6)) 3 packet, the packet is discarded, and the next packet moves

The fixed point equation yields, which can then be used toto the HOL position. We seeK, the rate at which backoffs
obtain the aggregate saturation throughput of the netvidrk. complete during times when the tagged node is performing

details are developed in Section V-D. backoffs, given the various probabilities for the other 1
nodes, as obtained above. Let us denote
D. A Fixed Point Equation fop3 K = the number of times channel sensing is reattempted

in a backoff cycle
the mean backoff duration (in backoff periods) before
the (k 4 1) channel sensing attempt for a packet,

Let us tag a node and obtain ifs. A CCA from the _
tagged node will fail if it finds the channel either in second b
CCA, Tyata—ack (See Figure 11) of,,; (see Figure 12). Let

L 0<k<K
Qe A2, Qdata—ack @NAag,y be the probabilities of the channel - = .
being in second CCATuta—acr OF Thou respectively. Then It must be noted that during a backoff procedure, each béckof

considering each of these as an evente can use the analysisWi" be followed by one or possibly two CCA durations before

in Section V-B to obtain their time rates. Noting that once wi'€ Néxt backoff starts following a CCA failure.
have tagged a node we need to find the above probabilities for

. o . CCA Success New Transaction
the othern — 1 nodes, the desired probabilities are given as:
22:11 L EkR(CCAQ) ( ﬂ) CCA Failure‘
QocA2 = — 71 - = HCCA2 n — 1, © _ © o
S Bl
n—1 _
Dkt L — H 1,5 | |
Odata—ack — n_1 = data—ack (TL — 1, ﬁ> ‘ | | ‘
2kt T BT T L
22*11 7, B R0 Bi+5_B) +25 B3 BL+d B2t Bj*25 Byts B%+25
Qeoll — 1 =: Heoy (n -1, ﬁ) 5‘” >(§)
Zk:l 7T]<E]¢U >§u) ){gy x(o)

3

Note that the right hand sides of the above three equations

ili 'Fig. 14.  Evolution of backoff, channel sensing and busy qukifor a
depend ong. Hencea, the probability that a tagged node sfagged node. The first backoff procedure had two CCAs, therskof which

CCA will fail, can be given in terms off as succeeded (see legend on top right). The procedure took anranof time
—H 1 Xio). The second backoff procedure had 5 CCAs and ended in failure
Q= (n - »8) third had one CCA which was successful. Note that a sucde€§FA could

. result in a collision. Then the backoff rate during backoffés, over this
where H(n — 1, 8) := acca2 + Qdata—ack + Qcott, With €aCh  fragment of the node’s evolution i +1

term being given as above. Also letjqiq—ack+ and oy, , . e R
be the fractions of time, the channel is My4tq—eck+ and *
tack- respectively. These quantities can also be calculated a$upposeA;” denotes the number of attempts for tié

functions of 3, in the way shown above. Let backoff procedure after thié” backoff failure Thus,A,(-O) will
n—1 —ack® ive the total number of attempts for the backoff procedume: a
E R(data ack™) g X .
Odata—ack* = L) M the sequence of backoff times will big" (0<k< AJ(.O) -1),

Srt T ERU

with E(B™)) = b. Also let X*) be the time duration for
= Hdatafack* (TL— ]-aﬁ) ( J ) J

jth backoff procedure between thg" backoff failure and
nl () the end of the backoff procedure. Thé{f}(o) will denote the
ap,... = Zkzlnﬁ’; o Hy, ,.(n—1,0) total time occupied by thg** backoff procedure. Evolution
Dok TR ERU of the backoff, channel sensing and busy periods for a node
Evidently, data—ack = Cdata—ack+ + .- - are shown in Figure 1.4. . .
Having obtained these channel probabilities in termgsof ~ Under the decoupling approximation we observe that the
we now turn to obtaining? in terms of the channel probabili- SequenC@(g(' ),j > 1, are renewal life times. Viewing the total
ties, thus leading to a fixed point equation. Recall thattal t number of attempts in thgt" backoff procedureAg.O), as a
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0.2

“reward” associated with the renewal cycle of Iengﬂjﬁo), we
see from the renewal reward theorem that the at(t?mptﬁate 018
L T AL
of a node during its backoff period is given E((XJ(O))). We 016 n=2
now derive expression for this ratio in terms of the channel  ou

probabilities obtained earlier.
We assume that the CCAs of the tagged node “see” the
remainingn — 1 nodes in equilibrium and hence that the

0.12

g
C

0.1

probability that the tagged node’s CCA failsds Thus oo
E(AP) =1+ aB(AD)
and, further )
E(AM) =1+ aB(AP)
Hence recursing (usin@(AJ(.K )) = 1) we get “ om o oo om o1 o om o om o2
E(A;O)) _ EK: ak F;gzlf Iing(ﬁgl(;/?hg ;‘ic))(;ds%voei:]atﬂ&values ofr. The intersections with the

k=0

We now turn toE(XJ(.O)). A node’s first CCA will fail if
it finds the channel i ¢q—qci+ OF Teop. 1ts first CCA will
succeed while the second will fail if the channel is in th
second CCA ott,..~ . Hence,

Numerical solution of the fixed point equatioWe assume
Qperation in the 2.45GHz band and hence the PHY data
rate is 250 Kbps. The backoff multiplier is = 2 as in
the IEEE 802.15.4 standard. In the plots we use the fol-
E(X®) = bo+ (Gdata—ack+ + eonr) (8 + E(X D)) lowing values: X = 4, macMinBE = 3, aMaxBE = 5,
(1) - and by = 3.5 backoff periods. The packet size (MSDU) is
+ (accar +a,,. )20+ E(Xj N+ (1-a)2 assumed to b80 bytes throughout. Figure 15 shows plots of
Using the fact that G(H(n—1,0), Hiata—ack=(n — 1, 8), Heou(n — 1, 3)) vs. 5.
The intersections of the plots with the = x” line yield the
fixed points. We obtain the fixed points by using tizero()
we get function in MATLAB. At this point in our work we are unable
0) 1) to analytically show uniqueness. However, in all the cases w
E(X;7) = bo+ aB(Xj7) + (2 = (adeta—acks + @col))0 eyamined the fixed point was unique. We see that for this set
Similarly of parameters the attempt rate of the individual nodes nesnai

" @) almost constant (at about 0.086) once the number of nodes
E(X;7) = b1+ aBE(X;™) 4 (2 — (Qdata—ack* + @con))d  exceeds 10.

Q = Qdata—ack* T Q, ,« + Qcotl + A2

Again recursing, WithE(XJ(»K)) = bx + (Qdata—ack* + Qeotl)0

+(0¢CCA2 + Oét,,yck*)25+ (1 _ a)25, we get VI. CALCULATION OF PERFORMANCEMEASURES

A. Throughput Calculation

K
E(XJ(.O)) = Zak(bk + (2 — (@data—ack* + Qeotr))d) To calculate the throughput, we again use the Markov re-
k=0 newal process formulated earlier in Section V-B. Succélgsfu
Thus, the attempt raté can be obtained as sent data in a cycle can be considered as yet another “reward”
K & associated with that cycle.
3 = 2 ko & A successful data transmission will take place in cycle
Zf:o ak (b + (2 — (Cdata—ack + Qeotr))d) only if (U;, X;) = (Taata—ack + 26,1 — 1). ConsiderL 4., as

the size of a packet. Then the expected amount of data sent in

a cycle, havingk nodes to attempt at its beginning, is given
Now, it can be expected that the equilibrium behavior of thg,-

system will be characterized by the solutions of the follogvi

= G(Oé, Qdata—ack* acoll)

fixed point equation: ExL = LaataP(Uiy1 = Tiata—ack+26, Xiy1 = n—1|X; = k)
B = GHn—1,8), Hiata—ack(n — 1, 3), Heou(n — 1, 3))Note that once we havg from the fixed point approach we
— T(B) analyse the entire system afnodes; hence, the summations

in this section will run up ton. Hence the expected amount
Since G(-), H(+), Haata—ack+ (-) and Heoy(-) are continuous of data sent in a cycle, will be given by
functions so i'(-). ThusI'(+) is a continuous map frorf, 1] n
to [0, 1] and hence by Brouwer’s fixed point theorem there is E(L) = Z 1w ELL
a fixed point. =1
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Now, using the renewal reward theorem, the aggregajet
throughput of the system with, sensor nodes can be seen

K
to be: Poo = Z " (1 = (a4 accal) + accaipio)
Ezlzl Wk:Ek:L k=0
o S BT _ Ufetacea o)
—
Throughput calculation for a network with a single sensor: i acoai(l—ath)
For the case of a single node, a much simpler analysis 11—« P10
gives the saturation throughput. The average time reqdimed Similarly
transmission of a packet will %+25+6(W], where
Taata—ack 1S actual time required for transmission of data and _ (I —(at+acca))(l —af*)
the corresponding acknowledgment, includig,. Since a P10 11—«
new transaction can start at next backoff period boundaly; on accar(l —afth)
Zuata—ack has heen rounded up. Then, + 1_ p2,0
4 «
N Liata Again recursing(with py 11,0 = 0), we get
bo + 26 + I’Tdatzzs—ack"|5 N OéCCAl(l —O¢K+1) k
Poo = Z ( 1—o )
For a payload of 10 bytesl,.:c = 30 bytes. Taking into k=0
account all headers,., and acknowledgmenty,;o_qck = (1— (a+accar))(l — af+)
122 symbol times (6.1 backoff periods). Henf&; a1 —qack | = 1—a

7 backoff periods. With the backoff parameters in the stashda . . . . .
by — 3.5 backoff periods. Henc@®(1) = 30 bytes /12.5 Then, the probability of a packet being discarded will beegiv

backoff periods = 60 kbps or 250 packets per second.
Pdiscard =1- DPo,o

Define D(n) to be the rate of discarded packets with

B. Packet Discard Analysis saturated nodes. By definition

It is known from the description of the slotted CSMA/CA D(n)
algorithm that the backoff cycle for a frame may end with Paiscara = O(n) + D(n)
either a successful transmission, a collision or a channel
access failure. In case a backoff failure occurs, the franlﬂeence o(n)
is discarded without any reattempt. If a frame collidessit i D(n) = 1- Py deiscard

retried aMaxFrameRetriesimes. A frame will collide only if
while attempting for this frame, the node finds the channel in
first CCA. Letacc a1 be the probability of the channel being
in first CCA. Then, using the approach in Section V-B, the For the simulation results ns2 version 2.26 is used, with
probability that a frame collides, given that it is attenthte patches for the IEEE 802.15.4 LR-WPAN code provided by J.
can be written as: Zheng[14]. We have used the source code released on January
1, 2005, with modifications as discussed in Section IV. &tati
routing is implemented by using NOAH as the wireless routing
agent. This allows us to ensure multihop wireless routing is
not used. We work in the 2.45 GHz band, with the PHY
Let p; ; be the probability of a packet being successfullgata rate 250 Kbps. The simulation scenario consists: of
served after it has facedcollisions and is in theg*” backoff nodes distributed uniformly around a circle of radius 8 mgte
of current backoff cycle(( < j < K). Thenpy o will be the with the PAN coordinator at the center. The decoding and the
probability that a packet is successfully served. We rebalt sensing range thresholds of the nodes are set to 20 meters,
K and N denotemacMaxCSMABackoftsnd aMaxFrameRe- so that all nodes form a single cell. Nodes start associating

VII. NUMERICAL RESULTS AND SOME INSIGHTS

ZZ:l ﬂkEkR(CCAl)
Sk TR ERU

accal = =: Hecai(n,B)

tries respectively. We see that with the PAN coordinator one by one at regular intervals of
0.5 seconds. After 5.0 seconds of the last node having dtarte
po,0 =1— (a4 accar) + accaipio + apo.a association, CBR traffic is initiated simultaneously froth a
the nodes. The CBR packet size is kept as 10 bytes to which
and, also 20 bytes of IP header, 7 bytes of MAC header and 6 bytes
of PHY header are added. To ensure saturation, the CBR
po,1 =1— (a4 accar) + accaipio + apo,2 traffic interval is kept very small; each node’s buffer rees

packets at intervals of 5 ms. Where the throughput resudts ar
Recursing(usingpo x = 1 — (a+acca1) +accaipbip). We  in bytes/sec, and represent the throughput of the MAC payloa
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shows that in this regime of operation, to maintain a constan
Fig. 16. Analytical and ns2 simulation results f6r ©(n) (packets per throughput asn increases,3 must decrease sharply withy
second), andPy;scqrqd VS. n. Simulation results are accompanied $¥% this does not occur with the given backoff parameters.
confidence intervals. . .
Itis also observed from Figure 17 that the same throughputs
can be obtained with much smaller attempt rates, while
A. Results and Observations working in a region where throughput increases with attempt
The conditional attempt rates per nodg, aggregate rate for a fixed number of nodes. The attempt rates, collision

throughputs® (packets per second), and discard probabilitieBroPabilities and hence energy expenditure is much lessisn t
Pyiseara, Obtained through simulation are compared agamgqgmn. This also leads to lower discard probab|I|t|gss_I§iso _
the analytical results in Figure 16, where 95% confidendgen that the attempt rate need not decrease significantly in
intervals are also shown for the simulation results. We makiS région to maintain a constant throughput with incregsi
the following observations: number of nodes.

« It can be seen that, even after many modeling simpli-
fications, the fixed point analysis provides an excellef. Performance with Alternate Backoff Parameters
approximation, for a wide range of the number of nodes,

n. 0.06

o The results show that decreases untik = 10 and then 005
remains almost constant with increasingwhile the ag- oot
gregate throughput increases initially but then decreases “°”
very sharply with increasing. The slight increase i® °®
with n is because for smalt the contention is less and
increasingn increases the channel utilisation. ° imber of noces *

« The discard probability increases rapidly as the number )
of nodes increases and approaches approximately 1 asthe | __-- o
number of nodes is increased up to 50. 200 //—\

We will see later that finite load performance is substalytial © 150
better, and, in fact, derivable from the saturation perfance. 100

50

— simulation
— — analysis

0.01

0

B. Discussion of Default Backoff Parameters 0 2 40 60 0 20 40 60

number of nodes number of nodes

If the expression fo®(-) in Section VI-A is evaluated with ‘ S _
5 as a free variable, for various values dfandn, then we £ 05 A0Sy a0 12 stiston s for vcimaeters e
obtain the plots in Figure 17; note that héeas given in Kbps  simulation results show5% confidence intervals.
(60 Kbps = 250 packets per second). ok 10, the values
of § for which the aggregate throughpéx peaks are much We find that simple changes in the backoff parameters
less than those obtained for the actual system for the defaedn lead us to operate in the desired region. Figures 18
parameters (about 0.09; see Figure 16). Figure 17 also shawsl 19 show the results for two ways of altering the backoff
that once a node exceeds these attempt rates its throughgarameters: (i) increasing the backoff multiplier to 3, gigd
starts decreasing as the attempt rate increases. This is ¢hanging macMinBE to 5 and aMaxBE to 7. Figure 18 shows
region, in which the network operates with the current s¢he attempt rate, throughput and discard probability pédter
of backoff parametersi = 0.09, see Figure 16)Figure 17 we have increased the backoff multiplier from 2 to 3. Figude 1
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Thus, givenp, u(p) is an approximation for the rate at which
packets are being removed from the queue, either by suctessf
transmission or discard. Similarly(p) is an approximation

for the rate of successful transmission. It can be seen that
lim,_.1 p(n, p) = ©(n) + D(n), andlim,_; v(n, p) = B(n).
Figure 20 shows plots qi(p) vs. p andv(p) vs. p for several

500

400

300

200

100

800

600

400

200

n=20

0

0 20 40 60
number of nodes

number of nodes

1200

1400

Fig. 19. Analytical and ns2 simulation results for variousrgmeters vs 200
number of nodes. Plots have been obtained wittMinBE= 5 andaMaxBE 1000 .
= 7. Simulation results sho®5% confidence intervals. 800 1000
800
600 600
. 400 400
is for the case whemacMinBE andaMaxBE have been 200 . 200
changed to 5 and 7 respectively. These plots show that, with  of————c——— o

a slight change of a few backoff parameters we are able to

maintain constant throughput with increasing number ofasod Fig. 20. u(p) (pkts/sec) and(p) (pkts/sec) vsp for n = 10, 20, 30 and40.
Discard probabilities are also substantially smaller. Tdrge

initial backoffs cause less contention in the case of a laryalues ofn. We see thap(p) monotonically increases with,
number of nodes, but on the other hand lead to unnecess&hRereas(p) first increases and then decreases withience,
wastage of channel time when number of nodes is smdRr eachA < ©(n)+ D(n) there will be a unique such that
Hence, we get worse throughputs as compared to those wittp) = A. We shall take thig to be the operating occupancy
default parameters for small number of nodes (see Figuresafg node corresponding to the arrival rat@packet per second
and 19). Thus it becomes interesting to consider the pdisgibi into each node, i.e., for each we takep = = '(A).

of adapting the backoff parameters depending on the numbeNow with the above approximation we can easily obtain
of nodesn, in an attempt to achieve an attempt rate that yiel¥@rious performance measures.

the peak saturation throughput for eacl{see Figure 17).  Aggregate throughput: The aggregate throughput of the
network withn nodes can be obtained as

®(n,A) = v(n,u~ (1))

Each sensor node receives (generates) packets that havQdg: that, forA > ©(n) + D(n), ®(n,A) = O(n).
be delivered to the hub node. We assume that the rate\géan Sojourn time: As per the approximation made, each
“arrival” of packgts at each sensor npde)lsand the arrlval. packet is discarded with probability;scera independently
processes are independent and Poisson. Note that whllgfaanything else. Hence we can view each node’s queue as

Poisson arrival model would not be appropriate in a regulgying two independent Poisson arrival processes wits rate
wireless network that handles packet voice or TCP contioligp,. .. and A(1 — Pyisearq). Assuming an M/M/1 model

data, here in a sensor networking context the arrivals goerio (i.e., an exponential approximation for the service time) w
loop,” and a Poisson process may be a reasonable modeldgfain the data packet mean sojourn time
the occurrence of asynchronous events. Define n. .

Let p denote the fraction of time a sensor node’s queue is A(n,A) = (“7([\)) 1
nonempty and hence the node is contending for the channel. ’ L—p=HA) ) A
As before,©(n) and D(n) are the aggregate throughputs an@sing an M/G/1 model a more exact sojourn time analysis can
discard rates for a network with saturated nodes. We adopbe done; however, this requires both first and second moments
an approach suggested in [8, Chapter 4]. For fixgdiefine of the packet service time.
Discard probability: The discard probability is approximately

Pdiscard(na A) = (A - I/(TL, Mfl(A)))/A

VIII. ANALYSIS WITH FINITE ARRIVAL RATES

m

. n m n—m

)= 3 () om0 9 (©(m) + Do)
m=1

and,

Observations: Figures 21 and 22 show the analytical as

well as ns2 simulation results for 20 and 40 node networks,

respectively. The plots show that the analysis is able toucap

v, ) = Z( ") pretm)
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Fig. 21. Analysis and simulation plots fer = 20 with default parameters,

and Poisson arrivals. The solid lines shown simulationltesand the dashed
lines show analysis results. Simulation results si86% confidence intervals.
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Fig. 22. Analysis and simulation plots fer = 40 with default parameters,
and Poisson arrivals. The solid lines shown simulationltesand the dashed
lines show analysis results. Simulation results si86% confidence intervals.

the trends of all the performance measures very well in &l th

cases, and the valups©, andP;;s..-q are approximated very
well. The following observations can be made:

« We notice that for smalk the discard probability is small
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values of®, and Py;s..rq are the same as those shown
in Figure 16, as would be expected.

« For measurement and control applications, it appears
that the discard probability will determine the capacity.
Consider, for example, Figure 22. If the target mean delay
is 50ms, then an arrival rate of = 700 pkts/sec can
be sustained. However, this gives a discard probability
greater than 50%! For a reasonable discard rate, the value
of A can be no more than 200 pkts/sec.

o The mean delay approximation works well in the region
of delay performance that the network would be engi-
neered for. Thus the approximate analysis is adequate for
practical network engineering.

IX. NODE LIFETIME ANALYSIS

In this section, we use the analytical model developederarli
to estimate the lifetime of a sensor node in a star topology
network. We assume that the PAN-coordinator is supplieg lin
power; hence the power consumed by the PAN-coordinator
is not an issue. The network lifetime is determined by the
lifetime of the leaf nodes, which are battery powered. We
analyse the energy consumed by the RF transceiver in a node.
The currents drawn by the other devices in a sensor node
implementation are not considered, under the assumpten th
the communication component draws the predominantly farge
current. We define the lifetime of a node as the expected
lifetime assuming that the other nodes continue to work
throughout the life of the node.

A. RF Tranceiver Parameters

It is assumed that the sensor nodes use an RF transceiver
based on the Chipcon CC2420 chip [6]. The nodes are powered
by two AA batteries. These devices need a supply voltage in
the range 3.1 V to 2.1 V [6]. The batteries are used in series,
and we assume that both are rated at 2000mAh down to 1.05 V.
We use the following information from the chipcon CC2240
data sheet [6]:

The current drawn while a node is sleepinglig;,. =
0.426 mA.
« The current consumption of the chip in receive mode is

a constantl,.., = 18.8 mA

and the aggregate throughp@t, increases with\, until .
O peaks and then drops down to the saturation throughput
(which can be read off, for eaeh from Figure 16). Thus
with finite load more throughput can be sustained than
the saturation throughput. The reason for this can be seen
from Figure 16. Consider the 40 nodes case in Figure 22.
The saturation throughput for 40 nodes, from Figure 16,
is the same as the value to whi€hdrops in Figure 22,
when A becomes large. When is small, howeverp is
small, thus only a small number nodes contend at a time,
and, as seen from Figure 16, the throughput can be much
larger.

« Notice that, in both examples, dsincreases increases.
Eventuallyp approaches 1, i.e., the nodes become satu-
rated. At this point, for each value of, 20 or 40, the

The receiver sensitivity is -94 dBm.

The transmission power in the nodes can be programmed
from -25 dBm to 0 dBm in steps. The currents drawn
corresponding to the different transmission powers is
shown in Table II.

[ Transmission Power (dBm]) Current (mA) |

-25 8.5

-15 9.9

-10 11

-5 14

0 17.4
TABLE I

BATTERY CURRENT CORRESPONDING TO DIFFERENT TRANSMISSION

POWERS FOR THECHIPCONCC2240TRANSCIEVER
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It can be shown that, given the above receiver sensitivity, aThen the time average current (in mA) drawn from the
transmit power of -15 dBm is required for a 10 m radiubattery
network, with path loss exponent = 2, thus needing a

fransmit currenty, i — 9.9 mA. Iow = Tdata—ackTtzmitTdata + IrevTack) + Teotiltamit Teoul
+rocalrevToca(2 — (Qfdata—acks + Qfcolt))
B. Time Average Current Drawn by a Node Transceiver +Liate(1 = [Taata—ack(Taata + Tack) + Teott Teoll
Our analytical approach is to determine the time average +rocaZoca(2 — (Qfdata—acks + Qfeor))])

current (in mA) drawn by a node, assuming that all the oth
nodes function indefinitely. Dividing the battery capacdiiy
mANh) by this time average current yields an estimate of tl{
node lifetime. We will write the time average current in t&rm
of the following quantities that can be derived from our iearl
analysis (as we will show below). The number of nodes
fixed atn, and the aggregate arrival process is Poisson wi

A (equally distributed over the nodes); these parameters 2
implicit in the following notation. §urr;nt gonsumed for this is given byara—ack (Itemit Zdata +
rcvZack)-

Tdata—ack = the rate of successful transmissions by"\\ " avt 1um to deriving'cca. As explained earlier (see
a node ; . .

— the rate at which a node performs CCAs Sectlo_n V-D), when a node has pac_kets, it can be viewed
roca: as going through cycles, each of which starts at the end of

Teon 1= the rate .Of a node experiencing CO"'S'.On.S a node activity (success or collision) (see Figure 14). In a
Zaata = the radio time for successful transm|SS|onC cle there are several failed CCAs (and perhaps even ddoppe
of a data packet (= (4% 8 bits)/250kbps =1.34 ms) Y b P bp

._ ; . packets), followed by either a success, a collision. Debgte
Z)éﬁké? :thgginse taken for the reception of an ACKﬁ_f the attemp't rate of a node (per backoff per.iod) during the
Tooa = the time taken for performing a CCA _times when it is performmg_back(_)ffs (herg again the subpscri
8 symBoI times = 128:s ¢ means that we are dealing with the finite load case). We

ecomputeﬁf as follows

ei‘rhe terms in the above equation are explained and derived as
8llows.
Given an arrival rate\ (as in Section VIII) the rate at which
a node transmits packets i$.tq—ack = Lv(n, p='(A)). As-
ociated with each of these transmissions, the node trémsmi
E)]r a time 74,¢, consuming currentl;,.,;; and receives an
K for a time 7,.; using currentl,..,,. So the time average

T.on = the radio time for transmission by a nod

during a collision = (42x 8 bits)/250kbps =1.34 ms B = Glaf, & tdata—ack* , Afeoll)

oy := the probability that a CCA by a node fails | Y fined i ion V-D. Eor thi h
ayreon = the probability that the node finds the ereG(, -,) is as defined in Section - For thyén suc

cycle, letY; denote the number of CCAs performed by the
node, and letZ; denote the cycle length. Then

EY
rccA = Pﬁ

channel in a collision

arccar = the probability that the CCA 1 by a node

coincides with the CCA 1 of another node

Ofdata—ack= ‘= the probability that the CCA 1 by a

node overlaps with a tim&;,,,_ ...+ (See Section V- Wherep captures the fraction of time that the node has packets,

A) and hence is contending. Since a CCA fails with probability
In the above notation, the probabilities with subscriptghaf ¢, We obtain the following equation far'Y’, using a renewal
form ;... refer to the fact that we are dealing the finite loa@rgument

case here. We findvrccai, af, 0fdata—ack and opeon as EY = 1+ arEY +(1—af)-0)+ (1 —B)EY
follows (where, as in Section Vlllp is the fraction of time O ! ( £)-0+ 1= F)

a node has nonempty queues, and hence is contending; &Rt$ equation is understood as follows. After a backoff pei

B vy [ n—1 m(1 _ \(n—1)—m a node attempts (i.e., does a CCA) with probabifity. The
(p, (n = 1);m) := m P =) ) CCA fails with probabilitya s and the remaining mean number
S of CCAs is againEY. This yields
ajccar = Y Blp,(n—1);m)(acca(m)) By — Pt
m=1 1= (1= Bf) = Byoy

In a similar fashion we obtain the equation (denotingilthe
backoff period duration)

n—1 EZ =6+ (1-Bf)EZ + BrayEZ + BragcocaiTeon
Oéfdatafack* = mz_l B(p, (TL — 1), m)(adatafack* (m)) +6f(1 — (Oéf —+ OéfCCAl))(Tdata—arck + 5)

el where we note that with probability;cc 41 the node’s CCA1
B ) overlaps with another CCA1, thus leading to a collision.
Qfcoll = Z B(p, (n = 1);m)(cou(m)) Solving this equation yields
m=1

oy = 3 Blp.(n— 1) m)(a(m))

m=1

. EZ =
where the argumer(in) denotes the corresponding probabil- 0+ By(1 — (ay +arccar))Tdata—ack +90) + BrarccaiTeon
ities for them node saturated case. 1—(1—By) — Bray




16

1.6 T T 200
Total mean current

14 —&— Current due to data transmission | 180
) — — — Current due to collision

Current due to CCA 160 -
1.2)| —e— Idle current 7

140

B
N
o

Current (mA)
Life-time (days)
B
o
o

@
o
T

)
o
T

IN
o

N
o
T

o

o] 5 10 15 20 25 30 10 15 20 25 30
A (pps) A (pPS)

o
o

Fig. 23. Average currents (mA) (left), and mean node lifetifdays) (right) obtained from analysis vs. per node arnias; 40 nodes; star topology.

Thus, finally, we obtain Now turning to Figure 22, if for desired QoS the network is
EY operated at 200 packets per second, or 5 packets per second
recA =P = per node, we have a node lifetime of about 135 days.
B

5+ By(1 — (o +arcca1))(Taata—ack +96) + BragccaiTeou
A CCAl succeeds with probabilitfl — (afgata—ack + , . . .
aseon)). If @ CCAL succeeds, a CCA2 is performed. So We summarise here some insights gained from our analysis.
the time average current consumed by CCAs is given bye With saturated nodes, the CSMA/CA channel in the

X. SUMMARY

recalreeToca(2 — (Qfdata—acks + Qfeoll))- IEEE 802.15.4 MAC standard has a cyclical evolution
In a similar way, the rate of collisions can be seen to be that can be effectively modeled by a Markov renewal
afrocal process. We obtained this result as a consequence of
Teoll = i i ifi i 1 H :
/’(1 —(ay +afcear) + ascon)EZ our det_alled |denpf|cat|on of the various node interaction
QfCcCAl scenarios that arise.
= F (1—a)EZ « The saturation analysis was found to yield a very effective

heuristic for carrying out a finite arrival rate analysis.
A variety of performance measured were estimated very
well.

o The default back-off parameters are such that the node
attempt rate levels off with increasing number of nodes,
and the saturation throughput drops sharply. Our model

So the current drawn by collisions S,y tzmit Zeoll -

Finally, during the remaining time the node draws the
current ;4. Thus, all the terms in the above equation for
1., are explained.

C. Expected Node Lifetime showed that the attempt probability needed to be substan-
The lifetime of a node that uses 2000 mAh batteries in series tially reduced, which was achieved by simple back-off
« Even though the saturation throughput drops with the

Mean Lifetime = hours number of nodes, the network can operate at a much

higher finite arrival rate provided the node occupancy,

In Figure 23 we plot the average currents, and mean lifetime  , 5t this rate stays small.

obtained from this approach, versus the arrival rate peenod . . L .

for a 40 node star topology. When the packet arrival rate iSThe following network engineering insights were obtained.

0, the only power consumption is due to idle current, i.e., ® For measurem_ent and control applications, the capacity of
0.426 mA. So the idle lifetime i%% =195.6 days. When the network (w_lth_the default parameters) can be expected
the packet arrival rate increases, the current consumption O b€ Piiscara limited.

increases, and the lifetime decreases to about 50 days with Our analytical model yields various rates and probabili-

an arrival rate of 29 packets per second per node. Observe 1i€s from which a simple node lifetime analysis can be

that the CCA sensing current and the collision current both ~derived. _ _ _

increase with the arrival rate, whereas the current usediia d * 1h€ ns-2 simulations are very time consuming. For 40 or

transmission increases and then decreases. The decrehse in 90 nodes even a single run for a single value of arrival

current used for data transmission relates to the behawibur ~ rate takes 6 to 8 hours. Our analytical model has yielded
v(p) shown in Figure 20; at higher arrival rates more packets Very accurate results and hence can be very useful in a
get dropped and throughput decreases. Notice also that the Network engineering process.

average idle current decreases only slightly, indicatirag the In other work, we have extended our analysis to multihop

RF transceiver is active for only a small fraction of the timetopologies with one or more beaconing devices.
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APPENDIX
A. ANALYSIS OF THE THECHANNEL EvoLuTION MRP

We see that in the Markov renewal process formulated in &ecé-A, the only feasible possibilities fofU;, X;) are
{(Teort + 30, k), j =2,3.... Tk =1,2,...n — 2, (Taata—ack + 20,n — 1), (Teou + (J + 1)6,n), (6,n)}. Using the decoupling
approximation of Section V-C, the transition probabiltifor the process can be obtained as follows.

A. Transition probabilities for the MRP
1) X; =n i.e., this cycle starts with any of the nodes being availablattempt.
a) (Uit1,Xi+1) = (6,n), if none of then nodes attempts. Thus,
PUit1 =6, Xiy1 =n|X; =n)=(1- )"
b) (Uit1, Xit1) = (Tuata—ack + 20,n — 1), if exactly one of then nodes attempts. Thus,
P(Uit1 = Taata—ack + 26, Xy =n — 1|X; = n) = np(1 — 5)"~Y

C) (Uit1,Xit1) = Teou + jo, ko), if exactly n — ko(> 2) out of n nodes attempt. Further none of the remainiag
nodes attempts fofj — 2) backoff periods after the collision, and at least one of thettempts in the very next
backoff period. Thus, foll < ke <n—2,2<j < J,

PUit1 =Teou + j6, Xit1 = ko| Xy =n) =
(" ) o= a2 - - )

n —

d) (Uit1,Xi+1) = (Teou + (J + 1)d,n), if k,2 < k < n, nodes attempt, and none of the remaining- ¥ nodes
attempts for(J — 1) consecutive backoff periods after collision in this cycléws,

P(Uz'+1 =Teon + (.] =+ 1)(5, X7;+1 = n|X7 = n) =

n

> (§)sa- s ey

k=2
It can be checked that

ZP(U1'+1 =u, Xip1 =2[X; =n) =1

u,x

since

(1—B)" +np(1—p)n
J n—2
—|—Z Z < n ) 677,—1@2(1 _ 5)’62((1 — ﬁ)k2)(j_2)(1 -(1- ﬁ)k2)

n— kg
j=2 ko=1

+) ( . > BE1 =) (1= ) ID =1
k=2

2) X; =n—1I.e., this cycle starts witlin — 1) of the nodes being available to attempt. This is similar dhseX; = n.
a) (Uit1,Xit1) = (d,n), if none of then — 1 nodes attempts. Thus,

P(UH_l = (5, Xi+1 = n|X7 =n— 1) = (1 — ﬁ)n_l

b) (Uit1, Xit1) = Tdata—ack + 20, n — 1), if exactly one of then — 1 nodes attempts. Note that the node that was
not included at the start of the cycle would be ready to atteatjgthe end of the cycle, whether one of the other
nodes would not be able to attempt. Thus,

P(Uit1 = Taata—ack + 26, Xi1 =n—1|X; =n—1) = (n— 1)3(1 — g)"~?

C) (Uit1,Xit1) = Teou + 79, k2), if exactly n — ko(> 2) out of n — 1 nodes attempt. Further none of the remaining
k2 nodes attempt fofj — 2) backoff periods after the collision, and at least one of thetempts in the the very
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next backoff period. We note here that the node that is natadla to attempt at the beginning of the cycle, can
attempt afterl,,;; + 26 and is included in the calculation. Thus, foK ks <n —2,2 < j < J,

PUit1 =Teou + 0, Xip1 = ko] X =n—1) =
(;fQQ)H““ﬂ—ﬁﬂ“”%ﬂ—5ﬁﬂ“”Nr—u—ﬁﬁﬂ

d) (Uiz1, Xix1) = (Teoy + (J +1)d,n), if k,2 <k <n— 1, nodes attempt, and none of the remaining k£ nodes
attempts for(J — 1) consecutive backoff periods after collision in this cycléwus,

PUip1 =Teou +jo, Xip1 =n|X; =n—1) =
(n—1)

23<n21>ﬁwl—mm**Nu—m“*ﬂ“*

k=2
As in case 1, it can be checked that

ZP(UiJrl Z’U,,Xlurl =x|Xi:n—1):1

u,x

since

(1=8)"" + (n = 1)5(1 - B~
J n-2 n—1 '

530 3 (U Lt SR BN
=2 ka=1
(n—1)

n—1 n—1— n— _
D G e L
k=2
3) Considerk; € {1,2,...,n — 2}, ko € {1,2,...,n —2},j € {2,3,4}. If X; = k; i.e., this cycle starts wittk; of the
nodes being available to attempt. It itself implies that oh¢hem has attempted.

a) (Ui+1,Xit1) # (0,n), because at least one of tihe nodes has attempted, and the cycle cannot be an idle one.
Thus,

P(Ui+1 = 5, XiJrl = TL|X$ = kl) =0

b) (Uit1, Xit1) = (Taata—ack + 26,1 — 1), if exactly one of thek; nodes attempts, given that at least one of them
has attempted. Thus,

k151 — pg)ki—1)
PUit1 = Taata—ack + 26, Xip1 =n —1{X; = k) = 11 (_ a _)g)kl
C) (Uit1,Xix1) = Teou + Jo, ka), If exactlyn — ko(> 2) of k; contending nodes attempt — ks < k1). To ensure
the following cycle length to bé2d + T..i;; + (7 — 2)9), it is necessary that none of tthe nodes attempts during
first (j — 2) backoff periods after collision but at least one of themmatits in the very next backoff period. The

next state cannot b€l.,;; + 59, ko), if n — ko > k1. As we have already discussed availability of less than 1
nodes itself implies that at least one of them has attemfteds,

P(Uip1 =Teou +jo, Xiy1 = kao|X; = k1) =
k n— —n n—ko ) — n—~k2
(1 ) b= s = gyt - 1 - o)

T—a—pn ’
ifk1+k22n,k1>1,

0, otherwise

d) (Uiz1, Xix1) = (Teou + (J + 1)d,n), if somek,2 < k < ky, nodes attempt out of the;, nodes available to
contend. To ensure the cycle length to (@ + T..u + (J — 1)9), it is necessary that none of the— k nodes
attempts during firs{J — 1) backoff periods after collision. Thus,
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PUit1 =Teou+ (J +1)0, Xi11 =n|X; = k1) =
i () 8-t ey
O

Jf k> 1,

0, otherwise

As in cases 1 and 2, again it can be checked thatfog {1,2,...,n — 2},

ZP(Ui—H = U,Xﬂ_l = $|X7 = k‘l) =1

u,T

since fork; =1,

kf1 - gV

—a-gn

and fork; > 1,

k81— g)*1 Y

1—(1-p)k
n—2 ( n ﬁlk‘g > ﬂ""@(l — 5)(k1+k2—n)((1 — 5)(17,—142))(1‘—2)(1 —(1- 5)(n—k2))
+k2:zn:,—k1 1—(1-p)k
o () s m - g
’ = (- gk -

1) Transition Probabilities for the Channel with Single ModIn case of a channel comprising of single node, although a
successful transmission takes only 4 symbol times in thebiaskoff period, the node cannot attempt for its next paakéte
same backoff period. Hence a successful transmission owsseffectivelyl jotq—acr + 30 time. A backoff period will be an
idle cycle, if the node is in backoff and doesnot attempt iat thackoff period. There cannot be any collisions. Hencéy on

feasible possibilities fofU;, X;) are (Tyata—ack + 30, 1) and (4, 1) }. Transition probabilities for the Markov renewal process
can be obtained as follows.

o X;=1Vi
1) (Ujt1,Xi41) = (4,1), if the node doesnot attempt. Thus,

PUit1 =6 Xipn=1|X;=1)=1-p
2) (Uit1,Xi+1) = (Tdataqck + 30, 1), if the node attempts. Thus,

P(UiJrl = Tyata—ack + 35, Xi+1 = 1|Xl = ]-) = ﬁ

B. Transition Probabilities for the Markov ChaifX;,: > 0}

Let M be the transition probability matrix for the one dimensiolkarkov chain{X;,i > 0}.
Forki, ko =1,2,3,...... n—2;
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M, gy = ZP(U¢+1 =Teou + jo, Xigy1 = ko| X; = k1)
j=2
Mkl,nfl = P(Ui+1 = Tdatafack + 25; Xi+1 =n-—- ]-|Xz = kl)
My, =PUit1 = Teou + (J +1)8, Xip1 = n|X; = k1)

+P(Uit1 =96, Xit1 =n|X; = k1)

J
Mn—l,]@ = ZP(UH-l = Teon + jo, Xiv1 = k2|X1 =n— 1)
j=2
Mnflvnfl = P(Ui+1 = Tdata—ack + 25, Xi+1 =n—- ]-|Xz =n— ]_)
Mnflvn = P(UiJrl =Teon + (J + ].)(5, XiJrl = n|Xz =n — ]_)

+P(Ui+1 =9, Xz'-i—l = ’I’L|)(7 =n — 1)

My g, = EJ:P(UiH = Teon +j6, Xiy1 = k2| X; = n)
=2
My -1 = P(Uit1 = Taata—ack + 20, Xit1 =n —1|X; =n)
Mpn=PUit1 =Teou+ (J+1)0, X;41 =n|X; =n)
+PUit1 =6, Xiy1 =n|X; =n)

C. Conditional Distribution of the Cycle Times

The conditional distribution of the cycle length .1, given X;, can be obtained as follows.
Fork, =1,2,...... n,j=2,3,..J

n—2
P(Uipr = Teou + j6|1Xi = k1) = > P(Uis1 = Teo + jo, Xi1 = k2| X; = k)
k)2:1
PUit1 =Teon+ (J+1)0|X; = k1) = P(Uis1 = Teou + (J + 1)6, Xip1 = n|X; = k1)

P(Ui+1 = Tdata—ack + 25|X1 = kl) = P(Ui+1 = Tdata—ack + 25, X1'+1 =n— 1|X1 = kl)

PUiy1 =6|X; = k1) = P(Uir1 = 0, Xiy1 = n|X; = k1)



