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Lecture 4 — August 14
Lecturer: Aditya Gopalan Scribe: Geethu Joseph

4.1 Recap
In the last lecture, we showed that regret bound for ExpWeights for convex decision spaces and
convex losses (over decisions), is O(

√
T ), where T is the number of rounds. Towards the end

of the last lecture, we saw that no deterministic algorithm for a binary prediction problem and 0-1
loss, can achieve sublinear regret. This motivated us to introduce randomization in forecasting, and
this lecture introduces randomized prediction, where forecaster chooses each outcome according to
some probability distribution. The lecture presents randomized version of ExpWeights algorithm
and expected regret of the algorithm. We use Azuma-Hoeffding inequality to derive regret bounds
with high probability, and further, better regret bounds are obtained for the special case of exp-
concave losses.

4.2 Actions model
The system model under consideration consists of the following:

• a set of available actions A = {1, 2, . . . , N}

• an outcome space Y

• a loss function l : A× Y → R+

At each round, t = 1, 2, . . ., the player or the algorithm plays an action It ∈ A, and the environ-
ment plays Yt ∈ Y . At each round t, the player observes yt, and suffers a loss of l(It, yt). The
regret function of an algorithm after T rounds of prediction is defined in terms of forecaster’s best
constant prediction,

RT =
T∑
t=1

l(It, Yt)−min
i∈A

T∑
t=1

l(i, Yt).

The player can possibly include an internal randomization to predict the outcomes, and the envi-
ronment does not see this randomization. Randomized forecasters have been considered in var-
ious different setups; see, for example, Feder, Merhav, and Gutman [1], Foster and Vohra [2],
Cesa-Bianchi and Lugosi [3], Merhav and Feder [4], and Vovk [5]. The constraint on the envi-
ronment can be formally expressed as Yt ∈ Ft−1, where Ft−1 = σ(Ht−1) is the sigma algebra
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generated by the history1, Ht−1. History is the collection of all past predictions and environment
states, Ht−1 = {(I1, Y1) , (I2, Y2) , . . . , (It−1, Yt−1)}. We note that the environment states Yt can
themselves be random. Since the player’s strategy is random, we look at expected regret of the
algorithm,

E {l (It, Yt) |Ft−1} = E

{
N∑
i=1

I {It = i} l (i, Yt) |Ft−1

}

=
N∑
i=1

l (i, Yt)E {I {It = i} |Ft−1}

=
N∑
i=1

l (i, Yt) pi,t,

where pi,t is the probability with which ith action is chosen by the algorithm, and
∑N

i=1 pi,t = 1.
Thus, last step follows because, E {I {It = i} |Ft−1} = pi,t Now, we write,

E {l (It, Yt) |Ft−1} = lT
t pt. (4.1)

where lt and pt are N dimensional vectors, with pt = [pi,t]
N
i=1 and lt = [l(i, Yt)]

N
i=1.

4.2.1 Expected regret
Consider the randomized version of ExpWeights running on the following setting. Let Ȳ = Y , and
D = ∆N be N -dimensional simplex.

D =

{
π1, π2, . . . , πN : ∀iπi ≥ 0,

N∑
i=1

πi = 1

}
.

The loss function, l̄ : D̄ × Ȳ → R is defined as

l̄(π, y) =
N∑
i=1

πil(i, y).

The exponential weights come from ∆N to pick an action It at random. We note that the problem
of prediction with expert advice can be reduced to the actions model, if we consider a set of
experts {1, 2, . . . , N} recommending one constant action, fi,t = i. Thus, Ē = {u1, u2, . . . , uN},
where ui is the standard unit vector with 1 at ith location, and 0 elsewhere. Using standard regret
bound of ExpWeights algorithm, which we derived in the last lecture, for any outcome sequence
(y1, y2, . . . , yT ),

T∑
t=1

l̄(p̂t, yt)−min
v∈E

T∑
t=1

l̄(v, yt) ≤
√
T

2
logN.

1Sigma algebra generated by a random vector X , denoted by σ(X), is the smallest σ-field on which X is measur-
able
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Using the definition of loss function, l̄,

T∑
t=1

N∑
i=1

p̂t(i)l(i, yt)− min
i=1,2,...,N

T∑
t=1

l̄(i, yt) ≤
√
T

2
logN.

Switching back to the action model,

T∑
t=1

N∑
i=1

p̂t(i)l(i, yt)−min
i∈A

T∑
t=1

l̄(i, yt) ≤
√
T

2
logN.

4.2.2 High probability regret analysis
Next, we obtain a high probability regret bound for the randomized ExpWeights algorithm. To
derive the result, we use Azuma-Hoeffding inequality which is a generalization of Chernoff bound.
Before we state the theorem, we need to define martingale difference sequence.

Let X1, X2, . . . be a sequence of random variables. Let X1, X2, . . . be a sequence of random
variables. Another sequence of random variables, v1, v2, . . . is called a martingale difference se-
quence with respect to X1, X2, . . ., if ∀i ≥ 1

1. vi ∈ σ(X1, X2, . . . , Xi),

2. E {Vi|X1, X2, . . . , Xi} = 0.

For example, let {Xi} be a sequence of iid zero mean random variables. Then, the sequence of
random variables {Vi}, with Vi = Xi, ∀i forms a martingale difference sequence. Consider another
example, whereX1, X2, . . . is any sequence of random variables. The sequence of random variable
{Vi} defined as Vi+1 = Wi+1 − E {Wi+1|X1,X2, . . . , Xi} forms a martingale difference sequence,
where W1,W2, . . . any sequence of random variables such that Wi ∈ σ(X1, X2, . . . Xi)

Theorem 4.1 (Azuma-Hoeffding inequality). Let V1, V2, . . . be a martingale difference sequence
such that Vi ∈ [ai, bi] almost surely, ∀i ≥ 1. Then, ∀z > 0,

P

{
m∑
i=1

Vi > z

}
≤ exp

{
−2z2∑m

i=1(bi − ai)2

}
,

P

{
m∑
i=1

Vi < −z

}
≤ exp

{
−2z2∑m

i=1(bi − ai)2

}
.

Theorem 4.2. With probability greater than 1− δ,

RT (R-EXP) ≤ lmax

√
T

2
logN + lmax

√
2T log

1

δ
.
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Proof: We note that, the sequence {l(It, Yt) − p̂T
t lt} is a martingale difference sequence, which

follows directly from (4.1). Applying Lemma 4.1, we have ∀z > 0

P

{
T∑
t=1

l(It, Yt)− p̂T
t lt > z

}
≤ exp

{
−2z2

4T l2max

}
,

where lmax = max
(a,y)

l(a, y). Substituting z = lmax

√
2T log

(
1
δ

)
,

P

{
T∑
t=1

l(It, Yt)− p̂T
t lt > lmax

√
2T log

(
1

δ

)}
≤ δ.

Thus, the result follows. �

4.2.3 Regret bounds for exp-concave loss functions
We derive better regret bounds for randomized ExpWeights algorithm, if we further restrict the
loss function to be a exp-concave function. This constraint is much stronger than convexity. The
following are some of the examples for exp-concave loss functions for which D = Y = [0, 1].

1. Relative entropy or logarithmic loss,

l(p̂, y) = y log

(
y

p̂

)
+ (1− y) log

(
1− y
1− p̂

)
is 1-exp-concave and unbounded.

2. Square loss function, l(p̂, y) = (p̂− y)2, is 1/2-exp-concave.

We also note that, absolute loss, l(p̂, y) = |p̂− y| is not a σ-exp-concave for any σ > 0.

Theorem 4.3. Run the exp-wts algorithm with a σ-exp-concave loss, η = σ, and

p̂t =

∑
i∈E exp

{
−σ
∑t−1

s=1 l(fi,s, ys)
}
fi,t∑

i∈E exp
{
−σ
∑t−1

s=1 l(fi,s, ys)
} ,

then

RT (exp-wts(σ)) ≤ log |E|
σ

.

Proof: Let wi,t = exp
{
−σ
∑t−1

s=1 l(fi,s, ys)
}

. Then,

p̂t =

∑
i∈E wi,tfi,t∑
i∈E wi,t

. (4.2)
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Consider the potential function,

φt =

∑
i∈E wi,t∑
i∈E wi,t−1

(4.3)

=

∑
i∈E wi,t−1e

−σl(fi,t−1,yt)∑
i∈E wi,t−1

.

Using the exp-concavity of loss function, we can upper bound the right hand side of the equation
as,

φt ≤ exp

{
−σ
∑
i∈E

wi,t−1∑
i∈E wi,t−1

l(fi,t−1, yt−1)

}
.

Further, we can bound using the convexity property of loss function(exp-concave functions are
convex)

φt ≤ exp

{
−σl

(∑
i∈E

wi,t−1∑
i∈E wi,t−1

fi,t−1, yt−1

)}
= exp {−σl (p̂t−1, yt−1)} . (4.4)

Last steps follows from (4.2). Consider the sum of logarithm of potential function, and using (4.3),
T∑
t=1

log φt =
T∑
t=1

{
log
∑
i∈E

wi,t − log
∑
i∈E

wi,t−1

}
= log

∑
i∈E

wi,T − logN

≥ log max
i∈E

wi,T − logN

= −σmin
i∈E

t−1∑
s=1

l(fi,s, ys)− logN.

Last step follows from the definition of wi,t. Substituting from (4.4) we get,

−σmin
i∈E

t−1∑
s=1

l(fi,s, ys)− logN ≤
T∑
t=1

−σl (p̂t−1, yt−1) .

On rearranging,

RT (exp-wts(σ)) =
T∑
t=1

l (p̂t−1, yt−1)−min
i∈E

t−1∑
s=1

l(fi,s, ys)

≤ logN

σ
.

Thus, the proof is complete. �

We note that the regret bound is independent of number of rounds, T , which implies strong learn-
ability of the algorithm.
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