E1 245: Online Prediction & Learning Fall 2014
Lecture 8 — Aug 28
Lecturer: Aditya Gopalan Scribe: Ganesh Ghalme

8.1 Online convex optimization

8.1.1 General algorithm

Algorithm 1: General Algorithm Template
Input: convex set % € R?

1 Ateach time t= 1,2,3,... Algorithm picks w; € %

2 Loss attime t, f; : £ — R is returned by the environment.

3 Algorithm’s loss is [y;g = f;(w;) Where set J#" is a convex set and function f; are convex functions
on k.

8.1.2 Examples

1. Prediction with experts.
2. Online shortest path.

3. Portfolio selection(sequential investment) .#” = A,, where A,, is the unit simplex in R™, f;(®) =
—1og(0®,x;) where ® € A, and x; is market vector.

4. Online linear regression(OLR): Given x; € RY, y; ¢ R, # :R? — R ( % is a set of
all linear functions). OLR finds best linear map from input to output when information
(x1,¥1), (x2,¥2), (x3,y3)... is revealed sequentially. Prediction at time t is ¥, = (W, , x;) and
loss at time tis f; (wy) = [$; — yi|

5. Non online (Standard) convex optimization f; = f V¢ i.e. loss function is independent of
t t
time. Here regretis Ry (w) = Y. fi(w;) — ¥ fi(w) where w € % and Rr = sup,,c_y» Rr(w)
i=1 i=1

One of the simplest techniquesican be to select the choice which incur lowest loss in the past.

8.1.3 Follow The Leader (FTL)

Note: In the problem of prediction with experts, this corresponds to picking the best expert so far.
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Algorithm 2: FTL
-1
1 Vi, wy € argminge » Y, fi(w)
1

S=

8.1.4 General regret bound for FTL

Lemma 1: Vuc .7, R (u) < % Lfi(we) — fi(wigr)]
i—1

Proof: By induction on t = 1,2,3,... B
Base case: T=1
We need to show
T T ‘
Zl[fr(wz) —fi(u)] < ,Zl[fz(Wr) — filwer)licefr(weir) < fi(u)
1= 1=
putT=1 = fi(W2) < fi(u) Yue .t
T T

Induction Step: Assuming its true fort =t i.e.[ Y, fi(wi11) < ¥ fi(u)] and proving for t = (74 1)
i=1 i=1

E i)+ fein(9e42) X i)+ frin (wei2)

i=1

T+1 . T+1
- _Zlft(WtJrz) = MmNy, ¢ Zlft(wtﬂ)
= =
T+1

T+1
Y fiwi2) € X filw) Vue #

8.1.5 Application: FTL for online quadratic approximation

1. Setup:

At each point f;(w) = 1/2%||w—z]||* z € R?
T T

Ry = Zl |lWe —z|[*/2 — min Zl [we —z|[*/2
1= t=

FTL prediction at time t

wy = argming,e » ||w — zg

= centroid (z1,22,23, .., 2r—1)

t—1
=1/t=1)* Lz

17

™M~

Using lemma 1i.e. RFTL <
t

(fr(we) = fr(wiy1))

1

T
=1/2% Zl[HWr—ZrHZ— [[weer =zl
=

/25 8 [l — 2l — 11— Dwi20) /o — 2]

t=1
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T
=12+ E[1-(1- /0P we = z?
=
T

< le/l* [lwe = z]|

=
Let L : max; ||z]||. Since w, is the average of zi,...,z;1 we have that ||w;|| < L and therefore, by the
triangle inequality, ||w;z;|| < 2L. We have therefore obtained:

R < X ()~ fiwen)) < (L) X (1/1) = RETE < (2L)(1-+logT)

8.1.6 Bad case: FTL with linear loss function

let # =[-1,1] linear losses f;(w;) = (z;,w;) where
zz=-0.5,1,—-1,1,—1,...

Loss minimizing strategy: Loss of point 0 in . is 0
Predictions of FTL: w; =1,—1,1,—1,1,—1...

T
Y filw)) =1+14+1+1...41=T, so cumulative loss of FTL is O(T),
=1

Predictions not stable due to over-fitting in case of linear losses , to stabilize the predictions we can
introduce following techniques.

1. Follow the perturbed leader(FTPL)[2]:Adding artificial noise to objective function

-1
At time t, w; = argmin,,c [ Y fi(w)+ Noise(t)]
s=1
2. Follow the regularized leader(FTRL)[1]: Adding a regularization term to the objective func-
tion |
t_
Attime t, wy = argmin,e [ Y, fs(w) + R (w)]
s=1
NOTE: FTL does very well for quadratic losses and does bad for the linear losses, so the curvature
of the losses is the key.

8.1.7 Follow The Regularized Leader (FTRL)

Algorithm 3: FTRL General template
Input: R:.# — R, and linear loss function

=1
Output: Vr, FTRL chooses, w; = argmin,,cga Y, fs(w)+R(w)
s=1

Key ingredient in FTRL is regularizer, R : # — R, Different choices of the regularizer R lead
to different specialized algorithms and different regret performance.
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1. Using regularizer ||.||5 and assuming linear cost functions i. e. (z;,w)
Finding the optimum value of w; ,

Algorithm 4: FTRL with ||.|[3 regularizer
Input: 7" =R? Rp(w) =|w|[3/(2+n), and linear loss function

Output: At time t, FTRL chooses, w, = argmin,,cga[ ¥ (z5,w) +||w||?/ (2% 1)]
1

s=

t—1 t—1
s=1 s=1
wr=w; 1 —=N*Vfi1(w1)

this rule is also called Online Gradient Descent. We shall re-visit the Online Gradient Descent rule
for general convex functions later.

2. Using Entropic Regularizer on simplex:

Algorithm 5: FTRL with entropic regularizer

d
Input: .72 =A,;, R(w)=(1/n) * ¥ wilog(w;) = —H(w) /7, and linear loss function.
i=1

=1
Output: At time t, FTRL chooses, w, = argmin, cpa[ ¥ (z5,w) — H(w)/1N)]

s=

8.1.8 FTRL Analysis

T
Lemma 2: The regret of FTRL satises RETRE < [R(u) — R(w1) + ¥ (fi(wi) — fi(wis1)]
=1

Proof: Running FTRL on fi, f, f3,... FTRL reduces to FTL if we add a zero’th iteration with
Jo(w) = R(w) )
using FTL regret bound result i.e. R_((FTL,u) < ¥ (fi(w;) — fi(wes1))

t=0
T T T
L fiw) = X fi(u) < X (filws) = fr(wii1)
=0 t=0 t=1
T T T
L filw) = B filu) < R() =R(w1) + ¥ (filwi) = fi(u)
= t= =
Summary: We have seen the simple strategy (FTL) to choose the expert based on the history

and case where this strategy fails. Also we introduced regularization as an approach to avoid the
“overfitting” phenomenon. We will discuss more about FTRL and its regret bound in next class.
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