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Abstract. Codes over Fym that form vector spaces over Fy are called
Fiy-linear codes over Fym. Among these we consider only cyclic codes
and call them Fy-linear cyclic codes (FyLC codes) over Fgm. This class
of codes includes as special cases (i) group cyclic codes over elementary
abelian groups (¢ = p, a prime), (ii) subspace subcodes of Reed-Solomon
codes and (iii) linear cyclic codes over Fy; (m=1). Transform domain char-
acterization of Fy LC' codes is obtained using Discrete Fourier Transform
(DFT) over an extension field of Fym. We show how one can use this
transform domain structures to estimate a minimum distance bound for
the corresponding quasicyclic code by BCH-like argument.

1 Introduction

A code over Fym (q is a power of a prime) is called linear if it is a vector space
over Fym. We consider F;; LC codes over Fym,i.e., codes which are cyclic and form
vector spaces over Fy. The class of F,,LC' codes includes the following classes of
codes as special cases:

1. Group cyclic codes over elementary abelian groups: When ¢ = p the
class of F},LC codes becomes group cyclic codes over an elementary abelian
group C}" (a direct product of m cyclic groups of order p). A length n group
code over a group G is a subgroup of G™ under componentwise operation.
Group codes constitute an important ingredient in the construction of ge-
ometrically uniform codes [4]. Hamming distance properties of group codes
over abelian groups is closely connected to the Hamming distance properties
of codes over subgroups that are elementary abelian [5]. Group cyclic codes
over C" have been studied and applied to block coded modulation schemes
with phase shift keying [8]. It is known [13],[19] that group cyclic codes over
Cy' contain MDS codes that are not linear over Fym.

2. SSRS codes: With n = ¢"™ — 1, the class of F;,LC codes includes the
subspace subcodes of Reed-Solomon (SSRS) codes [7], which contain codes
with larger number of codewords than any previously known code for some
lengths and minimum distances.
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3. Linear cyclic codes over finite fields: Obviously, with m = 1, the F,LC
codes are the extensively studied class of linear cyclic codes.

A code is m-quasicyclic if cyclic shift of components of every codeword by m
positions gives another codeword [I1]. If {5y, 81, - -, Bm—1} is a Fy-basis of Fym,
then any vector (ag,a1,"-+,a,-1) € Fm can be seen with respect to this basis
as (a0,07 g1, 5 A0m—1,"""50n-1,0,An—-1,1,"" ", an—l,m—l) S qun’ where a; =
Z;-'Zol a; j3;. This gives a 1-1 correspondence between the class of F;LC' codes
of length n over Fy» and the class of m-quasicyclic codes of length mn over Fj,.
Unlike in [3], which considers (nm, ¢) = 1, F, LC' codes gives rise to m-quasicyclic
codes of length mn with (n,q) = 1.

It is well known [T], [T4] that cyclic codes over F, and over the residue class
integer rings Z,, are characterizable in the transform domain using Discrete
Fourier Transform (DFT) over appropriate Galois fields and Galois rings [12]
respectively and so are the wider class of abelian codes over F, and Z,, us-
ing a generalized DFT [15],[16]. The transform domain description of codes is
useful for encoding and decoding [,[I7]. DFT approach for cyclic codes of arbi-
trary length is discussed in [6]. In this correspondence, we obtain DFT domain
characterization of Fi,LC codes over Fym= using the notions of certain invariant
subspaces of extension fields of Fim, two different kinds of cyclotomic cosets and
linearized polynomials.

The proofs of all the theorems and lemmas are omitted due to space limita-
tions.

2 Preliminaries

Suppose a = (ag, a1, -, an-1) € g, where (n,q) = 1. From now on, r will de-
note the smallest positive integer such that n|(¢™" —1) and o € Fymr an element
of multiplicative order n. The set {0, 1,---,n—1} will be denoted by I,,. The Dis-
crete Fourier Transform (DFT) of a is defined to be A = (Ag, A1,--+,An—1) €
Fionr, where A; = Z?:_Ol aa; J € I,. Aj is called the j-th DFT coeflicient
or the j-th transform component of a. The vectors a and A will be referred as
time-domain vector and the corresponding transform vector respectively.

For any j € I,, the g-cyclotomic coset modulo n of j is defined as
[7]2 = {i € I,,|j = i¢" mod n for some ¢t > 0}, and the ¢™-cyclotomic coset
modulo n of j is defined as [j]¢" = {i € I,|j = i¢"™ mod n for some t > 0}.

We'll denote the cardinalities of [j]¢ and [j]2" as e; and 7; respectively.

2

Example 1. Table 1 shows [, []%, [j]% and [j]2 for j € L.

Mostly we’ll have n for the modulus. So we’ll drop the modulus when not
necessary. Clearly, a g-cyclotomic coset is a disjoint union of some ¢™-cyclotomic

cosets. If J C I,,, we write [J]2 = Ujc; []2 and [J]2 = Ujes 3]y, -

If b is the cyclically shifted version of a, then B; = o/ A; for j € I,,. This is
the cyclic shift property of DFT. The DFT components satisfy conjugacy



Fy-Linear Cyclic Codes over Fym: DFT Characterization 69

Table 1. Cyclotomic cosets modulo 15

2/2%-cycl. cosets[{0}] {1,2,4,8} {3,6,9,12} [ {5,10} | {7,13,11,14}
cardinality 1 4 4 2 4
2%-cycl. cosets [{0}] {1,4} [ {2,8} [{3,12}] {6,9} [{5}[{10}] {7,13} | {14,11}
cardinality 1 2 2 2 2 2 2 2
2%-cycl. cosets [{0}[{1}[{2}[{4}[{8}[{3}[{6} {0} {12} {5} {10} [{T}[{13}[{11}]{14}
cardinality |1 [1 |1 |1 |11 |11 111 [1]1]1]1

constraint|[l], given by A(qmj) mod n = A?m. So, conjugacy constraint relates
the transform components in same ¢™-cyclotomic coset.

Let Iy, I3, - - -, I; be some disjoint subsets of I,, and suppose R, = {(A,-)ite |
aeC}forj=1,2---,1 The sets of transform components {A4;|i € I;}; 1 <
j <1 are called unrelated for C if {((AZ»)Z»EI1 s (Ai)ier, ’...’(Ai)ielz) lacC} =
RI1 XR[2 X e X R[Z.

For a code C, we say, A; takes values from {37 a*a,|a € C} C Fymr. For
linear cyclic codes, A; takes values from {0} or F,mr; and transform components
in different ¢"*-cyclotomiccosets are unrelated.

For any element s € F,i, the set [s]9 = {s, 8‘1,8‘12, . -,sqefl}, where e is the
smallest positive integer such that s9° = s, is called the g-conjugacy class of s.
Note that, if « € F; is of order n and s = a7, then there is an 1-1 correspondence
between [§]9 and [s]9, namely jqt — s9°. So, |[s]?] = |[j]2| = ej.

For any element s € F1, an F-subspace U of F;: is called s-invariant (or
[s, g]-subspace in short) if sU = U. An [s, g]-subspace of I is called minimal if it
contains no proper [s, g]-subspace. If U and V' are two [s, g]-subspaces of Fy;, then
soare UNV and U+V. If e is the exponent of [s]?, then Spang, {s'|i > 0} ~ Fye.
So, for any g € F;\ {0}, the minimal [s, g]-subspace containing g is gFye. Clearly,
if s’ € [s]%, then [s, g]-subspaces and [s’, g]-subspaces are same.

Ezample 2. The minimal [o®,2] and [a!Y, 2]-subspaces of Fyi are Vi = Fy =
{0,1,0%,0'°}, Vo = aFy, Vs = o®Fy, Vi = oFy, Vs = o*Fy. The [oF,2]-
subspaces, for k # 0,5,10 are {0} and Fjs. Every subset {0,z € Fi5} is a
minimal [a?, 2]-subspace.

3 Transform Domain Characterization of F'qLC Codes

By the cyclic shift property, in an F,LC' code C, the values of A; constitute an
[@7, g]-subspace of Fymr. However, this is not sufficient for C to be an F, LC' code.

Example 3. Consider length 15, Fy-linear codes over Fig = {0,1,a, a2, -, o'}
We have ¢ = 2,m = 4 and r = 1. In Table 2, the code C3 is not cyclic, though
each transform component takes values from appropriate invariant subspaces.
Other five codes in the same table are F5LC' codes. As DFT kernel, we have
taken a primitive element o € Fig with minimal polynomial X4 + X + 1.
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The characterization of F, LC codes is in terms of certain decompositions of
the codes. In the following subsection, we discuss the decomposition of F,LC
codes and in Subsection 3.2 present the characterization.

3.1 Decomposition of F;LC Codes

We start from the following notion of minimal generating set of subcodes for
F,-linear codes.

A set of Fj-linear subcodes {Cy|]\ € A} of a Fy-linear code C is said to
be a generating set of subcodes if C = X\c4Cy. A generating set of subcodes
{Cx|X € A} of C is called a minimal generating set of subcodes (MGSS) if
ZxznCy # C for all X' € A. MGSS of an Fj-linear code is not unique. For exam-
ple, consider the length 3 Fy-linear code over Fy2, C = {¢; = (00,00,00),cy =
(01,01,01), c3 = (10,10,10), ¢4 = (11,11,11)}. The sets of subcodes {{c1,ca},
{c1,e3}} and {{c1, 2}, {c1,cqa}} are both MGSS for C.

Suppose A; takes values from V' C Fymr, V # {0} for an Fj-linear code C.
Let Vi be an Fj-subspace of Fymr.We call ' = {ala € C,A; € V1} as the Fi-
linear subcode obtained by restricting A; in V;. For example, the subcode C; of
Table 2 can be obtained from C4 by restricting As to {0}. Clearly, if C is cyclic
and V is an [, g]-subspace, then C’ is also cyclic. If S C I,,, then the subcode
obtained by restricting the transform components A;; j ¢ S to 0 is called the
S-subcode of C and is denoted as Cg.

Lemma 1. Suppose in an Fy-linear code C, A; takes values from a subspace
V € Fymr. Let V1, Vo CV be two subspaces of V' such that V = Vi +Va. (i) If Cy
and Cy are the subcodes of C, obtained by restricting A; in Vi and Vo respectively,
then C = Cy + Cq. (i) If Vi and Va are [of, q]-subspaces, then C is cyclic if and
only if C1 and Cy are cyclic.

Suppose for an Fy-linear code C, A; takes values from a nonzero Fy-subspace
V of Fymr, and V intersects with more than one minimal [a/, g]-subspace. Then,
we have two nonzero [aj ,q]-subspaces V; and V5 such that V' C V; & V5 and
VNVy # ¢ and VNV, # ¢. Then, we can decompose the code as the sum of two
smaller codes C; and Cy obtained by restricting A; to Vi and V5 respectively,
i.e., C = C1 + Cs. So by successively doing this for each j, we can decompose C
into a generating set of subcodes, in each of which, for any j € I,,, transform
component A; takes values from a F,-subspace of a minimal [o/, g]-subspace. In
particular, if the original code was an F, LC code, all the subcodes obtained this
way will have A; from minimal [a/, g]-subspaces. The following are immediate
consequences of this observation and Lemma [T]

1. In a minimal F, LC code, any nonzero transform component A; takes values
from a minimal [a7, g]-subspace of Fm-. For example, for the codes C; and
Cy in Table 2, A5 and Ajg take values from minimal [a, 2]-subspaces.

2. A code is F,LC if and only if all the subcodes obtained by restricting any
nonzero transform component A; in minimal [/, q]-subspaces of Eymr are
F,LC. The statement is also true without the word 'minimal’.
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Suppose in an Fy-linear code C, transform components A4;, j € I,, take values
from Fj-subspaces V; of Fymr. A set of transform components {4;|l € L C I,,}
is called a maximal set of unrelated components (MSUC) if they are
unrelated for C and any other transform component Ag, k & L can be expressed
as Ax = > 0k Ay such that oy is an Fy-homomorphism of V; into V.

If some disjoint sets of transform components are unrelated in two codes C’
and C”, then so is true for the code C’ + C”. However, the converse is not true.
For instance, for the codes Cy and C; in Table 2, A5 and Ay are related but
they are unrelated for the sum C4 = Cy 4 Cy.

Theorem 1. IfC is an FyLC' code over Fym where any nonzero transform com-
ponent A; takes values from a minimal [0, q]-subspace V; of Fymr, then there is

an MSUC {A/lle L C I,,} forC.

Clearly, for a code as described in Theorem [ if I € L, the code C; = {a €
C|A; =0 for j € L\ {l}} is a minimal F;, LC code. So C can be decomposed into
an MGSS as C = @;¢1C;. Since any code can be decomposed into a minimal gen-
erating set of subcodes with nonzero transform components taking values from
minimal invariant subspaces by restricting the components to minimal invariant
subspaces, a minimal generating set of minimal £, LC subcodes can be obtained
by further decomposing each of the subcodes as above. So, we have,

Theorem 2. Any F,LC code can be decomposed as direct sum of minimal Fq LC
codes.

Suppose, in an F,LC code, A; and A take values from the [/ g]-subspace
Vi and [oF, g]-subspace V; respectively. Suppose A, is related to Aj by an Fj,
homomorphism ¢ : V4 — V5 i.e. Ay = o(A;). Then, since the code is cyclic,

o(adv) = a*a(v) v veW. (1)
Clearly, for such a homomorphism, Ker(o) is an [a?, g]-subspace.

Lemma 2. Let C be an F,LC code over Fym where each nonzero transform
component A; takes values from a minimal [0, q]-subspace of Fymr. If Ay =
Zle 05, Aj,, where Aj,, i = 1,2,---,t take values freely from some respective
minimal invariant subspaces, then o;,, 1 =1,2,---,t are all Fy-isomorphisms.

3.2 Transform Characterization
The following theorem characterizes F; LC codes in the DFT domain.

Theorem 3. Let C C Fj. be an n-length Fy-linear code over Fym Then, C is
F,LC if and only if all the subcodes of an MGSS obtained by restricting the
tmnsform components to minimal invariant subspaces satisfy the conditions:

1. For all j € I, the set of j*" transform components is o’ -invariant.

2. There is an MSUC {A;|j € J} where A; takes values from a minimal [o?, q]-
subspace Vj and Ay, =Y .. ; ok A; for all k & J, where o is an Fy-isomorphism
of V; onto V}, satisfying

jeJ

orj(dv) = aFoy(v) Vv €V;. (2)
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Example 4. In Table 2, the codes obtained by restricting Ay to V5 and V; for
the code Cy are respectively Cy and Co. In both Cy and Cs, the nonzero transform
components As and Ajg take values from minimal [a®,2] invariant subspaces
and sum of Cy and Cs is Cs. So, {Cp,Ca} is an MGSS of Cs. In both Cy and Cs, A5
and Ajqg are related by isomorphisms. It can be checked that the isomorphisms
satisfy the condition ().

Since for an F, LC code, transform components can be related by homomor-
phisms satisfying (), we characterize such homomorphisms in Section 4. We
also show that for F,LC codes, A; and Ay, can be related iff k € [j]2.

4 Connecting Homomorphisms for F,LC Codes

Throughout the section an endomorphism will mean an F,-endomorphism.

A polynomial of the form f(X) = Zﬁ:o aX? € Fu[X] is called a g-
polynomial or a linearized polynomial [10] over F,:. Each ¢-polynomial
of degree less than ¢' induces a distinct Fy-linear map of Fy:. So, consider-
ing the identical cardinalities, we have Endp,(F) = {oy : © — f(2)|f(X) =
YLaXT € Fu[X])

For any y € F; \ {0}, the automorphism induced by f(X) = yX will be de-
noted by o,,. The subset {0 |y € F,:\{0}} forms a cyclic subgroup of Autr, (F),
generated by 98,15 where B € Fju is a primitive element of F;. In this sub-
group, o, = o,:. We shall denote this subgroup as Sy; and Sy; U {0} as S,
where 0 denotes the zero map. Clearly, S, ; forms a field isomorphic to Fy,.

We shall denote the map ox« : y + y? of Fju onto Fj,, induced by the
polynomial f(X) = X9, as 6,,. Clearly, 0,,0, = 096, i.e., Hq’lomﬁ;ll = o for
all # € F,. The map induced by the polynomial f(X) = X9 is 9}”. So, for any
f(X) = Zi;é X9 op = Zi;é Uci%’l Thus we have Endr, (F,) = @ﬁ;})sq,le;,l
i.e., any endomorphism o € Endr,(F,) can be decomposed uniquely as o =
Zi;é o) where o(;) € Sngf;,l- We shall call this decomposition as canonical
decomposition of o.

Theorem 4. Suppose x1,22 € Fyu. Then, [21]9 = [22]9 & o € Autp, (Fp)
such that o(x1x) = w20(x) Vo € Fj.

Lemma 3. Let Vi C Fi be a minimal [x1,q]-subspace and o : Vi — F be a
nonzero homomorphism of Vi into F, satisfying o(x1v) = x20(v) V v € V.
Then [x1]9 = [x2]9.

Theorem 5. Suppose x1,x2 € Fyu. Let Vi C Fyu be a [x1,q]-subspace and o is
as in Lemma[3. Then (i) [x1]9 = [22]? and (ii) o(Va) is a [x1,q]-subspace for
any [z1, q]-subspace Vo C V.
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Theorem 6. In an F,LC code, the transform components of different q- cyclo-
tomic cosets are mutually unrelated.

Corollary 1. Any minimal FyLC code takes nonzero values only in one g-
cyclotomic coset in transform domain and any minimal FqLC code which has
nonzero transform components in [j|1 has size ¢ .

So, if Jy, Ja, - -, J; are the distinct g-cyclotomic cosets of I,, then any F,LC
code C can be decomposed as C = ®!_,Cy,. Corresponding m-quasi-cyclic codes
are called primary components [9] or irreducible components [2]. If a € F.,
then the intersection of all the F;, LC' codes containing a is called the F;; LC code
generated by a. We call such F;LC codes as one-generator F, LC' codes. Clearly,
For a one-generator F;, LC code C, each component C;, is minimal.

Suppose V1 and V3 are two subspaces of Fi:. Suppose y € Fy; such that Vi is
y-invariant and ¢ is a nonnegative integer. Then, we define Homp, (V1,Va,y,1) =

{0’ € Homp,(V1, Va)|oyx = yqiox , Vo € Vl}. Clearly, Homp, (V1,Va,y,1) is a

subspace of Homp,(V1,Vz). Since yqeyH = y?, we shall always assume i < ey-
We are interested in Hompg, (V1, Va,y, 1) since, if for an F,LC code, A; € V; and
Ajqi € Vo, then A; and Aj;i can be related by a homomorphism o : Vi — V3 if
and only if ¢ € Homp, (V1, Va2, a7, 1).

Theorem 7. Any o € Homp, (x1Fev,x20Fgev,y,1) is induced by a polynomial
f(X) =cX? for some unique constant c € CCQZCl_quey.
For y = o/, this theorem specifies all possible homomorphisms by which Ajg

can be related to A; for an F,LC code when A; takes values from a minimal
[a?, g]-subspace.

Example 5. Clearly, in the codes Cy and Cs in Table 2, Aj is related to Ajg by
homomorphisms. Suppose As = o¢(A1g) where f(X) is a g-polynomial over Fy:.
For Cp, f(X) = a®X? and for Ca, f(X) = aX?.

The following theorem specifies the possible relating homomorphisms when
A; takes values from a nonminimal [o, ¢]-subspace.

Theorem 8. Suppose V' C Fyi is a [y, q]-subspace and V = EB?;%)VJ' where V;
are minimal [y, q|-subspaces. Then, for any o € Homp,(V, Fyu,y,1i), there is

a unique polynomial of the form f(X) = Z;;é anquyH, a; € Fy such that
o=o0y. So, Homp, (V, Fy,y,i) = {os|f(X) = ZE;(I) anqJey“ ya; € Fuy
So, if ji,--+,jw € [k]? and Ay is related to A;,---,A; by homomor-
phisms i.e., if Ay = 01(4;,) + -+ + 0w(4;,), where oy, --,0, are homomor-
_ hieg+
phisms, then the relation can be expressed as Ay = 211:10 Cl,hlA;J'l v et
_ hwep+tw 2 .
Zﬁ:lo Cu,hy A, K , where k = j;{ mod n fori=1,---,w.

Ezxample 6. In the code C5 in Table 2, Ay is related to Ajg by a homomorphism
induced by the polynomial f(X) = a'*X? + a8 X8.
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5 Parity Check Matrix and Minimum Distance
of Quasicyclic Codes

For linear codes, Tanner used BCH like argument [I8] to estimate minimum
distance bounds from the parity check equations over an extension field.

With respect to any basis of Fim, there is a 1-1 correspondence between
n-length F,LC codes and m-quasi-cyclic codes of length nm over F,. Here we
describe how in some cases one can directly get a set of parity check equations
of a quasi-cyclic code from the transform domain structure of the corresponding
F,LC code. We first give a theorem from [3] for the distance bound.

Theorem 9. [3] Suppose, the components of the vector v € Fy. are nonzero
and distinct. If for each k = ko, k1, - -, ks—a, the vectors vF are in the span of a
set of parity check equations over Fyr, then the minimum distance of the code is
at least that of the cyclic code of length ¢" — 1 with roots %, k = ko, k1, -, ks—o
where (8 is a primitive element of Fyr

So, If k; = kg + ¢, BCH bound gives d,,;n > 6.

Let us fix a basis {fo, 61, -, Bm—1} of Fym over F,. By our characterization
of F,LC codes in DFT domain, we know that for any j € [0,n — 1], A; can take
values from any [a/, g]-subspace of F,rm;. In particular, A; can take Values from
subspaces of the form ¢~ !'F,; where ¢; |Z and [|mr;. Then,

l

L [t I n-l
(ch))? =cA; & <cz a”az) = CZ aa;
=0 =0
n—1 m—1 ql m—1
< <CZ o' Z amﬂac) = CZ o'l Z Qi B

=0 =0

This gives a parity check vector h =
(ho,0,ho,1, s hom—1, "+ hn—1,0, s Ain—1,m—1) with h; ; =

(cqlaiquﬁgl - ca”ﬂm). If A; = 0, it gives a parity check vector h with h; , = 3.
Now, for F,LC code, Aj; can be related to several other transform com-
ponents Aj, Aj,, -, Aj, by homomorphisrns where ji,---,ju € [k]Z. Then,

hickrts grwektte
q
A = Zhl—o c1,n, A, -+ Zh —0 Cu oy A for some constants

w

Cih; € Fygmr. It can be checked in the same way that this gives a parity check

. i l1— hiep+ty hiep+ty
vector h with h; . = Bya'* — Zhll —oC1h B aiira —
hweg+tw 45 hwegpttw
q g
h _O c“)vhwﬂ.’t Q- .

The component wise conjugate vectors of the parity check vectors obtained
in these ways and the vectors in their span are also parity check vectors of
the code. However, in general for any F,LC' code, the components may not be
related simply by homomorphisms or components may not take values from the
subspaces of the form c_quz. In those cases, the parity check vectors obtained
in the above ways may not specify the code completely. But still those equations
can be used for estimating a minimum distance bound by Theorem
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Since the DFT components in different g-cyclotomic cosets modulo n are
unrelated, the set of parity check equations over Fym- are union of the check
equations corresponding to each g-cyclotomic coset modulo n. Clearly, for any
one generator code, a set of parity check vectors completely specifying the code
can be obtained in this way. There are however other codes for which complete
set of parity check vectors can be derived. In fact, codes can be constructed by
imposing simple transform domain restrictions and thus allowing derivations of
a complete set of parity check equations over Fym-. We illustrate this with the

gMm" —1

following example. If 3 is a primitive element of Fymr, then we use « = 87 =
as the DFT kernel and we take the basis {1,3,3%,---, 3™ 1}.

Example 7. We consider the FoLC code of length n = 3 over Fs« given by
the transform domain restrictions Ay = 0 and Ay = p*A? + B9A%. With
the chosen basis, these two restrictions give the parity check vectors of the
underlying 4-quasi-cyclic code h(;) = (1,5,62753,1,6,52,53, 1,@62,63) and
hig) = (ﬂg,ﬂ5,512,ﬂ67ﬁ3,1,57,5,613,510,ﬂ2,511) respectively. Component-
wise conjugates of these vectors are also parity check vectors. Moreover, h(2)3 =
(697 1a 567 637 ﬁga 17 ﬁﬁa ﬂga 697 17 667 ﬂg) = ﬂh(l) +58h(1)2 +ﬂ6h(1)4 =+ h(l)8 and
h = (1,1,1,1,1,1,1,1,1,1,1,1) = Bthy) + 7hyy® + 8%hq)* + 3% 5.
So, the underlying quasi-cyclic code is a [12,4,6] code. This code is actually
same as the [12,4,6] code discussed in [1§].

Table 2. Few Length 15 F»-Linear Codes over Fig

[Only nonzero transform components are shown. The elements of F7s are represented
by the corresponding power of the primitive element and 0 is represented by -1.]

aoala2a3a4a5ﬂ6a7asac9a10a11a12a13a14lAsAlo aoala2a3a4a5a6a7asaga1oa11a12a13a14lAsAlo
0 2

1 1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 [-1 -1 -1 -1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 | -1 -1
0 280280280 2 8 0 2 8 |1 414 374374374 3 7 4 37 /|1 0
8 028028028 0 2 8 02 |6 147 4374374374 3 7 4 3 |6 10
2 802802802 8 0 2 80 |11 9|[3 7437437437 4 3 7 4 |11 5

C1 C3
T 1-1-1-1-1-1-1-1-1 1 -1 -1 -1 -1 [-1 -1(-1 -1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 [-1 -1
4 9144 9144 9144 9 14 4 9 14 |-1 4 |/0 280280280 2 8 0 2 8 |1 4
14 4 9144 9144 914 4 9 14 4 9 | -1 14 7135 7135 7135 7 13 5 7 13 | 6 9
9 144 9144 9144 9 14 4 9 14 -1 9 |[10 12310123 10123 10 12 3 10 12 3 | 11 14
Ci=Co+C Cs; =Co fCa

1 1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 [-1 -1 -1 -1-1-1-1-1-1-1-1-1 -1 -1 -1 -1 -1 | -1 -1
4 9144 9144 9144 14 4 914 | -1 4 ||4 3743743743 7 4 37 10
14 4 9144 9144 914 4 9 14 4 9 | -1 14||7 4 3 7 4 3 7 437 4 3 7 4 3 6 10
9 144 9144 9144 9 14 4 9 14 4 |-1 9 ||3 7 43 7 43743 7 4 3 7 4 |11 5
0 2802802802 8 0 28 |1 40 280280280732 8 0 2 8 14
1 116 1116 1116 1 11 6 1 11 6 | 1 -1 /1 6111 6111 6111 6 11 1 6 11 | -1 1
3 10123 1012 3 10123 10 12 3 1012 | 1 9 |[9 1013 91013 9 1013 9 10 13 9 1013 | 11 2
7 1835 7135 7135 7 13 5 7 13 5 | 1 14 |[14 12 5 1412 5 1412 5 14 12 5 14 12 5 6 8
8 028028028 0 2 8 02 |6 148 0280280280 2 8 0 2 6 14
5 7135 7135 7135 7 13 5 7 13 | 6 9 |[5 1412514125 14125 14 12 5 1412 | 11 3
6 1116 1116 1116 1 11 6 1 11 6 -1 11 1 6111 6111 6 11 1 6 11 1 6 -1 11
12 31012 3 1012 3 1012 3 10 12 3 10 | 6 4 [[13 9 1013 9 1013 9 1013 9 10 13 9 10 | 1 12
2 802802802 8 0 2 80 |11 9|2 8028028028 0 2 80| 1109
10 12 3 1012 3 1012 3 10 12 3 10 12 3 11 14 [[10 13 9 1013 9 1013 9 10 13 9 10 13 9 6 7
13 5 7135 7135 713 5 7 13 5 7 |11 4 [[12 51412 5 1412 5 1412 5 14 12 5 14 | 1 13
11 6 1116 1116 111 6 1 11 6 1 |11 -1|[6 111 6111 6111 6 11 1 6 11 1 | -1 6
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