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Transform decoding of BCH codes over Z,,
B. SUNDAR RAJANY and M. U. SIDDIQI

For BCH codes with symbols from rings of residue class integers modulo m,
denoted by Z,,, we introduce the analogue of Blahut’s frequency domain approach
for codes over finite fields and show that the problem of decoding these codes is
equivalenl to the minimal shift register synthesis problem over Galois rings. A
minimal shift register synthesis algorithm over Galois rings is obtained by
straightforward extention of the Reeds-Sloane algorithm which is for shift register
synthesis over Z,,,.

1. Introduction

The transform domain description of BCH codes over GF(g) using discrete
Fourier transform (DFT) defined over an extension field GF(g™) is well known.
Specifically, a BCH code over GF(g) that corrects t errors is defined as the cyclic
code over GF(q) for which 2¢ consecutive DFT coefficients of all codewords are
equal to zero {Blahut 1979, 1983). These codes have a simple decoding algorithm,
the Berlekamp-Massey algorithm, which is equivalent to synthesizing minimal
feedback shift register over the extension field GF(¢g™) (Massey 1969).

The important class of BCH codes over finite fields has been generalized to cover
symbols from an arbitrary residue class integer ring Z,, (Prithi Shankar 1979). Prithi
Shankar (1979) derived BCH codes over Z,, in terms of their generator polynomials
as follows. By the Chinese remainder theorem, it is sufficient to consider the case
m=p*. For m=p*, a cyclic code of length » over Z , is defined as an ideal in the ring
of polynomials with coefficients from Z,. modulo {x"—1) that is generated by any
monic polynomial g(x) that divides (x"—1). To characterize these cyclic codes in
terms of roots of g(x), an extension ring of Z, called the Galois ring (McDonald
1974), is used. The polynomial (x"— 1) factors uniquely in the Galois ring, and since
g(x) is a factor of {x"—1) a subset of roots of (x"— 1) uniquely specifies the cyclic
code generated by g(x). If the roots that specify a cyclic code are consecutive powers
of an element (one of the roots of (x"— 1)) then the cyclic code is called a BCH code
over Z . In this correspondence, it is shown that the decoding problem for these
BCH codes is equivalent to the minimal shift register synthesis problem over Galois
rings and an algorithm for which is obtained by observing that the shift register
synthesis algorithm of Reeds and Sloane (Reeds and Sloane 1985) for Z,, is also
valid for Galois rings. This result is the counterpart of the Berlekamp-Massey
algorithm for decoding BCH codes over finite rings.

2. Transform description of BCH codes over Z,

A finite commutative ring with identity, denoted by R, is said to support a DFT
of length # if there exists a transform of the form
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where a;, A;€R, and « is a unit of order n in the group of units of R and n is
invertible in R (Dubios and Venetsanopoulos 1978 a). The element « is called the
transform factor of the DFT.

This DFT defines an isomorphism between convolution algebra R[x]/(x"—1) and
pointwise product algebra of n-tuples of R, denoted by R". In other words, if
(Ag,A,,...,4,-,) and (By.B,,...,B,_,) are the transform vectors of
{ag,a,,...,4a,-,) and (by, b,,...,b,_,) then the cyclic convolution

n=1
= Z by —pmoans k=0,1,...,n—1

i=0

has the transform vector (C4,C,,...,C,_) where C,= A, B,, k=0,1,...,n—1. This
property is known as the convolution property of the DFT.

Let p* be a power of a prime number. Galois rings are residue class polynomial
rings Z «[x]/®(x), denoted by GR(p*, r), where Z [x] is the ring of polynomials over
Z 5 and ®(x) is a monic irreducible polynomial of degree r over Z [x] and hence over
Z [x] (McDonald 1974). For a Galois ring GR(p*, r) to support a DFT of length n,
it is required that # and p must be relatively prime, i.e., (n, p)=1, and n should divide
p"—1, for only then can an element « of order n exist in GR(p*,r) (Dubois and
Venetsanopoulos 1978). Now it is clear that @j., GR(p¥,r) can support a DFT of
length # if and only if the following two conditions are satisfied. Firstly (n,p)=1,
where (=0,1,...,s; and secondly, n divides ged{(p;—1), (p5—1),....(pi—1}.
Therefore throughout, it is assumed that the length of the code, denoted by n, is
relatively prime to m.

A property, known as the conjugate symmetry property {(Dubois and Venetsano-
poulos 1978 b), holds in the case of DFT over Galois rings. Let ((ag,4,,...,4,_,) be
an n-tuple over Z, and (A4, A4,,...,A,_ )€ GR"(p*,r) be its transform vector, where
GR(p*, r) is the extension ring of Z,. which supports the DFT. We have

n—1
Ajmzaijal-, j=0,],...,n—]

i=0

where « is an element of order # in the group of units of GR(p*,r) denoted by
GR*(p*,r). The automorphism group of GR(p*, r) is a cyclic group of order r and the
generator automorphism is e{a)=af. The conjugacy constraint in this case is given
by A,;=0(A;) where j=0,1,...,na—1. All the n-tuples of GR(p*,r) which are DFT
vectors of some n-tuple over Z . satisfy this condition. This property is called the
conjugate symmetry property of DFT over Galois rings. It is the counterpart of the
conjugacy constraints (Blahut 1979, 1983) in the case of DFT over finite fields.

Definition 1

Given a positive integer # and a prime p relatively prime to #, the conjugacy class
containing j, (0<,j<n), denoted by C, (/) is the set {/, pj, p/,...,p* 1} where e is
the least integer such that p%=j(modn). Such an integer exists because of the
relative primality of » and p. The integer e is called the exponent of the conjugacy
class C, (/).
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Given p* and length n, the DFT is constructed as follows. Choose the least
integer r such that n divides (p"—1). The required extension ring is GR(p*,r). The
group of units GR*(p* r) contains a cyclic sub-group G, whose order is (p"—1).
Further, since # divides {(p"— 1) and element a exists in G, whose order is n. Hence
GR(p*,r) supports a DFT of length n over Z .

Definition 2

Let a={ay,a,,...,a,-;) be an n-tuple over Z . The DFT of a is defined as
A;=Y"" a'a; j=0,1,...,n—1, where « is an element of multiplicative order » in
GR(p*,r), where r is the least integer such that n divides (p"—1). The vector
A=(Aq,A,...,A,_,) is called the transform vector or spectrum of a
=(aq,ay,...,4,_,). The components A4;,i=1,2,...,n are called DFT coefficients or
spectral components of a.

Only those n-tuples over GR(p*, r), which satisfy the conjugacy constraints will
be transform vectors of n-tuples over Z .. Since DFT defines an isomorphism all
such n-tuples will form a sub-ring, denoted by R,, of peintwise product algebra
GR"(p*,r). We have Z \[x]/(x"— |)=R,. The following theorem, proved by Sundar
Rajan and Siddiqi (1994), characterizes R,.

Theorem 1 (Sundar Rajan and Siddigi 1994)

The sub-ring R, of GR"(p% r), which contains all the transform vectors of
n-tuples over Z,. is isomorphic to @{.,GR(p" r) where t is the number of
conjugacy classes and r; are the exponents of the conjugacy classes for the integer n
and prime p.

It can be shown (Madhusudhana 1987) that the number of conjugacy classes 1 is
given by

L)
=L

where e(d) is the least integer such that 4°=1(mod gq), where g=n/d and ¢(d) is the
Euler’s totient function.

For a given p*, a cyclic code of length n over Z . is an ideal in the ring of
polynomials with coefficients from Z, modulo the polynomial (x"—1) and is
generated by any monic polynomial g(x) that divides (x"— 1) (Prithi Shankar 1979).
(The transform domain study of cyclic codes for the case g(x) being not monic leads
to interesting situations which have been reported by Sundar Rajan and Siddigi
1994.) If the roots of g(x) in the group of units of the extension ring GR(p", r) are
consecutive powers of a, where « is a primitive nth root of unity, the cyclic code is
called a BCH code over Z,.. Let g(x) be the generator polynomial of a BCH code
with the 2t consecutive roots being o, a"**, ..., &"*¥~ ! Let (G,,G,;,...,G,_,) be
the transform vector of g(x). We have

n=1
G;= Y aligi=gla)=0 for j=hh+1,.. h+20—1
i=0
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Hence a BCH code can be defined in transform domain as follows.

Definition 3

A BCH code that corrects up to ¢ errors consists of the inverse DFT of vectors of
R, with 27 number of consecutive components equal lo zero.

Such a code has minimum Hamming distance 2r+1 and hence corrects up to ¢
errors (Prithi Shankar 1979). Without loss of generality we assume that the BCH
code under consideration for decoding has first 2¢ DFT components zero.

Example 1

A double error correcting BCH code over Z, of length 8. The appropriate
extension ring is GR(9,2). The conjugacy classes are {0}, {1,3}, {2,6}, {4} and
{5,7}. The transform matrix is

o 10 10 10 10 10 10 10
10 31 75 28 80 68 24 7I
10 75 80 24 10 75 80 24
I0 28 24 31 80 71 75 68
I0 8 10 80 10 8 10 80
10 68 75 71 80 31 24 28
10 24 8 75 10 24 80 75

10 71 24 68 80 28 75 31

where each entry ab represents a+ bx, an element of GR(9, 2). The transform factor
is 3+ x. The automorphism defining the conjugacy constraint is g(x)=8+8x. For
double error correction, it is sufficient to have four consecutive zeros. However, we
consider the code with the first five DFT coefficients zeros. The conjugacy classes
which take zeros are {0}, {1,3}, {2,6} and {4}. A complete listing of all the
codewords with their DFT coefficients is given in Table 1.

3. Equivalence of decoding BCH codes over Z. to shift register synthesis over
Galois ring

In this section we show that the problem of decoding BCH codes over Z . is
equivalent to the minimal feedback shift register synthesis problem over Galois
rings. The BCH codes under consideration for decoding are t-error correcting of
length # and without loss of generality, it is assumed that the first 27 consecutive
DFT coefficients are zeros.

Let us associate with an n-tuple a=(ay,a,,...,a,-,) over Z . the polynomial

a(x)=ay+a,x+a,x*+...+a,_,x""'eZu[x]
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Codeword Spectrum Codeword Spectrum
0000O0O0O0O 00000000 00 00 00 00 4 5265473 0000 00 00 00 684 00 S5
0L 580841 0000000000 51 00 48 4 6 7 55 3 24 0000 00 00 00 55 00 04
02170782 0000000000 12008 47 345265 00000000 00 16 00 43
03 6606 3 3 0000 00 00 00 63 00 36 4 8835116 0000 00 00 00 67 00 82
04250574 0000 00 00 00 24 00 75 5057 4042 00 00 00 00 00 71 00 68
057 40425 0000000000 750024 S 1 1 64883 00000000 00 32 00 17
063303606 0000000000 36 00 63 5265 47 34 0000 00 00 00 83 00 56
0782021 7 000000000087 00 12 53 24 4675 0000 00 00 00 44 00 OS
084101 S8 00 000D GO OO 48 00 51 5 4 7 3 4 52 6 00 00 00 00 00 05 00 44
1 01 5808 4 00 00 00 00 00 52 00 37 55324467 0000 00 00 00 56 00 83
11648835 0000000000 130076 5681 431 8 0000000000 17 00 32
12238776 0000000000 64 0025 57 404250 000000 00 G0 68 00 71
13728627 000000 00 00 25 00 64 58084101 000000 00 00 20 00 20
1 431 8568 0000 000000 7 00 13 60 6 3 3 0 36 0000 00 00 00 33 00 06
15808410 000000 0000 37 00 52 6 1 22 3 8 77 Q0 00 00 00 OO B4 00 45
Il 6488351 00000000008 000 62713728 0000000000 45 00 84
1 70782032 0000 0000 OO 40 00 40 6 3 3 0 3 6 6 0 00 00 D0 00 00 06 00 33
1 8568 1t 43 0000 00 00 OO0 Ol OD 88 6 4 8 8 3 5 1 ! 00 00 00 00 00 S7 00 72
2021 7078 0000000000 I4 00 65 6 54 7 3 452 0000 00 00 G0 I8 00 2§
21707820 00000000 00 6500 14 6 6 0 6 3 3 0 3 00 00 00 00 OO 60 00 60
22387761 0000000000 2 00 S3 6 7 5 5 3 244 00D 00 00 00 00 21 00 18
2387761 2 0000000000 77 00 02 6 8 1 4 3 1 85 00 00 G0 00 00 72 00 57
24467553 0000000000 38 004 70782021t 000000 00 OO 85 00 34
2 50657 404 00000000 00 80 00 80 7 1 3 7 2 8 62 0D 00 00O 00 00 46 00 73
26 547345 000000 O0C 0041 00 38 7 28627 1 3 000000 00 00 07 00 22
27137286 00000000 00020077 7 3452654 0000000000 58 00 6l
286327 1 37 0000000000 53002 7 4042505 000000 00 00 10 00 10
30366063 000000000066 000 7 5532446 0000000000 61 00 58
3185668 1 4 0000000000 27 0042 7 6 1 223 87 0000 00 00 00 22 06 07
32446755 0000000000 78 0081 7 761 2238 000000 00 00 73 00 46
33036606 00000000 0G0 30003 7 82021 70 000000 00 00 34 00 85
34526547 0000000000 81 00 78 8 0 8 4 | O 1 5 00 00 00 00 0D 47 00 62
351 16488 00000000 00 4200 27 8 1 4 3 1 8 56 00 00 00 00 OO0 08 0O 1
36 606330 000000000003 006 82021707 000000 00 00 50 OO 50
37286271 0000000000 540015 83 5 11648 0000 G0 00 00 11 00 08
387761 22 00 00 GO 00 00 1S 00 54 8 4t 01 580 0000 00 00 00 62 00 47
40425057 0000000000 28 00 31 B8 56 8 1 4 3 1 00 0000 00 00 23 00 86
4101 5808 0000006000 70 00 70 8 6 2 7 1 3 7 2 00 00 00 00 00 74 00 35
4 2505740 00 00 00 00 00 31 00 28 8§ 7761 223 00 00 00 00 00 35 00 74
4318568 1 000000 00 00 82 00 67 8 8 3 5 1 1 64 00 00 00 00 0 86 00 23
44675532 00000000 00 43 00 16
Table 1. Codewords and their spectrum of the BCH code of Example 1.
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Let ¢=(cy,Cq,.--5Ca ) be the transmitted codeword and r=(ry,7,,...,7,_,) and
e=(ey,€,,...,e,_;) be the received and error vectors, respectively. The associated
polynomials are

c(x)=co+cix+exi+. . 4c, x"7!

rx)=ro+rXx+rnx’ 4+ +r_x""!

e(x)=eg+e;x+e,x +.. . +e,_ x"!
Assuming that only é<r errors have occurred, we have only é non-zero coefficients
in e(x). Let

e(x)=¢; x" +e;, x*+...+e,x"

ie, f1,43,....iy are the locations of the errors and e;,,e;,, ..., e;, are the magnitudes
of the errors. Both locations and magnitudes are unknown. The decoding problem is
to find these. Instead of finding error locations and magnitudes which means finding
e(x), we obtain the transform vector of e(x), the inverse DFT of which gives e
straightaway.

Let « be the transform factor of the DFT. We define §; (the jth syndrome) as
§;=r{a)). Note that S, is nothing but the jth DFT coefficient of the received vector.
Since r(x)=c(x)+e(x) and c(x)=0 for x=a%4a',...,a%*" !, the syndromes contain
information due to errors only, i.c., the first 2¢ DFT coefficients of the error vector
are equal to the syndromes S, S,...,5;,_,. So our aim is to obtain e(x) such that 4,
the degree of e(x) is at a minimum and also the first 2¢t DFT coefficients are equal to
syndromes.

Let us define the polynomial A(x), called the error locater polynomial, by

A(x)=(1 —xa)(1 —xa?) ... (] —xa™)

The degree of A(x) is &, which is utmost 7, and A(x) is a polynomial with coefficients
in GR(p".r). Let

AX)=1+Ax+ A x5+, + A, x"!

The inverse DFT of A(x) is given by A(a~/), j=0,1,...,n—1, which is same as A(x)
evaluated at o™/, We denote this inverse DFT of A(x) by I'=(I"y, I';,...,T,_).
Note that T is an n-tuple over GR(p*, r). Since A(x), in general, does not satisfy the
conjugacy constraints, inverse DFT is not an n-tuple over Z .. By the definition of
A(x), A(2~%) is equal to zero if and only if j is an error location. Thus A(x) has been
defined in such a way that in I', I',=0 for all those i for which ¢;#0. Hence I';e;=0
forall i=0,1,...,n—1. By the convolution property of the DFT, the convolution of
transform vector of I' and the transform vector of error vector, denoted by
E=(Eq, E,,..., E,_) is equal to the zero vector. That is

1
Z A,'Ek_,'=0, k=0,],...,n_l

n—
i=0

Because A(x) has a degree equal to & we have 4;=0 for j> 6. Therefore

[
ZAiEk—l':O k=0,l,.>.,n_'|
i=0
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Since Ay=1, we have

3
E,=—) AE._;, k=0,1,..,n-1
i=0

The coefficients A;, i=1,2,...,8, are unknown and among the n components of E
only 2t are known which are equal to syndromes. Thus

5
Se=—Y A8y, k=86+1,...,2—1

i=0

involve only the known syndromes and the  unknown components of 4. From the
above equations it follows that the problem of obtaining 4., 4,,..., A; is nothing
but synthesizing the minimal feedback shift register with tap coefficients
Ay, A,,...,A; that generate the Sg,S,,...,5,_,. Note that §,,5,,...,5,_, and
Ay, Aq,..., Ay belong to a Galois ring and the requirement of minimizing ¢ is taken
care of since the synthesis is for the minimal length shift register. The problem of
decoding BCH codes over Z,, is accordingly, equivalent to the minimal shift register
synthesis problem over the Galois ring. By recursive extension, S,,, 841,55,
can be obtained and the inverse Fourier transform of (S,,S,,...,5,-,) straight-
away gives the error vector (e5,€,,...,€,- ).

4. A sample computation of BCH decoding algorithm

In this section we display the computation of the algorithm for the BCH code
given in Example 1. We assume that the transmitted codeword is
(1 1 6 4 8 8 3 5)andtheerrorvectoris(0 0 0 5 0 1 0 0). Then
the received vector is (1 1 6 0 8 O 3 5). The transform vector of the
received vector is (60, 73, 87, 46, 30, 30, 12, 30). Hence, we have the syndromes

S,=60, §,=73,S,=87, S,=46, S, =30
i.e., S(x)=(60) +(73)x + (87T)x + (46)x> + (30)x*

The computation of every step except the last of the algorithm for the above given
S(x) is shown in Table 3.
In the final step we have

al =(10) + (12)x + (10)x2
b5 =(60)+(46)x and L(AF)=2
Hence the connection polynomial is
a(x)=(10)+ (12)x + (10)x?
and
S(x)a(x) = b(x)(mod x%)
We have
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uoot 0 O(mod3®™" u 1t 0 Omod3®") u 0 0(mod3?-")
o1 0 01 01 30 1 10,40,70 10 60 1 20,50,80 20
02 0 02 02 310 3 31 61 0 61 61
03 1 01,04,07 01 32 0 32 323 62 0 62 62
04 0 04 04 331 11,44,77 1 63 1 21,54,87 21
05 0 05 05 34 0 34 34 64 0 64 64
06 1 02,0508 02 35 0 35 35 65 0 65 65
07 0 07 07 6 1 12,4578 12 66 1 22,5588 22
08 0 08 08 17 0 37 37 67 0 67 67
10 0 10 10 38 0 18 38 68 0 68 68
I o il 1 40 0 40 40 70 0 70 70
12 o 12 12 41 0 41 41 710 71 71
13 0 13 13 42 0 42 42 72 0 72 72
14 0 14 14 43 0 43 43 73 0 73 73
15 0 15 5 44 0 44 44 74 0 74 74
16 0 16 16 45 0 45 45 75 0 75 75
17 0 17 17 46 0 46 46 76 0 76 76
18 0 18 18 47 0 47 47 77 0 77 77
20 0 20 20 48 0 48 48 78 0 78 78
21 0 21 21 50 0 50 50 80 0 80 80
2 0 22 22 510 sl 51 8l 0 81 81
23 0 23 23 52 0 52 52 82 0 82 82
% 0 24 24 53 0 53 53 83 0 83 83
25 0 25 25 54 0 54 54 84 0 84 84
26 0 26 26 55 0 55 55 85 0 85 85
27 0 27 27 56 0 56 56 86 0 86 86
28 0 28 28 57 0 57 57 87 0 87 87
58 0 58 58 88 0 88 88

Table 2. Representation of non-zero elements of GR(9,2).

SJ= ""(alSj_l +a25j_2)

Putting j=35, 6, 7 successively we obtain the unknown syndromes S=(26), S, =(12)
and S,=(53). The inverse transform of (S,, §,, 53. 83, 84, S5, S¢, §4) gives the error

vector to be (0 0 0 5 0 | 0 0). Hence the transmitted codeword is
a1 6 4 8 8 3 5).
Appendix

Shift register synthesis algorithm over Galois ring

This algorithm is exactly same as that of Reeds and Sloane (1985) except that
instead of the ring Z,, it is discussed for Gailois rings. This is given only for the
purpose of completion.

Now we proceed to describe the shift register synthesis algorithm over a Galois
ring. For Z , the minimal shift register synthesis algorithm has been obtained by
Reeds and Sloane. We now show that this algorithm is also valid for minimal shift
register synthesis over Galois rings. Qur presentation is very simtlar to that of Reeds
and Sloane (1985) and familiarity with that paper will be useful in following the
algorithm.

The following property of the Galois rings is the only idea that is required to be
known, apart from the Reeds-Sloane algorithm for shift register synthesis over Z,_,



Transform decoding of BCH codes over 7., 1051

=0 =1
Step 0 aP(x)=(10) a?(x)=3(10)
k=0 HE(x) = (00) b (x)=(00)
L(APHY=0 L(A®) =0
oo =(20) U, o=0(10)
too=1 tig=2
f(0,0)=0 f(1,00=0
Step 1 al (x)=(10) a'P(x)=3(10)
k= b (x) =3(20)=(60) H(x) =13.3.(20)=(00)
L(AgH=1 L(A{")=0
uy, =(73) uy; =(10)
te; =0 1,=1
g=f(0, =1 g=f(1,1)=0
h=0; r=0
Step 2 al?(x)=(10) a(x)=3(10)+(40)x
k=2 bEN(x)=(60)+ (73)x H(x) =(00)
L(A§) =2 L(AP)=1
ug; =(87) uy2=(76)
t5.=0 t,=0
g=/(0,2)=1 g=f(1,2)=1
h=0;r=1 h=0; r=1
Step 3 ax)=(10)+(72)x a®(x)=(30)+(36)x
k=3 b (x)=(60) + (40)x b(x)=(30)x
L(AG) =2 LA =2
ugs=(53) u13=(20)
t93=0 f13=1
g=/(0.3)=1 g=/(1,3)=0
h=1;r=2 h=1r=1
Step 4 af(x)=(10)+ (12)x +(10).x? aP(x)=(30)+ (36)x + (30)x?
k=4 bEN(x) =(60)+ (46)x HP¥(x) = (30)x
L(AgM =2 LA =2
g =1(10) u,=(10)
lga=2 lia=

Table 3. Computation steps.

to obtain an algorithm that works over the Galois ring. In the Galois ring GR(p*, r)
any non-zero clement p can be written as Op' where @ is a unit and 0<1<k—1. In
this representation the integer ¢ is unique and @ is unique modulo (p* ). Note that
this property holds for Z . since Z is nothing but the Galois ring GR(p*, 1).

Example

Consider GR(9,2)=Z4|x)/(x%+ x+2). Any non-zero element u of GR(9, 2) is of
the form @+ bx where a,beZ; and it is denoted by ab. The representation of u in the
form Op' for the elements of GR(9,2) is given in Table 2.

Let GR*(p®,r) denote the set of all units of the Galois ring GR{p® r). The
sequence S4,5,,...,5,-, where S;eGR(p®,r), is said to be generated by a linear
feedback shift register of length & if there are elements ay=1,a,,a,,...,4q,
e GR(p®, r) such that
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s
Y a,5.,=0, j=86+1,...,n—1 (A1)
i=0
Let a(x)=ag+a,x+a,x*+...+a,x* and S(x)=So+ 5, x+8,x3+...+8,_,x" .
Clearly a(x) and S(x) are in GR(p®, r)[x]. Then (A 1) can be written as
S(x)a(x)=b(x)(mod x") a(0)=1 (A2)

for some polynomial 5(x) e GR(p®, r)[x] of degree <&—1. Thus the length of the shift
register is d=max{dega(x), | +degb(x)}. We write 4 =(a(x), b(x)) and define

L(A)=max{dega(x), 1 + deg b(x)}

By convention deg(0)= — c0.

The algorithm
Let S4,54,...,5,-,€GR(pe,r) Our aim is to find A=(a(x),b(x)) of minimal
length 6= L(A) satisfying (2). The following more general problem is considered.
For all /=0, 1, 2,...,e— |, find pairs 4;,=(a,(x), b{x)) such that
S(x)ai(x)=b(x)(mod x7), a(0)=p'

and L(A;)=4; is minimized. This algorithm is an iterative procedure that for all
0<k<€n, 0<i<e calculates the pairs

AP = (@), b))
satisfying
S(x)ai?(x)=bM(mod x*); a'(0)=p'

and minimizing L{A«k)). Let p"*(0 <1, <e) be the highest power of p dividing the
coefficient of x* in

S(x)af(x) — b{(x)

(t;,=e if the coefficient of x* is zero). Then at the kth step in the iteration, the

following property holds for all 0<j<k. For all 0<g<e either
L(AZY = L(AY)
or else there exists h=/(g, ) with
g+i,<e (A3)
LAYy =j+ 1 — L(A[D) (A4)
L(AY* V) > L(4)

This property is analogous to the condition that Massey gives (Massey 1969,
eqns. {11)-(13)) for the finite field case. Given this data our algorithm calculates
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A®*D and f(i,k),0<i<e, such that property P, holds. The quantities L(A}") also
obey the inequality

L(AR )< LA S L(AETY)
Step 0: We start the algorithm with k=0 and for each i=0,1,...,e—1, define
a®x)=p', bP(x)=0; a’(x)=p', Bi""(x)=p'S,
and
AL = (a{®(x), b*U(x)), AV =(af"(x), b{"(x))

Let So=Up' for Ue GR*(p°,r), 0<t<e. (if So=0set U=1 and t=¢).
Then

L(A") =0
and
LAM=1 if i+i<e
=0 if i+ize
We also define
Upo=U, tio=i+t if it+t<e
uo=1,t9=e if i+i1<e

Finally, we set f(i,0)=0 for all i
The following step is carried out for each k=1,2,...,n—1.

Step k (This produces A** 1)

For each i=0,1,...,e—1, we have the following calculations. Define u,,
e GR*(p%,r) and #;, 0t <e, by

S()a®(x) = b® 4 uy p'*x*(mod x**1)

(upp"* is the current discrepancy in the notation by Massey 1969)
Case I If 1, =e. set A** =40,

Case II. If 1, <e, define g=e—1—1,, so that 0<g <e and put f{(i,k)=4g.
There are now two subclasses.

Case 1l(a): If L(AP)=0, we set
AF* D= 4040, uyp ),
Case 1I{b); If L(A®)>0, then for some 0<v<k we have
L(A®) < LAY+ D) = [(A®) (AS)

v is the time of the most recent length change in the sequence L(A™), L(A{),
L(A?).... From (A3), (A4) and (A 5) it follows that
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LAWY= LA Dy =p+ 1 — L(A})

where h=f(g,v) and g+1,,<e.
Using g=e— 11—, we have 1,,<1,. Thus the power of p from the past can be
used to annihilate the power of p in the current discrepancy and we define

agk + “(x) = agk) —uy u,; lp‘"‘ - !nuxk - "a},”’(x)
B D(x) = al — gy P et OB x)
and
AFED = (@ (x), B 1)
Then
S()a* D(x)=b*Y(x) and af*V(0)=p'

This concludes Step k.

At the end of step (n— 1) the algorithm terminates and the desired pair 4 =(a(x),
b(x)) is given by AP =(a{(x), bF(x)).

The proof for the correctness of this algorithm is same as that of Reeds-Sloane
for shift register synthesis over Z,,. One obtains the proof for Galois rings by simply
changing Z,, to GR(p*, r) in the Reeds-Sloane algorithm.
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