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Abstract—This paper considers the uplink performance of
a multi-user massive multiple-input multiple-output orthogonal
frequency-division multiplexing (MIMO-OFDM) system with
mobile users. Mobility brings two major problems to a MIMO-
OFDM system: inter carrier interference (ICI) and channel aging.
In practice, it is common to allot multiple contiguous subcarriers
to a user as well as schedule multiple users on each subcarrier.
Motivated by this, we consider a general subcarrier allocation
scheme and derive expressions for the ICI power, uplink signal to
interference plus noise ratio and the achievable uplink sum-rate,
taking into account the ICI and the multi-user interference due
to channel aging. We show that the system incurs a near-constant
ICI power that depends linearly on the ratio of the number of
users per subcarrier to the number of subcarriers per user, nearly
independently of how the UEs distribute their power across the
subcarriers. Further, we exploit the coherence bandwidth of the
channel to reduce the length of the pilot sequences required
for uplink channel estimation. We consider both zero-forcing
and maximal-ratio combining at the receiver and compare the
respective sum-rate performances. In either case, the subcarrier
allocation scheme considered in this paper leads to significantly
higher sum-rates compared to previous work, owing to the near-
constant ICI property as well as the reduced pilot overhead.

Index Terms—Massive Multiple-Input-Multiple-Output or-
thogonal frequency-division multiplexing (MIMO-OFDM), inter
carrier interference, channel aging, coherence bandwidth, uplink
sum-rate.

I. INTRODUCTION

ASSIVE multiple-input multiple-output (MIMO) has
M evolved as a key technology for 5G and beyond, offer-
ing a substantial increase in the spectral and energy efficiency
of cellular systems [1]-[3]. Having a large number of antennas
at the access point (AP) (i.e., base station (BS)) effectively
combats fading, as the effective channel gain becomes nearly
constant due to the phenomenon of channel hardening [4].
This enables each AP to serve tens to hundreds of users using
the same time-frequency resource via spatial multiplexing.
On the other side, the combination of MIMO and orthog-
onal frequency-division multiplexing (OFDM) has shown to
provide high data rates and increased system flexibility [5]—
[7], and has been deployed in standards such as 3GPP LTE
Advanced, IEEE 802.16 WiMax and 5G New Radio.

Much of the recent literature elucidating the performance
advantages offered by single-carrier massive MIMO systems
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assumes the availability of perfect channel state information
(CSI) at the AP or considers the impact of channel estimation
errors and pilot contamination when the channels remain static
over time. This inherently implies that users in the cell remain
fixed at their locations or move at sufficiently low velocities.
However, as user mobility increases, there arises a difference
between the estimated channel at the AP and the actual channel
experienced by the data symbols, a phenomenon popularly
known as channel aging [8]-[11]. This mismatch grows with
time and results in a significant loss in the achievable sum-
rate [11], [12]. In [13], the authors analyse the impact of
channel aging and prediction on the uplink of a single-carrier
massive MIMO system with MRC and ZF receivers. The
design and comparison of various channel predictors for time-
varying massive MIMO channels is provided in [14]. The
performance loss can be overcome to some extent using data-
aided channel tracking in single-carrier systems [15]. The
effect of channel aging in cell-free massive MIMO systems
was analyzed in [16].

With OFDM, mobility brings an additional impairment to
the cellular system. The frequency offset resulting from the
Doppler shift disrupts the orthogonality between subcarriers,
resulting in inter carrier interference (ICI) between them (see
[17] and the references therein). Not only does ICI contribute
an additive interference term to the received data signal, it also
causes additional channel estimation error, further impacting
data detection performance. Although OFDM and massive
MIMO have been the dominant technology for wireless access
in the past decade, surprisingly, the system performance where
the two are simultaneously employed has not been studied
much in the existing literature, especially in the context of
channel aging and ICI. A key paper in this area is the previous
work by Zhang et al. [17], where the degradation in the sum-
rate performance of a MIMO-OFDMA system was analyzed.
However, that work focused on the simple case where each
user is assigned only one subcarrier. In practical systems,
each user is typically scheduled on multiple subcarriers in
order to improve the per-user throughput, and multiple users
are scheduled on each subcarrier. The latter is particularly
important in massive MIMO systems, as multiple antennas at
the AP can be used to suppress interference and provide array
gains, and allow one to exploit the multiplexing gain offered
by massive MIMO systems. The analysis in [17] does not
extend to these scenarios. In this paper, we analyze the effect
of channel aging and ICI in the more general scenario alluded
to above. In the process, we also develop a new, low-overhead



channel estimation scheme and provide novel insights into the
system performance.

A. Our Contributions

In this paper, we analyze the uplink performance of a multi-
user massive MIMO-OFDM (MU-mMIMO-OFDM) cellular
system when mobile users transmit data on multiple contigu-
ous subcarriers. The main contributions of the paper are:

« We introduce a static subcarrier allocation scheme that
generalizes the allocation adopted in the previous work
[17], allowing a UE to transmit on multiple subcarriers
while also allowing a subcarrier to serve multiple UEs.
We note that a static allocation of subcarriers is rea-
sonable in massive MIMO systems due to the channel
hardening effect [4]. It is also appropriate in OFDM
based systems due to the near-constant ICI property,
which is an important observation in this work. These
two factors imply that the effective SINR is uniform
across different subcarriers, and therefore the number of
subcarriers allotted to a given user is more important than
which specific subcarriers are allotted.

o We derive an expression for the ICI power and examine
its properties. For example, we show that when the
number of subcarriers is large, the ICI power is nearly
independent of the (transmit) power allocation employed
by the users across the subcarriers allotted to them.

« Inspired by techniques in standards such as IEEE 802.11a
and LTE, we present a pilot sequence transmission
scheme that exploits the frequency-domain channel coher-
ence to reduce the amount of training overhead involved
in channel estimation. As we will see, this dramatically
improves the achievable rate of OFDM systems, espe-
cially under fast varying channels.

« We consider zero-forcing and maximal-ratio combining
at the AP and derive expressions for the sum-rate perfor-
mance. We exploit the near-constant ICI power alluded
to above to derive simple yet accurate expressions for the
achievable uplink SINR and the sum-rate. This allows us
to obtain key insights on the sum-rate performance such
as the number of subcarriers to be allotted to users, the
effect of channel aging and the pilot overhead.

« We provide extensive numerical simulation results to
validate the analytical expressions and provide further
insights into the system performance.

Our results elucidate the impact of user mobility in massive
MIMO-OFDM systems. We show that the number of subcar-
riers allotted per user needs to be judiciously chosen based on
the coherence bandwidth, coherence time, number of subcar-
riers available, number of users to be served, and the number
of antennas. By doing so, the multi-user interference and ICI
can be better controlled, leading to significant gains in the
achievable sum-rate. Furthermore, despite the ICI introduced
by the user mobility, the benefits of massive MIMO can still
be extracted, especially in low to medium mobility scenarios.

The organization of the paper is as follows: Section II
presents the system model. Section III discusses channel
estimation, presents a pilot sequence allocation scheme, and

TABLE I

NOTATION
Total no. of AP antennas Ng
Total no. of UEs Ng
Total no. of subcarriers Ng
No. of UEs allotted to each subcarrier Ny
No. of subcarriers allotted to each UE N¢
No. of subcarriers in one coherence bandwidth Ny
Length of the pilot sequence Np
No. of subcarriers on which each UE transmits pilots | Nq,
No. of data symbols per frame Nop

analyzes the minimum pilot length required to ensure no
pilot contamination. In section IV, an expression for the ICI
power is derived and analyzed. Section V presents the sum-
rate performance of the system under two different receive
combining schemes, namely, zero-forcing and maximal-ratio
combining. Section VI presents numerical results, and Sec-
tion VII concludes the paper.

Notation: Boldface uppercase and lowercase letters repre-
sent matrices and vectors, respectively. The (i, j)-th element
of the matrix A is denoted by a;;. The notations () and
()f represent the conjugate transpose and the pseudo-inverse
operation, respectively, and E [-] denotes the expectation oper-
ator. The notation CN (0, o?) denotes the circularly symmetric
complex Gaussian distribution with mean zero and variance
2. We use J to represent V-1.

II. SYSTEM MODEL

We consider the uplink of a single cell MU-mMIMO-
OFDM system. An access point (AP) with Ng antennas
(indexed as m € {1,...,Ng}) is located at the centre of the
cell. There are a total of Ng single antenna user equipments
(UEs) moving in random directions within the cell. The system
deploys Ng subcarriers (indexed as i € {1,...,Ng}) spaced
Af Hz apart and spanning a total bandwidth of B Hz. Each
subcarrier is assigned to a group consisting of N¢; UEs, where
Nq; < Ng, since one cannot schedule more than the total
number of UEs on a given subcarrier. Contrariwise, each UE
transmits its data on a subset of N contiguous subcarriers.
Thus, a UE may be served by multiple subcarriers and a
subcarrier may be shared among multiple UEs. However, each
group of subcarriers serves a distinct group of UEs. This is
ensured by having an equal number of subcarrier and UE
groups, i.e.,

Ng _Ng
Ny Ne

where L denotes the number of UE and subcarrier groups
(see figure 1). As a consequence, for a given total number of
UEs (Ng) and total number of subcarriers (Ng), the quantities
Nq; and N¢ can be varied keeping their ratio N— constant. We
assume that the system operates in the massive MIMO regime,
so that Nqy < Ng, although the total number of UEs in the
cell Ng could be comparable to or even larger than Ng. Table
I lists the key notations used in this paper.

The k-th UE served by the i-th subcarrier is denoted UE;
where k € {1,...,Nq}. The physical parameters concerning
UE; include r;; which represents its distance from the AP, v

=L, LeZ' (1)
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Fig. 1. The UE-subcarrier allocation considered in this work.

which denotes its instantaneous speed and ¢;; which models
the angle between the line-of-sight (LoS) vector and the user’s
velocity vector. As in previous work, we assume that {v;x}
and {¢;i} are independent and identically distributed random
variables drawn from a uniform distribution.! Specifically, v;x
is uniformly distributed over [0, Viyax] and ¢;x is uniformly
distributed over [0,2n], where V,.x denotes the maximum
speed of all the UEs in the system [17].

Each UE divides its total transmit power among the subcar-
riers allotted to it during data transmission. If P ;i denotes
the fotal transmit power of UE;;, the RF signal transmitted
by UE;; during the n-th signaling interval on subcarrier f; is
expressed as’

xix (t) = \nix Pr ik xix [n] €270 ()

Here, 1;x denotes the power control coefficient of the UE’s
(I+1)N¢

X Mik =
i=INg+1
1 forall /] € {0,1,...,L —1} and all k£ € {1,2,...,Nq}.
The quantity x;x[n] denotes the data symbol transmitted by
UE;; during the n-th transmission; it is assumed to satisfy
E[|xix[n]]?] = 1. Also, for ease of analysis, we assume that
both the transmitter and the receiver employ rectangular pulse-
shaping at their ends.
The average signal power received at each antenna of the AP
L iscr Ppr B -
from UE;x is cr,;” Pr,ik, where cr;~ represents the large-scale
path loss with ¢ being the path loss at a reference distance
and B being the path loss exponent [17]. To simplify the
analysis, we consider path-loss-inversion-based uplink power

control at the UEs [10], [18] so that crl._kﬁ Pt = Pr for all

i-th subcarrier, constrained as 0 < n;x < 1 and

'Note that r;, vix and ¢;x could be the same for multiple values of i,
if a UE is assigned multiple subcarriers. Thus, v;x and ¢; are i.i.d. across
different (i, k) pairs only when they represent the speed and angle of different
UEs.

2We alert the reader that Pr,ik is not the transmit power of a UE on
subcarrier i. Also, as before, Pt ;. could be the same for multiple values of
i if a UE is assigned multiple subcarriers.

i €{l,...,Ng} and k € {1,..., Ny}. The quantity P is
referred to as the effective transmit power of a UE.

At the AP, the received signal is processed using standard
OFDM operations involving the removal of cyclic prefix
and the application of the fast Fourier transform (FFT). The
Doppler shift induced by user mobility leads to frequency
offsets between the received signal frequency and the local
oscillator frequency at the AP. These frequency offsets are
different for different users, and leads to ICI at the AP.
Following the footsteps of [17], with some algebra, the signal
received by the m-th AP antenna on subcarrier f; for the n-th
transmission can be expressed in frequency domain as

Ny
Fimln] = > N1t ik [1] ik [1] + i [n] + i [0]. 3)
k=1

Here, h;,x denotes the Rayleigh fast-fading channel coeffi-
cient between UE;; and the m-th AP antenna that can be
modeled as a zero mean complex Gaussian random variable
with variance af. The term u;,, accounts for the total ICI
received on subcarrier f; from all other subcarriers owing to
the loss of orthogonality due to the Doppler-induced frequency
offset. Note that u;;,, equals zero when all UEs in the system
are stationary. Finally, n;, ~ CN (0,072) represents the
complex AWGN at the m-th AP antenna.

Collectively, the signals received across all Ng antennas of
the AP can be expressed in matrix-vector form as

ri[n] = VPrH;[n] D)2 x;[n] +w;[n] +m;[n] (4

where H; € CNV3*Nu represents the uplink channel between
UEs and the AP on the i-th subcarrier. The vectors r; =
[rirln).....ring[n]]" and x;[n] = [xii[n].....xin, [n]]
contain the frequency domain symbols received across all Ng
antennas and transmitted by all Nq¢; UEs on the i-th subcarrier,
respectively. The diagonal matrix D,, = diag{n;1,...,7ing}
contains the power control coefficients of all the UEs within
the i-th subcarrier. The terms w; [n] = [u“ [n], ..., UiNg [n]]T
and n;[n] = [ni[n],. .. ning [n]]T represent the ICT and the
AWGN at the AP, respectively.

A. Time Varying Channel Model

As mentioned earlier, in addition to the Doppler shift, user
mobility results in a channel that varies continuously with
time. These temporal variations, in turn, result in a mismatch
between the channel that the AP estimates during uplink
training and the channel through which the subsequent data
symbols propagate. To model this disparity, let h?:n « denote the
fading channel coefficient for the pilots of the i-th subcarrier
between the k-th UE and the m-th AP antenna. To simplify
analysis, we assume that the channel stays constant during
the pilot transmission phase [8], [9], [13], [17]. The channel
coefficient experienced by the subsequent data symbol is
denoted by hl.?nk [n], where n =1, ..., Np denotes the symbol
transmission index. The superscripts £ and D are used to
convey that the channel experienced by the pilot symbols is
used as a reference for the channel experienced by the data



symbols. Both the channel coefficients are zero mean random
processes that are assumed to be related as follows [10]:

hipi [n] = pix [n) b+ 850 [n] )

In the above expression, p;x [n] = Joy (27r féik)nTS) represents
the Jakes’ discrete-time normalized autocorrelation coefficient
[19] between hlfnk and hl.zr)nk [n], with Jo(.) representing the
zeroth order Bessel function of the first kind, 75 representing
the OFDM symbol duration, fé’k> = V'T" fc denoting the
maximum Doppler spread of UE;; with f. as the carrier
center frequency and c the speed of light. The term gﬁl « 1]
in (5) represents the channel variation due to aging and is
uncorrelated with h?:nk; it is a zero mean Gaussian random
variable with variance of (1- pl.zk [1]) [20]. Note that, in (5),
the statistics of the innovation component are chosen to ensure
that the channel correlation coefficients match with those of
the Jakes’ model. Such a model has been used in [8], [10],
[17], [20], [21].
Now, we can rewrite (5) in matrix form as

HP [n] = H] A; [n] + GP [n], (6)

where Hl.D [n] ,H;fp € CNs*Nu represent the channel cor-
responding to the data and pilot symbols, respectively. The
diagonal matrix A; [n] = diag{p;1 [n], ..., ping [#]} contains
the Jakes’ correlation coefficients, and G [n] € CNs*Nu
captures the channel variation due to aging. We note that
the correlation coefficients in A; [n] are functions of the UE
velocities which are random, so the correlation coefficients
and the matrix A; [n] are also random.

ITI. PILOT LENGTH REDUCTION AND CHANNEL
ESTIMATION

A. Exploiting the Coherence Bandwidth to Reduce the Pilot
Length

In order to detect the data, the AP needs to estimate the
channel from all the N¢; UEs assigned to each subcarrier. In
general, if the channel could vary arbitrarily across subcarriers,
this entails the use of orthogonal pilot sequences by the UEs
on each subcarrier allotted to them, in order to avoid pilot
contamination. This, in turn, implies that Np > Nq;, where Np
denotes the length of the pilot sequence. Therefore, increasing
Nq, is necessarily accompanied by an increase in the training
overhead. In this work, we exploit the coherence bandwidth,
i.e., the fact that channels corresponding to subcarriers within
a coherence bandwidth are approximately equal, to reduce the
training overhead needed for channel estimation without pilot
contamination. Although the idea of transmitting pilots on a
subset of subcarriers has been used in standards such as IEEE
802.11a and LTE, data transmission in these standards are as
per OFDMA, i.e., only one user transmits pilots on a given
subcarrier. In our work, we account for a MU-MIMO scenario.
Specifically, we analyze the minimum pilot length required to
estimate channels without incurring pilot contamination, when
the number of subcarriers alloted to a UE, the number of UEs
served by a subcarrier, and the number of subcarriers in a
coherence bandwidth are given.

The coherence bandwidth (B.) is defined as the frequency
interval over which the channel seen by multiple contiguous
subcarriers is approximately the same [4], [22].> Thus, if
multiple subcarriers fit inside a coherence bandwidth, there
is no need to estimate the channel on every subcarrier allotted
to a UE. Instead, each UE only needs to estimate the channels
on subcarriers allotted to it that lie in different coherence
bandwidth intervals. This observation can be used to reduce
the number of UEs transmitting pilots per subcarrier, thereby
reducing the minimum pilot length required, as described in
the following paragraph.

For example, if the coherence bandwidth spans Ng¢s = 4
subcarriers, and each user is allotted N¢ = 4 contiguous
subcarriers, and each subcarrier serves Nq¢; < 4 UEs, then it is
sufficient for each user to transmit a single pilot symbol on one
of the 4 subcarriers allotted to it, with each UE transmitting
its pilot on a distinct subcarrier. Next, if each subcarrier is
allotted to > 4 but < 8 UEs, then two users will transmit
two pilot symbols (in consecutive OFDM symbols) on one of
the 4 subcarriers allotted to it, and a distinct subset of UEs
transmit pilots on each subcarrier. Further, the pilot sequence
(of length 2) allotted to each user is orthogonal to the pilot
sequence allotted to the other user transmitting pilots on the
same subcarrier. On the other hand, if each user is allotted,
say, 8 contiguous subcarriers and each subcarrier is allotted
to < 4 UEs, then it is sufficient for each UE to transmit a
single pilot symbol on two of the 8 subcarriers allotted to it
(on two subcarriers that lie in different coherence bandwidth
intervals), while the other UEs who are allotted the same set of
8 subcarriers transmit their pilots on other subcarriers within
the same coherence bandwidth to avoid pilot contamination.
We generalize these examples in the following proposition.

Proposition 1. Let Ng; denote the number of contiguous
subcarriers in one coherence bandwidth. Also suppose each
UE is allotted N¢ subcarriers while each subcarrier serves
Nq; UEs. Then, the length of the pilot sequence required for
estimating the channels at the AP without pilot contamination
is at most

Ny } ™)

Np=|——H%
v {mz’nwc,zvm

and it is sufficient for each UE to transmit pilots on
N«o 2 [N¢/Ng] distinct subcarriers.

Proof. In the setting described in the Proposition, two possi-
bilities arise:

Case 1: Ny = kNg, k = 1. In this case, instead of
requiring all N¢; UEs to transmit pilots on every subcarrier, it

3The coherence bandwidth depends on the delay spread of the channel,
which typically varies slowly over time. For the purposes of this work, we
consider the maximum delay spread across all users, and use it to define the
coherence bandwidth. We also note that there are other definitions for the
coherence bandwidth, e.g., the bandwidth over which the channel correlation
coefficient remains above a threshold, say 0.7. Since we assume that the
channel can be well approximated as remaining constant within the coherence
bandwidth, we consider a more conservative threshold for the correlation
coefficient, e.g., 0.95.



is sufficient if [%—TC‘-I users transmit pilots on each subcarrier.
Thus, one can set the length of the pilot sequence as

Np = {_} (8)

This value is slightly suboptimal in the sense if Nq¢; were equal
to 1, we could have set Np = 1 for one of the N¢ subcarriers
assigned to a UE and Np = 0 for the others. Each UE transmits
pilots on only one of the N¢ subcarriers allotted to it.

Case 2: N¢ = kNg, k > 1. In this case, it is sufficient if
each UE transmits pilots on at least one subcarrier in each
coherence block. But one coherence block can be shared
among Nq; users. Thus, one can set

Np = {—} ©)

Combining the two cases above, the minimum pilot sequence
length required to estimate the channels without pilot contam-
ination is at most equal to

N.
Np=|—"4 | (10)
min (N¢, Ngy)
Note that, in either case, each UE transmits pilots on
No = [N¢/Ng ] subcarriers. O

B. Channel Estimation

Now, we focus on channel estimation. Recall that N¢; UEs
are allotted to each subcarrier, but not all N¢; UEs transmit
pilots on every subcarrier. Instead, at most Ny UEs transmit
pilots on a given subcarrier. The UEs transmitting their pilots
on subcarrier i use an orthogonal pilot book ®; € CN?*N»
to estimate the channel, where ®; satisfies (I)i(I)lH = Npln,.
Each column of ®; contains the Np-length pilot sequence
transmitted by a different user, and each user transmits its pilot
in the i-th subcarrier over Ny consecutive OFDM symbols. We
assume that each participating UE divides its transmit power
equally among the Nq, subcarriers on which it is scheduled
to transmit pilots.

To estimate the channel on subcarrier i, the AP correlates

the received pilot signal with each of the Ny pilot sequences
and stacks the channel estimates of the N¢; UEs that share
subcarrier i, to obtain the least-squares (LS) estimate
% p L [Ny o, o PP NpxN,
H; = H] +N_¢> P_T(Ui+Ni) =H] +G; e C"#*  (11)
where the columns of U; € CV*Nu and N/ € CVe*Nu are
independent and have the same distribution as that of u; € CV»
and n; € CV# in (4), respectively, due to the orthogonal nature
of the pilots. The term G;P in the above expression captures
the error incurred during channel estimation due to both ICI
and AWGN (we discuss more about Gf later in the sequel).
Note that the channel estimation error is uncorrelated with the
channel estimate.

Figure 2 shows a simulated plot of the normalized mean
square error (NMSE) in channel estimation drawn as a func-
tion of the pilot SNR for multi-carrier and single-carrier
systems at Viax = 25 m/s. The parameters chosen to generate
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Fig. 2. Plot of NMSE vs. pilot SNR for single-carrier and multi-carrier
systems at Vipax = 25m/s with Ng = 256, N¢y = 4, Af = 10 kHz and
fc =3 GHz.

this figure are: Ng = 256, N¢y = 4, N¢c = 1, Af = 10 kHz,
and f. =3 GHz. The NMSE is computed by taking the ratio
between the Frobenius norm of the channel estimation error
and the Frobenius norm of the true channel (the ICI component
is absent in the single-carrier system.) The pilot SNR is defined
as the ratio of the received pilot power at the AP to the variance
of the AWGN at the receiver. The NMSE is independent of
the number of AP antennas, since each antenna can estimate
the channel independently in this case. In a single-carrier
system, the AP can obtain accurate channel estimates provided
the pilot symbols are received at sufficiently high power. In
contrast, in a multi-carrier system, user mobility induces ICI.
Due to this, even at high pilot power, the channel estimates at
the AP remain noisy because the power in the ICI also scales
with the transmit power. As a result, we see an error floor in
the NMSE with increasing pilot power.

IV. ICI ANALYSIS

Now, let us focus our attention to ICI. Due to the frequency
offset, the fraction of the total signal power that leaks from
subcarrier i onto subcarrier j can be computed as [17]

/Ozn /Ovmax sinc? ((f; — fj+ Lfecos(y)) Ty) dvdy
27 Vimax )

Li(f;) =

| (12)
where sinc(x) = % Now, the total ICI power received
by the i-th subcarrier from UEs transmitting on subcarrier
fi is Picrijm = Pr Zsz'”l njkL;(f;). Contrariwise, the ICI
power recieved by subcarrier f; from subcarrier f; is given
by Picrjim = Pr Zkal nikLi(f;). While it can be shown that
Li(fj) = L;(f), the quantities Picy, jim and Picrijm may not
always be equal since the equality ZkN:'Li Njk = X0 Nik may
not always hold true. Thus, contrary to the result presented
in [17] for the case where each user transmits on a single
subcarrier, when users are assigned multiple subcarriers, two
subcarriers may not always incur the same amount of ICI
power from each other. However, the quantity that is of interest



to us is the sum total of ICI contributions from all subcarriers
onto a target subcarrier, say the i-th subcarrier, at the m-th AP
antenna. This is computed as follows:

Ng
PicLim = Z PicLijm
Jj=1
i
Ng Ny

_PTZankL (f/

j=1 k=
J#i

Nq; [ Ng
:PTZ ankl‘[(fj)_mkld(fi) .

k=1 \j=1

(13)

(14)

5)

Figure 3 shows subplots of Picr i, drawn as a function of
the target subcarrier index i for different values of V. and
Nqq, with the UEs dividing their power across their allotted
subcarriers uniformly and at random such that 0 < 5, < 1

(l+1)NC

and njxk = 1 for all I € {0,1,...,L - 1} and all
Jj=INg+1

k €{1,2,...,Nq}. The parameter values used to generate the

plot are as follows: Ng = 2048 users, Ng = 512 subcarriers,
Pr = 10dB, T, = 10~*sec and fe = 3GHz. When the total
number of subcarriers Ng is sufficiently large, we observe that
Pic1im is roughly constant regardless of how individual UEs
allocate their transmit power among the subcarriers. Moreover,
the variations in the ICI curves that result from allocating
transmit power randomly to the subcarriers reduce as the value
of Nq; increases. This lends the ICI power a deterministic
nature, i.e., it does not matter how UEs distribute their powers
to their subcarriers, the ICI power will remain fixed as long
as the other parameters like Viax, fo and T remain fixed.

To obtain an accurate closed form expression for the ICI
power, we use the above observation, assume uniform power
allocation across all subcarriers and substitute 77,z = 7;x = "
in (15). We also remark that equal power allocation across
subcarriers is near-optimal in the massive MIMO regime, as
the effective channel is roughly constant across the different
subcarriers due to channel hardening. This gives

Ny [ Ng

Pm——z ZL(f, - Li(f) (16)
_NuPr(, 2
B NC T
T [Si(2bcos (y))  sin® (bcos(w))]
_ dy |,
></o [ b cos () (b cos (¥))? w)
(17)

where Si(z) £ /OZ wm and b = M For a given b
(i.e., for fixed values of Vinax, fe and Ty), it can be observed that

the total ICI power is a function of the ratio % But, we know
from (1) that Ju N %R is a constant. Thus, allowing multiple
UEs on a given subcarrler or assigning multiple subcarriers
to a UE may not always increase the total ICI incurred in the
system. This can be seen in Figure 3, where the value on the y-

axis corresponding to a given Vp,x remains the same across all

four subplots. We highlight here that the transition from (16)
to (17) is reasonable only when the number of subcarriers is
sufficiently large (e.g., Ng > 256).

For sufficiently small values of b = M ie.,
b < 1, the Picr in (17) can be approximated as Pic; ~

T, P .
ﬁ % NI"\‘,—CT, which shows that for low values of b,

the total ICI power scales quadratically in Vp,«. In addition,
the ICI power is directly proportional to the square of the
carrier frequency and inversely proportional to square of the
subcarrier spacing (since Ty = ﬁ). Note that b < 1 is valid
in scenarios of practical interest; for example, b = 0.04 when
Vimax = 100 km/h, f. = 2 GHz, Ty = 70 us as in an LTE system.
Now, using the fact that that Pjcy is the sum of individual ICI
components across many statistically independent subcarriers
and paths, and by applying the central limit theorem, it

can be shown that the quantity u;,,[n] in (3) conforms to

Ny P
u To-f) where

the complex Gaussian distribution CN (0

2
2 _ 1 (”Vmaxchs)
C

oy = 1g denotes the normalized ICI power.

V. SUM-RATE PERFORMANCE

In this section, we evaluate the sum-rate performance of the
cellular system for two different receive combining schemes,
zero-forcing (ZF) and maximal-ratio (MR) combining.

A. Zero-Forcing Combining at the AP
According to (4), the n-th received data vector at the AP is

given by
\PrH? [n

Since the AP does not know the actual channel, it is useful
to express Hl.D [n] in the above expression in terms of the
channel estimate H; obtained via uplink training. Substituting
(6) and (11) in (18), we obtain

=VPrAA; [1]D}7x; [n] = VPGP A; [n] D)/ x; [n]
+ VPrGP [0 D, [n] +wi [n] +mi [n] . (19)

Thus, the received signal can now be interpreted as the desired
signal having passed through a known channel and corrupted
by additive interference plus noise terms. The second and
third terms in the above expression capture the multi-user
interference that occur due to (i) ICI and noise entailed in
channel estimation, and (ii) channel aging error, respectively.
The AP then processes the received signal using zero-forcing
combining. This involves pre-multiplying r; [z] in (19) by the
pseudoinverse of fIi. Thus, we have

yi [n] = \/P_T (I:Ii)T HA; [n] Dl/zxi [n]
Pr (H) GPA; [n] DY x; [n]

ri [n] = 1D)/%x; [n] +u; [n] +m; [n] . (18)

r; [n]

Pr (H) G2 [n]DYx; [n]
+ () o ]+ D) 20)

The achievable uplink sum-rate of the above system is given
by the following theorem.



Jim

-
e

z
3
£
Lo
=]
S
3
* @
A

Total ICI Power PICI! im (W)

Q Vinax = 25m/s
Q
5 D) WW%W
2 10
s}
:
5 Dashed: random |
9 10_3 L ashed: randol VmaX75m/s
s
5 1
. 1

104 : : : ‘ ‘
0 100 200 300 400 500
Target Subcarrier Index i
(@) Nyy =8

5
VE r_ . . oA =
= 101 ¢
2
= g v oot hbeorort et
g 107%f
¢}
:
PEY Dashed: random ~5m)
S 409
8
o] ]
" 1
104 ‘ : : ‘ :
0 100 200 300 400 500
Target Subcarrier Index i
(¢) Nqy=32

Vinax = 100m/s
Ty

_L
<

-
S
ro

Solid: uniform
Dashed: random 4
L Viax = 5M/s

103
0 100 200 300 400 500
Target Subcarrier Index i
(b) Ny =16
1 ‘
5
g ol M
o
g 102" ) T
o]
:
(:) 10_3 | | Dashed: random
s
o
a |
1074 : : : : ‘
0 100 200 300 400 500
Target Subcarrier Index i
(d) Nq; = 64

Fig. 3. Variation of the ICI power across subcarrier frequencies for both uniform and random transmit power allocation. The dashed curves corresponding to
random allocation fluctuate around the solid "deterministic" curves. Additionally, it can be observed that the variations die down as the value of Nq, increases.

Theorem 1. The achievable uplink sum-rate of the cellular
system when zero-forcing combining is employed at the AP is
given by

&

N.

U
hul foul
Cém [Np] = ch [Nl @1
i=1 k=1
ul N. ul
where C(zzfvz.,ik [Np] = NPiND Znd Cf;(" [n] denotes the av-

erage achievable uplink rate of UE;; on the i-th subcar-
rier across Ng transmissions, with C?,z"l[n] denoting the
achievable uplink rate of UE;;’s n-th transmission on the i-
th subcarrier. The quantity C?;"l[n] is given by (22) on the

top of a page in which 1j; = ZkNj‘l Nik, Ny =[N¢/Ng(l;

A[n] = - /OV'"‘” VA (M) dv denotes the expectation of

V;nux c

: e T 2 2 _ 2, NyNy 2
the diagonal entries in (A; [n])*, and 0= 0+ pne Tu
Nv_ o2 denotes the variance of the entries in H;.
NpPr—n

Proof. See Appendix A. )

The proof follows by first computing the second-order
statistics of the signal and interference terms over the ran-
domness in the channels and user velocities, conditioned on
the estimated channels. Then, a closed-form expression of the
uplink sum-rate is obtained using a result from random matrix

theory for the term that depends on the channel estimate. This
results in a simple rate expression which agrees well with the
numerical results, as we will see in the next section.

Since A [n] is a decreasing function of n, the uplink rate and
the sum-rate both decrease with the transmission index. This
is expected, as higher transmission indices entail more channel
aging. Further, at low values of Vinax, the value of A [n] is close
to 1. As Vinax increases, A [n] drops more sharply with n. Thus,
the drop in the uplink rate across a given transmission frame
becomes higher as the UEs move faster. From (21) and (22),
we observe that the uplink sum-rate is a function of the power
control coefficient n;x. Recall that there are two constraints on
nik- First, 0 < ;. < 1. Second, all power control coefficients
of a UE must add up to one. With these constraints it is easy
to show that, in the large antenna regime, in order for the
system to deliver maximum sum-rate performance each UE
must distribute its transmit power uniformly among the N¢
subcarriers assigned to it. Substituting 7,z = == in (21), we

Ne
obtain the expression for the uplink sum-rate of the system as

Ng Nqyy Np

1
f,ul _ f,ul
Crznal;(,sum [Np] = Np + Np ;:1 k§:l nE:l CfnaL)l(,ik [n], (23)
where Cflf;f .1 [n] denotes the uplink rate of UE;x on the i-



(N — Nyg + Do [n]

Cf,i’"] [n] > Aflog, |1+

th subcarrier and is given by (24) on the top of a page. We
highlight here that Cfﬁ;;l’ik[n] is the uplink rate of a UE on
only one subcarrier. The total rate from a single user on the n-
th transmission equals N¢ Cif;;l’ik [7]. We note that the above
expression compactly captures the dependence of the sum-rate
on the various system parameters.

Next, we consider the sum-rate performance with maximal-

ratio combining at the AP.

B. Maximal-Ratio Combining at the AP

With maximal-ratio combining at the %P, the processed
signal y; [n] is computed as y; [n] = (ﬁ,) r; [n]. Thus, we
have

yi [n] JP_T( () BA; (01 D) [n)
Pr (f ) GPA; [n] DY x; [n]
Pr ()" G2 (0] D}, [n]

+(PI,-) (u; [n] +m; [n]).

The following theorem characterizes the achievable uplink
sum-rate of the above system.

(25)

Theorem 2. The achievable uplink sum-rate of the cellular
system when maximal-ratio combining is deployed at the AP
is given by

Ng Ny
mre, ul amrc,ul
Csum Z Z Cavg lk (26)
i=1 k=1
mre, ul _ 1 Nop ~mre,ul
where C) avg « [Nol = NN 2.5 G [n] denotes the

average achzevable uplink rate of UE;, on the i-th subcar-
rier across Nq transmissions, with Ci.'}{rc"‘l[n] denoting the
achievable uplink rate of UE;;’s n-th transmission on the
i-th subcarrier. The quantity C?;:C’”l[n] is given by (27) on

. Co N.

the top of a piz/ge, in which 17; = ¥, Y nik, Ny = [Nc/Ny1;
Aln] = V—IM /0 " ]3 (2”—{:‘”5) dv denotes the expectation of
the diagonal entries in (A; [n])?, and 0'}% = 0'}% + i@:%g o2+
NZ“;,T o2 denotes the variance of the entries in H;.

Proof. See Appendix B. )

For the same reason as in the previous subsection, the sys-
tem delivers maximum sum-rate performance when each UE
shares the transmit power equally among the N¢ subcarriers
allotted to it. In this case, the sum-rate when MRC is employed
at the AP can be simplified as

b4

Ng Ny N

N

Cmrc Lul

mrc,ul
max,sum [NZ) C

max,ik

(n], (28)
N¢+Nz) 7

~
3
I

() (] o 010

; (22)

where CES’(”l . [n] denotes the achievable uplink rate of UE;;

on the i-th subcarrier in its n-th transmission and is given by
(29) on the top of a page. The uplink rate of a UE equals
Nc¢ Cﬁgililk [n] since each UE transmits on N subcarriers.

Comparing (24) with (29), we see that the numerator of the
uplink SINRs for the ZF and the MRC receiver are approxi-
mately the same when Ng > Nq;. However, the presence of
an addltlonal o2 A[n] in the denominator of the SINR in
(29), which arlses dhue to the fact that MRC only maximizes the
desired signal power and ignores interference, will cause the
MRC receiver to achieve lower sum-rate than the ZF receiver.
The expressions also capture the effect of channel estimation
errors, multi-user interference due to imperfect beamforming,
channel aging, and inter-carrier interference due to the Doppler
shifts caused by user mobility. For example, at a fixed Viax
value, as the transmit symbol index n increases, A[n] de-
creases, thereby reducing the achievable uplink rate. Similarly,
as pilot/data transmit power increases, the achievable sum-rate
increases, but the interference power also increases with the
transmit power, leading to a saturation of the sum-rate. Similar
inferences can be drawn about the dependence of the sum-rate
on other system parameters; these are illustrated in the next
section, where we present numerical results.

From (24) and (29), it is evident that the uplink rate per user
on the i-th subcarrier increases with the subcarrier spacing Af,
because of the linear dependence of Cﬁg;ul i [n] and Cfrfd‘;l alnl
on Af and the inverse dependence of the ICI power on Af.
Howeyver, if the total bandwidth, B, is fixed, the total number of
subcarriers will go down, i.e., the value of Ng = B/Af in (29)
and (24) will be smaller. Deeper understanding of the impact
of increasing Af requires one to revisit the subcarrier and
resource block allocation scheme as the number of subcarriers
is varied, and is an interesting direction for future work. In this
paper, we assume that Af and B are given and fixed.

VI. NUMERICAL RESULTS

We consider an AP equipped with Ng = 256 antennas that
serves Ng = 2048 single antenna users. In all, there are Ng =
512 subcarriers spaced A f = 10kHz apart and spanning a total
bandwidth B = 5.12 MHz. The carrier center frequency is set
at f. = 3GHz. We employ path loss inversion based power
control and set the effective transmit power Pr at the UEs
such that SNR at the AP is 10dB. We assume the coherence
bandwidth to be B, = 300kHz [4]. Thus, there are Noy =
30 subcarriers in one coherence bandwidth. To observe the
benefits of multiple access, the number of UEs served by a
subcarrier is varied from N¢; = 4 to Nqy = 128 in powers of
two such that the ratio % is an integer. Correspondingly, the
number of subcarriers assigned to a UE varies from N¢ =1 to
N¢ = 32, such that the ratio Mu remains constant. We note that

N,
Ngy = Ng/Ng =4 and N¢ =C1 corresponds to the allocation



(Ng — Nqs + 1)0:2/1 [n]

Coal Tn] = Aflogy |1+ @Y
max,ik Ne ((N%;fu + o )(1+%Z%ﬂ/l[n])+1v_wo- (1_ [n ]))
Nz;flika'g/i [n]
C;r]l(rc,ul[n] > Af]ogz 1+ Novo? 2 N. ’ (27)
o i 7i A
B )+ Fotn] ek 0 g
mrc,ul NB O-]%Z [n]
Cmax lk[ n] > Aflog,| 1+ =

in [17] where each subcarrier serves a non-overlapping set of
4 UEs while each UE transmits on a single subcarrier.

Figure 4 shows a plot of the achievable uplink rate of a UE
as a function of the transmission index up to 30 transmissions
for Vinax = 5, 25 and 100 m/s. The results for zero-forcing and
maximal-ratio combining are shown in separate sub-figures. In
both figures, we assume Nq; = 8 users per subcarrier. It can
be observed that the simulated and the analytical curves match
closely, thereby establishing the accuracy of our analytical
uplink rate expressions. The uplink rate values for the ZF
receiver for any given value of Vi, are significantly higher
than those for the MRC recelver This can be attributed to the
presence of the additional —Co: A [n] in the denominator of
the SINR expression in (29), and the fact that at Pt = 10 dB,
the system is highly interference-limited. As a consequence,
the interference suppression by the ZF receiver significantly
improves the rate, in spite of the channel estimates getting
outdated over time. The term %—?O’g A [n] is also responsible
for the relatively slower drop in the uplink rate for the MRC
receiver compared to the ZF receiver.

Figure 5 shows the analytical plots of the achievable uplink
rate of a UE with zero-forcing combining at the AP for all
possible values of N¢y < Ng. The sub-figures 5(a), 5(b) and
5(c) correspond to Vimax = 5, 25 and 100m/s, respectively.
It can be observed from the three plots that having each
subcarrier serve more number of UEs generally results in
higher uplink rate per UE. Depending on the value of Vi,
such gains in UE performance may last up to N¢y = 128
(as shown for Viyux = Sm/s in figure 5(a)) or saturate at
a lower Nq; value (as shown in figure 5(b) and 5(c)). In
particular, for Vipax = 100 m/s, N¢y = 64 provides a better
uplink rate compared to N¢; = 128 beyond a transmission
index of 5, because the outdated channel estimate fails to
suppress interference effectively. Thus, scheduling too many
users per subcarrier is not advisable at high Vp,.x when a ZF
receiver is employed. On the other hand, for the MRC receiver,
the uplink sum-rate monotonically increases with Nq; for all
three values of Vi,.x within the range of transmission indices
considered, as depicted in Figure 6. Also, the uplink sum-
rate achieved with the MRC receiver is significantly lower
than that with the ZF receiver at lower transmission indices
and maximum user velocities, while MRC outperforms ZF at

e

NNy 5 N,
N“;N'g/l [n])+—'”a'2

(1-1[n])+ N2 A [n])

higher transmission indices and maximum user velocities. This
shows that the MRC receiver is more robust to channel aging
than the ZF receiver under harsh channel conditions.

Figure 7 demonstrates the achievable sum-rate performance
of the cellular system at Nq¢; = 8 as a function of Vj,, for three
different values of the pilot percentage. As noted in (23) and
(28), the system sum-rate is obtained by adding the rates of
all individual users across Ngp transmissions and dividing the
result by the sum of the pilot and data lengths, i.e., Np + Np.
The pilot percentage, defined as u = NIZ w100, is varied
by keeping the length of the pilot sequence Ny fixed and
changing the transmission length Ngp. We observe that the
simulated curves corroborate the analytical plots well. With
ZF combining at the AP, the system delivers the best sum-rate
performance for 5 < Vi < 10m/s when y equals 12.5%.
For Viax beyond 10 m/s, u = 25% gives the best sum-rate
performance. In other words, a shorter frame duration is better
when the channel varies faster over time. With MRC at the AP,
the behavior is similar except that the change in the optimal
pilot percentage occurs at around Vi = 38 m/s.

Figure 8 shows the analytical plots of the sum-rate with ZF
combining at the AP for the different possible values of Nq,.
The sub-figures 8(a), 8(b) and 8(c) correspond to u = 12.5%,
u = 25% and u = 50% respectively. It can be observed that
increasing the number of UEs served by a subcarrier generally
increases the sum-rate performance of the cellular system.
However, such gains in the system sum-rate occur only up to
Nq; = 64, after which, the sum-rate decreases. The behaviour
is similar with MRC as can be seen in Figure 9.

Figure 10 shows plots of sum-rate as a function of the
transmission length No for all possible values of Ny, Viax =
5,25,100m/s, and both ZF and MRC receivers. From the
figure, we can see that it is easy to determine the value of
Ngp which achieves the optimal trade-off between the pilot
overhead and the effect of channel aging. As expected, the
optimal frame duration is lower for higher Vi,«. Further, at
Vmax = 100 m/s, and with both ZF and MRC, the optimal
uplink sum-rate with Nq; = 64 exceeds that with Nqy = 128.
Thus, when the channel is very fast-varying, it is better to
allot fewer users per subcarrier. In Figure 11, we plot the
sum-rate optimized over Ny as a function of the received
SNR for N¢y = 16,32,64,128, Vimax = 5,25,100 m/s, and
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both ZF and MRC receivers. At low SNR, the performance of
ZF and MRC are close to each other. Since the MRC receiver
is computationally simpler than the ZF, it is preferable at low
SNRs. Also, while MRC outperforms ZF at low SNR when
Nq; = 128, the performance obtained by choosing the value of
Nq, that yields the best sum-rate at each SNR point with ZF
exceeds that obtained from MRC, even at low SNRs. Thus,
interference suppression via ZF is useful even at low SNRs,
when multiple mobile users are scheduled on each subcarrier.

VII. CONCLUSIONS

In this paper, we studied the uplink performance of a multi-
user massive MIMO-OFDM cellular system when mobile
users transmit data on multiple contiguous subcarriers. We
derived an expression for the inter carrier interference power
and showed that when the total number of subcarriers in the
system is large, each subcarrier incurs a fixed amount of ICI
power regardless of the UEs’ power distribution across the
subcarriers. We used the idea of frequency-domain channel
coherence to present a pilot allocation scheme to reduce the
training overhead involved in channel estimation. Then, we
considered zero-forcing combining and maximal-ratio combin-
ing at the AP and derived expressions for the uplink achiev-
able sum-rate. The simple, closed-form expressions provided
interesting insights into the core trade-offs involved in MU-
mMIMO-OFDM systems in the presence of channel aging. For
both receivers, we showed that having a subcarrier serve more
number of UEs generally results in higher system sum-rate
values, especially for low user mobility. However, such gains
in sum-rate performance saturate at a point, beyond which
assigning more users to a subcarrier does not provide any
further improvement.

In this work, when using the notion of coherence bandwidth,
we have assumed that the channel is constant across a set of
subcarriers. In practice, the channel coherence bandwidth is
usually defined as a set of contiguous subcarriers over which
the cross-correlation in the channels across subcarriers is
sufficiently high, say 0.7. Within such a set of subcarriers, the
channel will not be constant, but can be closely approximated
using a deterministic function, e.g., via linear interpolation
across subcarriers. In order to perform linear interpolation,
however, we need channel estimates on at least two subcarriers
within the coherence bandwidth. With a little bookkeeping
effort, the framework in our work can be extended to this
scenario also - instead of having each user transmit pilot sym-
bols on one subcarrier within the coherence bandwidth, we can
allot two subcarriers to each user for pilot transmission. Future
work can also consider extending the analysis in this paper to
multi-cell systems, accounting for inter-cell interference and
pilot contamination. One can also develop channel prediction
methods that alleviate the effect of channel aging in OFDM
systems while accounting for ICIL.

APPENDIX A
PROOF OF THEOREM 1

Equation (20) can be rewritten in terms of the normalized

channel estimate Z; = ﬁﬁi as (30) in the next page, where
A

o-l% denotes the variance of the entries in I:I,-. The interference
and noise terms, conditioned on the normalized channel esti-
mate Z;, are uncorrelated with the desired signal term. Using
the approximation in [17, Lemma 2], the covariance matrices
of the signal terms can be derived. The covariance of the
interference due to channel estimation error is given by

Cov{ Pt a’}% (Z)' G7A; [n] Dlz/,-zxi [n] Zi}

Nuy
- NoyNa Ny
=PT091[H]§:nm ol ol
h e NpN¢ Np Pt

-1
(3D

~\H
X ((Z,) Zl)
The covariance of the interference due to channel aging in
(30) is given by

AT

COV{ A/ PT o-l% (Zi) G? [n] D:ICZXi (n]
Ny H -1
=Pr 0'}% ka of (1-21n]) ((Zi) Zi) .

k=1
The covariance of the ICI and AWGN term in (30) is given

by
AT N
COV{ Jo?2 (zi) (u; [n] +; [n]) z,-}

A~ H A _1
:o'A2 (—N‘uPTO'g +0—r%) ((Zl) Zi) .
b\ NG
Finally, the covariance of the desired signal term in (30) is
given by

(32)

(33)

COV{ ProiA; [n] D}/*x; [n]

Z} =Pr ag D, A [n] 1y,
(34)

We note that the covariances in (32), (33) and (34) correspond
to noise and interference terms that are mutually uncorrelated
with each other.

Now, the uplink SINR of UE;;’s n-th transmission can be
found by extracting the (k, k)-th element of the covariance
matrices in (31), (32), (33) and (34), respectively, and dividing
the variance of the desired signal term by the sum of the
variances of the interference plus noise terms. Thus, we get
(35) in the next page. Here, 7; = Zkal Niks Ny = [No/Nyl;
An] = ﬁ fov"m Jg (M) dv denotes the expectation of

. . . 2 2 _ 2 Na, N 2
the diagonal entries in (A; [n])” and o =0 N“; ch‘ o+
N};’I’;T o2 denotes the variance of the entries in H;.

Now, the achievable uplink rate of UE;;’s n-th transmis-

sion on the i-th subcarrier can be computed as Cf,t( ul [n] =
E{Af log, (l +SINRf]f(’ ul [n])} [4], where the expectation
is with respect to the term 1 -
(@)"2) ")
tion operator can be taken inside the logarithm by virtue
of Jensen’s inequality. Then, using the observation that

+

. The expecta-
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Fig. 11. Plots of optimal system sum-rate vs. receive SNR for ZF and MRC receiver across different values of Nq,. For a fixed value of Nq,, the performance
of MRC and ZF are comparable at sufficiently low SNR. However, at higher SNR values or when the maximum rate obtainable across different values of
Nq, is considered, ZF outperforms MRC.

yiln] = [Pro? (Zi)TZiAi [n] D})2x; [n] — \[Pr o2 (z) GPA; [n] D! %x; [n]

+ 1oz () G2 1Dl 1+ \Jo (%) (o [+ mi ]

AT
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PROOF OF THEOREM 2 1

Equation (25) can be rewritten in terms of the normalized ‘/?B{Yi [n]}k
channel estimate Z; as (36) in the next page. Now, the k-th 5
element in y; [n] is given as in (37) in the next page, where Propi [n]mik . 2
Z;; denotes the k-th column of Z-. To derive the achievable Ng E{'””‘” }x”‘ [n]

uplink SINR, we employ the use and then forget CSI approach 1 3.
from [4] in which a first party performs MR combining using + No (\/ 9 2 ui[n] + \/0' 22 mi[n ])
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+ (Pra? 2HGP [n] Dyx [n] + \Jo2 2ff (u; [n] +m; [n]) (37)
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Protp[nlmi

Ng (Hiik”z—E{Hiikllz})xik[n].

(38)
The mean-square value of the first term in the above expres-
sion, which represents the desired signal, is
Prold[n] nik o o1\2 is
—— o (B{llP}) = NaProfdinni.  (39)
Ng h
The second and third terms in (38) contain interference from
ICI, AWGN, channel aging and channel estimation error, and
have variance given by

NyP G
2 2 NUlT 5 o 2 2 3
OOy NG +opoy + Pro; oy (l—ﬂ[n]);nik/
NyNqy
+ Pro2ld + /
To A [n ](NPNC N¢>P kzlfhk
(40)

The fourth term in (38) represents channel non-orthogonality
and has variance given by

—Var il Z Pt a A [n] nir ZiwXire [

k'=1
k'+k
Pt ot Ny
h =
- 1 ,E{ , }
NB [l’l] ]{Zz‘i Nik |Zlkzlk |
k'+k
Ny
=Proidln] ) n (1)
i

The fifth term in (38) represents the beamforming gain uncer-
tainty. Its variance is given by

- B{12al?) e
i %ﬁin]’” (E{Hiikn“} - (E{“iik”z})z)

(42)

Pt O'}ff A[n] nix

e Varl (Jl2l

=Pr o A[n] nik.

The uplink SINR of UE;;’s n-th transmission on the i-th
subcarrier is obtained by dividing the variance in (39) by
the sum of the variances in (40), (41) and (42). Hence, we
obtain (43) given in the next page, where 77; = ZkN:Li Niks

Nqs =[N¢/Ngl, A[n] = ﬁfovmax 2 (M) dv denotes

the expectation of the diagonal entries in (A; [n])2

2 _ 2, NyNy 2 Ny 2 R
N vy Al T gl vy o denotes the variance of the

entries in H;. The achievable uplink rate is then computed as
e 0] > log, (1 + SINRI ! [n]) [4]. This leads us to
(27).
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