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Stabilizability of Linear Dynamical Systems Using Sparse Control Inputs
Chandrasekhar Sriram!, Geethu Joseph?, and Chandra R. Murthy!

Abstract— Stabilizability of a linear dynamical system (LDS)
refers to the existence of control inputs that drive the system state
to zero. In this work, we analyze both theoretical and algorith-
mic aspects of the stabilizability of an LDS using sparse control
inputs with potentially time-varying supports. We show that an
LDS is stabilizable using sparse control inputs if and only if it is
stabilizable (using unconstrained inputs). For a stabilizable LDS,
we present an algorithm to determine the sparse control inputs
that steer the system state to zero. We show that all stabilizable
LDSs are also sparse mean square stabilizable when the process
noise has zero mean and bounded second moment. For such
an LDS, we devise a method to sequentially estimate the sparse
control inputs to stabilize the LDS in the mean square sense. We
prove that a detectable and stabilizable LDS is sparse stabilizable
through output feedback and develop an algorithm for finding
the corresponding sparse control inputs. Finally, we analyze the
stabilizability of an LDS using sparse control inputs with common
support. Our results shed light on the conditions under which
a given LDS is stabilizable using sparse control inputs and the
design of the corresponding control inputs.

Index Terms— Sparsity, state control, stabilizability, out-
put feedback, control input design, piecewise sparsity.

[. INTRODUCTION

Sparse control of a linear dynamical system (LDS) is a new
research area that deals with control inputs having very few nonzero
entries compared to their dimension. Sparse control inputs are suitable
for many resource-constrained systems such as networked systems,
opinion dynamics, and environment control systems [1]-[4]. For
example, in a networked LDS, the controller and plant (or actuator)
communicate over a data rate-limited channel [5]. Sparse control
inputs are suitable in this setting because sparse vectors admit
compact representations, reducing the bandwidth requirements [2],
[6]. In the social network opinion dynamics control problem, an agent
(paid blogger, marketing staff, election candidate) manipulates the
network opinion by influencing the opinion of a few individuals [3],
[7]. Here, the opinion of people in the social network is the time-
evolving state (for example, the DeGroot model), and the agents’
influence is modeled using sparse control inputs. Motivated by these
applications, this paper considers the design and analysis of sparse
controllers, focusing on the stabilizability of an LDS with sparse
control inputs.

The stability and stabilizability of an LDS are well-studied topics
in control theory [8]. An LDS is said to be asymptotically stable
if its state decays to zero with time, starting from any initial state.
Asymptotic stability implies that even if the state is perturbed, it
asymptotically settles back to the desired trajectory. If a system is not
asymptotically stable, we seek the possibility of rendering the system
stable by applying suitable control inputs [8]. When these inputs are
applied, the system states do not significantly change under small
perturbations in the state trajectory. We explore the possibility of
stabilizing an LDS using sparse control inputs, which we henceforth
refer to as sparse stabilizability.
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Using sparse control inputs for stabilizing a system is a nascent
research topic. The use of sparse control inputs for stabilizing
continuous-time linear systems via state feedback was introduced
in [9], where the inputs were designed using a row-sparse feedback
gain matrix. The estimation of the gain matrix was cast into a
nonconvex optimization problem via a Lyapunov inequality, and
solved using algorithms based on convexification. The idea of the
row-sparse gain matrix was extended to discrete-time linear systems
in [10]. Following this line of research, a few studies addressed the
design of sparse feedback with other structural constraints [11]-[14].
However, most of the investigations were devoted to the numerical
implementation of the design algorithms, and little attention has been
paid to the theoretical aspects of sparse stabilizability. Also, using a
row-sparse feedback matrix imposes the extra constraint of common
support (set of indices corresponding to its nonzero entries) for all
the control inputs, which is needlessly restrictive. Our paper bridges
this gap by presenting a comprehensive analysis that includes theory
and algorithms concerning the sparse stabilizability of an LDS when
the support of the control inputs can vary over time. Our framework
is motivated by the advantages of sparse control inputs with time-
varying support demonstrated in [15]-[17].

We address the sparse stabilizability problem via the classical
Popov-Belevitch-Hautus (PBH) test for the stabilizability of LDS [8].
Consequently, we do not design a row-sparse feedback gain matrix to
induce sparsity. Instead, we directly design the sparse control inputs
that drive the system state to zero. This, in turn, allows us to use
control inputs with time-varying supports. The fewer constraints on
the input lead to more flexibility in stabilizing the system. Moreover,
our formulation exploits the sparse recovery algorithms from the
compressed sensing literature to design sparse control inputs. This
approach is fundamentally different from existing studies that use the
linear matrix inequality-based approach that relies on the Lyapunov
inequality [10]-[13]. Our specific contributions are as follows:

e In Section II, we show that all stabilizable LDSs are s-sparse
stabilizable for any s > 1 (see Theorem 2). We also design an
algorithm for finding a sequence of s-sparse control inputs such
that the system state decays to zero with time (see Algorithm 1).
Our algorithm is based on a sparse vector recovery method that
exploits an inherent underlying structure called the piecewise-
sparsity pattern in the control inputs.

e In Section III-A, we extend our results to a noisy LDS where we
address the notion of mean square stabilizability of the system.
We show that all stabilizable LDSs are also s-sparse mean square
stabilizable for any s > 1 (see Theorem 4). This result leads to
a procedure that sequentially estimates the sparse control inputs
to ensure the mean square stabilizability of a noisy LDS (see
Algorithm 2).

e In Section III-B, we consider a more restricted system where
the system state is accessible only via the system output. For
such systems, we show that if the system is stabilizable and
detectable, it is also sparse stabilizable (see Theorem 5). We also
present an algorithm to determine sparse control inputs that ensure
stabilizability through output feedback (see Algorithm 3).

e In Section III-C, we analyze an LDS where the supports of the
control inputs remain unchanged across all the time instants (similar
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to [10]-[14]). We derive the necessary and sufficient conditions
for the stabilizability (see Theorem 6) and show that verifying
these conditions is an NP-complete problem (see Proposition 1).
This result establishes that all stabilizable LDSs are not necessarily
sparse stabilizable when the input supports are time-invariant.

In a nutshell, our work gives theoretical guarantees on the sparse
stabilizability of an LDS and provides algorithmic solutions to com-
pute the control inputs to ensure sparse stabilizability. We note that
several past works have developed algorithms based on sparse signal
recovery to estimate control inputs with time-invariant support [18],
[19]. However, to the best of our knowledge, ours is the first algorithm
that exploits the piecewise-sparsity structure in the control input

design.
Notation: The /y-norm, which counts the number of nonzero
elements in a vector, is denoted by ||-||. The operator ||-|| denotes

the induced £9-norm for matrices and Euclidean norm for vectors.
We use Ag to denote the submatrix of A formed by the columns
indexed by the set S. Also, Rank{-}, p(-) and () represent the
rank, spectral radius, and pseudo-inverse of a matrix, respectively.

Il. CHARACTERIZATION OF SPARSE STABILIZABILITY

In this section, we characterize the notion of sparse stabilizability
of an LDS. For this, we consider a discrete-time linear time-invariant
system governed by the following equation:

1 = Azy + Buy, )]

where k > 0 is the integer time index. Here, x;, € R™ is the system
state and uj, € R™ is the control input at time k. Also, A € R™*"
is the state transition matrix and B € R™*" is the input matrix.

The LDS defined by (1) is said to be controllable if there exists
a finite integer K and a sequence of control inputs {Uk}sz_ol that
can drive the system state from any initial state ajnjy to any final
state Tfpal, 1.6, To = Tipit and Tx = Tapal- A slightly weaker
notion than controllability is called stabilizability. The LDS defined
by (1) is said to be stabilizable if there exists a sequence of control
inputs {ug }p— such that limy_,. ||k || = O, for any initial state
xo € R". From the above notion of stabilizability, the definition of
s-sparse stabilizability naturally follows:

Definition 1: The LDS defined by (1) is said to be s-sparse
stabilizable if, for any initial state g € R", there exists a control
input sequence {ug, ||ugllo < s}52, such that limy_, ||z| = 0.
Similarly, an LDS which is controllable using s-sparse control inputs
is called s-sparse controllable [15].

This section characterizes sparse stabilizability using a canonical
form of the LDS in (1) that decomposes the system into stable and
unstable parts. Using this form, we derive two sets of results:

1) sparse stabilizability test: conditions that are jointly necessary and
sufficient for an LDS to be s-sparse stabilizable, for any s > 1;
2) design of sparse control inputs: an algorithm to find control inputs

{ug, [Juglly < 3}210 for an s-sparse stabilizable system that

asymptotically drive the system state to zero.

We start with the canonical form in the next subsection.

A. Canonical Form of an LDS

We construct the canonical form using the real Jordan decompo-
sition of the state transition matrix, A, which is as follows:

1 S(l) € R™1*mM 0

A =V 0 5(2) c Rn—nl Xn—ni

vV, @

where V' € R"™™ and Sy is an invertible matrix consisting of the
Jordan blocks corresponding to the eigenvalues of A whose absolute

values are greater than or equal to 1. Also, S(2) is a stable matrix
formed by the remaining Jordan blocks, i.e., p(S (2)) < 1. Further, we
partition the rows of V' as V(1) € R™*™ and V(5 € R"7"1X7,

T
T T
Substituting (2) into (1) and premultiplying by V', we get
Viyze+1 =S Vyor + V) Buy )
V(Q)mk+1 = S(Q)V(Q)mk + V(Q)Buk.. 5)

The above relations represent two LDSs whose states are two low
dimensional projections of the original state @ namely, V' (;y@) €
R™! representing the unstable part; and V' (gyz), € R " repre-
senting the stable part (since p(S(2)) < 1). However, both LDSs
share a common control input wy.

Furthermore, the new LDSs have some interesting properties
related to stabilizability. Suppose that there exist an integer K <
oo and a set of control inputs {wy, ||uglly < s}kK:_Ol such that
V(l)wK = 0. Then, if we choose u;, = 0, for all £ > K, from (4)
and (5), for k > K, we arrive at

-1
el < [V ([ + Vo) ®
- k—K k—K
=Vl (st Vo] + st vex]) @
<CoyFE HV(Q)iEK ; ®)
for some real numbers C' > 0 and 0 < v < 1 that depend on the
state matrix A. The last step is because p(S (2)) < 1. In other words,
the above choice of feedforward control inputs asymptotically drives
the system state o, to zero, stabilizing the LDS.

In the sequel, we use the above formulation to derive the s-sparse
stabilizability test and design s-sparse control inputs.

B. Necessary and Sufficient Conditions

We first note that s-sparse stabilizability is a stronger notion than
stabilizability and a weaker notion than s-sparse controllability. So,
the conditions for stabilizability are necessary for s-sparse stabiliz-
ability, and the conditions for s-sparse controllability are sufficient
for s-sparse stabilizability. These conditions are as follows:

Theorem 1: Consider the LDS defined by (1).

1) [8, Theorem 14.2] The LDS is stabilizable if and only if for all

A € C such that [A| < 1, it holds that

Rank {[\I - A B]}=n. )

2) [15, Theorem 1] The LDS is s-sparse controllable if and only
if (9) holds for all A € C, and s > n — Rank {A}.
Building upon the above result, we next derive the stabilizability test.
Theorem 2: For 1 < s < m, the LDS defined by (1) is s-sparse
stabilizable if and only if Rank {[\I — A B} =n V|| > 1.
Proof: See Appendix 1. |
Theorem 2 leads to the following corollary connecting sparse stabi-
lizability and sparse controllability.
Corollary 1: For the LDS in (1), the following are equivalent:

1) The LDS is stabilizable.

2) The LDS is s-sparse stabilizable for any given 1 < s < m.

3) The unstable part of the LDS given by (4) is s-sparse control-

lable for any given 1 < s < m.

The resulting relationship between sparse controllability, controllabil-
ity, and sparse stabilizability is depicted by Figure 1. It is interesting
to note that any stabilizable system is also s-sparse stabilizable. This
is unlike its counterpart in controllability, where the notions of con-
trollability and sparse controllability are different [15]. Corollary 1
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Stabilizable

s-sparse stabilizable

Controllable

s-sparse controllable

s >mn — Rank {A}
(9) holds VA € C

(9) holds VX € C

(9) holds V|A| > 1

Fig. 1: Venn diagram showing the relation between sparse controlla-
bility, controllability, sparse stabilizability and stabilizability, and the
necessary and sufficient conditions that each set satisfies.

also asserts that even if a stabilizable LDS is not s-sparse controllable,
it’s s-sparse uncontrollable part is still stabilizable. Here, the s-sparse
uncontrollable part of an LDS refers to a projected system state ay,
that cannot be driven to an arbitrary desired value from any initial
value using s-sparse control inputs [15, Section V].

Having derived the conditions for sparse stabilizability, we next
discuss the design of sparse control inputs satisfying these conditions.

C. Design of Sparse Control Inputs

Before we discuss the algorithm for finding sparse control inputs,
we note that if the LDS defined by (1) is stabilizable, one can find a
matrix K € R"*" such that p(A — BK) < 1. Hence, by selecting
the (unconstrained) control inputs u; = —Kxj, we get

lim z; = lim (A — BK)" zy =o0. (10)
k—o0 k—o0
However, this feedback mechanism cannot be applied in our case, as
—Ka;. may not be s-sparse. Hence, we develop an algorithm that
computes a sequence of sparse control inputs for stabilizing an LDS.

From (8), designing sparse control inputs for stabilizing the system
is the same as finding an integer K < oo and sparse control inputs
{ug, [|uglly < s}f:_ol that drive V(1) to zero. The existence of
such sparse inputs is guaranteed by Corollary 1. Equivalently, we
seek sparse inputs that drive the unstable part of the state defined by
(4) to zero. We utilize the following result that bounds the number
of nonzero sparse control inputs, K, required to drive the state of a
sparse controllable LDS to zero.

Theorem 3 ([15, Theorem 3]): If the LDS defined by (1) is s-
sparse controllable, the number of s-sparse control inputs, K,
required to ensure controllability is bounded as follows:

Rank { B}
s

n
*
RB,S

§K*§min{q[ -‘,n—R*B7S+l}§n, an

where ¢ is the order of the minimal polynomial of A, and R*37 s =

min{Rank {B}, s}.
From Theorem 3, the maximum number of sparse vectors required
to steer V(1)@ to zero is given by

K* = min{ql "%-‘ ,n1 —min{Ry, s} + 1} <mnq, (12)

where we define g; as the order of the minimal polynomial of S )
and R; £ Rank {V(l)B} < n1. However, from (4), we also have

K*—1
V(1)$K* = Sg) V(l)mo + Z Sﬁ) _k_1V(1)Buk. (13)
k=0

Thus, we solve for K* sparse control inputs from

Rty i1 = =S5y V 1)z, (14)
where R € R XETm ang Uy ky € Rm(k2—k1+1)x1 .0
K*-1 K*—2
R2[S{ 7'V B S V(B V) B]
15)

~ N T T T T

Ay, 2 [0l wl ul,| k2kz0 a6
Here, the unknown vector . g+ _1 is formed by concatenating K *
number of s-sparse vectors. This sparsity structure is referred to as
a piecewise sparse structure. Directly solving for a piecewise sparse
vector from (14) incurs exponential computational complexity [20].
However, approximate piecewise sparse recovery algorithms with
polynomial complexity are available in the compressed sensing
literature. Some examples are the piecewise orthogonal matching
pursuit [21] and piecewise inverse scale space algorithm [22].

The overall algorithm is summarized in Algorithm 1. By applying
the control inputs obtained using Algorithm 1, the unstable part of
the system state V(1)@ is driven to zero at time k = K * while the
stable part V' (o), goes to zero as the time index k goes to infinity.

Algorithm 1 Design of control inputs for s-sparse stabilization

Inputs: A € R™*", B € R™*™, and o € R"
1: Compute V(1) € R™*™ and S(;y € R"*"1 using the real
Jordan decomposition of A as given in (2) and (3)
2: Compute K* from (12)
3: Compute R using* (15)

4: Compute {uk}fzo ! by solving (14) using a piecewise sparse
recovery algorithm [21], [22]
5: Choose uj, = 0, for k > K*

We make a few observations about our algorithm:

1) Computational Complexity: Algorithm 1 involves computing
the Jordan form and recovering a piecewise sparse vector from (14).
The complexity in Jordan decomposition of an n X m matrix is
O(n®) [23]. The complexity in solving for a K*m dimensional
piecewise sparse vector with sparsity K*s using m1 equations via
POMP is O(K*mn1 + K*3ms?) [21]. Since K* < ny < n (see
(12)), the overall complexity of Algorithm 1 is O(n® + n3s?m).

2) Comparison with Stabilization via State Feedback: As
mentioned earlier (see (10)), one method to stabilize an LDS (with no
constraints on the control input) is via system state feedback control,

up = —Kzp, = —K(A— KB)" !a, a7

for all values of k. However, if we relax the sparsity constraint (i.e.,
when s = m), Algorithm 1 gives @g.x*_1 = — (R)Jr S(ISV(DiEO
as the solution. Thus, in both approaches, the control inputs are
linear functions of xg. However, our approach has a finite number
of nonzero control inputs, whereas the state feedback can potentially
have infinitely many such inputs.

3) Number of Nonzero Control Inputs: From Theorem 3, we
know that K* < njp, which implies that, for any stabilizable LDS,
we need at most n1 nonzero sparse control inputs to drive the system
state to zero. Similarly, Theorem 3 also implies that we need at least

——L__ nonzero sparse control inputs to drive the state to zero.
min{R,s}
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4) Decay of System State x| : If the LDS is stabilizable, we can
! such that for any k > 0,

} (18)

19)

*
find s-sparse control inputs {Uk-}{::o_

max
kE<K*

s, C~*

|lzg || < max {0 HV(Q):BK*

< c'yk HV(l)mU

where ¢ > 0 and 0 < v < 1. Here, we also use (8) and (12), which
implies that K* < nj < oo. Consequently, similar to stabilization
via state feedback in (10), the norm of the system state exponentially
decays to zero, and the decay rate depends on A (via 7).

5) Dependence on Sparsity: Note that K* decreases with the
sparsity level s. As s increases, the control inputs become less
restricted, and we can drive the unstable part V(l)mk to zero more
quickly. On the other hand, the sparsity level does not affect whether
or not the system is s-sparse stabilizable. However, choosing a small
value s may increase the time needed to drive the unstable part of
the system state to zero, thereby lengthening the time taken to drive
the exponentially decaying system state to a desired small value.

This completes our discussion on the algebraic characterization
and design of control inputs for sparse stabilizability. Our analysis
thus far makes three assumptions: (1) the system is noiseless; (2) the
initial state &g is known, (3) the supports of sparse control inputs
can be time-varying. In the following section, we extend the idea of
sparse stabilizability to address these three restrictive assumptions.

I1l. VARIANTS OF SPARSE STABILIZABILITY

In this section, we build upon the notion of sparse stabilizability
and present three (more stringent) variants of sparse stabilizability.

A. Mean Square Stabilizability of Noisy Systems

We consider a noisy LDS given by the following equation:

Tp41 = Az + Buy + v, (20

where x,, A and B are defined in (1). Also, v, € R™ is the process
noise at time & such that for any integer £ > 0,

E{v;} = 0, E{vkvg} =%, € R™" with |Zy] < co. 21)

Also, we assume that the noise terms {vj}p—, are independent
across time k£ and are independent of the initial state xq.

The stabilizability of noisy LDSs is characterized by the notion of
mean square stabilizability [24]. The system is said to be mean square
stable if supg_y o E1 [|zx?
expectation is computed with respect to the additive noise vy. We
extend the above notion of stabilizability for sparse control inputs as
follows.

Definition 2: The LDS given by (20) and (21) is said to be s-sparse
mean square stabilizable if for any initial state ¢ € R", there exists
a sequence of s-sparse control inputs {u}7— such that

sup E{||mk|| }<oo
k=

If p(A) < 1, the LDS is mean square stable [24]. Hence, a
stabilizable system can use the feedback-based control uy, = —Kax,
so that p(A — KB) < 1 which ensures stabilizability. Here,
K is defined in (10). Similarly, to achieve s-sparse mean square
stabilizability, we extend the idea of Algorithm 1. As discussed in
Section II-A, we can decompose the system state into stable and
unstable parts. However, if we apply the sparse control inputs returned
by Algorithm 1, the unstable part of the system state may not go to
zero at time k = K™ (given by (12)). This behavior is because of the

} < oo, for any xog € R". Here, the

(22)

extra additive terms due to the noise vg. To handle the noise term,
we estimate the sparse control inputs after every L* time steps where

L =min {k> K|Sty <1} (23)
We note that {k > K* HS(Q)H < 1} # 0 since p(S(2)) < 1.
We sequentially select the sparse control inputs that ensure that the
unstable part V' (1)@, is bounded. The stable part V' (o)xy, is also

bounded because of the condition on “S ) H in (23). Thus, if such
a sequence of sparse control inputs exists, the system is guaranteed
to be s-sparse mean square stabilizable. The formal statement and
proof of the above arguments are given below.

Theorem 4: The LDS defined by (20) and (21) is s-sparse mean
square stabilizable, for all 1 < s < m, if

Rank {[A\T— A B]|}=n, Y[\ >1. (24
Proof: See Appendix II. |
Theorem 4 ensures that all stabilizable systems are s-sparse mean
square stabilizable. Also, the constructive proof of Theorem 4 leads
to the design algorithm described by Algorithm 2. Here, unlike the
noiseless system where we used a feedforward control based on the
initial state, we use feedback control where the control inputs are
estimated using

(25)
(26)

N K*
RuT’L*:’r‘L*%»K*fl = 75(1) V(l)er*
Urpx g K (r41)L*—1 = 0,

at time k = rL* for every integer r > 0. Consequently, the number
of nonzero sparse control inputs is not bounded when the LDS is
noisy.

Algorithm 2 Design of control inputs for s-sparse stabilization of a
noisy LDS

Inputs: A € R"*", B ¢ R"*™
1: Compute V(1) € R™*™ and S(l) € R™*™ using the real
Jordan decomposition of A as given in (2) and (3)
: Compute K* from (12)
: Compute R using (15)
: Compute L* using (23)
for r=20,1,... do .
Compute {uk}’,;i*;ﬁ{ ~1 by solving (25) using a piecewise
sparse recovery algorithm [21], [22]
Choose u,p*yp =0, for k=K* K*+1,...,
: end for

D v R WL

L* -1

% 2

The computational complexity of Algorithm 2 is similar to Algo-
rithm 1, except that that POMP is repeated after every L* steps. The
complexity of Steps 1-4 of Algorithm 2 is O(n® + mn?) and the
complexity of the POMP step is O(n3s?m).

Comparison with conventional non-sparse stabilization: 1t is
known [8] that the state feedback matrix K that stabilizes the system
in the noiseless case can also be used for mean square stabilization of
the system described by (20). The complexity of computing — Kz,
is O(mn), in each time step. Our proposed algorithm computes
inputs for only L* steps; it cannot be directly compared with the
conventional approach that requires a matrix-vector multiplication to
compute the inputs at each time step.

B. Stabilizability Through Output Feedback

Stabilizability through output feedback refers to the design of
control inputs to stabilize an LDS using the knowledge of its external
outputs only [8]. For this, we consider the LDS defined as follows.

Tr41 = Az + Buy, and y = Czy, 27)
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where y;, € RP is the system output, and C € RP*"™ is the output
matrix. We note that this problem is harder because the outputs may
not give us the full information about the system state. For such
systems wherein the state vector is not accessible, we modify the
notion of sparse stabilizability as follows:

Definition 3: The LDS defined by (27) is said to be s-sparse
stabilizable through output feedback if for any integer £ > 0, we can
find an s-sparse control input uj from the present and past output
sequence {yt}le such that limy_, o, ||z || = 0, for any xg € R™.

From Section II-C, we recall that designing s-sparse control inputs
for stabilizing the LDS requires only the knowledge of V(1)@ and
the system matrices. Therefore, for our system, if we can estimate
the V(1yzo from the output y,, then we can design the desired
control inputs. In other words, if the unstable part (given by (4)) of
an s-sparse stabilizable LDS is observable, the system is s-sparse
stabilizable through output feedback. This observation yields the
following result.

Theorem 5: The LDS defined by (27) is s-sparse stabilizable
through output feedback for any 1 < s < m if for all A € C such
that [A] > 1,

A - A
Rank { [)\I - A B}} = Rank {[ C (28)
Proof: The proof is straightforward because the condition
ensures that the LDS is s-sparse stabilizable (see Theorem 2) and
detectable (i.e., the part of the system state that cannot be estimated
from the outputs is stable) [8, Theorem 16.5]. |

Theorem 5 implies that all systems that are sparse stabilizable
through output feedback are s-sparse stabilizable through output
feedback, and vice versa, for all 1 < s < m. Let the reduced column
echelon form of the observability matrix be

CT]T =

=n.

[(ca1T (cam2)T & o]T, 9
where 72 > mq is the rank of the observability matrix, C ¢ R"PX7
has full column rank, and T' € R™*™ represents the invertible
transformation that leads to the echelon form. Then, the observable
part of the initial state is given by T'(1)o € R”™ where T € RX7™
represents the submatrix of T' formed by the first 7 rows. As we noted

earlier, to design of the sparse control inputs, we compute T'(1)@o as

~ T
Taeo=C' [y vl ... vl (30)
However, detectability of the LDS implies that the row space of V(1)
is a subset of that of T'(1), and hence, we compute V (1) from
T (1)xo. Finally, we estimate the sparse control inputs that can drive
the unstable part S?I)V(l)mo of the system state (at time k = n) to
zero using

n+K

Rﬁn:n+K*71 = - (1) V(l)w0~ 31

We present the pseudocode of our algorithm in Algorithm 3.

We note that the number of nonzero sparse control inputs that
stabilize the LDS does not change even if we stabilize the LDS
through output feedback. However, for stabilization through output
feedback, the unstable part is driven to zero at time k = n + K™,
whereas it goes to zero at time k = K™ when the initial state is
known. From computational point of view, Algorithm 3 needs one
extra step to compute V(l)a:o = V(l)TJ(rl)T(l)mg. Thus, the overall
complexity of this algorithm is O(n5 +n3ms? + n3p).

The notion of sparse stabilizability through output feedback can
be extended to noisy LDSs. In this case, the LDS is represented as

Tp41 = Axy + Buy + vy and y, =Czxi+wy, 32)

Algorithm 3 Design of control inputs for s-sparse stabilization
through output feedback

Inputs: A € R"*", B ¢ R"*™
1: Choose up, =0 for k=1,2,...,n—1

2: Compute C € R"™*™ and T(l) € R™™™ using the column

reduced echelon form of the observability matrix given in (29)

: Compute T(l)wo using (30)

: Compute V(l)il:() = V(I)TJ(rI)T(l)wO

: Compute K* from (12)

: Compute R using (15)

. Compute {uk}""_K by solving (31) using a piecewise sparse
recovery algorithm [21], [22]

8: Choose up, = 0 for k > n + K*

~N N AW

where vy, € R™ and w; € RP represent the process noise and
observation noise, respectively. Here, we combine Algorithms 2 and 3
to sequentially estimate the unstable part of the state and design
the corresponding sparse control inputs. Specifically, in Step 6 of
Algorithm 2, we estimate the unstable part of the state. The estimation
can be done via the least squares method or Kalman filtering if the
initial state is Gaussian distributed with known statistics. We omit
the details to avoid repetition.

Comparison with conventional non-sparse stabilization: We
know that, if the system described by (27) is detectable, one can
find a matrix L such that A — LC' is a stable matrix [8]. Using
&, = Ly,., we can estimate the state with an exponential reduction
in the norm of the error in the estimate. Using this estimate, it can be
shown that we can stabilize the system through output feedback. In
contrast, our proposed approach is a non-linear feedback technique.

C. Time-invariant Support

In this subsection, we analyze the stabilizability of an LDS
using sparse control inputs that share the same support. Let S C
{1,2,...,m} be the common support set of all the control inputs
where |S| < s. Then, the state evolution model (1) is equivalent to

Tp11 = Az + Bsug,s, (33)

where Bs € R™* S| and uk?sRl‘S' represents the entries of
uy, indexed by S. We note that (33) represents an unconstrained
LDS described by (A, Bg). As a consequence, the necessary and
sufficient conditions for stabilizability and the design of sparse inputs
are straightforward.

Theorem 6: For any given 1 < s < m, the LDS defined by (1) is
s-sparse stabilizable with time invariant support if and only if there
exists a set S C {1,2,...,m} such that |S| = s and

Rank{[\I - A Bg|}=n, V|\| > 1 (34)

Further, if (34) holds for some S, there exists a matrix K (5) € RSX™

such that p (A - BsK| S)) < 1, and the s-sparse control inputs
with up s = —K(s)mk and Up 56 = 0 asymptotically drive the
system state to zero.

Clearly, the condition described by (34) is more stringent than the
sparse stabilizability condition in Theorem 2. Hence, we conclude
that restricting the sparse control inputs to have common support
can make the LDS non-stabilizable. Further, using the equivalent
unconstrained system in (33), we can also arrive at results similar
to those in Sections III-A and III-B. We omit the details to avoid
repetition. Although Theorem 6 gives a necessary and sufficient
condition, unlike sparse stabilizability with time-varying supports,
this condition cannot be verified in polynomial time.
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Fig. 2: Comparison of stabilization of an LDS with n = m = 50, p = 12, and n; = ng = 25 using sparse inputs with sparsity levels
s = 5,10 and 20. The behavior of conventional stabilization using non-sparse inputs is also shown.

Proposition 1: For the LDS defined by (1), finding a set S C
{1,2,...,m}, such that |S| = s and (34) holds, is NP-complete.
Proof: We know that (34) seeks a subset of s columns of B
such that for every left-eigenvector z € C™ of A with eigenvalue
A > 1, there exists at least one column of B from the subset which is
not orthogonal to z. This can be represented using a bipartite graph.
The vertices of the graph on the left represent the columns of B.
The vertices of the graph on the right represent the left-eigenvectors
of A with the corresponding eigenvalue greater than unity. Also, an
edge from a left vertex to any right vertex exists if the corresponding
column of B and left-eigenvector are not orthogonal. The task is then
to check whether a subset of left-vertices of size at most s covers
all of the right-vertices. In other words, verifying (34) is equivalent
to the decision version of the hitting set problem or, equivalently,
the set cover problem [25]. Since the decision version of the hitting
set problem is NP-complete [25], the verification of (34) is also NP-
complete. |
Note that we can use approximate algorithms such as the greedy
algorithm and layering [25] that solve the hitting set problem to
estimate S satisfying (34). Once S is estimated, the design of sparse
control inputs is straightforward from the classical stabilizability
results for unconstrained control inputs. In other words, this approach
leads to a row sparse feedback gain matrix whose nonzero rows are
indexed by S. We note that the existing methods for sparse stabilizing
feedback using the linear matrix inequality [10]-[13] also lead to a
row sparse gain matrix. However, the two methods have their roots in
two equivalent concepts: the PBH stabilizability test (our approach)
and the Lyapunov inequality (existing approach).

V. SIMULATION RESULTS

In this section, we illustrate the performance of our algorithms
using numerical results. We choose the system dimensions as n =
m = 50, p = 12, and ny; = ng = 25. For the state transfer matrix

. U 0 5 =4
A, we choose V in (2) as V = o Ul Here, U € R2°*%
is a random orthogonal matrix obtained via the eigendecomposition
of a symmetric random Gaussian matrix. The diagonal entries of
S(1) and S(9) are drawn independently from uniform distributions

with supports (1,1.5) and (—1, 1), respectively. We choose the input
matrix B — [BI 0
[C. 0] € R"2X%0. Here, the entries of B. € R**% and C. €
R'2%25 are drawn from the standard Gaussian distribution. Using

€ R59%%0 and the output matrix C =

Theorem 4, we first verified that the system is stabilizable through
output feedback, and thus, our algorithms can stabilize it.

Using the above realization, we compute sparse inputs for s-
sparse stabilization, s-sparse mean-square stabilization, and s-sparse
stabilization through output feedback using Algorithms 1, 2 and 3,
respectively. Figure 2 shows the squared /2 norm of the state vector
in each case, averaged across 100 random initial vectors &g drawn
from the standard Gaussian distribution. The process noise vectors vy,
(only for mean square stabilization) drawn i.i.d. from the zero-mean
Gaussian distribution with variance 1075, We compare with classical
(non-sparse) stabilization, where the input is a linear function of the
state vector for the noiseless and noisy LDS and a linear function of
the output vector for stabilization through output feedback [8].

Figure 2a shows that for the noiseless LDS stabilized using sparse
inputs, the norm of the state vector first increases when nonzero inputs
are applied to drive the controllable part of the state vector V' (1), to
zero. After the controllable part becomes zero, we apply zero control
input and the uncontrollable part, which is asymptotically stable,
decays down to 0. For mean-square stabilization in Figure 2b, the
controllable part of the state is not driven to zero due to the process
noise. Therefore, the norm of the state vector corresponding to
the unstable part increases periodically. Stabilization through output
feedback in Figure 2c shows a similar trend as that in Figure 2a.
However, in this case, we first observe the output for some time to
estimate the initial state. Due to this estimation period, it takes longer
to drive the controllable part to zero. From Figures 2a and 2c, we
also infer that as s decreases, we need a longer time to drive the
controllable part to zero. This inference is in agreement with (12).
Similarly, Figure 2b shows that as s increases, the system becomes
less constrained, and thus, E {HwkHQ} decreases. Finally, the state
vector norm curve is smooth for the classical (non-spare) stabilization
schemes. In contrast, for our algorithms, the state vector norm does
not change smoothly for small values of s.

V. CONCLUSIONS

We studied the problem of stabilizing an LDS using sparse
control inputs. We first proved that all stabilizable systems are
sparse stabilizable. Further, we provided bounds on the number of
nonzero sparse inputs required to stabilize the LDS and derived an
algorithm to design the sparse control inputs. We also developed
similar results for three other notions of sparse stabilizability, namely,
mean square stabilizability for noisy LDSs; stabilizability through
output feedback when the initial state is unknown; and stabilizability
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when inputs share a common support. Extending our analysis to study
the stabilizability of an LDS when its control inputs have both sparsity
and energy constraints is a promising direction for future work.

APPENDIX |
PROOF OF THEOREM 2

From Theorem 1, the necessity of the rank condition in the theorem
is straightforward. Consequently, it is enough to show the sufficiency
of the condition, and we prove this using the canonical form discussed
in Section II-A. From (8), we know that to prove the sufficiency
of the condition in Theorem 2, it suffices to show that under this
condition, there exist an integer K < oo and a set of control inputs
{ug, [Juglly < s}i(:_ol such that V'(1yz ¢ = 0. For this, it is enough
to verify s-sparse controllability of the unstable part of system defined
by the matrix tuple (S(q), V(1)B) (see (4)). However, when the
condition in Theorem 2 holds for all A such that |A\| > 1, we have

n=Rank{[\I-A B]|} (35)
vl oo
=Rank (VA —A BJ ", (36)
AN - S 0 VB

_ (1) (1)

; Rank{{ 0 AL =S5z V(2>B} } 4D
which follows from (5). Therefore, for any A € C with [A\| > 1,

Rank {[\ - S(1) V(1)B]} =ni. (38)

Further, since the all eigenvalues of .S (1) have absolute values greater
than 1, (38) holds for all A € C and

Rank{S(l)} —ny>n—s Vs> 1. (39)

Invoking Theorem 1, we conclude that the LDS described by (4) is
s-sparse controllable Vs > 1. Thus, we establish the sufficiency of
the condition in Theorem 2, and the proof is complete. |

APPENDIX Il
PROOF OF THEOREM 4

The proof relies on the canonical form described in Section II-A.
Similar to (4) and (5), here we have

(40)
(41)

Vet =S Vzr + V) Bug + V()vg
V(2)33k+1 = S(Q)V(Q):Ek- + V(Q)B’u,k + V(Q)’Uk..

Using the above decomposition and (6), we obtain

et} <2y (a2 {vos)

2
o o o vom} ) @

Therefore, to prove the desired result, it is enough to prove that there
exists a sequence of sparse control inputs such that

sup ]E{HV(l)mkuz} < o0 (43)
k=1,2,...

sup E{HV(Q)%]CH2} < 00. (44)
k=1,2,...

Hence, the rest of the proof is devoted to choosing a sequence of
s-sparse control inputs that satisfy (25) and (26) and showing that
the choice of inputs guarantees the relations (43) and (44).

We start with the sparse control inputs defined by (25) and (26).
From Theorem 2 and Corollary 1, we know that (24) ensures s-sparse

controllability of the LDS deiined by (4). As a result, there exist index
sets {S; € {1,2,..., m}}iKzl such that

|S;| < s and Rank{Rs} = n1, (45)

where the index set S = UiK:I {l+ (i —1)m,l € §;}. Also, K*, L*
and R € R™ X" ™ are defined in (12), (22) and (15), respectively.
Hence,

K*—1 K*-2
Rs=|S["'V(1)Bs, S{ *V()Bs,...V(1)Bs,.].

1)
(46)
For any integer r > 0, we choose the s-sparse control inputs as

’aT‘L*:TL*%»K*fl,S = (RS)T Sﬁ) V(l)er* S RK IS] 47)
- — K*(m—|S|)
Uy pegpeyieo1,s0 =0 ER ’ (48)

where @, . p ey icr—1 € RE ™ is defined in (16).
Using the above choice of control inputs, we next establish (43).
For this, we notice from (25) that

K*—1
~Sty V@ = Y Sﬁ)ﬂflv(l)BurL*H, (49)
i=0

for any integer r > 0. Also, from (4), forany r > 0and 1 < k < L*,

Vy&rr 4k = SI(€1)V(1)337-L*

k—1
+y Sl(ff)l_lV(l) [Buyrxti +vrpeyil . (50)
1=0
With k = L* in (50) and using (26) and (49), we arrive at
L*—1
L*—i—1
V®etyrs = Z S TV UrLe i (51
=0

for any integer > 0. Thus, using (21) and the fact that the noise
vectors vy, are independent, the expected value of the o norm square
of the unstable part of the state is

9 L*—1
} == Tr{D(i)} <00,  (52)

=0

E{Hvu)ﬂc(rﬂ)m

where we define D ;) € R™ ™™ as

*_

L*—i—1 L*—i—1 T
D) 2 867V (G V) 53)

Similarly, from (50), for any integer 1 < k < L* — 1,

. 2
max St H
i=0.1,....k H 1)

P vs| S {nurmﬁ}]
=0

k—1
+ 50T {D(Z—)} < oo, (54)
i=0
Here, we use the following fact from (26), (47), and (48),
k—1

K*
2 2
SOE{luregil®} < STE{furse il
=0

=0

E{Hv(l)er*+kH2} <(k+1) [

<o { Vo

(55)

2
} (56)

ot [ | (P} <. o
=0

< |rs) Sg;“QE{"V(l)mTL*
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where (57) is due to (52). Combining (54) and (57), we prove (43).
We next complete the proof by establishing (44). To this end, we
obtain from (41) that for any integer k > 0,

k—1
V(Q)wk = SQCQ)V(Q):BO + Z 51(627)17 V(Q) [Bu; +v;]. (58)
=0

We note that the right-hand side of (58) is the sum of two terms:
the first term is due to the initial state and process noise given by

(Q)V(Q):vo + Zl, Sk_)z_lV( )vl-; and the second term is due
to the control inputs given by Z -0 ls ](Cf)lflV(Q)BuZ However,
we know that if no control inputs are applied, the LDS in (5) is mean
square stable since p(S (3)) < 1. Thus, we arrive at

k—1 2
sup E S?Q)V(Q)a;o + Z S?;)Z*lV(Q)vZ < 0.
k=1,2,... =
(59)

Consequently, to prove (44) and establish the desired result, it is
sufficient to prove that

2
-1
V (9yBu; < 00. (60)
k=1,2,... 2) @)=
Furthermore, from (47) and (48), we see that {ui}:i‘:zr*K -1 is a

function of V( 1)TrL* Also, from (51), V'

of {vl}lrf Tfll)L*, for » > 0. Since the process noise vectors are

1ndependent across time and independent of xg, the sets of control
inputs {ui}z(.;—:?f “are independent across different values of >

0. Thus, we deduce that for any integers r > 0 and 1 < k < L%,

1)TrL* is a function

rL*+k—1 . ) 2
]E Z SZQL) +k_l_1V(2)B’ui
r—1 * 2
t i
AN T ) Z Sty 'V o) Buipe s
t=0
k-1 4 2
3 s’(“z—)l—lV(Q)Buer (61)
1=0

<L Z Hs(ﬂf V<2>BH ZHS(T—”L*

E {Jlurr+il*}
(62)

where the last step follows because of the sub-multiplicative property
of norms. So, the desired result (60) is proved if the following holds:

ZHS‘T O | fjursil?} < ox.

To prove the above relation, we use (57) to get

ZHS“ oL HZE{numﬂ-nz}
<ZHS mlt

(63)

‘Rs 1>H Tr{D()} < o0, (64)

because Hs < 1 due to (23). Hence, (63) is established, which
concludes the proof |
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