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Abstract

Multiple-Input Multiple-Output (MIMO) communication using multiple antennas has
received significant attention in recent years, both in the academia and industry, as they
offer additional spatial dimensions for high-rate and reliable communication, without
expending valuable bandwidth. However, exploiting these promised benefits of MIMO
systems critically depends on fast and accurate acquisition of Channel State Informa-
tion (CSI) at the Receiver (CSIR) and the Transmitter (CSIT). In Time Division Duplex
(TDD) MIMO systems, where the forward channel and the reverse channel are the
same, it is possible to exploit this reciprocity to reduce the overhead involved in ac-
quiring CSI, both in terms of training duration and power. Further, many popular and
efficient transmission schemes such as beamforming, spatial multiplexing over domi-
nant channel modes, etc. do not require full CSI at the transmitter. In such cases, it is
possible to reduce the Reverse Channel Training (RCT) overhead by only learning the
part of the channel that is required for data transmission at the transmitter.

In this thesis, we propose and analyze several novel channel-dependent RCT schemes
for MIMO systems and analyze their performance in terms of (a) the mean-square er-
ror in the channel estimate, (b) lower bounds on the capacity, and (c) the diversity-
multiplexing gain tradeoff. We show that the proposed training schemes offer signifi-
cant performance improvement relative to conventional channel-agnostic RCT schemes.

The main take-home messages from this thesis are as follows:
* Exploiting CSI while designing the RCT sequence improves the performance.

* The training sequence should be designed so as to convey only the part of the CSI

required for data transmission by the transmitter.

* Power-controlled RCT, when feasible, significantly outperforms fixed power RCT.

iii
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Notation

na :  Number of antennas at node A or the transmitter
ngorr Number of antennas at node B or the receiver
M Number of downlink users
Pg., Training power at node B
Py, Training power at node A
Py Data power at node A
Lag Data duration corresponding to node A
Ly, Training duration corresponding to node A
Lp, Training duration corresponding to node B
L. Coherence time of the channel
() Real part of the complex argument
() Imaginary part of the complex argument
() Transposition
() Hermitian transposition
(-)" Complex conjugation
E[] Expectation operator
()t Signum function
|- | Absolute value of a complex number or the
determinant of a matrix or the cardinality
of a set, depending on the context
|- 12 Euclidean norm of a vector
|- 1lr Frobenius norm of a matrix
n n x n identity matrix
lc] Largest integer less than ¢
C Field of complex numbers
R Field of real numbers
R* Field of non-negative real numbers
CN (u,0?) Circularly symmetric complex Gaussian

Boldface lower case letters
Upper case letters

distribution with mean i and o2 variance
Vectors
Matrices
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Chapter 1

Introduction

Over the past decade or so, increasing demand for data, audio and video services has
lead to an enormous increase in the data rate requirement of wireless communication
systems. One possible solution to cater to this ever-increasing demand for data rate
is to increase the bandwidth and/or the transmit power. Unfortunately, the spectrum
available for wireless communication is limited. Moreover, in a network, increasing the
transmit power is often not a viable option, as higher power to one user acts as a strong
interference to unintended users, resulting in reduced sum data rate. To make matters
worse, unlike wired communication systems, wireless systems pose several other chal-
lenges such as fading, path loss, etc. Therefore, wireless communication engineers are
faced with the challenge of designing systems that efficiently combat fading by pro-
viding higher data rate for a given bandwidth and transmit power. Multiple antennas
at both the transmitter and the receiver is a key technology to meet these challenges.
Physically placing the antennas with an inter-antenna distance of about 10 times the
wavelength of the carrier frequency is known to result in fade values that are uncorre-

lated across antennas. Having independent fade values across antennas in turn yields
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higher diversity and multiplexing gains by using methods such as Maximum Ratio
Transmission (Combining) (MRT(C)), Spatial Multiplexing (SM), Beamforming (BF),
etc [6,7]. Practical realizability of multiple antenna communication systems require
the antenna separation to be within a few centimeters for it to be implementable on the
form factor of hand held devices such as mobile phones. This requires the transmitting
devices to operate in the range of Giga-Hertz to ensure independent fade values, which
is feasible in practice, and is also a part of many modern day wireless standards such
as IEEE 802.11, 3GPP-LTE, LTE-Advanced, etc. Owing to the aforementioned benefits
offered by multiple antenna communications, it has received tremendous attention in
the recent years, both in academia and in industry. However, the professed benefits of
multiple antenna systems are realizable only if the fade values are known at the receiver
and/or the transmitter. Thus, fast and reliable acquisition of fade values at both ends of
the communication system is an important aspect in designing modern wireless com-
munication systems; this is the main focus of this thesis. A well-accepted mathematical

model for Multiple-Input Multiple-Output (MIMO) systems is presented next.

1.1 Wireless Channel Model

Figure 1.1 shows a model for a point-to-point MIMO wireless communication system
with n4 and np antennas at node A and node B, respectively. The wireless channel from
node A to node B is modeled as a quasi-static block fading channel, represented by the
matrix H € C"8*"4, That is, the channel is assumed to remain constant for a frame of
duration L., and evolve in an i.i.d. fashion from frame to frame. We assume a Time

Division Duplex (TDD) mode of operation. When the channel is perfectly reciprocal,
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by considering the complex conjugate of the transmitted and received signals as the
reverse channel input and output, respectively, the reverse-link channel is H?. The
baseband equivalent of the received signal at node A and node B corresponding to the

input x4 € C"4 and xp € C"? are given by

yg = Hx,+ wpg, (1.1)

ya = H'xp+wy, (1.2)

where x4, € C" (xg € C"B), yg € C"B (y4 € C™) and wy € C" (wp € C"B) are the
input, output and the additive noise vectors at node A (node B), node B (node A) and node
A (node B), respectively. The input vectors are assumed to satisfy an average power
constraint, i.e., E{xfx4} = P4 and E{xZxp} = P, where P, and Py are the transmit
powers available at node A and node B, respectively. The entries of the noise vectors

wp € C"8 and w, € C™4 are distributed as CN (0, 1).

1

SR
1 an
Bl

Node A Node B

Figure 1.1: System model of a reciprocal MIMO considered in this thesis.
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1.2 Channel Knowledge and Its Acquisition

It is well understood by now that the capacity and reliability of multiple antenna com-
munication systems are significantly increased by having perfect channel knowledge at
both node B and node A [7]. These gains are primarily due to the fact that multiple an-
tenna communication enables methods such as MRT(C), BF etc, which requires channel
knowledge at node B and/or node A. Therefore, in practical systems, efficient acquisi-
tion of channel knowledge at node B and node A is an important problem. Channel
State Information (CSI) at node B (CSIB) can be acquired by sending a known training
sequence from node A to node B, from which the latter computes an estimate of the chan-
nel. Since data and training signals are transmitted from node A, there exists an inherent
tradeoff between resources, such as training duration, training power, data power and
data duration that are spent for training and data transmission. Higher resources spent
in training result in a higher estimation accuracy, which helps in improving the rate
achievable during the data transmission phase. However, a higher training overhead
leaves less resources for data transmission, which might undo the benefits of the im-
proved channel estimation, and lead to a net reduction in the average data rate. The
problem of sharing of resources between data and training in an optimal way was first
studied in [8], where, among other things, it is shown that a training duration of n4
symbols is optimal in terms of a capacity lower bound. Since then, several researchers
have studied the tradeoff under various scenarios; these will be elaborated upon in
later chapters.

The capacity and reliability is further increased by having CSI at node A (CSIA), in ad-

dition to CSIB. For example, in a MIMO system with perfect CSIA, it can be shown that
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the probability of error falls exponentially with SNR, which is not possible with systems
with no CSIA [9]. In this thesis, we address the problem of efficiently acquiring CSIA in
reciprocal MIMO systems. The conventional method for acquiring CSIA in reciprocal
MIMO systems is to transmit a known training sequence such as the Hadamard ma-
trix in the reverse-link, from which node A computes an estimate of the reverse channel
H*. This incurs a training overhead of at least nz symbols, which could be significant,
particularly when L, is small, i.e., in a fast fading environment. Can we do better than
the conventional training? In this thesis, we answer this question in the affirmative, by
proposing novel channel-dependent Reverse Channel Training (RCT) schemes. The fol-
lowing example motivates the study of RCT sequence design considered in this thesis
by comparing channel-agnostic conventional RCT with channel-dependent RCT that

adapts to the current CSIB.

* Example: Consider a point to point reciprocal Single-Input Single-Output (SISO)
system with perfect CSIB where the forward channel is a complex random vari-
able i = |h|e?’ and the reverse channel is h* = |h|e77%.! Note that knowledge of
|h| would suffice at node A for power control or adaptive modulation and coding,
since the phase ¢ can be compensated for at node B without changing the noise

statistics. In the conventional training, node B transmits

TBr = PB,T ’ 17 (13)

where Pg . is the training power. The corresponding received training signal at

IThe reverse channel is |h|e 7% due to reciprocity.
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node A is given by
Yar =/ Pph" +wa, (14)

where w, is distributed as CN (0, 1). Using y4 ., node A computes an estimate of

|h| as

conv) \/E -

Note that the conventional training method enables node A to estimate both |h|

7 yji{,r
172} conv) =

(1.5)

and ¢, but the estimation of ¢ is not required for data transmission. Now, we
consider a different, channel-dependent reverse training signal for estimating ||
at node A. Suppose we employ =" = | /Pp__e~# as the training signal, then, the

corresponding received signal at node A is given by

Yar = v/Poreh + wa = \/Par || + ws. (16)

Note that the proposed training signal also satisfies the training power constraint
of Pp,, since |¢| = 1. Node B computes an estimate of |h| by discarding the

imaginary part, as follows

s [R{yasdl

‘h‘(prop)_ N -

R{wa}

\V PB,T

|h| + . (1.7)

In the above, since the desired part of the signal (||) is real, the imaginary part of
the noise does not corrupt the signal, and hence removing it reduces the noise
variance by a factor of 2, and results in a reduced Mean Square Error (MSE).

Figure 1.2 plots the MSE in the estimation of |k| as a function of the training
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power in dB. The improvement in the MSE by employing the proposed channel-
dependent RCT is clear from the graph. This simple example illustrates that the
use of channel-dependent RCT can enable node A to efficiently estimate only the

part of the CSI that is required for data transmission.

10
o —Q—C0nventional
10 = Improved R
L
(9]
=
10’17,‘., A 1
10‘2 I I I I | I | I I

-10 -8 -6 -4 -2 0 2 4 6 8 10
Training power in dB

Figure 1.2: MSE versus training power in the reverse-link in a TDD-SISO system. Here,
conventi onal refers to the channel-agnostic training scheme, whereas i npr oved
refers to the proposed channel-dependent training sequence.

1.3 Outline of the Thesis

Chapter 2 of this thesis generalizes the idea of channel-dependent RCT presented in

the example above to a Single-Input Multiple-Output (SIMO) channel, and investigates
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the benefits offered by the scheme in terms of the Diversity Multiplexing gain Tradeoff
(DMT). The following models for CSI are studied: (i) perfect CSIB and noisy CSIA, and
(ii) noisy CSIB and noisy CSIA. In both cases, a channel-dependent fixed-power train-
ing scheme is proposed for acquiring CSIA, along with a forward-link data transmit
power control scheme. With perfect CSIB, the proposed scheme is shown to achieve
a diversity order that is quadratically increasing with the number of receive antennas.
This is in contrast to conventional orthogonal RCT schemes, where the diversity order
is known to saturate as the number of antennas at node B is increased, for a given L.
Moreover, the proposed scheme can achieve a larger DMT compared to the orthogo-
nal training scheme. With noisy CSIB and noisy CSIA, a three-way training scheme is
proposed and its DMT performance is analyzed. It is shown that nearly the same di-
versity order is achievable as in the perfect CSIB case. The outage performance of the
proposed scheme is illustrated through Monte Carlo simulations. The contents of this
chapter have been published in parts in [10,11].

Chapter 3 extends the constant power training proposed in chapter 2 to a power con-
trolled RCT scheme that enables node A to directly estimate the power control param-
eter to be used for the forward-link data transmission. We show that our proposed
scheme, with an RCT power of P, v > 0, and a forward data transmission power of

Lo—Lp, .
=7 >=min(y,1) and r > 2, where

P, achieves an infinite diversity order for 0 < g, <
gm is the multiplexing gain, L. is the channel coherence time, Lp; is the RCT dura-

tion and r is the number of receive antennas. We also derive an upper bound on the

outage probability and show that it goes to zero asymptotically as exp (—P¥), where

E £ (7 — Lf:"f;ﬁ), at high P. Thus, the proposed scheme achieves a significantly
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better DMT performance compared to the finite diversity order achieved by channel-
agnostic and fixed-power RCT schemes. The contents of this chapter have been pub-
lished in [12].

In chapter 4, we propose and optimize channel-dependent training schemes for re-
ciprocal MIMO channels with BF at the node A and node B. First, assuming that CSI
is available at node B, a channel-dependent RCT signal is proposed that enables ef-
ficient estimation of the BF vector at node A with a minimum training duration of
only one symbol. In contrast, conventional orthogonal training requires a minimum
training duration equal to the number of receive antennas. A tight approximation
to a lower bound on the capacity of the system is derived, which is used as a per-
formance metric to optimize the parameters of the RCT. Next, assuming that CSI is
available at node A, a channel-dependent forward-link training signal is proposed and
its power and duration are optimized with respect to an approximate capacity lower
bound. Finally, we demonstrate the significant performance improvement offered by
the proposed channel-dependent training schemes over the existing channel-agnostic
orthogonal training schemes through simulations. The contents of this chapter have
been published in [13].

Chapter 5 extends the RCT scheme in chapter 4 to multiuser MIMO Spatial Multi-
plexing (SM) systems. In particular, using the channel knowledge at node B, a novel,
channel-dependent power-controlled RCT sequence is proposed, using which the node
A estimates the required BF vectors for the forward-link data transmission. Tight ap-
proximate expressions for (i) the Mean Square Error (MSE) in the estimate of the BF

vectors, and (ii) a Capacity Lower Bound (CLB) for an SM system, are derived, and are
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used to optimize the parameters of the training sequence. Moreover, an extension of
the channel-dependent training scheme and the data rate analysis to a multiuser sce-
nario with M user terminals is presented. For the single mode BF system, a closed-form
expression for an upper bound on the average sum data rate is derived, which is shown
to scale with M as % log, log M, where L. and L , are the channel coherence time
and training duration, respectively. Using simulation results, the significant perfor-
mance gain offered by the proposed training sequence over the conventional constant-
power orthogonal RCT sequence is demonstrated. Also, it is shown that optimal spatial
power allocation during training outperforms its equal power allocation counterpart,
while optimal temporal power allocation only offers a marginal improvement in per-

formance. The contents of this chapter have been published in part in [14], and has

been submitted as [15].
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Chapter 2

On the DMT of TDD-SIMO Systems
with Channel-Dependent Reverse

Channel Training

2.1 Introduction

Reliability and system throughput are two fundamental parameters of interest in any
wireless communication system, and the inherent tradeoff between the two at high SNR
was elegantly captured by the Diversity Multiplexing gain Tradeoff (DMT) proposed
in the seminal work of Zheng and Tse [16]. It is known that a significant improvement
in the outage performance can be obtained if the Channel State Information (CSI) at the
receiver (CSIR) and the transmitter (CSIT) are perfect [17], [9], while [16] considered
perfect CSIR and no CSIT.

In a Time Division Duplex (TDD) system, CSI could be estimated at the transmitter
and receiver by sending a known training sequence in the forward and reverse-link

directions, respectively. This has two consequences. First, the estimation error results in

12
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incorrect data rate or power adaptation at the transmitter, in turn leading to higher out-
age rate. Second, training incurs a time overhead, which could be non-trivial when the
training occupies a significant fraction of the channel coherence time, as it affects the
pre-log term in the achievable data rate [8]. This chapter therefore focuses on the im-
portant problem of analytically comparing the DMT performance of different channel
estimation techniques and identifying training signals and data power control schemes
that result in a good performance in terms of the achievable DMT. We start with a brief
survey of related literature.

The impact of imperfect CSIT on the DMT of a multiple antenna system has been a
popular area of research, and it is known that even with imperfect CSIR and CSIT, a
significant improvement in DMT can be obtained, compared to the no-CSIT case (see,
for example, [18-20]). The effect of imperfect CSIR on the DMT of a MIMO system was
first studied in [21]. The DMT analysis of a multiple antenna system with perfect CSIR
and when the CSIT is modeled as the CSI plus Gaussian noise whose variance decreases
with training SNR was investigated in [22-24]. In a TDD setup, the achievable DMT
improvement using power control based on noisy CSIT was shown in [1,24,25]. Other
works that study the DMT performance with quantized feedback of CSI and/or target
data rate control based on noisy CSIT include [18, 19, 23,26-29]. In [2,28], the DMT
of two-way and multi-round training schemes in a TDD system was derived. In these
studies, the channel feedback signal on the reverse-link is chosen to satisfy an average
power constraint, rather than an instantaneous power constraint.

Most of the aforementioned studies of the DMT with imperfect CSI typically ignore

the training duration overhead. Hence, they are primarily applicable to slowly varying
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channels, where the time overhead in training occupies an insignificant fraction of the
channel coherence time. An exception is [1], where, taking the training overhead into
account, the authors concluded that for nonzero multiplexing gain g,,,, the diversity or-
der saturates as r increases, where r is the number of receive antennas. Hence, for fast
varying channels, the authors suggest turning off receive antennas in order to achieve
higher multiplexing gains. It is important to account for the training duration over-
head in deriving the achievable DMT, because, as the SNR goes to infinity, although
the estimation error goes to zero, the training duration overhead remains fixed and has
a direct impact on the DMT. Also, by modeling the CSIT as the sum of the true CSI and
an additive error, most of the past studies implicitly assume that a channel-agnostic
orthogonal training signal is employed for channel estimation. When the training sig-
nal is channel-dependent, the imperfect CSI can no longer be modeled as the sum of
the true CSI and an additive noise. Due to this, the existing results cannot be directly
extended to analyze the DMT performance of channel-dependent training schemes.
When the channel is reciprocal and block-fading, e.g., in a TDD system, the receiver
could exploit its channel knowledge (acquired through an initial forward-link training
phase) in designing its reverse-training sequence, not only to reduce the channel esti-
mation error at the transmitter, but also to reduce the required training duration over-
head. Hence, the goals of this chapter are two-fold: (a) to analyze the DMT performance
of a channel-dependent training scheme for acquiring CSIT and an associated power con-
trol mechanism for data transmission; and (b) to contrast the DMT performance of
the proposed training and power control schemes with that achieved by conventional

channel-agnostic training schemes. Our study focuses on point-to-point Single-Input
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Multiple-Output (SIMO) systems. This is of practical importance, since it applies, for
example, to the uplink of wireless networks where the base station has multiple an-
tennas, the mobile users have a single antenna, and orthogonal access is used (e.g.,
OFDM/TDMA) as in WLANs and 4G/LTE systems. The channel-dependent training
sequence employed here was first proposed by us in [30] and [10] in a MIMO and SIMO
context, respectively, and was independently explored in [31], although not in a DMT
context.

In this chapter, for analytical simplicity and clarity of presentation, we start by assum-
ing that perfect CSl is available at the receiver, as in [22-24]. We propose a fixed-power
RCT sequence, using which, the CSI can be estimated at the transmitter using a mini-
mum duration of only one symbol, i.e., with a factor of r reduction in training duration
compared to orthogonal RCT. For data transmission, we propose a modified truncated

channel inversion-type power control scheme based on the noisy CSIT. For this system,

gmLc

Y LBJ) is achievable. Here, g,, is the

we show that a diversity of d(g,,) = r (s +1-—
multiplexing gain, L. is the coherence time, Ly, > 1 is the reverse training duration,
and 1 < s < r is a parameter in the data power control scheme. (See Section 2.3.)

Next, we consider the more practical case where noisy CSIR is acquired via a forward-

link training sequence, and propose a three-way training scheme followed by data trans-

mission. We show that a DMT of d(g,,,) = r(s+ 1 — i’:_Lﬁ) is achievable, where 5 > 3 is

the total training overhead from all three training phases, which is again an improve-

ment over conventional orthogonal training schemes. For example, a nonzero diversity

order can be achieved with 2=+ < m < <=2 which is not possible with orthogonal
Lo g L. P g

training schemes without switching off receive antennas and incurring an associated
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reduction in diversity order. (See Section 2.4.)

Note that although the perfect CSIR case is a special case of the three-way training
scheme with infinite forward-link training power, we briefly present the perfect CSIR
case also, as it provides insights into the impact of the reverse-training and data power
control mechanisms on the DMT. Moreover, it is useful as an upper bound on the per-
formance with imperfect CSIR. Also, we assume that power control is employed only
at the transmitter and focus on fixed-power RCT in the sequel. Using power controlled
RCT significantly changes the problem; we analyze this case in chapter 3 (also, see [12]).

An important implication of our work is that it shows that by exploiting the receiver’s
knowledge of the CSI in designing the reverse channel training (RCT) sequence and us-
ing our proposed data power control scheme, one can achieve a higher diversity order
than conventional RCT for all values of g,,. Somewhat surprisingly, we also demon-
strate that although the DMT analysis corresponds to taking the SNR to infinity, it can
nonetheless be used to discriminate between different training schemes both in terms
of the estimation error as well as the training overhead. At finite SNR, this translates to
an improvement in the outage probability performance and the achievable data rate, as
will be illustrated through Monte Carlo simulations in Section 2.6.

We use the following notation. Bold face letters are used for vectors and normal font

letters are used for scalars. We write f(P) = 3 to mean — limp_,

1 log f(P)
Pk

log P

= k. Similarly,

we define f(P) =< 3z to mean — limp_, <2152 > k.
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2.2 System Model

The system model consists of two communicating nodes, node A with a single antenna
and node B with r antennas, with node A attempting to send data to node B over a wire-
less channel. The forward channel from node A to node B, denoted by h € C™!, is
modeled as a Rayleigh flat fading channel whose entries are i.i.d. Circularly Symmet-
ric Complex Gaussian (CSCG) random variables with zero mean and unit variance,
i.e.,, CN(0,1). The channel is assumed to be block-fading, i.e., it remains constant for
a duration of the coherence time L., and evolve in an i.i.d. fashion across coherence
times. We assume a TDD system with perfect reciprocity, and hence, taking the com-
plex conjugate of the received signal at node A, the reverse-link channel is h”. We let

h = ov, where o = |h||, is the singular value and v £ HI?H is the singular vector of h.
2

Since our goal is to study the achievable DMT performance with channel training, we
first explain the two-way training protocol used for acquiring CSI at node B and node A.
Later, in Sec. 2.4, an additional phase of forward-link training is introduced, which is

not presented here for simplicity of exposition.

Phase I (Forward-link training)

Here, the training sequence x4, = \/PL ., is transmitted from node A to node B, where
La., denotes the training duration and P is the training power. Strictly speaking,
Tar = VP is transmitted repeatedly L, . times. Mathematically, this is equivalent
to using x4, = m for a duration of one unit.. Throughout this chapter, we use

P as the average power constraint during both training and data transmission. The
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corresponding received training signal is given by,

yBr =h\/PLa; +Wg;. 2.1)

The entries of wp, € C"*! are assumed to be distributed as i.i.d. CN(0,1). From the
received training signal y 5, node B computes an MMSE estimate of h, denoted h. The
error in the estimate, denoted h £ h — h, has i.i.d. CA’ (0,1/(1+ PLa4,,)) distributed
entries.

In a TDD-SIMO system, node A only requires knowledge of o to perform power con-
trol, which in turn improves the diversity order compared to the no-CSIT case. There-
fore, in phase II, we estimate only o at node A, using a channel-dependent training

sequence.

Phase II (Reverse-link training)

h|| ) of the channel, in this phase, it exploits its
2

s
B

Since node B has an estimate (say, v

CSI to transmit the following training sequence [10, 30]:

XB,r = \/ PLB,T‘Afa (22)

where Lp ; is the reverse training duration. Using the corresponding received signal,
yar = hflxp_ + w4, where the AWGN wy, € C is distributed as CN(0,1), node A

computes an estimate of the singular value as follows:

= oR{VIV} + w4, (2.3)
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2 Muwar) Note that the estimate & could be negative; this is taken care of

V PLB,T

by the power control proposed in Sec. 2.3, which uses & only when it is greater than a

where w4 ,

positive threshold. Since a low or negative ¢ is likely to be inaccurate, the thresholding
technique helps to avoid the poor DMT performance due to such estimates. The RCT
scheme employed above is different from existing channel-agnostic methods in that the
minimum training length in the proposed scheme is only 1 symbol. This represents a
factor of r reduction compared to orthogonal RCT schemes, where the minimum train-
ing length increases linearly with 7, and this difference in overhead could be significant
when L. is small. Also, if v is error-free, it is the optimal beamforming vector for esti-

mating o at node A.

Multiplexing Gain and Diversity Order

We recall the definitions of the multiplexing gain, g,,,, and the diversity order d from [16]:

ﬁ d2 — lim %7 (2.4)
P—oo log P
where R is the target data rate when the average data power constraint is P,and P,,;
is the corresponding outage probability, i.e., the probability that R exceeds the chan-
nel capacity. In this work, the target data rate R = g,, log P is fixed and is independent
of the CSIT; the extension of our proposed methods to joint rate and power adaptation
is relegated to future work. The rate of data transmission Rp is increased with P by
increasing the cardinality of the signal set, keeping the symbol duration fixed. We ig-
nore the effect of spectral leakage, and assume that the signal bandwidth remains fixed

as P goes to infinity. Also, we use outage probability as a proxy for the probability of
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error at high SNR with finite-length codes; this is because the probability of error can
be made to decrease as fast as the outage probability using finite-length approximately
universal codes [32,33].

In the next section, we assume perfect CSI at node B and derive the achievable DMT

performance of our proposed training and data transmission schemes.

2.3 DMT Analysis with Perfect CSIR

When the CSIR is perfect, we have v = v, and in this case, it is easy to see that (2.2)
is optimal for estimating o given a power constraint P on the training signal. This
is because, in general, the training signal can be expressed as the linear combination
Xpr = 0V + v, where v, is orthogonal to v and ¢ and 3 are some constants. Then,
the received training signal at node A is ya,, = 00 + wa ., i.e., the power in v, does not
help in estimating o. From (2.3), an unbiased estimator of the singular value at node A is
given by

G=0+1wa,. (2.5)

Note that since the channel is assumed to be Rayleigh fading, o2

is chi-square dis-
tributed with 2r degrees of freedom. Also, we employ this estimator primarily because

we are interested in deriving the achievable DMT performance, and for this purpose,

this simple unbiased estimator is sufficient.

2.3.1 Power-Controlled Data Transmission from Node A to Node B

Given the CSIT ¢ in (2.5), node A uses a power P (&) in the forward-link data transmission

phase, to avoid outages while satisfying the average data power constraint P. The
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corresponding data signal received at node B is given by,

YBd =V P(6)hzsq+ Wpa, (2.6)

where z44 ~ CN(0,1), and with appropriate power normalization, the entries of the
AWGN wp 4 € C"*! are assumed to be i.i.d. CN'(0,1). Also, P(6) is chosen independent
of x4 4 such that E{P(6)} = P, where the expectation is with respect to & given in (2.5),
taken across all coherence blocks. Since E{|z 4 4/*} = 1 within a block, this ensures that
the average data power constraint at node A is satisfied.

We now present the data power control function P(¢) considered in this chapter. Our
proposed power control function is motivated as follows. The capacity of a fading
channel with mismatched CSIT and CSIR is not known in closed form [34]. Since the
outage probability computation requires a closed form expression for the capacity, we
consider a genie-aided receiver as in [3], where node B is assumed to know P(&). This is

schematically illustrated in Fig. 2.1. Then, the achievable data rate conditioned on the

knowledge of /P (5)h is given by [34]

Lc - LB,T

=
L.

log (14 0°P(5)). 2.7)

An outage occurs when Rp, the target data rate, exceeds C. Its probability is upper
bounded by

L.—L
Pout é PI' <CL737T log(l + 0-27)(6-)) < RP) : (28)

Note that the exact outage probability is obtained by minimizing the right hand side
above over all P(5) satisfying E{P(5)} = P. Hence, using our proposed data power

control scheme leads to an upper bound on the outage probability, which is sufficient
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Genie

Power Control Power Control

T Training \ /
Node A Node B

Imperfect CSIT Perfect CSI

Figure 2.1: System model for reverse channel training with perfect CSIR used in Section
2.3.

for obtaining the achievable DMT performance. If the CSIT is perfect (i.e., 6% = 0?), itis

shown in [17] that the power control that minimizes the outage probability is given by

RL.
exp (LC—LBT) —1
> .

d(0?) £

(2.9)

g

Note that since Rp = g, log P and E {2} = -1, ®(0?) satisfies E{®(c?)} < P for large
enough P, provided g,, < (L. — Lg,)/L.. With inaccurate CSIT, due to the estimation
error in ¢, the natural extension of using a transmission power of ®(6%) could result in
allocating insufficient power or more power than required, which could lead to subop-
timal performance. Also, inverting the channel for all values of & results in an infinite
average power since the Gaussian noise can make the estimate ¢ arbitrarily small with
a non-zero probability. One solution is to use a transmit power of ®(6%) when 6 > 6,
and a zero power otherwise, where 6 is chosen such that E[®(5%)15+4,] = P. The draw-

back of this method is that it results in an outage probability of 1 when 6 < 6, leading

to a zero diversity order. To overcome this problem, we choose the threshold 6, such
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that §y — 0 as P — oo. Moreover, when 6 < 6, we do not necessarily want to use zero
power, since the small value of & could be due to the estimation error. This motivates

the following modified power control:

P(6) = (2.10)

le n > 0, for mathematical tractability.

where s > 1is a parameter, and we use 0p =
The parameters n, kp and [ > 0 are chosen such that E[P(5)] = P. Although similar
power control schemes have been employed in the literature with perfect CSIT [17]
or orthogonal RCT [1,2,24], the form in (2.10) is new. Specifically, the power control
scheme in [1,17,24] can be obtained from (2.10) by setting s = 1, 5 = 0 and | = —o0;

while that in [2] can be obtained by setting s =7, 0 =0and [ = —
Power constraint

The description of the power control would be complete if the parameters n, xp and [

can be chosen such that E[P(5)] = P, which is the essence of the following Lemma.

A 1 A Le—Lp,
= FI where o = A such

Lemma 1. Let 05 % For1 < s <, thereexistsa kp =

that E[P(5)] = P,if0 <1 <r+ 1.

\,\
(@]

Proof: See Appendix A.0.2. &

Due to Lemma 1, in the rest of this chapter, we consider 65 = 1/ V/P. Also, in Sec. 2.4,
we show that a minor modification of the above data power control scheme can be
employed even with imperfect CSIR. The next subsection presents the achievable DMT

of the proposed training and power control schemes.
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2.3.2 Achievable DMT Analysis

Theorem 1. Given r receive antennas and Lp , training symbols being used per coherence
interval L. to estimate the CSIT in a SIMO system with perfect CSIR and a genie-aided receiver,

an achievable diversity order as a function of multiplexing gain g,, is given by

d(gm) =T (min{z, s+1} - g—m) , 2.11)
@)
where 0 <1 <r+1,1<s<7r0< g, <aanda 2 % represents the fractional data

transmit duration.

Proof: See Appendix A.0.3. B

Remark: From a DMT perspective, it is clear from Theorem 1 that s — r,l = r 4 1is
superior to s = 1,1 = 2. On the other hand, when ¢ < 1, ®(6?") could be much greater
than ®(62). Thus, in practical systems with a peak power per transmitted codeword
constraint, s = 1,/ = 2 could be preferable over s — r,l = r + 1. In the sequel, for
convenience, we associate | = 2 with s = 1 and [ = r + 1 with s — r, and drop the
explicit dependence of the diversity order on I. Further remarks and discussions on the

result obtained here are deferred to Sec. 2.5.

Table 2.1: Three way training in a TDD-SIMO system

Phase Description Input-Output Equation
I Fixed power training (Node A — Node B) yer=hra, +wg,
11 Fixed power training (Node B — Node A) Yar=h"xp, +wa,

11 Power controlled training (Node A — Node B) | y g+, :\/PLAWP(&)h + W5

1V Power controlled data (Node A — Node B) Yda=hras+Wpg
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2.4 Three Way Training

In this section, we consider the more practical scenario where training is performed
in both directions. We show that with fixed power training, one can achieve nearly
the same DMT as derived in Sec. 2.3 for the perfect CSIR case. Unlike in the previ-
ous section, the analysis presented here is exact, in the sense that it does not require
the assumption of a genie aided receiver, and hence, the DMT derived here is indeed
achievable in practice. The transmission protocol now consists of four phases, as shown
in Table 2.1. The CSIR and CSIT are obtained by transmitting a fixed power training
sequence in both directions, as explained in Sec. 2.2. However, even a small mismatch
in the CSI knowledge at node A and node B can potentially lead to a large mismatch in
their estimate of the data transmit power [1]. Thus, it is essential to train node B about
node A’s knowledge of (). This leads to a third phase of training, which is an addi-
tional power-controlled forward-link training phase. First, in the following subsection,

we explain the power control scheme that is employed here.

24.1 Power Control Scheme

The power control scheme we propose to employ in this section is as given by (2.10),
due to the following. Let h denote the MMSE estimate of the channel at node B, and

consider ¢ in (2.3). We have

§R{wA7T}
V PLB,T

, + IZJeff, (212)

= R{h7¥} + R{LIV} +
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where 0., £ R{h7¥} + 9\%/{;”72_’7}. Note that h and h are independent Gaussian random

B,T

variables.! Since v is uniformly distributed on the unit sphere and is independent of h,

R{h"”¥} is Gaussian distributed. This implies that the effective noise, 1, is Gaussian

distributed with E|w. s> = + and independent of h. Therefore, the estimate of the

singular value at node A is statistically similar to the estimate given by (2.5) in the perfect

CSIR case. Thus, we use a similar power control, P(¢) in (2.10), where ¢ is given by

LC_LB,T _LA,Tl
L.

(2.12). Also, with a slight abuse of notation, o =S —Lam , where L, ., is the
training duration in the third phase of training (phase III), which is in the forward-link
direction.

In this section, without loss of generality, we move the power scaling v/ P into the
data symbol transmitted by node A, so that E{P(5)} = 1 (see (2.13) below), where the
expectation is taken with respect to the distribution of ¢ in (2.12). Now, in the proof
of Lemma 1, using the probability density function (pdf) of Hlez in place of the pdf
of 0, and noting that the effective noise variance = 1/ P, we get kp = ﬁ and the
constraint 0 < | < r to satisfy E{P(6)} = 1 at high SNR. In the next subsection, we

explain the third round of training that alleviates the mismatch in the knowledge of the

data transmit power.

2.4.2 Power-Controlled Forward Link Training Scheme

In phase III of the scheme, node A transmits the training sequence: 24 ,, = \/PLa /P (5),

where L, ., is the training duration. The corresponding received training signal at node

'h — has P — oo. Moreover,

hH is a chi distributed random variable.
2
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B is given by,
YBmn = \/PLA,TQV P(OA')h—FWB’TQ, (213)

where wp ,, € C"™*! is the AWGN with CN(0, 1) entries. The goal at node B is to estimate

the composite channel p. £ \/P(¢)h. Dividing (2.13) by \/PL4 .,, we get

= —F——— = P¢ + —.
VPLy V/PLy 5,

S’B77_2 A yB,’TQ WB,’TQ (2.14)

From (2.14), node B computes an MMSE estimate of p., denoted by p.. Let p. = p. — p..
Although a closed form expression for p. is hard to find, the error p. in the MMSE
estimate has the following interesting property, which facilitates the calculation of the
outage probability in Sec. 2.4.4. An analogous result has been shown in [35] for the

scalar case.
Lemma 2. E[|B. |5 < 3= for every = > 0.

Proof: See Appendix A.0.4. B

2.4.3 Power-Controlled Data Transmission from Node A to Node B

In phase IV. of the scheme, using P (), node A sends the data signal = = PP(6)x a4,
where 14 4 is distributed as CA/(0, 1) and is independent of P(&). Note that E|z|> = P
by construction, where the expectation is taken with respect to both ¢ and z44. The

corresponding signal received at node B is

yad = \/PP(6)hzag+wpa (2.15)

= \/EIA)CCUA,d + \/Ef)ch,d + WB,d- (2.16)
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Since p. is an MMSE estimate, using the worst case noise theorem [8], we have the

following lower bound on the mutual information, /(x4 4; Y 5,4|Pc) > Cap, where

(2.17)

P .|
Cup = alog (1 + 5z |2|p~||2 ) ,
TElPell; [y5.7] +1

A Le=Lpr—Las—Laqr, . . . . .
and o & =27 1227 s the fractional data transmit duration after accounting for

the time overheads in all three training phases.

2.4.4 Achievable DMT Analysis

Theorem 2. For a SIMO system with r receive antennas and three phases of training and the

data transmission phase as described in Table 2.1, an achievable DMT is given by

(2.18)

d(gm) =7 (min{l, sh+1— g;) ,

A LC_LB,T_LA,‘rl _LA,‘I'2
= I. .

where )0 <1 <r,1<s<r,0<g, <a and
Proof: See Appendix A.0.5. &
Remark: The above three way training scheme can be generalized to % training rounds

to improve the diversity order, as in [2,28]. However, this is mathematically cumber-

some and out of the scope of our work.

2.5 Discussion

Recall that with perfect CSIR and imperfect CSIT, with [ > s 4 1, and for a genie aided
channel, it was shown in Theorem 1 that the following DMT is achievable:

Imle )} , (2.19)

d(gm) =r {s +1-— (7@ -
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Figure 2.2: The achievable DMT with the training and power control scheme proposed
in Sec. 2.3, compared with the performance of the orthogonal RCT and the data power
control proposed in [1,2] (and appropriately accounting for the training duration over-
head and switching off antennas to achieve higher values of g,,). The plot corresponds
to a SIMO system with r = 5 antennas, with coherence time L. = 20 symbols, and
reverse training duration of Lp . = 1 symbol.

L.— L . .
wherel <s<7r,0<g, < CTB’T. In contrast, for the same genie aided channel, it

[

was shown in [3] that a diversity order of
dy(g) =1 [2 - <L)] 0< g, < e hor (2.20)

is achievable using orthogonal reverse channel training. Note that d;(g,,) saturates as

r gets large, as opposed to (2.19), which is monotonically increasing in r. In order to
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Le—rLp,r

achieve a g,, > =

, in [1], the authors suggest turning off one receive antenna at a

time to reduce the training burden until » = 2. For example, turning off one antenna,

gm € [L“_ECLB’T, L“_(TZS)LB’T] is achievable at a reduced diversity order of ds(g,,) = (r —

1) [2 - <%)] . This is in contrast to our result, which can accommodate a larger

LC_LB,T

multiplexing gain, g, < =

irrespective of r, while simultaneously achieving a
higher diversity order at each g,,. We note that for a SIMO channel, a diversity order of
r(r+1—gym) for 0 < g, < 1was obtained in [2,24], using channel-independent training,
and without accounting for the training duration overhead. This corresponds to taking
L. — o0 in (2.19). The performance of the proposed scheme is schematically contrasted
with orthogonal RCT in Fig. 2.2 for a SIMO system withr = 5, L, = 20, and Lp, =1
symbol. The advantage of the proposed scheme at higher values of the multiplexing
gain is clear from the plot. The proposed training scheme thus results in a factor r-
reduction in the training duration, which, along with the proposed data power control
scheme, translates to an increase in the range of achievable multiplexing gains, while
simultaneously offering a better diversity order compared to orthogonal RCT schemes.

Comparing Theorems 1 and 2, we see that the DMT performance of a genie aided
receiver with perfect CSIR is an upper bound on the performance of the system with
imperfect CSIR and CSIT, as expected. Also, the performance of the two systems is
similar, except that in the latter case, the factor a captures the loss in data transmission
time due to all three training phases. Similar observations as the above regarding the

improvement in DMT can be made for the three way training scheme compared to

orthogonal RCT schemes.
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2.6 Simulation Results

We now briefly present Monte Carlo simulation results to illustrate the outage proba-
bility performance of our proposed RCT and forward-link data power control schemes.
We consider a Rayleigh fading channel with three receive antennas. We calculate the
outage probability by averaging over 10® i.i.d. channel and training noise instantia-
tions. We set the channel coherence time and reverse training duration as L. = 40 and
Lp, =1, respectively. Figures 2.3 and 2.4 show the outage probability of the proposed
fixed-power training scheme and the data power control scheme in (2.10) with s = 1
and s = r = 3, respectively, as a function of P, with ¢,, = 0 and R = 4 bits/channel
use (1 and 1.5 bits/channel use in case of Fig. 2.4), and with g,, = 0.8. Although the
slopes of the curves do not match with the theoretical diversity order because the latter
requires infinite SNR, the improved performance of the proposed schemes is clear from
the graphs. Also, in Fig. 2.3, since the proposed scheme uses only Lp, = 1 training
symbol while the orthogonal RCT scheme uses rLp . = 3 training symbols, the former
shows a higher outage than the latter at lower SNRs. Note that, we have not plotted
the outage performance of the three-way training scheme in Sec. 2.4. This is because
the outage probability is hard to compute, since a closed-form expression for p. is not

available.

2.7 Conclusions

This chapter proposed reverse training and data power control schemes for a TDD-
SIMO system with perfect/imperfect CSIR and investigated its DMT performance. It

was shown that a diversity order of d(g,,) = 7 (s + 1 — £2) is achievable for [ > s + 1,
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1 <s <rand0 < g, < o where a represents the fractional data transmit dura-
tion. In contrast to channel-agnostic orthogonal training schemes, the diversity order
was shown to increase monotonically with r at nonzero multiplexing gain, which is a
significant improvement. The DMT analysis was extended to a more practical situa-
tion where the training is done in both directions. In this case also, it was shown that
the DMT performance can improve quadratically with the number of receive antennas,
and nearly the same DMT can be achieved as that with perfect CSIR and a genie-aided
receiver. In terms of system design for reciprocal SIMO systems, the key messages
from this chapter are that it is important to (a) exploit the CSI at the receiver in design-
ing the RCT and (b) use a modified channel-inversion type power control scheme that
transmits data at some non-zero power even when the estimated singular value at the
transmitter is poor. For fast varying channels, these ingredients can lead to a significant
advantage in DMT performance, which, at finite SNR, can translate to a large improve-
ment in outage probability performance compared to orthogonal training schemes. In
the next chapter, we propose a power-controlled RCT scheme and analyze its DMT per-
formance. We show that our proposed power-controlled RCT can achieve an infinite

diversity order.
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Figure 2.3: Outage probability versus the average data power P for the fixed-power
training scheme proposed in Sec. 2.3, with the data power control scheme given by
(2.10) with s = 1. Here, r = 3, L, = 40 and L, = 1. With g, = 0.8, the target data rate
was set as Rp = 4 + g,,, log P to facilitate the comparison of the curves.
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Figure 2.4: Outage probability versus the average data power P for the fixed-power
training scheme proposed in Sec. 2.3, with the data power control scheme given by
(2.10) with s =r. Here,r =3, L. =40 and Ly, = 1.
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Power Controlled Reverse Channel

Training Achieves an Infinite Diversity
Order in a TDD-SIMO System with
Perfect CSIR

3.1 Introduction

As mentioned earlier, the diversity multiplexing gain trade-off (DMT), first proposed
in [16], elegantly captures the tradeoff between throughput and reliability in a wire-
less communication system at high SNR. While [16] assumed perfect Channel State
Information at the Receiver (CSIR), the DMT analysis has been extended to imperfect
CSIR and no CSI at the Transmitter (CSIT) [21], perfect CSIT and CSIR [9], noisy CSIT
and perfect CSIR [1-3,24]. In the studies with noisy CSIT, the error in the CSI is mod-
eled as an independent Gaussian noise matrix whose covariance approaches zero as
the training power is increased. This is statistically equivalent to the CSIT estimate

in a reciprocal Time Division Duplex (TDD) system acquired using a channel-agnostic

35
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fixed-power orthogonal Reverse Channel Training (RCT) sequence. In the presence of
CSIR acquired through an initial forward-link training phase, channel-agnostic RCT
has the disadvantage that it does not exploit the available CSIR as side information in
designing the RCT sequence. For example, in a Single-Input Multiple-Output (SIMO)
system, using a normalized version of the estimated channel as a beamforming vector
to transmit a fixed-power RCT sequence enables the transmitter to directly estimate
the norm of the channel, which can then be used for forward-link data power control.
A DMT performance advantage results from obviating the need to first estimate the
channel vector and then estimate the channel norm and data power control from the
channel estimate [11]. However, one can potentially achieve an even better DMT by us-
ing power-controlled RCT, where the training sequence is designed to satisfy an average
power constraint, rather than an instantaneous power constraint, and this is the subject
of study in this chapter.

In this chapter, we consider a SIMO system consisting of node A with a single antenna
and node B with r antennas, and with data transmission from node A to node B using an
average power of P per channel use. We focus on the DMT of a reciprocal TDD SIMO

system, with perfect CSI at Node B (CSIB) as in [24]. Our contributions are:

* We propose a channel-dependent Power Controlled RCT (PCRCT) scheme with
average power P7,~v > 0, that enables node A to directly estimate the power con-

trol required for data transmission at the target rate.

* Forr > 2, we show that an infinite diversity order is achievable using the proposed
PCRCT for 0 < g, < LC_TLCB” min(v, 1), where g, is the multiplexing gain, L , is

the RCT duration, and L. is the coherence time of the channel.
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e We also show that as P gets large, an upper bound on the outage probability goes

to zero asymptotically as exp (—P¥), where E £ (7 — LgfiLLBJ

* We show that, for the proposed PCRCT and data power control, there exists an
uncoded data transmission scheme for which the probability of error goes to zero

exponentially with P.

An advantage of our proposed method is that it requires a minimum training duration
of only one symbol, unlike channel-agnostic training which requires at least r symbols.
This could be significant when the channel coherence time is low, i.e., for fast-varying
channels. Our infinite diversity order result is in contrast with most existing results,
that obtain only a finite diversity order with imperfect CSIT, even with perfect CSIR.
In [28, 36], an infinite diversity order result is shown using digital feedback over the
reverse-link, when the number of feedback bits is increased with the reverse training
power. Unlike [28], our scheme uses a beamformed PCRCT that leads to direct estima-
tion of the data power control at node A, due to which, our analytical development and
the corresponding DMT result are different.

Our outage exponent result shows that the rate at which the diversity order goes to
infinity is faster for smaller values of g,,. Moreover, the larger the value of v > 1
(i.e., using higher RCT power than the data transmission power), the larger the outage
exponent. The RCT scheme proposed in this chapter can thus significantly improve the
DMT performance compared to channel-agnostic orthogonal RCT schemes.

Notation: We write f(P) = 2 to mean —limp_ log /() _ . Similarly, we define

logf(P) > k

f(P) = 55 tomean —limp_ e >
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3.2 System Model

The system model consists of node A with a single antenna and node B with r > 2
antennas' as shown in Fig. 3.1. The data transmission is from node A to node B. The
wireless channel from node A to node B, denoted by h € C"*!, is modeled as a Rayleigh
flat fading channel whose entries are i.i.d. Circularly Symmetric Complex Gaussian
(CSCG) random variables with zero mean and unit variance, denoted CN (0,1). The
channel is assumed to be block-fading, i.e., it remains constant for a duration of the
coherence time L., and evolves in an i.i.d. fashion across coherence times. We assume
a reciprocal TDD system [1], and hence, without loss of generality, taking the complex

conjugate of the received signal at node A, the reverse-link channel is h’. Weleth = ov,

h
bl

where o £ ||h|, and v £ For analytical tractability, we assume that node B has
perfect CSI, as in [3], [24]. Extension of the analysis to handle imperfect CSIB is difficult,
because the capacity of a fading channel with mismatched CSI at node A and node B
is unknown [34]. Moreover, in a TDD setup, when (say) node B transmits a channel-
dependent training sequence based on an imperfect estimate to node A, the effective
noise in the RCT signal at node A is no longer Gaussian, due to which, even lower
bounding the capacity is not straightforward [37]. In the next section, we present the

proposed PCRCT and the data transmission scheme, which will set the stage for the

achievable DMT analysis in Sec. 3.4.

I This condition is required for the analysis to follow.



Chapter 3. 39
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Figure 3.1: System model for PCRCT with perfect CSIR.

3.3 PCRCT and Data Transmission Protocol

In this chapter, we propose to employ the following channel-dependent, power-controlled

training signal from node B to node A:

_ JPVL37T¢(T —1)(r—2)

v, (3.1)
s

XB,T

where v > 0 is a parameter that controls the RCT power. In writing the above, we have

assumed 7 > 2. Further, the training sequence in (3.1) satisfies an average power con-

. . 2 D . 1 - 1 . .
straint, i.e., E||xp .|, = P"Lp,, since Elth% = O for a Rayleigh fading channel.

The minimum duration Lp . of the above training signal is a single symbol, unlike a
channel-agnostic orthogonal RCT scheme, which is of minimum duration equal to r

symbols. Due to the channel reciprocity, the corresponding received signal at node A is

—— T T
Yar = P7L T + WA, r, (32)
7 [y

where w, , is the AWGN at node A, distributed as CN(0, 1). Note that, in the absence

of noise, y4 . is a scaled version of the optimal channel inversion-based power control,
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which achieves infinite diversity order when the CSIT is perfect [9]. Motivated by this,

even in the presence of noise, using vy ., node A computes g. = cpR{ya .} as the ampli-

tude scaling applied to a unit-power data symbol at node A, where cp = , / WZBH‘

Using E { ”thg } = -1 and E{®{wa,}*} = 1, it can be shown that the average power

—1

in g.is E{|g.]’} = P. Observe that c; = P =; this will be used in the outage proba-
bility analysis below. Note that the training sequence in (3.1) is different from the RCT
scheme in [28]. While (3.1) enables node A to directly estimate the data power control
as a scaled version of the RCT signal, in [28], node A first detects an index from the re-
ceived power level of the RCT signal, and then maps the decoded power index to the
forward-link data power. However, it can be shown that, as P — oo, the data power
control in [28] and the proposed data power control both approach perfect channel in-
version, albeit with different scaling factors. Let x4 4 denote the data symbol at node A,
distributed as CA/(0, 1). Now, node A multiplies the symbol x4 4 by g. and transmits it

to node B. At node B, pre-multiplying the received data signal by v, we get

Ypa 2 |hlygczaa+ vIwps,, (3.3)

= ¢p\/ P Lp/(r = 1)(r = 2)xa4 + negy, (3.4)
where w , is the AWGN at node B with i.i.d. CA/(0, 1) entries, and
negr = |[hly cpR{wartrag + viwg,.

Since E{|z4 4’} = 1 and E{|g.]’} = P, the power constraint P on the data signal is
satisfied. Also, the data and the effective noise are uncorrelated given the channel,

i.e., E [nesrat 4 ||h]l,] = 0. Therefore, using the worst case noise theorem in [8], a lower
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bound on the capacity of the system in (3.4) can be obtained by treating n.; as Gaussian

distributed noise. With some algebraic manipulation, it is given by

Cr & alog (1 + QCé(T _21)(T 2_ 2)pA{LB’T> , (3.5)
cp |[hll; +2
where a £ L_TLCBT Using (3.5), an upper bound on the outage probability can be
written as
Pout < Poy = Pr{C1 < Rp}, (3.6)

where Rp denotes the target data rate. We now state and prove the achievable DMT

result for the proposed PCRCT and data transmission scheme.

3.4 Outage Analysis

We start by recalling the definitions of the multiplexing gain, ¢,,, and the diversity

order, d(g,,), [16]:

Ry —log Py,
gn 2 lim o d(g,) £ lim oo
P—oo log P P—oo IOg P

(3.7)

where Rp = g, log(P) is the target data rate with average data power P, and P, is
the outage probability, i.e., the probability that R5 exceeds the channel capacity. Here,
we use the outage probability as a proxy for the probability of error at high SNR with
finite-length codes. This is because the latter can be made to decrease as fast as the
former using finite-length approximately universal codes [32,33]. Since our proposed
scheme achieves an infinite diversity order, it will be useful to consider the following

additional definition: An RCT and data transmission scheme are said to achieve an
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outage exponent ¢ if the outage probability P,,, satisfies

. - log Pout
lim ————
pooe DS

—1. (3.8)

The above definition captures the magnitude of the exponent with which the outage
probability goes to zero, as P — oo, and thus is useful to distinguish between schemes
that achieve an infinite diversity order. We note that a similar concept of an exponential
diversity order was defined in [38]. We are now ready to state our main result in the

following theorem.

Theorem 3. An upper bound on the outage probability, P!, = Pr{C; < Rp}, corresponding

to the PCRCT and the data transmission protocol proposed in Sec. 3.3, is given by

r—1

P = e_sﬁz%, with (3.9)
k=0 )
5, 2 (7“—1)((7’ 2)P'Lp, 2 (3.10)

(exp (Rp/ar) = 1) h

A Lc— LBT

or 0 < ¢g,, < a. Here, v > 2, and « as before. Moreover, the proposed scheme
. prop

achieves the DMT

d(gm) =00, 0< gy, < amin(y,1), (3.11)
and an outage exponent ¢ =~y — 2= 0 < g,, < amin(y,1).

Proof: After some manipulation, (3.6) can be rewritten as

P, =Pr{|n|? > 55}, (3.12)

where Sp is defined as in (3.10). Note that, since ¢4 = P'~7, we have Sp = PO~%)(1 —

PUE=1D) > 0if 0 < g,, < a. Also, the exponent of P in S is positive, provided g,, < ya.
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Using the fact that || h,||” is chi-square distributed with 2 degrees of freedom, (3.12) can

be written as

1 OO 1 S — (SP)T_Z_I
P, == "Tletdy = e 7 —_— 3.13
out F(T) /;P Z € €z € ;(T—l—l)V ( )

which results in (3.9). Since the terms inside the summation in (3.9) are polynomial

in Sp, due to the e=°r

term, we get the diversity order as d(g,,) = oo, for 0 < g, <
amin(vy,1). Recall that the condition r > 2 is required for satisfying the RCT power
constraint of P7. Using (3.9) in the definition in (3.8), it immediately follows that ¢ =
- N

Remarks: The above result shows that an infinite diversity order can be obtained us-
ing the proposed channel-dependent PCRCT and data power control scheme. In con-
trast, channel-agnostic orthogonal RCT with a channel inversion based power control
only achieves a finite diversity order [1,3,24]. Also, for a given g,,, the above result
shows that the outage exponent increases with v, i.e., using a higher power for the RCT
signal is beneficial. In addition to the outage exponent, it is interesting to investigate the

probability of error exponent with finite length codes and ascertain whether it achieves

an infinite diversity order. We address this in Theorem 4 below.

3.5 An Achievable Coding Scheme

In this section, we consider the probability of error exponent of the above PCRCT and
power control, and show that it achieves an infinite diversity order. The proof involves
proposing a transmission scheme that achieves a rate of 22 log P, upper bounding its
pairwise probability of error, and showing that the union bound on the probability of

error achieves an infinite diversity order.
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Theorem 4. For the proposed PCRCT and power control, there exists a data transmission
scheme that achieves an infinite diversity order for 0 < g,, < amin(vy, 1), for all block lengths

Lq > 1. In particular, the probability of error P. < exp (—PF), where

—Im) 0 < I < min(2 —7,7,1
b (v — =) - 2=771) (3.14)

o min(2 —v,7v,1) < 2% < min(y, 1).

o )

N =

—_

Proof: See Appendix B.0.6. B

The above result shows that the outage analysis captures the fact that an infinite di-
versity order can be achieved using finite block length code, and hence, the proposed
scheme is DMT optimal for v > 1. However, it also indicates that there is a mismatch
in the exponential order with which the probability of error of the proposed uncoded
transmission scheme and the outage probability go to zero. Further, we see that, for
a given 2, increasing the PCRCT power exponent v beyond 2 — 2= does not further
improve the probability of error exponent. On the other hand, when 2 < v <2 — 2=,

«

the probability of error exponent linearly improves with ~.

3.6 Numerical Results

We now briefly present numerical results to illustrate the outage probability perfor-
mance of our proposed channel-dependent PCRCT and forward-link data power con-
trol schemes. We consider a Rayleigh fading channel with three receive antennas. We
plot the upper bound on the outage probability in (3.9) versus data power for different
values of v in Fig. 3.2. The figure corresponds to r = 3,g,, = 0.9,L. =10and L, =1,

which results in o = 0.9. Thus, when y = 1, the outage exponent becomes zero, which
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results in a constant outage probability (see (3.9)) as illustrated in the figure. Also, when
7 is increased, a lower outage probability can be achieved, as expected.

Figure 3.3 shows a plot of —log (P“,) from (3.9) versus P for a 3 x 1 system with
L. = 100, for different values of g,, and Lp,. As expected, the slope of the curves
corresponding to g,, = 0.3 is higher than that of the curves corresponding to g,, = 0.6.
Also, the performance with Lz, = 3 is marginally lower than that with Lp, = 1,
indicating that L, = 1 is the optimal choice, i.e., it is optimal to train for a single
symbol duration in the reverse channel. The curves obtained from orthogonal RCT
saturate as the training power is increased, corresponding to the finite diversity order
achieved with orthogonal training [3]. As the training power is increased, the proposed
RCT scheme significantly outperforms orthogonal RCT. The exact SNR at which the
curves cross would be lower than the value seen in the graph, because the upper bound
derived here is being compared with the lower bound on the outage probability with
orthogonal RCT derived in [3]. Thus, the proposed power-controlled training and data
transmission scheme offers a significantly better DMT performance compared to the

orthogonal RCT scheme.

3.7 Conclusions

In this chapter, we proposed a channel-dependent PCRCT and a data power control
scheme in a TDD-SIMO system with perfect CSIB, and analyzed its DMT performance.
We showed that the proposed scheme achieves an infinite diversity order for 0 < g, <
amin(vy,1). Also, at high SNR, the derived upper bound on the outage probability goes

to zero approximately as exp(— PO~ %)), where v > 0 is the exponent of the RCT power.
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Figure 3.2: Upper bound on the outage probability versus data power for different
values of v, withr = 3,¢,, = 0.9, L, = 10,and Lp , = 1.

We also showed that there exists an uncoded data transmission scheme for which the
probability of error exhibits an infinite diversity order for 0 < g,, < amin(y,1). The
proposed scheme can thus achieve a significantly better DMT performance compared
to fixed-power, channel-agnostic orthogonal RCT schemes and the RCT scheme of the
previous chapter. The next chapter presents a fixed-power RCT sequence design for
general MIMO-BF systems with a lower bound on the capacity as the performance

metric.
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Figure 3.3: A plot of —log (P%,) in (3.9) versus training power with » = 3,7 = 1 and
L. = 100 for different values of ¢,, and Lg .. The curves labeled ort hogonal refer
to the lower bound on the outage probability with channel-agnostic orthogonal RCT

in [3], which requires a minimum training duration of » = 3 symbols.



Chapter 4

Channel Training Signal Design for
Reciprocal Multiple Antenna Systems

with Beamforming

41 Introduction

In mobile and vehicular communications, fast and reliable acquisition of Channel State
Information (CSI) at the Transmitter (CSIT) and Receiver (CSIR) is key to realizing the
professed diversity benefits of multiple antenna transmission techniques such as max-
imal ratio transmission Beamforming (BF) [6]. Typically, CSIR is acquired by sending a
known training signal from the transmitter to the receiver [8]. CSIT, on the other hand,
can be obtained using feedback of quantized CSI from the receiver to the transmitter
when the former has CSI [39—41]; training in the reverse-link, also called Reverse Channel
Training (RCT) [5]; or a combination of the two [42]. The quantized feedback approach
assumes that the reverse-link is a fixed-rate channel, independent of the forward-link.

This chapter focuses on the RCT approach, which relies on channel reciprocity, i.e., that

48
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the forward and reverse channels are the same.! The reciprocal channel is a good model
for the reverse-link, for example, in Time Division Duplex (TDD) systems.

In this chapter, we consider two communicating nodes, node A and node B, with n4
and np antennas, respectively; and with data being transmitted from node A to node B
using BF over the dominant mode of the channel. In conventional channel training,
one employs a known, orthogonal training signal in the forward and reverse directions
successively to convey the CSI to node A (CSIA) and node B (CSIB), respectively, prior to
data transmission. This requires a minimum of n4 (and ng) symbols for acquiring CSIB
(and CSIA). The time overhead for channel estimation could be significant, especially in
mobile communications when the channel is fast-varying, since longer training reduces
the time available for data transmission, leading to a reduction in the average data rate.

One option that has not been explored much in the literature for TDD BF-based sys-
tems is to exploit the CSI obtained from the initial training in one direction, to design
the training signal in the opposite direction and thereby improve the efficiency and
accuracy of estimation at the other node. At first glance, it would appear that using
a CSI-dependent training signal is not feasible: training-based channel estimation re-
quires that the training signal be known at both ends. In the case of BF-based data trans-
mission, the transmitter needs to estimate only the transmit BF vector, rather than the
entire channel matrix. Due to this, it turns out that using a simple channel-dependent
BF-based RCT scheme, it is possible to efficiently estimate the transmit BF vector with
a significantly lower time overhead in training. In [30], we had proposed the idea of

using CSIB as a side information in designing the RCT signal; this is explored in depth

!Channel reciprocity requires well-calibrated transmit and receive RF chains at both ends, which is
assumed here.
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in this chapter.

We start with a survey of related literature. It is shown in [8] that for a MIMO Spa-
tial Multiplexing (SM) system with no CSI at the transmitter and with a total energy
constraint on the data and training signals, orthogonal training of duration equal to n 4
symbols is optimal with respect to a lower bound on the forward-link capacity. The
idea of using fixed, orthogonal signals for acquiring CSIA is considered in [4,5,43,44];
while RCT sequences that exploit CSI have appeared in [31,45-49]. In [44], the authors
propose a channel-dependent training sequence in the form of analog feedback of the
received pilot symbols, for a multiuser MIMO system that helps users acquire the rel-
evant CSI using minimal training overhead. In [45] and [46], the reverse-link training
signal is a scaled version of the received training signal in the forward-link. Although
it is shown that this outperforms orthogonal training in the reverse-link, it has the dis-
advantage that the transmitter estimates the entire channel, which is not required for
certain types of data transmission such as BE. The authors in [47-49] propose methods
for directly estimating the dominant singular vectors blindly without estimating the
entire TDD MIMO channel matrix. However, they require several rounds of commu-
nication, reasonably high data SNR, and the channel to be relatively slowly varying,
in order to converge and track the dominant mode of the channel. In [31], Zhou et al.
consider a Multiple-Input Single-Output (MISO) two-way communication system, and
design the forward and reverse training and data powers subject to a total constraint on
the available resources to approximately minimize the SER. The diversity multiplexing
gain trade-off analysis with imperfect CSIA and CSIB has also been considered, e.g.,

in [24]. However, none of the aforementioned works design the RCT signal specifically
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to enable the transmitter to directly estimate the BF vector to be used for data transmis-
sion, nor do they consider the optimization of the training duration from an average
data rate perspective, which is the focus of this chapter. We consider a Multiple-Input
Multiple-Output (MIMO) communication system with the achievable data rate as our
performance metric, and address the following issues:

CSIA acquisition given perfect CSIB: Assuming perfect CSI is available at node B, we
propose a channel-dependent RCT signal that enables node A to directly estimate the BF
vector with a minimum training duration of only one symbol, an n s factor reduction in
the training overhead compared to orthogonal RCT (e.g., [4,5]).

For our proposed RCT scheme, we derive a tight approximate lower bound on the
capacity with the estimated CSIA, and use it to obtain a closed-form, near-optimal so-
lution for the reverse training duration. Through numerical simulations, we illustrate
the tightness of the approximate capacity lower bound, and also show that the pro-
posed RCT scheme significantly outperforms the existing orthogonal RCT methods.

We next consider the optimal sharing of resources (both the power and duration) for
training and data transmission when the two nodes have a joint power constraint. The
analysis yields interesting insights into the tradeoff between RCT and the forward data
rate; similar studies have been considered in the past literature (e.g., [31]) also. We show
that when the total energy available for communication is constrained, regardless of the
specific value of the available energy, it is optimal in terms of the approximate capacity

lower bound to employ a single RCT symbol, and that the fractional power that should

2(Le—1)

\/2(Le—1)+1

be spent on data transmission is , where L. is the channel coherence time.

(See Sec. 4.3)
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CSIB acquisition given perfect CSIA: We propose an analogous scheme for acquiring
CSIB when node A has perfect CSI. We again derive an approximate capacity lower
bound with our proposed training scheme, and maximize it with respect to the training
and data powers and durations. We show that about half the total available power
should be spent on the forward training, and that the optimal training duration is 1
symbol, at low data SNR. (See Sec. 4.4)

We also consider the question of whether to initiate the training at node A or at node
B. With the proposed scheme, node A (similarly, node B) initiated training incurs a mini-
mum total overhead of n4 + 1 (similarly, np + 1) training symbols. We show that node A
initiated training (i.e., perfect CSIB) along with the proposed channel-dependent RCT
scheme outperforms node B initiated training (i.e., perfect CSIA) if L, > max(n4,np)+2
and L. > 2n4 — np + 1, which is typically the case in practice. (See Sec. 4.5)

We corroborate our theoretical results through Monte Carlo simulations in Sec. 4.6,
and offer concluding remarks in Sec. 4.7. Proofs of the theorems and some detailed
derivations are relegated to the Appendix. Finally, note that, although we derive our
results for a single-user system, they can be directly applied in a multiuser setting with
user selection and orthogonal access schemes, since the results are derived on a per
channel instantiation basis.

Notation: In addition to the notation we have employed thus far, we write f(z) =

O(g(zx)) to mean that limsup,_, )% < oo. All logarithms in the sequel are base-e.
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4.2 System Model

The system model considered in this chapter consists of two nodes, node A and node
B, with n4 and np antennas, respectively. The wireless channel from node A to node B,
denoted by H € C"2*"4,is modeled as a quasi-static flat fading channel with coherence
time L.. That is, the channel is assumed to remain constant for a frame of duration
L., and evolve in an i.i.d. fashion from frame to frame. Let H = UXV# be the Sin-
gular Value Decomposition (SVD) of H. The diagonal entries of > € R"2*"4, denoted
o1,...,0,, are the singular values of H; with n 2 rank(H). The columns of unitary
matrices U € C"5*"5 and V € C"4*"4 are the eigenvectors of HH' and H H, respec-
tively. Assuming a TDD system with perfect reciprocity, and considering the complex
conjugate of the transmitted and received signals as the channel input and output, re-
spectively, the channel from node B to node A is H”. The equations corresponding to

training and data transmission in either direction are given by

Forward-link training: yp,. = Hxa,+ Wg, (4.1)
Reverse-link training: ya, = H Hy Br+ WA, (4.2)
Forward-link data: ypqs = H=Xaq+ Wpa, (4.3)

where x; ; (and x;4) € C" and y;, (and y;4) € C™ are the transmitted and received
training (and data) signals at nodes i and j, respectively. The signal x4 4 consists of a
CN(0,1) distributed data symbol multiplied by a BF vector. The entries of the noise

vectors wp -, W, , and wp 4 are assumed CN (0, 1) distributed. The training signals are
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assumed to be transmitted at a fixed-power. Power controlled training, where the train-
ing power is varied with the channel state, significantly changes the problem, and is
explored in [12].

In this chapter, we consider a MIMO-TDD BF system with perfect CSI at one of the
nodes. Such an assumption has been made in past literature in both reciprocal MIMO
systems (e.g., [3,24]) and quantized-feedback based MIMO systems (e.g., [39,40]). We
refer to the scheme where node B (similarly, node A) has perfect CSI as node A (simi-
larly, node B) initiated training, corresponding to an initial high power training signal
sent from the respective node. The perfect CSIB (CSIA) assumption makes the analysis
tractable, and isolates the effect of reverse (forward) channel training on the achievable
data rate performance. Another reason for considering the perfect CSI assumption is
that the capacity of a fading channel with mismatched CSIT and CSIR is not known in
closed form [1,34]. Moreover, in a TDD setup, when (say) node B uses an imperfect
channel estimate to transmit a channel-dependent training sequence to node A, the ef-
fective noise in the reverse training signal at node A is no longer Gaussian, due to which,
even lower bounding the capacity is not straightforward [37]. Therefore, extending this
work to allow for imperfect CSI at both nodes requires one to consider other perfor-
mance metrics such as the outage probability; the interested reader is referred to an
analysis from a Diversity-Multiplexing Gain Tradeoff (DMT) perspective described in
Chapter 2 [11]. In the next section, we present the proposed RCT signal and analyze its

average data rate performance.
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4.3 RCT Signal Design With Perfect CSIB

In this section, we consider a MIMO-TDD BF system with node A initiated training, i.e.,
with perfect CSIB. For BE, it suffices for node A to acquire knowledge of v;, the dominant
right singular vector of . Node A then uses its estimate of v, to send beamformed data
to node B. The transmission protocol is shown in Fig. 4.1. It consists of an RCT phase of
duration Lp . symbols, followed by a forward-link BF-based data transmission phase
of Ly4= L.— Lp, symbols.

Now, since node B has perfect CSI, unlike conventional channel-agnostic training, we

propose the following training signal that exploits the CSI at node B:

XBr =/ PB,’TLB,Tulv (4-4)

where Pg ; and Lg ; are training power and training duration at node B, which is known
at both nodes, while the left dominant singular vector of the channel, u;, is adapted at
node B based on the CSIB. Note that, strictly speaking, x5 . = /Pp u; is transmitted
repeatedly L, times; this is mathematically equivalent to using xp; = \/Pp,Lp
for a duration of one symbol. Also, in practical fixed-point implementations, the quan-
tization process would introduce errors in the BF vectors employed for transmission.
Incorporating this effect in our present model is difficult, as it makes the analysis math-
ematically intractable. However, in Sec. 4.6, we show through simulations that the
proposed schemes are robust to quantization errors. Now, the training signal in (4.4)

. . . . . 2
satisfies an instantaneous power constraint of Pg ;Lp ;, since ||xp .|, = Pp,Lp.. The
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Figure 4.1: Node A initiated training.
corresponding received training signal at node A is given by
Yar = v PB,TLB,Tglvl + WA . (45)
Using (4.5), node A estimates v, as
Al _ yar . (46)
||YA,T||2

Note that, in the noiseless case, (4.6) results in v; = v;. Moreover, conditioned on oy,

it asymptotically achieves a Constrained Cramér-Rao Lower Bound (CCRLB), a result

that is stated and proved as Theorem 14 in Appendix C.0.7.

Using v, in (4.6) for BF data transmission, from (4.3), the received data signal at node

Bis

YBd = \/PaadHViT44+ Wp4,

(4.7)

where the data symbol 244 € C is CN (0, 1) distributed and hence satisfies E|z A,d|2 =1,
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which ensures that the average power constraint of Py 4 is satisfied. Now, since node B

has perfect CSI, pre-multiplying (4.7) by ul?, we get

~ A H
YBd = Uy YBd

_ He H
= VPaao1Taq— \/ Paa01Vy ViTaq+ 0] Wp 4,

= /Paao1(1 = vIE{3|H})7 4,4 + Wef, (4.8)

~ A N . . .
where v; = v; — vy, and for notational convenience, we define

Weft = \/Pago1vi (B{v1|H} —V1)Taq + 0l wp. (4.9)

Note that the first term in (4.8) is a deterministic function of H, and that the effective
noise is uncorrelated with the data given the channel, i.e., E{weffxz7d|H } = 0. Thus,
for the system in (4.8), an application of the worst case noise theorem [8] results in the

following capacity lower bound:

o1 |aa|”
CBA,L = aEglog | 1+ PA,d ! , (410)
1+ PA7dU%E|CL2|2

where o £ LC_LLCB’T, ay 21— vIE{¥|H}, ag £ v (v, — E{¥,|H}). Note that the expec-
tation inside the bracket is with respect to the noise in the received training symbols,
and Ey denotes the expectation with respect to the channel statistics. The above ex-
pression uses the fact that E{v,|H} = v;. Note that, (4.10) is valid regardless of the

method of estimating the BF vector at node A. In particular, it is also valid for conven-

tional orthogonal training. Now, we would like to solve the following optimization
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problem:

max CBA,L- (411)

Ly 1<Lp,<Lc
The above problem can be numerically solved using an off-line search algorithm. How-
ever, in order to find a tractable and closed form solution, in the following, we derive
an approximate expression for the capacity lower bound Cp,4 , in (4.10), and use it to

optimize the training power and duration.

4.3.1 Approximate Capacity Lower Bound

We have the following tight approximation for Cp4, 1 in (4.10). The accuracy of the
approximation is captured in Lemma 3; and will be illustrated through simulations in

Sec. 4.6. The approximate capacity lower bound is as follows:

2
PA7d0'1

Pad
+ 2PB’,TLB,‘I'

CBA,L ~ CB,A,approx = ol 108; 1+ 5 (412)

where the expectation is taken with respect to the distribution of ¢;. The derivation of
(4.12) is provided in Appendix C.0.8. The right hand side above succinctly captures the
effect of training duration: as Lp ; is increased, a captures the data rate loss due to the
time overhead in training, while the expectation term captures the data rate improve-
ment due to the increased accuracy of BF vector estimation.

The following Lemma asserts that the expression in (4.12) becomes exact in the limit
of large data and training powers, when their ratio is kept fixed. Its proof is straight-
forward, and is omitted. Further discussion on the tightness of (4.12) is relegated to

Sec. 4.6.
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Paa
0 PB,T

Lemma 3. If limp, , p, = ltqr < 00, then

. Py 403
lim CBA,L —alE 10g 1+ 7P =0. (413)
Paaf R

4.3.2 Optimal Training Duration

In this subsection, given P4, and Pg,, we wish to solve the following optimization
problem:

max C . 4.14
\<Lps<Le B,A,approx ( )

It will be shown through simulation results in Sec. 4.6 that the solution to (4.14) matches
with that obtained by numerically optimizing (4.10) for a wide range of parameters,
due to the tightness of the lower bound. Now, the above problem can be solved using
a simple line search in the finite interval [1, L. — 1]. However, one can get a closed form

solution for the optimum training duration using the following expression:

(4.15)

L.—Lp, P4 qEo?
f(LB,T) é ( L B’ ) A’d !

Pad
1 + 2PB,TLB,T

c

The above is an approximation of Cp 4 approx at low data SNR, i.e., when P44 < 1. In
Sec. 4.6, we show through simulations that the optimum Lg ; obtained by optimizing
f(Lp,-) closely matches with that obtained by numerically optimizing (4.12) (as well as

(4.10)), at low data SNR. Hence, we solve the following optimization problem:

max  f(Lp,). (4.16)

1SLB,TSLC
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Note that f(Lp ) is a concave function of Lp .. Therefore, it is easy to show that the

optimal solution is given by

Ly, =max {1, =3+ v/ + AL.} (4.17)

L& Pag
- 2P ;°

where 3 If L} . is not an integer, we choose [ L} | as the solution if f([L} ]) >
f(LLp,]); otherwise, | Ly, | is the solution. Note that, since 3 > 0, =3 + /3% + BL. <
L..

Now, since f(Lp ;) is unimodal, comparing f(1) with f(2), it can be shown that L} _ >

2

Pa a(Lc—3)
L.—37

4

1 if and only if 3 > ie., for Pp, < . In other words, using a single RCT
symbol is optimal in terms of the approximate capacity lower bound only when the
RCT power is at least one fourth of the total power in all the forward-link data symbols
sent within the channel coherence time put together. Atlower RCT powers, using more
than one RCT symbol is preferable.

Next, when 3 < 1 is some fixed, small value, and L. is large compared to /3, it can
be seen that Ly, ~ /FL,, i.e., the time that should be allocated for training increases
as the square-root of the channel coherence time. More precisely, the optimal training

duration scales as an integer close to /G L. that maximizes f(Lp ). Numerical results

and further insights into the solution are provided in Sec. 4.6.

4.3.3 Optimal Sharing of Resources

In this subsection, we consider the RCT design when the overall energy efficiency of the
communication system is taken into account, including the training and data phases.

We study the optimal energy and time allocation between data transmission at node A
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and reverse training at node B, for a given total energy budget of pL., where p is the av-
erage power. Although nodes do not share a power source, the study presented here
gives insights on the impact of RCT on the forward data transmission, by providing a
mechanism for tying the energy spent in RCT into the energy cost associated with the
forward-link communication. For example, it will turn out that given a constraint on
the total available energy for communication, it is optimal to train for the minimum
possible duration and allot a fraction 1/(1/2(L. — 1) + 1) of the total available energy
for training.

The energy efficient design is pertinent when one considers a scenario where node B
also has data to send to node A. In this case, the energy spent by node B in sending
training to node A is also energy lost from transmitting its own data. Using a total en-
ergy constraint is an indirect way of ensuring fairness in the utilization of energy and
improving the efficiency of the two-way data communication. Moreover, the result pre-
sented here facilitates the comparison of node A initiated training versus node B initiated
training on a level-playing field (see Sec. 4.5). A similar analysis, albeit in a different
context of the MISO channel, with the SER as the performance metric, was considered
in [31]. Here, we consider the data rate as our performance measure in a MIMO-BF

system, and solve the following problem:

PA dO’%
max aElog [1+ —247L | (4.18)
Pp,7,Pa,d>0,Lp,,La 4>1 14 —24d

2PB,TLB,T

subject to the total energy constraint Pp Lp, + Paqglaq = pL. and with the data
transmit duration L, 4 satisfying L, + La g = L.

Intuitively, one would expect that the larger the p, the smaller the optimal Ly . and the
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larger the optimal fractional energy used for the data signal. Surprisingly, it turns out
that both the optimal training duration (L} ;) and the optimal fraction of the total en-
ergy used for data depend only on L., and are independent of p, as shown below. Now,
since Pp, and Py 4 enter into the capacity lower bound only inside the log() function,
without loss of optimality, we first optimize P4, and Pg; for a given data duration,
substitute the result into the objective function, and then optimize Ly, and L4 4. The

solution is given in Theorems 5 and 6.

Theorem 5. For a given data duration 1 < Ly q < L.and with L ; = L. — Ly 4, the optimal

values of Pp . and Py 4 that solve (4.18) are given by

1

——(1—a")pL 4.1
Lc o LA7d( «Q )p (&3] ( 9)

1
Pz,d = m@f*p[zc, and PEJ =

V2L . . .
where o = X—_2"_ The corresponding capacity lower bound is

w/2LA,d+1
Laa 2pL.0?
CB Aappror = ——Elog [ 1 + . 4.20
B,A,app Lc g ( (\/m_l_ 1)2 ( )

Proof: See Appendix C.0.9. R
Now, it remains to find the optimal value of L, 4 that maximizes Cp 4 approx in (4.20),

which is the essence of the following Theorem.

Theorem 6. The optimal data duration is given by L’ ; = L. — 1, i.e,, L . = 1. The corre-

sponding optimal capacity lower bound expression is

* Lc - 1
CB,A,appmx = TElog (1 =+ peﬁgf) ) (421)

2pLc

(V/2(Le=1)+1)2

where pyy =
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Proof: See Appendix C.0.10. H

Remark: Theorems 5 and 6 suggest that given a constraint on the total energy available
for communication, it is optimal to allocate the minimum possible time duration of one
symbol for training. It is interesting to note that, as L. gets large, the optimal data
and training energy per symbol in (4.19) approach p and pm, respectively. In the
previous subsection, we had shown that the optimal reverse training duration scales
with the coherence time as \/FL.. Here, we see that, for the energy efficient design, the
optimal training duration remains fixed at one symbol, but the optimal training energy
scales as /L.. This is a consequence of the total energy constraint imposed under this

design.

4.4 Forward-Link Training With Perfect CSIA

In this section, assuming perfect CSI at node A (i.e., node B initiated training), we con-
sider node A transmitting both training and data to node B. In particular, node A transmits
data along the dominant mode of the channel [6]. This requires the knowledge of 01w,
at node B for data detection, which is conveyed via a training scheme similar to the one
proposed in Sec. 4.3.1. The transmission protocol is shown in Fig. 4.2. It consists of
a forward-link training phase of duration L, , symbols followed by BF data transmis-
sion of duration L4 4 = L. — L4 . symbols. In this scenario, since resources such as the
duration and power for training and data transmission are all allocated at node A, an
optimal sharing of the same is necessary. Towards this, we derive a tractable, approxi-

mate lower bound on the capacity of the system with the proposed channel-dependent
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Figure 4.2: Node B initiated training.

training scheme. We then find the optimal sharing of resources that maximizes the ap-
proximate capacity lower bound. Note that the model here is different from that in
Sec. 4.3, where we had assumed perfect CSI at node B and studied the implications of
our proposed training from node B to node A on the data transmission from node A to

node B.

Estimation at Node B

Since node A has perfect CSI, it uses BF along the vector v, to transmit the training signal

to node B. From the received training signal

YBr =V PA,TLA,Talul + WB.r,

node B computes an MMSE estimate of b = 0,u;, denoted by f)mmse. We use the MMSE

estimate because it facilitates the use of the worst case noise theorem in [8] to obtain a
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capacity lower bound. Let

~

b = bmmse + lW)mmse»
where byms is the estimation error.
Data Transmission from Node A to Node B

Since node A has perfect CSI, it transmits data using BF along the dominant mode of the

channel as

A
Xad =\ Paavitaq.

The corresponding received data signal is given by

YBad = /Padoiuiragq+ wpg, (4.22)
= PA,dBmmsexA,d + Mefs- (423)

where n.g = \/PA7dl~)mmsexA7d + wp 4. Note that EHXA,ng = Py, 4 since E\xA,dF = 1.

By the orthogonality property of MMSE estimation, E{l’*A’dneff‘yB,T} = 0, and hence,

nH
brmse

premultiplying (4.23) by and using the worst case noise theorem [8], we get the

B |
H mmse 2

following lower bound on the capacity:

é Lc - LA,T

C

Capi Elog (1 + SNReg) (4.24)

where 9

~

Py g

bmmse

PAvd E { HBmmse

nB

SNRes £

2

yB,T} + 1
2

and the expectation in (4.24) is taken with respect to the distribution of yz ;. Now, the

goal is to find the optimal training power and duration to maximize the capacity lower
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bound in (4.24), subject to the transmit power constraint at node A. However, the distri-
bution of the vector b £ ¢,u, is complicated in the general MIMO case, due to which,
a closed form expression for Bumse is hard to find. This, in turn, makes it difficult to
directly optimize the capacity lower bound. Therefore, we consider a similar approx-

imation to the capacity lower bound as in [31] to obtain the following performance

metric:
L.— L4,
Cap.r ~ Ca B approx = TA’[EUWSNRL, (4.25)
where
Pa L Pagq

SNR; 2 (4.26)

(PA,d + PA,TLAJ)EU% +ng
The derivation of the above is detailed in Appendix C.0.11. The approximation facili-
tates the optimization of the training and data powers in closed form in the following

subsection.

Optimal Training Power and Duration Allocation

Let p be the average power constraint at node A. Here, we solve the following optimiza-
tion problem:
L.—L
max Zc  ZATSNRy, (4.27)

PaagParLasLaqa L.
subject to Py 4Laq+ Pa;Lar, =pLe.and Lag+ La, = L.
As in the previous section, without loss of global optimality, we first maximize SNR;,
with respect to P4 4 and P, ; since it enters into the expression in (4.27) only through
SNR;. Theorems 7 and 8 present the solution for the optimal training power and train-

ing duration, respectively.
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Theorem 7. For a given training duration, the optimal training and data powers that solve the

problem in (4.27) are Py qLaq = o*pL.and Py L4, = (1 — a*)pL., where

of — 9—\/9(9—1) Z:fLA7d>1, (428)

0.5 if Lyqg=1,
and
L L
g o _ad o Ad (4.29)
LA,d -1 Ealch(LA,d — 1)
Also, the corresponding expression for optimal Ca g approx, denoted Cy gy, becomes
2
o | EE (VB V=T) if Laa> 1,
CZ,B,approx = e E(02)2  (pL.)? . (430)
4L, nB-HEaprC Zf LA,d = 1

Proof: See Appendix C.0.12. B
We now solve for the optimal L4 4 that maximizes the objective function in (4.30) in

the following Theorem.

Theorem 8. The data duration that maximizes C g gy, i1 (4.30) subject tol < Lag < Lc—1

is LA,d = Lc — 1.

Proof: See Appendix C.0.13. B

Remark: Atlow SNR, ie., as p — 0,, « — 3 and C} B,approx 18 quadratic in p. Thus,
at low SNR, it is optimal to use just one training symbol, but expend half the total
available power on training. It is interesting to note that this result coincides with that

obtained at low SNR with SM of data and no CSIT (see [8], Corollary 1).
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4.5 Node A Initiated Training Versus Node B Initiated Train-
ing

The goal of this section is to compare the schemes in Secs. 4.3 and 4.4 in terms of the
approximate capacity lower bound, at low data SNR. We wish to determine whether is
it better to have perfect CSI at node A, that would allow it to perform ideal transmit beam-
forming, but with node B using an estimated beamforming vector to receive and decode
the data signal; or to have perfect CSI at node B, that would allow it to perform ideal
receive beamforming, but with node A transmitting data using an estimated beamforming
vector.

At first glance, it appears that having perfect CSI at node A is beneficial as it allows
node A to exploit the CSI to accurately transmit the beamformed data and optimize the
capacity lower bound. However, acquiring the perfect CSI using orthogonal training
inherently involves a minimum time overhead that depends on the number of antennas
at the nodes. If node B has a significantly larger number of antennas than node A, the
time overhead of initiating training at node B could offset the potential gains one could
obtain by exploiting CSI at node A, and vice versa. Moreover, an error in the transmit
beamforming vector has a different effect compared to an error in the receive beam-
forming vector on the achievable data rate. Loosely speaking, this is because, in the
former case, the error in the transmit beamforming vector does not change the noise
statistics at the receiver, while in the latter case, the error in the receive beamforming
vector multiplies both the data and noise components of the received signal. The anal-

ysis presented below determines which of the two options offers a better performance.
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4.5.1 Node A Initiated Training

Consider the node A initiated training and data transmission scheme proposed in Sec. 4.3,
and as depicted in Fig. 4.1. Let the average per-symbol power constraint be p units.
Since acquisition of perfect CSIB inherently requires n4 initial training symbols from
node A, the time remaining for RCT and data transmission is L. — n4 symbols, and the
total available power is p(L. — n4). We use pegEo? in (4.21), scaled by the fraction of the
time spent for data transmission, as the performance metric. This corresponds to a low
SNR approximation of C; 4 jpprox i (4.21). The performance metric is given by

Q(LC—HA—l) 2

Sy 2 ” |
! (\/Q(Lc—nA—1)+1)2pE 1 (4.31)

where we haveused L4 = L. —n4 — 1.

4.5.2 Node B Initiated Training

Consider the training and data transmission scheme proposed in Sec. 4.4, and as de-
picted in Fig. 4.2. In this case, using (4.30), the approximate capacity lower bound
CA, B approx SCaled by the fraction of the time spent for data transmission is

A 2 LA,d i — 2
Sp 2 pBot s <\/§ NC 1) , (4.32)

where Ly 4 = L. — np — 1 and 6 is as defined in (4.29), with L. replaced by L. — np to
factor the initial node B to node A training overhead of np symbols into (4.32).

Now, we compare the two schemes using (4.31) and (4.32). Node A initiated training
outperforms node B initiated training if S4 > Sp and vice versa. Assume that L. >

max(na,ng) + 2, which ensures that the L. — np — 2 term in the denominator of (4.32) is
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St (VO -V —1)* < \/_"iAd: Substituting this in (4.32), it can
) A,d

be shown that node A initiated training outperforms node B initiated training if

. . L
positive. Since 6 > +

2(Le =na—1)(VLe —np —1+1)°
(V2(Le—na—1)+1)%(L.—np—1)

(4.33)

The above implies that node A initiated training is better if L. > 2n, — ng + 1.

As p — 0, it can be shown that Sp in (4.32) is proportional to p?, while that S4 in
(4.31) is proportional to p. Hence, node A initiated training outperforms node B initiated
training if L. > max(n4,ng) + 2. In practice, the channel coherence time will be much
larger than n4 and np, and hence, the conditions L. > max(n4,ng) +2and L. > 2ny —
np + 1 will typically be satisfied. Hence, in cases of practical interest, node A initiated

training outperforms node B initiated training.

4.6 Simulation Results and Discussion

In this section, we present numerical results to validate the theoretical expressions and
illustrate the performance benefits offered by the proposed training scheme. The simu-
lation set up consists of a Rayleigh flat fading channel whose coefficients are assumed
to be i.i.d. and drawn from CN (0, 1), and an AWGN noise that is also modeled as i.i.d.
CN(0,1). Throughout this section, except for Sec. 4.6.3, we assume a 3 x 3 TDD-MIMO
system with L. = 100. The parameter values are chosen to illustrate the various trade-
offs involved in RCT; in general, the performance advantage of the proposed scheme

over orthogonal training is larger for smaller L..
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4.6.1 Node A Initiated Training

In this subsection, we use the exact lower bound on the capacity in (4.10) to evaluate
the performance of various schemes.

To illustrate that the minimum training duration of one symbol is not always optimal,
we plot the exact capacity lower bound versus data and training powers in Figs. 4.3
and 4.4, respectively. It can be seen from the two figures that L, = 1 performs poorly
compared to the low SNR optimal solution derived in (4.17) whenever the RCT power
is small compared to the data power. This is because, when (3 = P4 4/2Pg ; is large,
the term in the denominator of (4.12) has a dominant effect on the data rate compared
to the (L. — Lp,)/L. term. Hence, in order to improve the data rate, Lz, has to be
increased, and the optimal Ly, is greater than 1. Next, to capture the effect of errors
introduced due to quantization of the beamforming vectors in a fixed-point arithmetic
implementation, in Fig. 4.4, we plot the capacity lower bound in (4.10) when the BF
vectors at node A and node B are quantized. We consider a uniform scalar quantizer,
with B = 4 and 6 bits of quantization per real dimension of the BF vector. We see that
although there is a degradation in the data rate when B = 4 bits, this performance
loss becomes insignificant when B = 6 bits. Further, the degradation in the data rate
increases with the training power. This is expected, because at high training power, the
residual error due to quantization dominates, and the error due to noise in the training
phase becomes insignificant.

The training length can be optimized in three ways: (i) numerically optimizing the ex-
act lower bound in (4.10), (ii) numerically optimizing the approximate capacity lower

bound in (4.12), and (iii) the low SNR optimal L, in (4.17). We compare these three
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Figure 4.3: Capacity lower bound in (4.10) versus data power for Pg, = 14 and 6dB.
Here, we have used a 3 x 3 MIMO system with L, = 100. The figure demonstrates that
the optimal L - is not always equal to one.

solutions for various values of P, 4, with Pg , = 2P, 4,in Table 4.1. Atlow P, 4, all three
cases coincide, and for P, 4 > 4dB, the low SNR optimal solution deviates from the op-
timal Lp , since the low SNR assumption is no longer valid. However, it is interesting
to note that for all P4, considered, the training duration obtained by optimizing the
approximate capacity lower bound in (4.12) coincides with the optimal solution. This
further justifies the use of the approximate lower bound derived in this chapter. More-

over, as can be seen from Fig. 4.5, the data rate obtained from the low SNR optimal L ,
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Figure 4.4: Capacity lower bound in (4.10) versus training power with Py, = 4dB
for a 3 x 3 MIMO system, and L. = 100. The figure demonstrates that Lp, = 1 is
not always optimal. It also illustrates that quantization of the BF vectors in a fixed-
point implementation has a negligible effect on the performance for B > 6 bits per real
dimension.

in (4.17) approximates that obtained by numerically optimizing the exact lower bound
in (4.10) very well, despite the differences in the value of Lp ;.

The conventional orthogonal training scheme (e.g., [4,5]) is compared with the pro-
posed training scheme in Fig. 4.6, where the capacity lower bound versus data power

(equal to the training power) is plotted. For fair comparison, we have used the same
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Table 4.1: Optimum training duration for a 3 x 3 MIMO system with L. = 100 and
Ppr =2Pyg4.

Data power Py, 2dB 4dB 6dB &dB 10dB 12dB

Lp . using (4.10) 5 3 3 3 3 2

Lp . using (412) 5 3 3 3 3 2

Lp., in (4.17) 5 5 5 5 5 5

training duration values of 3 and 9 symbols for both the proposed and the orthogo-
nal training schemes. The proposed scheme outperforms the orthogonal scheme by
over 7dB at all SNRs. This gain is because the proposed scheme directly estimates the
dominant mode of the channel, resulting in a significantly improved estimation accu-
racy compared to the orthogonal scheme. Also, note that the approximate lower bound
derived in (4.12) is tight at all data powers.

For a fixed training duration of one symbol, Fig. 4.7 shows a plot of the capacity
lower bound (exact and approximate) versus the average power per symbol (p) for the
energy efficient scheme for sharing of resources between node A and node B described
in Sec. 4.3.3. This figure also illustrates the performance loss from setting a suboptimal
value of «, the fraction of the total power used for data transmission. For the sake of
comparison, we use the following four different values of c: (i) the optimal value of
at = % = 09336 for Lag = L. — 1 =99, (ii) a = =1 = 0.99 (i.e., Pp, = Paa),
(iii) « = 0.5 (i.e., PagLlaq = Pp.Lp,), and (iv) @ = 0.1. It is clear from the figure that

the optimal o = 0.9336 from Theorem 5 results in a significant improvement in the data



Chapter 4. 75

B
[

[] Approx. lower bound: LB,T using (4.12) | | %
Exact lower bound: L using (4.11) |- : ’
- — - Exact lower bound: LB’T from (4.17) |- - ST .

() Approx. lower bound: LB,T from (4.17) | -

N

w
o

g
o

™S

4 6 8 10 12
Data power in dB

=
o

Capacity lower bound (nats/channel use)

o
N

Figure 4.5: Capacity lower bound versus data power for a 3 x 3 MIMO system with
L. = 100 and Pp, = 2P,4. Using the low SNR optimal L . is nearly optimal for a
wide range of training/data powers. Also, the loss in the data rate due to using the low
SNR approximation is negligible.

rate compared to other values of o. Note that the approximate lower bound is tight for
almost all cases except for the case of o = 0.99 where the gap is approximately 0.3 nats
at 0dB. This is because the ratio P4 4/ P, = 1, and due to this, the higher order terms

ignored in the approximation makes the proposed lower bound loose.



Chapter 4. 76

4.6.2 Node B Initiated Training

Figure 4.8 shows a plot of (7 5 oo In (4.25) versus p, the total training power for
node B initiated training described in Sec. 4.4. We compare the performance for the
following different values of a: (i) the optimal a* = 0.93 from (4.28), (ii) o = 0.99 (i.e.,
Pyr= Pag), (i) a = 0.5 (i.e., PaqLag = Pa-La-),and (iv) a = 0.2 (very less power for
data transmission). The superior performance of the optimal ov compared to the other

values of a is clear from the graph.

4.6.3 Node A Initiated Training Vs. Node B Initiated Training

Figure 4.9 plots S4 and Sg in (4.31) and (4.32), corresponding to node A initiated training
and node B initiated training, scaled by pEo?, versus the coherence time for an average
power of p = 0dB and 10dB. Due to the scaling, the performance of node A initiated
training at p = 0dB and 10dB are nearly the same, making the curves easy to visualize
on a single plot. Here, we have used ann4 = 8 and np = 5 MIMO system. From Sec. 4.5,
node A initiated training is better than node B initiated training if L. > 2n4 —np +1,ie,,
when L, > 12. Also, at low SNR, node A initiated training outperforms node B initiated
training for L, > max(na,ng) + 2, i.e,, when L, > 10. In the figure, it can be seen
that at both p = 0dB and 10dB, node A initiated training outperforms node B initiated
training for L. > 12. At p = 0dB, node A initiated training outperforms node B initiated
training for L, = 11 also. Thus, the figure corroborates our theoretical predictions on

the conditions for node A initiated training to outperform node B initiated training.
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4,7 Conclusions

In this chapter, we considered the design and analysis of a channel-dependent training
signal for a TDD-MIMO system with two nodes, node A and node B, and with data trans-
mission over the dominant mode of the channel from node A to node B. We assumed that
one of the nodes has perfect channel knowledge, and proposed a scheme for estimat-
ing the dominant singular vector at the other node. We derived a lower bound on the
forward-link capacity and used it to optimize the training power and duration. When
node B has perfect CSI, with independent power constraints at node A and node B, it is
optimal to spend the minimum possible time for training (i.e., Lg, = 1), provided the
training power is of the order of one quarter of the total data transmit power. Other-
wise, the optimal Lp, > 1. From an energy efficiency perspective, regardless of the

available energy, Ly, = 1 is optimal, and the fractional power spent on data trans-

2(Le—1)

2(Le—1)+1

perfect CSI, at low SNR, L4, = 1is optimal. We showed that if L. > 2ny — ng + 1,

mission is , where L, is the channel coherence time. Also, when node A has
which is typically the case in practical systems, initiating training at node A is better
than initiating training at node B in terms of an approximate capacity lower bound.
Monte Carlo simulations validated the theoretical expressions and illustrated the per-
formance benefits offered by the proposed channel-dependent training scheme com-
pared to conventional channel-agnostic orthogonal RCT. In the following chapter, we
extend the fixed-power RCT scheme presented in this chapter to a PCRCT scheme for

TDD-MIMO multiuser spatial multiplexing systems.
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Figure 4.6: Capacity lower bound (exact and approximate) versus data power for a 3 x 3
MIMO system with training power Pz, = P44, and L. = 100. The figure illustrates
the performance gain offered by the proposed training method over the conventional
orthogonal training scheme (e.g., [4,5]), and shows that the approximate lower bound
is tight at all data powers.
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Figure 4.7: Exact and approximate capacity lower bound versus the average power (p)
for the energy efficient resource sharing scheme analyzed in Sec. 4.3.3, with Lp . = 1.
The figure illustrates the tightness approximate bound and that the sharing of powers
derived in Theorem 7 is optimal.
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Figure 4.8: C4 p approx in (4.25) versus the average power (p) for a 3 x 3 MIMO system
for the node B initiated training scheme.
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Reverse Channel Training in a
Multi-User TDD-MIMO Spatial
Multiplexing System

In the recent years, the use of multiple antennas has emerged as one of the promising
technologies for wide band multiuser communication (e.g., IEEE 802.16a, IEEE 802.20
and 4G protocol candidates) as it offers a significant improvement compared to single
antenna systems, in terms of reliability and throughput. However, these benefits are
realizable only when both the transmitter (Base Station (BS)) and receivers (users) have
accurate and up-to-date Channel State Information (CSI). Thus, one of the important
problems in designing multiple antenna systems is the fast and accurate acquisition of
CSI both at the transmitter (BS) and receivers (users). CSI can be obtained at the users
simultaneously by sending a known training sequence in the forward-link from the
transmitter (BS). In Time Division Duplex (TDD) systems, exploiting the reciprocity of
the channel, CSI at the Transmitter (CSIT), i.e., at the BS, can be acquired by sending

a known training signal in the reverse-link, also known as Reverse Channel Training

82
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(RCT). However, as the number of transmit antennas and/or the number of users be-
come large, the overhead due to training can become prohibitive, especially in vehic-
ular or mobile communications, where the channel is relatively fast varying, since the
training duration is proportional to the product of number of antennas at each user
terminal and the number of users. When CSI is available at the Receiver (CSIR), one
can potentially exploit it to design the RCT sequence and selectively feedback only the
required part of the CSI to the BS. This could result in faster and/or more accurate
acquisition of the CSI at the BS, leading to an improvement in the effective data rate
and/or a reduction in the power required for data transmission; this is the focus of this
chapter.

The main body of the existing literature on CSIT acquisition in single and multiuser
TDD systems focuses on orthogonal RCT [3-5,44,50], where an orthogonal training se-
quence such as the scaled identity matrix is employed. The method employed in [45]
and [46] to acquire CSIT is to feedback a scaled version of the received forward-link
training signal, from which the transmitter estimates the entire channel matrix. Al-
though this outperforms orthogonal RCT, it has the disadvantage that the transmit-
ter estimates the entire channel matrix, which is not required for certain types of data
transmission schemes such as Beamforming (BF) or Spatial Multiplexing (SM) along
the dominant modes of the channel. Data-aided blind estimation of the dominant BF
vector is proposed in [47,48,51]. Reference [42] proposes a two stage protocol consist-
ing of conventional RCT followed by quantized CSI transmission in the reverse-link.

A channel-dependent RCT scheme was independently explored in [31], in the context
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of a Single-Input Multiple-Output (SIMO) channel, and the sharing of energy spent be-
tween training and data was optimized with respect to an approximate expression for
the forward-link data SNR.

In this chapter, we consider an SM system with equal power allocation across the m
dominant modes of the channel during data transmission with perfect CSIR and noisy
CSIT obtained via RCT. Equal power allocation across modes is known to be nearly
optimal for all but low data SNR [52]. The perfect CSIR assumption helps simplify
the analysis and isolates the effect of estimation errors in the RCT on the performance.
This assumption is common in studies that focus on the achievable data rate or outage
probability [4, 24, 39, 50, 53, 54]. Also, we note that the perfect CSIR is required for
the analysis to be tractable; however, our proposed RCT scheme is applicable even
when the CSI at the receiver is not perfect. Now, SM-based data transmission over
m < ny dominant modes of the channel only requires knowledge of the m dominant
right singular vectors of the forward-link channel at the transmitter, and not the entire
channel matrix, where n 4 is the number of antennas at the BS /transmitter. Motivated
by this, in this chapter, we explore a novel, channel-dependent, power-controlled RCT
scheme that enables the BS to estimate only the part of the channel that is required for
data transmission. The structure of the RCT scheme we consider here is different from
the RCT schemes considered in previous chapters, and it allows for both spatial and
temporal allocation of the training power. Due to this, the design considerations and
the corresponding performance analysis are completely different. The following are

our main contributions:

* Proposed RCT: We propose an RCT that allows the transmitter to directly estimate
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the dominant eigenmodes of the channel required for data transmission. Further,
the proposed RCT allows one to allot the power both spatially (across modes) and
temporally (across time), while satisfying an average training power constraint.
Both the spatial power allocation matrix D and the temporal power control pa-
rameter ¢, > 0 are optimized using the following two performance metrics: (i)
the Mean Square Error (MSE) in the estimated precoding matrix at node A, and (ii)

a Capacity Lower Bound (CLB) on the downlink data transmission.

* Optimal RCT with approximate MSE as a metric: With the approximate MSE in the
estimated singular vectors as the performance metric, we obtain an analytical so-
lution for the optimal spatial power allocation matrix D and the optimal temporal
power control ¢, as a function of the channel singular values. We show, using
simulations, that the optimal D achieves a lower MSE compared to using equal
power allocation across the eigenmodes. On the other hand, temporal power allo-
cation across channel instantiations results in only a marginal benefit in the MSE
compared to constant power training over time. For example, in a 3 x 4 MIMO
system, the proposed training scheme offers an improvement of over 15dB in the

training power required to achieve the same MSE, compared to the orthogonal

RCT.

* Optimal RCT with approximate CLB as a metric: Here, we analytically optimize
spatio-temporal power allocation of the RCT scheme to maximize the approxi-
mate CLB. In the 3 x 4 example mentioned above, using the optimal D outper-
forms using equal spatial power allocation by approximately 1 bit/channel use at

around 16dB of training and data power, while temporal power allocation offers
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only a marginal improvement in the data rate over equal temporal power alloca-
tion. We also illustrate that using a larger number of modes is not always optimal

when the overhead due to training is taken into account.

* Multiuser case: We extend the proposed channel-dependent RCT to a multiuser
downlink scenario with M user terminals. We use the approximate CLB derived
in this chapter as the metric for user scheduling. In the case of BF with m =
1 mode, we derive an upper bound on the sum data rate with CSIT obtained
using the proposed channel-dependent RCT, and show that it scales with M as
L_TLCBT log, log M, where L. and L , are the coherence time of the channel and the

training duration, respectively. Through simulations, we illustrate the benefits of

the proposed scheme over conventional orthogonal RCT.

We note that our study of power-controlled, channel-dependent RCT is fundamen-
tally different from past work on reverse-link training for MIMO SM systems, which is
based on constant-power, channel-agnostic orthogonal RCT. Our proposed RCT scheme
can lead to significant performance improvements over orthogonal RCT both in terms
of the achievable data rate as well as the MSE in BF vector estimation, especially when
the channel is fast varying. Moreover, from a system designer’s point of view, it is
useful to know that spatial allocation of the available training power is much more
beneficial than temporal allocation.

The rest of this chapter is organized as follows. The system model is described in
Sec. 5.1. The proposed training scheme and channel estimation procedure are explained
in Sec. 5.2. The training sequence is optimized in Sec. 5.2.3. The performance of the

RCT in the multiuser scenario is presented in Sec. 5.3. Simulation results are provided
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in Sec. 5.4, and Sec. 5.5 concludes the chapter.

We use the following notation. We use E z -] to denote the expected value of [-] con-
ditioned on H. I,,x,, with n < m, represents the first n columns of the m x m identity
matrix. We use x = O(y), x,y € R" to mean that the entries of x are less than the

corresponding entries of cy for some 0 < ¢ < oco.

5.1 System Model

The system model consists of a single cell multiuser system with a base station denoted
BS and M active user terminals, denoted UT, ..., UT,,;. The BS has n, antennas and
each UT has np antennas. Denote the MIMO channel from the BS to UT, by H; €
crexnra Let Hy, = UR L) (VR)H be the SVD of Hj, where the diagonal entries of ©*) €
R"5*"4 denoted oy, . .., 0, , are the singular values of Hj,, with n £ rank(H},), which
equals min(na,np) almost surely. Moreover, U¥) € Crexmz and V¥ € Craxm4 are
unitary matrices whose columns are the eigenvectors of H H, ,f and H ,;H Hy, respectively.
The channel is assumed to remain constant for a frame of duration equal to the channel
coherence time L., and evolve in an i.i.d. fashion from frame to frame. We assume a
TDD mode of operation with perfect reciprocity [47,55-57], and thus, without loss of
generality, the reverse-link channel of the k™ user is H}! (see [47]). The transmission

protocol consists of the following three phases.

* Phase I: This phase consists of a downlink training followed by user scheduling.
The downlink training is performed by sending a known pilot sequence from the
BS to all the UTs. Using this, each user terminal computes an estimate of their

respective channels. Here, we assume that the resulting estimate is error-free, as
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in, for example, [53,54]. This facilitates the derivation of a capacity lower bound,
and its analytically tractable tight approximation in closed-form, with respect to
which the RCT can be optimized. We consider a scheduling scheme where each
user computes a metric (see Sec. 5.3) as a function of its CSI. The user with the
highest metric is scheduled for data transmission by the BS. The selection of the
user with the highest metric can be efficiently implemented using decentralized
algorithms such as splitting [58,59] and timer-based schemes [60], which incurs
very low overhead' in terms of power and delay. We assume that one of these
schemes is used to pick the best user, and we ignore the overhead involved in
user selection. In this setting, we focus on the problem of RCT sequence design to

convey the CSI of the selected user to the BS.

* Phase II: In this phase, the scheduled user terminal, say UT}, transmits a training

(%)
B

\T

sequence X in the uplink direction. The baseband equivalent of the received

training signal at the BS, denoted Y}, -, is given by
Reverse-link training: Yy, = H' X)) + Wy, (5.1)

The entries of the noise Wy ; are assumed to be i.i.d. complex circularly symmetric
standard Gaussian distributed, denoted CN (0, 1). From Y, ,, the BS computes an
estimate of V;\”, the first m columns of the matrix V*), which is subsequently used
for data transmission over the dominant modes of the channel in the downlink,

as explained next. Denote the estimate of v by Vi,

!n fact, the time overhead in best user selection is bounded irrespective of the number of users [60].



Chapter 5. 89

* Phase III: This phase consists of data transmission from the BS to the scheduled
user. For the data transmission scheme, we assume SM of data with equal power
allocation. Here, the BS sends m > 11ii.d. data streams, x(f’)d € C™, multiplied
by the estimate of the m dominant right singular vectors of H}, obtained in Phase
II [7,39]. The corresponding received signal at UT}, denoted ygi)d e Cnexl is
given by

m

P .
Forward-link data: yg)d — /2 H kV(’“)x(f)d + wgf)d. 5.2)
’ m ) ’

In the above, E [XXZ(XE:)C[)H] = I,, and (V\")H (V) = I, ensure that the data
signal satisfies an average power constraint of P, 4. The entries of the noise vec-
tor ngl € C"s are assumed to be i.i.d. CN(0,1). Note that, when m = 1, this
corresponds to pure BF based data transmission using the estimated dominant

right singular vector of the channel. Thus, the scheme considered in this chapter

encompasses BF as a special case.

For the above transmission and scheduling scheme, we consider the problem of de-
signing Xp ,, with the following two performance metrics: (i) MSE in V" and (ii)
an achievable downlink data rate. In the following section, we present our proposed
channel-dependent training sequence for the scheduled user in the reverse-link, along

with a method for estimating the dominant singular vectors at the BS.
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Figure 5.1: The MIMO np x ny SM system, showing the RCT and the forward-link data
transmission.

5.2 Design and Optimization of RCT for the Scheduled

User

In this section, we assume that the best user has been scheduled for data transmission
using the procedure in Phase I of the protocol described in the previous section, and
focus on the design of the RCT sequence to efficiently convey the CSI of the selected
user to the BS (also see Fig. 5.1). Since the index of the scheduled user does not directly
enter the expressions, for the ease of presentation, in this section, we drop the user
index.? For SM with equal power allocation, the BS requires the knowledge of V,, =
[V1, V2, ..., Vp], the first m columns of the right singular matrix V' of the channel H. We

propose the following channel-dependent, power-controlled RCT sequence that enables the

2For example, instead of writing Hy, Xgi)T, U®), we write H, Xp ,, U.
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BS to directly estimate V.

Xpr = \/Pp:Lp\/6.UD, (5.3)

where Pg . and Lp . are the average training power and training duration, respectively.
The temporal power control parameter ¢. € R*, the unitary matrix U € C"5*"5, and
the spatial power allocation matrix D € R"2*™ are adapted at the UT based on the
CSIR. For mathematical tractability, D € R"2*™ is restricted to be a diagonal matrix
with non-negative entries d;, i = 1,2,...,m, satisfying || D||> < 1. This, along with
E¢. < 1, ensures that the training sequence satisfies the average power constraint
E|X B,T||; < Pp,Lp .. The RCT scheme in (5.3) has the following desirable features:
(i) for a given channel realization, D allows the UT to selectively allot greater or lesser
power for training the different channel eigenmodes (spatial power allocation), (ii) the
power control parameter ¢. enables the UT to perform temporal power allocation.

Note that, in the case of BE i.e., when m = 1, the transmitter requires the knowledge
of only v;. Using the proposed RCT scheme, v, can be conveyed to node A using only
one training symbol. In contrast, orthogonal RCT requires at least np training symbols.
Hence, the proposed scheme offers savings in terms of the minimum required training
duration.

Now, from (5.1), the received training signal at the BS, normalized by \/m is

YA,T

\V PB,TLB,T

Wa,-

\V PB,TLB,T .

Y, = =VSHED\/¢. + (5.4)

Denote the ikt columns of Y, , and _War by ¥k.4 - and wy 4 ,, respectively. Note
sT \/m , A, T s AT

that, in the noiseless case, one can obtain the k™ column of V,,, by simply normalizing
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Y4, Motivated by this, even in the presence of noise, using Y4 .., the BS estimates V;,

Sy A A oA N
as V,, = [V1, V2, ..., V), where

N Vi, Arx

V= — , 1<kE<m. (5.5)
[Nz e

The choice of the matrix D and the parameter ¢, determine the allocation of the power
to different modes and realizations of the channel, which can be used to control the
estimation accuracy of V,,. The design of the RCT sequence involves jointly optimizing
the matrix D and ¢.. In particular, we wish to solve the following two optimization

problems:

* Minimizing the MSE in the estimate of V/,:

i Elv, —v,| inE ; 71|12 5.6)
min m — V|| = min Vi — V5, .

¢C>O,D€RnBX”L H HF c,D ; || k k||2 (
such that D is diagonal and non-negative, | D||3 < 1 and E¢, < 1.

e Maximizing the data rate:?

max data rate (5.7)
Lp,+>0,4.>0,DER"BX™

such that D is diagonal and non-negative, ||D||§, <1,E¢.<land 1< Lp, < L.

Note that, in conventional orthogonal RCT, one uses the training sequence

conv P TL T
Xgom) = [ ET=Br g (5.8)

) nB

where () is any np X Lp . matrix with orthonormal rows. Further, the transmitter uses

3We derive an explicit form for the data rate in Sec. 5.2.3.
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the received training signal to estimate the channel matrix H using either least-squares
or MMSE estimation,* and then employs the m dominant right singular vectors of the
estimated channel as the BF vectors for SM data transmission.

In the following subsection, we present the solution to (5.6). For analytical tractability,

2
, and then use it to
F

we first derive a tight approximate expression for EHVm — Vm’

optimize the training sequence.

5.2.1 MSE Optimal D and ¢,

First, we state the following theorem, which presents an approximate expression for

the MSE, Eva _ VmHZ .
F

Theorem 9. Let the columns of V,, be given by (5.5), and suppose ¢, > 0. Then, there exists a

Vm,approx £ Vin+ B € Cma*™ such that

N A 1
Vin = Vinapprox + O (7PB s T) ; (5.9)
with the columns of E £ [ey, ey, . .., e,] € C"*™ defined as follows:
H
— 1
ep 2 Vil Weart (5.10)

Wh A
okdp/ e * okdpy/ Pe o

Further,

2

~ 1|2 ~
‘E [Vin = Vi = |[Van = Vrnpren
F F

1
=0 (7(PB7TLB,T)2) , (5.11)

where the expectation in the left hand side is with respect to the channel singular values. Also,

*Note that the estimate of the BF vectors obtained using the least-squares estimate and the MMSE
estimate are the same, as both the estimates are constant multiples of each other.
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an approximate expression for the MSE is given by

K ‘ ‘ Vin — Vim Lapprox

2 s —1 1
=(———E) ——. 5.12
F <2PB77L377—) kz:; U;%dzﬁbc ( )

Proof: See Appendix D.0.14. B

Remark 1: The approximate expression for the MSE in (5.12) differs from E H Vin — Viu Hi
only in the second order terms of the training power and duration, due to the (P, Lz ,)?
term in the denominator of (5.11). In Sec. 5.4, we illustrate the tightness of the approxi-
mate MSE expression at practical training powers.

Remark 2: From the above, when d;, = 1/y/m and ¢. = 1, i.e., with equal spatio-

temporal power allocation, we have

E H Vin — Vin ,approx

2 27LA — 1

= : 1
F 2PBTLB’T (ZU ) (5 3)
Using (5.12), our optimization problem becomes

m

. 2nA -1 2
- E E < <1. 14
%%71220 <2PB,TLB,T) E 2di¢c such that d; <1, Ep. <1 (5.14)

The solution is given by the following Lemma.

Lemma 4. The optimal D and ¢, that solve (5.14) are given by
-1 m -1
b= | By and ¢, = =% (515
O, ;
The approximate MSE with ¢. = 1 and optimal D is

K ‘ ) Vin — Vi Lapprox

2
2 s —1 =
— SR , . .16
r 2Py Lp. (g o; > (5.16)
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The approximate MSE with the jointly optimal D and ¢, is

2
2 2ny—1
BT (EZO— ) . (5.17)

=1

K H Vin — Vi Lapprox

Proof: See Appendix D.0.15. B

Comparing the MSE with constant power training (¢. = 1) in (5.16) and the MSE with
power-controlled training in (5.17), it is clear that the power-controlled training out-
performs the constant power training, since (EY_"", 0;1)* < E (X7, 0;1)” by Jensen’s
inequality. Thus, spatio-temporal power allocation during training improves the accu-
racy of the estimate. Note that, the above solution is valid if EY ", ;' < oo, which is

true, for example, when the channel is Rayleigh fading, and n4 # np, since [61]

= ETrace{(HTH) '} = .| —P — <c0.  (5.18)

Ina — np

Eot

IA

Remark 3: For a given channel instantiation, the MSE in estimating the dominant BF
vector is small, compared to the modes with smaller gain. Hence, using the inverse of
the channel singular values to fix the power allocation, as given by (5.15), is intuitively
satisfying. Similarly, since across time, it is reasonable to allot power proportional to
> o7 !, which, roughly speaking, measures the “goodness” of the channel.

In the above, we optimized the power allocated across space and time with the MSE
as the performance metric. In the following, we optimize the RCT with the data rate as

the performance metric.
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5.2.2 Data Transmission and Capacity Lower Bound

As mentioned earlier, in Phase I, the data x4 4 € C™*! is pre-multiplied by V., € Craxm
obtained from (5.5), and transmitted to the UT. Since the UT has perfect CSI, it pre-
multiplies the received data signal by U}/, where U,,, € C"5*™ is the first m columns of

the matrix U. From (5.2), the corresponding received data signal is:

[P .
YBd = ﬂEmVHVmXA,d +Ulwg,, (5.19)
m

where ¥, € R™*"4 js the first m rows of the matrix ¥ € R"5*"4 Note that the distri-
bution of the entries of wp 4 £ Ullw 5.4 is the same as the entries of wg 4, since U/? has

orthonormal columns. We rewrite (5.19) as

P -
YBd =1/ %GXA,d + Wett, (5.20)

where G £ %, ,, — SR VIE g{V.}, V. 2V, — Vi, and

P P
Wot 2 1/ #zmvHEm{Ve}xAd —4/ ﬁzmvHv;xA,d + W4 (5.21)

In the above, we have used E;;{X} to mean the expected value of X conditioned on
H. Here, ¥, ,,, € R™™ is the m x m principal submatrix of ¥, and (5.20) is obtained
by adding and subtracting the first term in (5.21). Note that G in the first term in (5.20)
is a deterministic function of H, and it is easy to see that the effective noise term W
is uncorrelated with the data given the channel, i.e., | H{Gveffxg 4+ = 0. Hence, for the

system in (5.20), the worst case noise theorem [8] is applicable, which results in the
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following lower bound (' on the channel capacity:

Cig 2 aEylog, |1, + P GGr (5.22)

LB = Qg 10gy [ L + Fad——————5—1, :
Eo { | Wettl |7}

where o £ LC_TLCB” Here, E{-} outside the log function denotes the expectation with

respect to H, and E;5{-} in the denominator term of (5.22) and in the definition of G
denotes the expectation with respect to the distribution of the additive noise in the
training and data phases given H.

Note that the derivation of the capacity lower bound in (5.22) is independent of the
specific training scheme used to estimate the dominant BF vectors. Thus, it is valid for
the orthogonal RCT scheme also.

Now, it turns out that directly optimizing the training sequence to maximize the above
CLB is analytically intractable due to E;;{V,} term in (5.22), which is hard to analyze.
Hence, we derive an approximate expression for the CLB in the following theorem,
and use it optimize the training sequence. The solution obtained by optimizing the
approximate CLB becomes accurate asymptotically as the data and training powers

become large.

Theorem 10. Let

(5.23)

with

Py g = 5 1 Zm:,'z'gz'



Chapter 5. 98

Then, Cyp is an approximation to the capacity lower bound given by (5.22), in the sense

P
|CLB — CLB/Q| — 0as PA,d, PB,T — 00 such that Ad

< p, > 0.
B,t

Proof: See Appendix D.0.16.

Note that the effect of channel estimation errors on the data rate is captured via o
in the denominator of the approximate expression in (5.23). When the training power
is large, the loss in the data rate is small, as expected. The effect of the spatio-temporal
power allocation parameters of the training sequence on the data rate is also captured
through the o2 term.

In the next subsection, we optimize the training sequence to maximize (5.23).

5.2.3 Capacity Lower Bound Optimal D, ¢. and Lp ;

We want to find the maximum of Ci, given by (5.23) subject to || D||% < 1and E¢. < 1,
which is equivalent to first optimizing over D for a given ¢., and then finding the

optimal functional ¢, as follows:

P1: max max CiBa (5.25)

be

such that ||D||f7 <1, and E¢, < 1.

The solution to the above problem is given in the following theorem.

Theorem 11. For a given Lg ., the optimal (dy,ds, . .., dy,) that solves P1 in (5.25) is given

by
di=,]—2" — 1<i<m, (5.26)
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where (3; is as defined in (5.24). Also, the optimal temporal power allocation ¢ satisfies

A=H(g) 2 ( ! ) i Paaoir , (5.27)
‘ T+ ;) = (Paaoi +m)¢s +mr

where T £ a4 (S /B2, and X is a Lagrange multiplier, chosen such that E¢; = 1,

PB,TLB,Tm2

where the expectation is over the distribution of (01,03, ...,02).

Proof: See Appendix D.0.17. &

Note that, the optimal power control is available only implicitly, as given by (5.27).
The value of A has to be numerically computed. A procedure for finding A is described
in Sec. 5.4.

In the special case of pure BF, i.e., when m = 1, we have the following simple closed-

form solution for the power control policy, and the resulting capacity lower bound.

Corollary 1. For m = 1, the capacity lower bound with optimal power control policy is given
by

0.2
Crppr =aElog, [ 1+ PA,d1712 , (5.28)
+ O pr

2 A Py,a ;
where oy pe = 3, 1y g With

+
o = (—7‘2 + /T2 — 47‘17'3>
¢ 27’1 .

Py 403 .
In the above, 71 = 1+ Pa 402, 7o = 27 + TPy g0 and 73 £ 72 — %}’17 Here, Ay is chosen to

satisfy the average power constraint, and 7 is as defined earlier, with m = 1.

Remark 4: The only parameter of the training sequence that remains to be optimized
is the training duration L ;. The optimal L ; can be obtained using a simple off-line

search over {1,2,..., L.}. We relegate the details to Sec. 5.4.
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In the above, we found the optimal spatial and temporal power allocation of RCT
sequence that maximizes an approximate CLB. In the following section, we consider

the design of the RCT in a multiuser setting and its effect on the data rate.

5.3 Multiuser Scenario

In this section, we use the previously derived approximate expression for the CLB as
a metric to schedule a single user for data transmission, and analyze the data rate of
the system. If the k" user is scheduled for data transmission, from Theorem 10, with
¢. = 1, the approximate data rate achieved by it is given by

H
PA,d Ek,m,mzk,m,m
2
L+ 0} ot

L+ , (5.29)

Ry £ alog,

where

ot s (Svm) e b B g
and Xy, ., is the m x m principal submatrix of the singular value matrix of H;. For
simplicity, we assume that the data power, RCT power and RCT duration are the same
for all users. Further, we assume that the channels are i.i.d. across users. The user is
selected for data transmission using max-rate scheduling based on Rj. Since Rj can

be computed locally at each receiver (user), the user with the highest metric can be

efficiently selected using splitting or a timer based scheme, as explained in Sec. 5.1.°

>Note that using the minimum MSE in the estimate of the BF vectors as the criterion for user selection
coincides with max-rate scheduling, when m = 1. Both schemes select the user whose channel matrix
has the largest dominant singular value.
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With max-rate scheduling, the average sum data rate is given by

Ravg 2 By, pr,, [max{ Ry, R, ..., Ry}], (5.31)

.....

Unfortunately, a closed-form expression for (5.31) is hard to find when m > 1, as it
involves finding the distribution of complicated terms involving 3; ;. However, in the
case of pure BF i.e., when m = 1, a simplified expression involving a single integral can

be found, as shown in the following theorem.

Theorem 12. When m = 1, Ry, is given by

Rang/ (1= (Pr{o}, <wh™) da, (5.32)
0
where
x P
wi (22 —1 (1+ Ad )
A,d ( ) QPB 7_LBT
and
_ ng (nat+np)ji—25° P .
_1)pr s
Pr{c?, <w} & — Cjpp! 7< . (533
b < e s o, | | 6

Here, the constants c;, are the coefficients of e=7¥y? term in the pdf of o7 |, the largest eigenvalue

of H{! H,, which can be found using Table I in [62].

Proof: See Appendix D.0.18. &

Now, although the above result provides a simple, easy-to-compute integral using
which one can analyze the performance of the proposed RCT scheme, it is hard to
obtain insight into the system behavior as the number of users, RCT power, data power,

etc. are varied. In the following theorem, we derive an upper bound on R, and show
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that it scales with M as alog,log M with the number of users M. We illustrate the

tightness of the bound in Sec. 5.4.

Theorem 13. When m = 1, an upper bound on R, is given by

P log M log(1 —
Rug < Ry 2 alogy [ 14— 20 i | 252 1408 og S)] . (539
1+ Ogp e 5€(0,1) s S
where opr5 = 213;3%. Further,
Rll

avg

Mot o log, log M -

Proof: See Appendix D.0.19.

It is interesting to note that a similar data rate scaling of log, log M was also observed
in the case of a multiuser MISO down link channel with perfect CSIR and perfect
CSIT [63,64].

To summarize, we used the previously derived approximate expression for the CLB
as a metric to schedule a single user for data transmission, and showed that the upper
bound on the data rate of the system scales with M as «log, log M. The proposed RCT
scheme directly leads to an improvement in performance compared to orthogonal RCT,
due to the dependence of the data rate on the factor a, which captures the training

duration overhead.

5.4 Simulation Results

In this section, we illustrate the performance improvement offered by the proposed

RCT scheme and validate our analytical development using Monte Carlo simulations.
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The simulation set up consists of an ng xn4 = 3 x4 MIMO SM system with P, 4 = Pg ,,
Lp . = 3symbols, and L. = 100 symbols. The MIMO channel is assumed to be Rayleigh
flat fading channel with i.i.d. coefficients drawn from CN(0,1). The AWGN is also
modeled as having i.i.d. CAV/(0, 1) components. With conventional orthogonal RCT, we
employ the training sequence in (5.8) as in [5] to obtain an estimate of the channel,
from which dominant BF vectors are computed using the SVD. The resulting error in
the estimated BF vectors is used to compute the MSE, and the CLB is computed using
the expression in (5.22). The computed CLB is used to schedule the user for RCT and
data transmission, and hence, with conventional estimation also, only the selected user
sends the RCT signal. We compare the performance of the proposed RCT scheme with

orthogonal RCT both in terms of the MSE and the CLB, in the following subsections.

5.4.1 Mean Square Error

Figure 5.2 shows the performance of the training scheme proposed in Sec. 5.2.1 in terms
of the MSE in the estimate of V,,, versus Pg ., with m = 3 modes. Since the proposed
RCT scheme has multiple parameters, it is of interest to see the gain offered by op-
timizing each of the components. Towards this, we plot the MSE with the following
settings: (a) Xp . in (5.3) with D = I,,,.,, and ¢. = 1 (fixed-power RCT), (b) X5, in
(6.3) with optimal D and ¢. = 1 (RCT with optimal spatial power control), (c) X5,
in (5.3) with jointly optimal D and ¢, (RCT with the optimal spatio-temporal power
control), and (d) Conventional orthogonal training (ng;nv) in (5.8)) [5]. From the plot,

we observe that the approximate theoretical expression in (5.17) is tight, and that the
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—— Mse Orthogonal
_e_ Proposed: D = InB < and Q. =1 |
—}— Proposed: D in (5.15) and ¢ = 1

[0 Proposed: D and Q. in (5.15)
_s| =© - Theoretical MSE in (5.17)

10 15 20 25 30
Training Power

10

Figure 5.2: MSE versus training power for a 3 x 4 MIMO system with m = 3.

proposed scheme significantly outperforms orthogonal RCT at all training powers. Us-
ing the optimal spatial power allocation during training offers a gain of approximately
1dB at P, = 15dB compared to using D = I, . However, temporal power alloca-
tion does not further significantly improve the performance compared to pure spatial

power allocation.

5.4.2 Data Rate with a Single User

Figure 5.3 shows a plot of the capacity lower bound in (5.22) and its approximate ex-

pression in (5.23) versus the training power. It is clear that the approximate expression
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for the capacity lower bound is tight at all training powers. Further, the data rate cor-
responding to m = 2 outperforms m = 3, i.e., using higher number of modes is not
always optimal when the training overhead for acquiring CSIT is taken into account.

For the optimal spatio-temporal power allocation, the value of the Lagrange multi-
plier A > 0 in (5.27) is required to plot the CLB. To compute this, we start with some
A > 0. We generate a large number of channel instantiations, and compute the power
control function ¢} for each instantiation by inverting (5.27), as it is a monotone func-
tion of ¢.. We then compute the average of the values of the ¢.’s so obtained. Due to
the monotonicity of the function H(¢}), if the average exceeds unity, we increment A,
otherwise we decrement ) by a small step. Repeating this procedure until the average
value is sufficiently close to one yields the desired A, and consequently, the optimal
power control function.

Figure 5.4 shows a plot of the exact CLB in (5.22) versus the training power. The
proposed training offers an improvement of about 2 bits/channel use over orthogonal
training. Also, optimal spatial power allocation during training outperforms the pro-
posed scheme with D = I, ., by approximately 1 bit/channel use at Pz . = 20dB. On
the other hand, temporal power allocation during training only offers a marginal data
rate improvement.

Figure 5.5 shows the capacity lower bound in (5.22) versus training duration with
Pyq = Pp. = 6dB for the proposed and orthogonal training schemes. The figure
shows that training for the minimum duration of one symbol is not always optimal.
For the proposed training scheme, the optimal training duration is 8 symbols, while for

the orthogonal training scheme, it is 12 symbols. Thus, the analysis presented in this
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chapter can be used to determine the training duration that optimally trades-off the

estimation accuracy with the time overhead due to training.

5.4.3 Data Rate with Multiple Users

Figure 5.6 shows a comparison of the proposed training scheme with the orthogonal
training scheme in terms of the average data rate versus Pp . for a muti-user system
with max-rate based user scheduling, m = 3 modes, and M = 2 and 6 users. We use
the capacity lower bound expression in (5.22) while evaluating the average data rate in
(56.31). The proposed RCT scheme can lead to a reduction of 2 to 3dB of training power
compared to orthogonal RCT for achieving the same data rate.

Finally, in Fig. 5.7, we study the behavior of the average data rate as a function of

the number of users. We consider a 2 x 2 multiuser BF system with Lp; = 1, and plot

Ravg
log, log M7

the normalized data rate, defined as where R, is as in (5.31), versus M. We
see that the approximate expression in (5.32) matches well with the exact expression

in (5.31). Further, the upper bound in (5.34) also captures the log, log M scaling of the

average data rate very well.

5.5 Conclusions

This chapter considered a multiuser SM based TDD-MIMO system with perfect CSIR.
First, for a single user system, a novel power-controlled Reverse Channel Training (RCT)
scheme that adapts to the time-varying channel was proposed. This was used by the
BS to estimate the dominant beamforming vectors of the channel. The spatial and tem-

poral allocation of the training matrix were optimized using the following two metrics:
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(i) a capacity lower bound, and (ii) Mean Square Error (MSE), subject to an average
power constraint. We then extended the training scheme and the data rate analysis to
a multiuser case. Further, for a BF system, we derived a closed-form expression for the
average sum data rate and its upper bound. We showed that the upper bound scales
as L_TLCBT log, log M with the number of users M, where L. and Lp, are the channel
coherence time and the training duration, respectively. Using simulation results, we
demonstrated the significant performance gain offered by the proposed training se-
quence over conventional orthogonal RCT. We also illustrated that the spatial power

allocation during training outperforms its equal power allocation counterpart, while

temporal power allocation only offers a marginal improvement in performance.
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Figure 5.3: The figure demonstrates the tightness of the proposed approximation in
(5.23) for the capacity lower bound in (5.22) for a 3 x 4 MIMO system with the data
power of Py 4 = Pp ., Lp, = 3 symbols.
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Figure 5.4: Capacity lower bound in (5.22) for a 3 x 4 MIMO system versus RCT power
Pp,, with P44 = Pp;, Lp, = 3 symbols and m = 3 modes.
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Figure 5.5: Capacity lower bound in (5.22) for a 3 x 4 MIMO system versus training
duration with P4 ; = P, = 6dB.
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Figure 5.6: Capacity lower bound in (5.22) for a 3 x 4 multiuser MIMO system, versus
training power Pg ., with the data power P, = Pp,, and for the scheduling scheme
described in Sec. 5.3.
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Figure 5.7: Normalized data rate versus number of users M for a 2 x 2 multiuser MIMO
BF system with P4 4 = P, = 6dB. Here, the data rate is normalized by log, log M.
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Conclusions and Future Work

In this thesis, we investigated the problem of designing RCT sequences in reciprocal
MIMO systems that exploit channel knowledge at the receiver to enable fast and effi-
cient channel estimation at the transmitter. The main contributions of this thesis are

summarized below.

6.1 Conclusions

Chapter 2 proposed reverse training and data power control schemes for a TDD-SIMO
system with perfect/imperfect CSIR and investigated its DMT performance. It was
shown that a diversity order of d(g,,) = 7 (s+ 1 — £2) is achievable for | > s + 1,
1 <s<rand0 < g, < a, where a represents the fractional data transmit duration. The
diversity order thus increases monotonically with  at nonzero multiplexing gain. This
is a significant improvement over channel-agnostic orthogonal training schemes, where
the diversity order saturates with the number of receive antennas. The DMT analysis
was extended to a more practical situation where the training is done in both directions.

In this case also, it was shown that the DMT performance can improve quadratically

113
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with the number of receive antennas, and nearly the same DMT can be achieved as that
with perfect CSIR and a genie-aided receiver. For fast varying channels, the proposed
RCT and data transmission scheme can lead to a significant advantage in DMT perfor-
mance, which, at finite SNR, can translate to a large improvement in outage probability
performance compared to orthogonal training schemes.

In chapter 3, we proposed a channel-dependent PCRCT and a data power control
scheme in a TDD-SIMO system with perfect CSIB, and analyzed its DMT performance.
The key ingredient of the RCT sequence presented in chapter 3 that was not present in
the RCT sequence of chapter 2 is that the power in the training sequence was varied
depending on the current CSI such that an average power constraint is satisfied. We
showed that the proposed scheme achieves an infinite diversity order for 0 < g,, <
amin(vy, 1). Also, at high SNR, the derived upper bound on the outage probability goes
to zero approximately as exp(— PO ~%")), where v > 0 is the exponent of the RCT power.
We also showed that there exists an uncoded data transmission scheme for which the
probability of error exhibits an infinite diversity order for 0 < g,, < amin(y,1). The
proposed scheme can thus achieve a significantly better DMT performance compared
to fixed-power, channel-agnostic orthogonal RCT schemes as well as the RCT sequence
of chapter 2.

In chapter 3, the training scheme proposed in chapter 2 was extended to a more gen-
eral MIMO channel. In particular, we considered the design and analysis of a channel-
dependent training signal for a TDD-MIMO system with two nodes, node A and node B,
and with data transmission over the dominant mode of the channel from node A to node

B. We assumed that one of the nodes has perfect channel knowledge, and proposed a
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scheme for estimating the dominant singular vector at the other node. We derived a
lower bound on the forward-link capacity and used it to optimize the training power
and duration. We showed that when node B has perfect CSI, with independent power
constraints at node A and node B, it is optimal to spend the minimum possible time
for training (i.e., Lp, = 1), provided the training power is at least of the order of one
quarter of the total data transmit power. Otherwise, the optimal Lp . > 1. From an en-

ergy efficiency perspective, regardless of the available energy, Lp . = 1 is optimal, and

2(Le—1)

————"—, where L. is the channel
2(Le—1)+1

the fractional power spent on data transmission is
coherence time. Also, when node A has perfect CSI, at low SNR, L4, = 1 is optimal.
We showed that if L, > 2n4 — np + 1, which is typically the case in practical systems,
initiating training at node A is better than initiating training at node B in terms of an
approximate capacity lower bound. Monte Carlo simulations validated the theoretical
expressions and illustrated the significant performance benefits offered by the proposed
channel-dependent training scheme compared to the conventional channel-agnostic or-
thogonal training scheme.

Chapter 5 extended the training scheme proposed in chapter 4 to a general multi-user
Spatial Multiplexing (SM) based TDD-MIMO system with perfect CSIR. First, for a sin-
gle user system, a novel power controlled RCT scheme that adapts to the time-varying
channel was proposed. This was used by the BS to estimate the dominant beamform-
ing vectors of the channel. The singular values of the training matrix were optimized
using the following two metrics: (i) a capacity lower bound, and (ii)) Mean Square Error

(MSE). We showed that it is optimal to allocate lesser power to the dominant modes

of the channel. We then extended the training scheme and the data rate analysis to
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a multiuser case. We showed that, in the multiuser case, the proposed scheme of-
fers a significant performance improvement over the conventional orthogonal training
scheme. Further, for a BF system, we derived a closed form expression for the aver-
age sum data rate and its upper bound. Using the upper bound, we showed that the
data rate scales as % loglog M with the number of users M, where L. and Lg,
are the channel coherence time and the training duration, respectively. Using simula-
tion results, we demonstrated the significant performance gain offered by the proposed
training sequence over the conventional orthogonal RCT sequence. We also illustrated
that the spatial power allocation during training outperforms its equal power alloca-

tion counterpart while temporal power allocation only offers a marginal improvement

in performance.

6.2 Future Work

Future work in the design of RCT sequences could include the following issues:

* RCT sequence design proposed in this thesis, for the most part, assumed perfect
CSI at node B. Although we considered the impact of imperfect CSI at node B on
the DMT performance in chapter 2, it would be interesting to conduct a more

detailed study of the impact of imperfect CSIB on the design of RCT sequences.

* In this thesis, the channel was assumed to be perfectly reciprocal. Extending the
RCT design to the case where the forward channel is correlated with the reverse

channel is an interesting challenge.
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* Throughout this thesis, the channel was assumed to be quasi-static, i.e., it is as-
sumed to be evolving in an i.i.d. fashion. It would be useful to analyze the per-
formance of channel-dependent RCT when the channel is correlated across time.

Some initial work in this direction can be found in [51].
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Appendix for Chapter 2

A.0.1 Useful Lemmas

Lemma 5. If the random variable o* is a chi-square distributed with 2r degrees of freedom, then

Pr{c? < 2} < i—:,z > 0.

Proof: The result follows from

Pr{c? < z}

1 : —x,r—
CN /0 e " dx (A1)
1 : r—1
CE /0 x'dx (A.2)
%. m (A.3)

Lemma 6. For the system in (2.3), |6| < 6y, where 6% 2 (o + [wa.|)?, with w,,, & Hwac)

V PLB,T

Proof: We upper bound the absolute value of (2.3) as follows:

~ §R{'wAT}
R{VITY + | —=L2L A4
U‘ {V V} \/ﬁB,T ( )
o+ |Warl, (A.5)

where (a) follows from the triangle inequality and (b) follows since ‘?R{VH \7}} <11
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A.0.2 Proof of Lemma 1
Consider the following constraint on the data power
BP(©)) = [ P()fs(e: P)do = P, (A6
where f;(&; P) is the pdf of 6. Substituting (2.10) in (A.6), we get
L.Rp
E[P(6)] = kp {exp <7p) - 1} F(P)+ Ip, (A7)
Lc - LB,T
where R is the target data rate and the data transmit power is P,
5\ A > 1 > A D O >
F(P) 2 / pen fs(x; P)dz and Ip £ P' fo(x; P)dz. (A.8)
0p —o0o
The proof is complete by choosing
o (P —1Ip)
kp = L.Rp — (A9)

e

) -1)

)

Lc_LB,T

and showing that I < P and that F'(P) is bounded for large P when 0 <! <r + 1 and

n = 1/2. From (A.8), I = P! Pr{o + W, < 05} can be bounded as,

—~

S

INe

—
=
=

—~
~

I-=

pl — 2r

WE(QP —War) (A.10)

Pl ! 2(r—j 2T ;

—E§ :Hj 7) —2j

e (29') o

_ 1
!

Py B (a1
L (A.12)

pr—l’
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where (a) follows from Lemma 5 above, and the expectation is with respect to the dis-

tribution of w4 ., (b) follows from the binomial expansion and the fact that Eng =0

1
P

1

when i is odd, (c) follows from 65 = =, and ij{T = 5;,and (d) follows by substituting

n = 1/2 in the left hand side. From (A.12), clearly, /5 < P for large P if | < r + 1 and
n=1/2. When! =r+1andn = 1/2, we have I < P, and therefore we can ensure that
Ip < P for large P by scaling I by an appropriately chosen constant scaling factor.

Next, we show that F'(P) is bounded. Note that

1 oo
F(P) = / %f&(x; P)dx +/1 %f&(x; P)da. (A.13)

Op

Now, it is sufficient to show that the first integral in (A.13) is bounded, since the second

integral is clearly < 1. To this end, we need the distribution of 4, i.e., Pr (6 + w4, < z),

_ A .
where @, , ~ N(0,07,,),and 07, = 557—. Consider

G(r) & Pr(c+wa, <z) (A.14)
o =y 1 _22/20.2
_ / £oy) / ey, (A.15)
0 —00 var

where f,(y) is the pdf of o, which is chi distributed with 2r degrees of freedom. Taking

the derivative of (A.14) with respect to =, we get

9G(x) J * e _?Tyﬁ
= r Tvar d A16
ox V2T O yar /0 oo Y ( :

—B3 o0 _w-8p?
= = i (A17)
var J0

2
Tvar — L
- =5 and

where J is the constant term in the standard chi pdf, 3, £ ﬁ, By &
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B3 & Bax?/(202,). Lett = yjﬁﬁ; and using the binomial expansion, it can be shown that

_ 2r—1 N ' j o0 . ,
IG () _ J exp(—/3s) <27° ‘ 1)(\/E>2r—y > v - / t27"—1—ﬂe—?2dt_
ox V2T O yar =0 ) (1 + Uvar)j —B1/vB2

(A.18)

Now, using exp(—f;) < 1, we can upper bound the first term in (A.13) as

=0

o, T* Oz T 270y i J (1+03,)

Op

where s < r, and C; = 1 is some constant that does not scale with P. Now, the behavior

of the terms above with P is governed by

r—j/2  pl
27/ 2y = ! [ L L }, (A.20)

Ovar  Jo J—2s+1 pa pa

,3
where a; £ r — j/2 —1/2,and ay £ (=2s + j + 1)n +r — j/2 — 1/2. The exponent
corresponding to the first term aboveisr — j/2 —1/2 > 0forall 0 < j < 2r — 1. Also,
when n = 1/2, the exponent corresponding to the second term above is r — s > 0 for all
0 <j < 2r —1, and hence the integral is bounded for 1 < s < r.
Finally, let Rp = g,, log(P). Since I < P and F(P) are bounded when 0 <[ <r+1,
LeRp

using <exp (m) — 1) = P% in (A.9), we get kp = —m—, where o £ Lot This

completes the proof of Lemma 1. B
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A.0.3 Proof of Theorem 1

Using the power control in (2.10), the outage probability in (2.8) can be written as

Poi = Pr {alog(l+ P'o®) < Rp} (A.21)
{6<0p}

+ Pr {alog(l+rp®(6%*)0%) < Rp

Jor {alog(l+ kp®(6™)0%) < Ry}
< II; 4+ 1, (A.22)

where

I, £ Pr{alog(1+p102)<Rp}, (A.23)
II, £ Pr{alog(l+ rp®(6*)0?) < Rp}. (A.24)

In the above, we have used Pry4;{-} to mean Pr{-(N{A}}. Using R = g,, log P, we have
II, = Pr {02 W} for large Pand 0 << r+1 from Lemma 1. From Lemma 5 in

Appendix A, we have,

Next, substituting for ®(5%) from (2.9), II, can be written as, Il = Pr{c? < 6% /kp}.

Using 6% < 6% £ (0 + |wa,|)? from Lemma 6 in Appendix A with 6% = 02, we get

1
I, < Pr{a2 < —(a+|wA7T|)23} (A.25)
Kp
2 2
< Pr{02 < (20 A7T|2}

—I—Pr{02 <2|wAT| ma < |wAT|2} (A.26)
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It is straightforward to show that provided 5 is strictly increasing with P, the first term
in the above goes to zero exponentially with P for 1 < s < r. This implies that g,,, < «,

since Kp = PU=%) from Lemma 1. The second term in (A.26) is upper-bounded as

- . 28225 (a) 2257“E - . 2sr
Pr{02 < [oar 727 ‘7 } < —|Z“U — | (A.27)
Kp Kl
(®) 1
= (A.28)

where (a) follows from Lemma 5 in Appendix A, and the = in (b) uses the fact that

Kp = PO and E|lwa ,|*" = 1/P*". Hence, we have

- 250)2s
Pr{02  [warl™2 } < L (A.29)
Kp — pr(sti-m)

which implies

1

Using this and II; <

BT in (A.22), we have

1 1
Py = max (Pr(l_ngn) ) PT(5+1_T)> (A31)
1
= pr(min{l,S-i-l}—g(—T) ) (A.32)

for0<I<r+1,1<s<rand0 < g, < o This ends the proof of Theorem 1. B
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A.0.4 Proof of Lemma 2

Note that p. can be written as

f)c = Pc— yB,TQ - E{pc - yB,TQ |S’B,7‘2} (A33)
1 5
= ﬁ[E{WB,TQ\YB@}—WB,TQ]- (A.34)
Now,
Elplly> = =—— ! Fwp. 55.. 1A} (A.35)
2 PZLZJQ B,79:,YB,To
(2) ]' E 22z E ~ 2z
< TL%[ 95 127 | BAWB5 Y5, 5}
+2%Ba, . {IWenll }] (A.36)
(b) 222+1 9
< = E o A.37
< o Elweal: (A37)
1
= — A.38
= (A38)

where A 2 |E{Wp ,|¥5m} — Win|5- In the above, (a) follows from the triangle in-
equality and using (a + b)" < (2a)" + (2b)" for even n > 0, and (b) follows from the
Jensen’s inequality and the fact that E |wp ,, ||§Z < o0 as P — oo. The subscripts on
the expectation in the above denote the random variables over which the expectation
is taken; and E{ X |y} denotes the expectation of the random variable X conditioned on

the instantiation Y = y. This completes the proof. B
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A.0.5 Proof of Theorem 2

Using the capacity lower bound in (2.17), the outage probability can be upper bounded
as

Pout < Pr {CAB < R]-:’} ’ (A39)

where Rp £ g, log P is the target data rate. We choose 1 < 1, and arbitrarily close to 1.

We split the event in the expression for F,,; as

- - 1
Pas < Pr{Can < RoElIbIE 55] < |
- 5 1
+1{ Can < Re NEIIBIE o] > 7 (A40)
@ P|pe;
< Pr{alog <1+ W < Rp
- - 1
+or{EllBlE Fe] > 7 (A41)

where (a) follows by substituting 1/P" in place of E[||f)c||§ |¥ B.r,) in the first term, and

removing one of the events in the intersection. Define Rp £ (&2{fe/ai=1) (13 S 1),

T

and note that Rp = ﬁ Then, the first term in (A.41) can be written as:

_ (a) B —
Pr{|[p|; < Rp} < Pr {| IPelly = [[Pella | <4/ RP} (A.42)
< Pr{E1 ﬂEz} + Pr{El ﬂEZ}
< eI > R f e (It < ahp) . a0

where Ey £ {||p.|l, < |Pcll,++/ Rp}and Es = {||p.|l, > v/ Rp}. Inthe above, (a) follows

from the reverse triangle inequality, and the last two inequalities follow by ignoring one
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of the events in the intersection. The first term in (A.43) can be written as

_ 1120 B (@) EHf%Hgé
Prilpy’ > Ry} < — - (A.44)
P
(b)
= L ! (A.45)

P p(E—a)s’

where (a) follows from the Markov inequality and (b) follows from Lemma 2. Letting

5:7”@ (s+1—22) >0, we have

- — 1
Pr{||l3c||2 > RP} = Br(eriomm)’ I<s<r (A.46)

In order to solve for the second term in (A.43), we need to handle two cases of the
singular value estimate at node A separately; the good estimated channel case g = {6 >

05} and the bad estimated channel case b = {5 < 6p}.

Good Estimated Channel {6 > 65}

When 6 > 6, substituting for p, £ /P(6)h and ks = P~*%, and defining 6y £
(0 + |wa,-|) as the upper bound on ¢ from Lemma 6 in Appendix A, the second term in

(A.43) leads to:

Pr {02 < 2B R, ﬂ E4}

{6205}
+Pr {02 < 2264 |5, |*Rp m Ej}
Pr {02(8‘” > 2_2‘(S+1)}
Rp
+Pr{o? < 22"V |, [ Rp}, (A.47)

IN
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I3

~2s
0y

where E; £ { < 4R,5}, and E; £ {0? > |wa,|*}. In the above, we have used
Priay{-} to mean Pr{-({A}}, as before; and (a) follows by ignoring the event g. It can

be shown that first term in (A.47) decreases exponentially with pr , as follows:

(a) o
Pr{B} = / . e “a" ldx (A.48)
1/RSY
r—1 1
- _1/pl/(s—1)
N exp{ L/Rg }z_: (R}S/(S—l))r—k—l
(b)
= e %, (A.49)
—n—gm/a

where B £ {o*07) > 5dp-}, and 2 £ PP In the above, (a) follows by ignor-
ing the constant factors and substituting for the chi-square pdf of 2. Since 1/Rp =
P0=9m/a) when ¢, < na, and since the exponential term outside the summation domi-
nates the polynomial terms inside the summation, we obtain (b). Note that the special

case of s = 1 is trivial, since this corresponds to the probability that R exceeds a con-

stant, which becomes 0 for sufficiently large P. The second term in (A.47) becomes:

22r(s+1)R71"5E{ |,II]A,T|2ST}

Pr{o* < 22(s+1) |’LBA,T|28R}3}

rl
. 1
- —p(n—g—’”)rprs (A.50)
= ; (A.51)

Pr(stn—gm/a)

for 0 < g,,, < na. In the above, we have used Lemma 5 in Appendix A and E|w A77|2S =

%. Thus, in the good estimated channel case, we have

Pr {[p.ll; < 4Rp} =

T am 0 < gm < Mo A.B2
{605} (s n-tm) Gm <1 (A.52)
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Bad Estimated Channel {6 < 05}

Recall that when & < 6, the composite channel is given by p. = v/ Pth. With this, the

second term in (A.43) becomes

_ 4Rp
oo (It <are} = eo{imig < 25 )

{6<6p P!
ARp
< Pr {0—2 < ?j’} (A.53)
o1 1
ol e (A.54)
) 1

where 0 <[ < r. This completes the analysis of the first term in (A.41).

Now, the second term in (A.41) can bounded as:

~ ~ 1 (a) B B _
Pri (B[Pl [§8:)¢ > 5= b < EE[][Pe]2[757])¢ P
Pén
®) 5 _
< E([Ipell3]) P (A.56)
(2 1
- pci-n)’

(A.57)

where ¢ > 0 is an arbitrary number. In the above, (a) and (b) follow from the Markov
inequality and Jensen’s inequality, respectively, and (c) follows from Lemma 2. Since
n < 1, and ¢ can be chosen arbitrarily large, the second term in (A.41) goes to zero with
an arbitrarily large exponent as P goes to infinity.

Putting (A.46), (A.52), (A.55) and (A.57) together, a DMT of d(g,,) = r (min{l ,Sh+mn — %”)
is achievable, for 0 <! <r,1 < s <rand 0 < g,, < na. Noting that 7 is arbitrarily close

to 1 completes the proof of Theorem 2. W
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Appendix for Chapter 3

B.0.6 Proof of Theorem 4

We analyze the probability of error performance for the only real part of (3.4), as the
imaginary part is statistically similar to the real part. Stacking a sequence of L; >
1 consecutive received symbols, from (3.4), the system model for data transmission

becomes

y = [BX + gy, (B.1)

where y € RI¢ is the received signal, x £ [v1,...,7,] is the transmitted signal of

length Ly £ L. — Lg, symbols, 3 £ cp\/P'Lp,+/(r —1)(r —2) = PY2, and n.;; =

||, cpR{wa,}x + w. Here, the noise w € R* is distributed as N'(0, I1,xz,/2). Now,

we propose a simple data transmission scheme with a rate of 4= log P per real di-

mension that achieves an infinite diversity order. We partition the interval [0, 1] into

[ P9m/22] bins of equal length, i.e., each bin is of length at least P~9"/2%. Each com-

ponent of x belongs to the set X whose components are the bin centroids, i.e., X £
2(i—

{%P‘gm/za;i =1,2,...,[Pn/?] } Now, transmitting x C X< conveys 2224 Jog P

bits of information, which implies that a multiplexing gain of g,,/2a is achieved per

129
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channel use per real dimension, as desired. Also, note that there are roughly 2%¢# =

Pragm/2¢ number of codewords, denoted X, ..., x5, M = [Pra9m/227 Further, assume
that the codewords (message symbols) are equally likely. Now, we derive an upper

bound on the probability of error.

Probability of Error Analysis

The decoding rule is as follows. Upon receiving y, choose x; as the transmitted code-
word if |y — x|} < |y —ﬁxj||§ forall j # 7,5 = 1,2,..., M. The pairwise error

probability is defined as
P2 EPr {lly — il > ly — B, 2 [hyxix; (B2)

where the expectation is with respect to x;, x; and h. Now, (B.2) can be simplified as

Now, given x;, x;, and h, —(x; — x;)"n.;; is distributed as

2
N(o%WMK&—&VM'W&—%@>
) 2 :

Hence, it can be shown that

B lx; — x;|17

VB I x =)l + [ = 1

P, =EQ (B.4)

Using Q(z) < exp(—2?/2), we can upper bound the pairwise error probability as

13 % — x5
P, <Eexp ——2—]22 , (B.5)
41+ |h[; A
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2
(XZ‘—X]‘)TXZ'

llxi—x; I3

where A £ . Using the Cauchy-Schwarz inequality, we have A < ||x,||§

Substituting this in (B.5), we get

P <Eexpd - B Ix: — x5 (B.6)
Al 2 b3 IIxill5

Now, using the fact that ||x; — xj||2 > d2,, 2 P~9/% and ||x||; < L4, we get the

min

following bound:

P, <Eexp L B i . (B.7)
414 % ||h||2 Ly

From the law of total expectation, we can write the above as

2
P, < E |exp L B, E| Pr{&}
41+4c thHzLd
+E |e L Pl E°| Pr{&°} (B.8)
—= r .
S UESEREAT
ﬁ2dmln C
< .
< exp{ 114 2P6}+Pr{5} (B.9)
1 ﬁzd?nm Do
= exp{ 4@}+exp{—P 1. (B.10)

where £ £ {|h|| < P’/Ly} for some 6 > 0 to be chosen later. By substituting for

dZ,;, = P79/ and ¢% = P77, it is easy to see that ii v = ploom/aif § < v — 1, else

'B2dmzn 9 m/a
I oy = pr=0=9m/e Using this in (B.10), we get

P, < exp{—PF®}, (B.11)

where

min{f,1 — g,,/a}, ifd <~y-—1
B(g) = § 0L om/od ! (B.12)

min{f, (v — 2= —6)}, if6 >~y -1
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Now, since we are free to choose ¢ > 0, with a little algebra, it is easy to show that
when v > 2 — g,,/q, setting § = v — 1 maximizes E(6), resulting in E(0) = 1 — ¢,,/a;
and when v < 2 — g,,/a, setting § = 1 (y — £2) maximizes E(0), resulting in E(f) =
1 (v — ). We also require the exponent of P in the probability of error terms in (B.10)
to be positive, which leads to g,, < ya. Since there are 2Faf = pLagm/2e codewords,
the upper bound on P. must be multiplied by P~Li9"/2% to upper bound the average
probability of error. However, this does not change the probability of error exponent
as PL9m/2 js polynomial in P while the upper bound on the pairwise error probability
in (B.11) is exponential in P for all L, > 1. Putting the above together and writing the

constraint in (B.12) in terms of g,,, leads to (3.14); and this completes the proof. B
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Appendix for Chapter 4

C.0.7 Constrained Cramér-Rao Lower Bound

Theorem 14. The estimate of the dominant singular vector, v, in (4.6), conditioned on o,

(2na—1)
2U%PB,TLB,T

asymptotically achieves the CCRLB = as Pp.Lp, — 00, and the corresponding

mean square error in the estimate is given by

. 2ny — 1)
E[[lvi — 1| ]on] = —ra= D 1
=1l ] = g+ 03 c

where O, = O (%) for rational r.

PB,TLB,T)T

Proof: Using (4.5), for large Pp ;L ,, V1 can be written as

N Yar 1 V{{WAT 1 WA,
vV = : = Vl——§R —_—r— V| + ———— —|—01
||yA7T||2 01 {\/PB,TLB,T} 01 ‘/PB,TLB,T

From the above, conditioned on o, the MSE is given by MSE 2 Ey, ||V — ¥ Hg In turn,

this can be simplified as:

E,, |R{vIwavi — wa||

MSE = ' 2

S Py Ly + 0y (C.2)
(QnA — 1)

T T O3, (C.3)

133



Appendix C. 134

2
%{V{I WA,T} _ 1 IE(W;I’TWA,T) - na .
where we have used E,, ({ﬁ = s, A TR T Els, D

obtaining (C.3) from (C.2). Next, we show that the first term in (C.3) coincides with the

CCRLB. Writing (4.5) by stacking real and imaginary parts, we have,

R{ya,r R R{wa.,
Far A {YA, } — o {V1} I {WA, } . (C.4)
%{yA,T} %{Vl} g{WA;}

The unitary constraint equation is f(y) = y’y — 1 = 0, where y € R*4*!. The
derivative of f(.) is given by g—g: = 2y. Define a matrix U; € R*4*?"a~1 guch that
U1TU1 = Ion,—1x2n,—1 and UlTy = 0. Since p(}_’A7r|‘71701) ~ N(Ul‘_fb mbmxzm),

it is straightforward to see that

dlog p(¥a,r|V1,01)

A2£
oV,

= 20’1PB77—LB’TV_VA. (C5)

The Fisher information matrix J is given by

J 2 E(AAT) =207 Py L+ Ion xon -

Now, from Theorem 1 of [65], the CCRLB is given by

E{|vi—vilp|oi} > Tr{Uy(U]JU)UT} (C.6)
(QnA — 1)

—_— 7

2U%PB,TLB,T’ (C )

which concludes the proof. B
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C.0.8 Derivation of (4.12)

For a BF system, the estimate of the dominant singular vector can be written as

. - 1 R{viiw,, 1 WA r 1
[yarll, o1 \/Pp-Lp; o1/ Pp:Lp- PprLp;
where ﬁ =1 — £ + O(2?) has been used. Note that at high training powers and/or

duration, the higher order term in (C.8) becomes negligible. Thus, at high training

power, we get
1 §):E{V{{VVA,T} 1 WA r

—F—V —_— .
01 vV PB,TLB,T 01 \V PB,TLB,T

From the above equation, E{v,|H} ~ 0, ignoring higher order terms, where the expec-

~ A~

Vi=V] —V1 =~

(C.8)

tation is taken with respect to the distribution of w4 ;. Moreover,

1

~ 12
M ooy Tor

(C.9)

Using (C.9) and E{v:|H} ~ 0in (4.10), we get the approximation for the lower bound

on the capacity given by (4.12).

C.0.9 Proof of Theorem 5

AL

Let PagLag £ apL,, where 0 < a < 1. Then, Pp.Lg, = (1 —a)pL.. Clearly, since

Py q
Pa,d
2PB,TLB,T

to maximizing peg With respect to a [8]. Substituting for P4 4, Pa,, and Lp -, pet can be

. . . A e .
CB, 4,approx 1S @ monotonic function of pes = , maximizing Cp A approx amounts

written as a function of o as

2oL, all —a
Peft = ( Aﬂ ) ( 2LA>,d : (C.10)
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Since the function inside the square brackets in (C.10) is a concave function in «, dif-
ferentiating it with respect to «, equating it to zero and solving, we get a* =
Substituting this in (C.10) and simplifying, we get the optimal capacity lower bound in
(4.20). Finally, we get the expression in (4.19) by substituting for o* in P} ;La 4 = o*pL.

and P} Lp, = (1 —a*)pL,, respectively. B

C.0.10 Proof of Theorem 6

Differentiating (4.20) with respect to L4 4, we get

oCp ,A,approx 1 * A 2 8p :ff

—an = L—cElog (1+ pigot) + L TR (C.11)
(@ 1 PN v2LAd Ulpeff
= —LcElog (1 + pigo?) o1 m T+ o] (C.12)

2ok ., and (a) is obtained by substituting for p o= and simplifying.

Since VLaa 1 M :

T <1, =g in (C.12) can be lower bounded as follows:

A
where pl; =

aC(B A,approx 1 1 g 2 p*
—r= > —EI 1 o2 — —F | —Lteff | C.13
OL4q L. o8 (14 picrt) Lo [1+40ipk ( )

In the right hand side above, log(1 + y) — y/(1 +y) > 0 for y > 0 and since o} > 0,
(C.13) implies that Cz 4 approx is @ monotonically increasing function of L, 4. Hence, the

optimal data durationis L} ;, = L. — 1. &

C.0.11 Derivation of (4.25)

At low data SNR, using log(1 + z) ~ x, we have Cyp 1 ~ %E (SNRegf). Also, using

a first order approximation, E (SNRe¢) can be written as the ratio of the means of the
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numerator and denominator [31,66].! Thus, we get
P, JE (b i
Lc — L - A,d H mmse
CaB,L I 4 - — 5 z_ (C.14)
¢ ME ‘bmmse _l_ 1
ng 9
R 2
P (EHb )
Lc — L - Ad Immse
> ; 4, - 2 (C.15)
¢ ]_;L;E blmmse 9 + 1

The inequality in (C.15) is obtained using EHf)mmse

2 ~
S E ‘ ) blmmse
2

2 -
, where bjnmse 1s the
2

error in the Linear MMSE (LMMSE) estimate of b, Blmmse is the LMMSE estimate of b,

and

E ’ ’ Bmmse

2 9 ~ 2
= EHbHQ_EHbmmse )

2

> E|bl;~E

~ 2
) blmmse
2

2
= E

blmmse

Now, the LMMSE estimate is given by Blmmse = ayp., where?

a

A simple substitution yields

A 2
E } ) blmmse
2

é A /PAJLAJEO'%

np + PA7TLA7TEO'% ’

PA,TLA,T (EU%)2]E {YgTYB,T }

(TLB + PA,TLAJEU%)z
PAJ—LAT(EU%)2
np + PA,TLA,TEU% .

(C.16)
(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

IThe authors in [37] have commented in detail about this approximation. In particular, when b is
Gaussian (e.g., when n4 = 1 and the channel undergoes Rayleigh distributed fading), the approximation
error is zero. For non-Gaussian b, it corresponds to replacing the mean of HBmmseHQ conditioned on yp -
in the denominator of SNR.¢ with its unconditional expectation.

2Note that the estimate above satisfies E{Bfnmsef)lmmse} =0.
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where the last equality is obtained using E {ygTy B,T} =np+ Pa,L4,Ec}. Substituting

this in (C.15), we get the expression in (4.25).

C.0.12 Proof of Theorem 7

Let o denote the fraction of the total power allocated to data transmission. We have
Pyglag = apL. and Py,Ls, = (1 — a)pL.. Using this, when Ly, > 1, the SNR,

defined after (4.25) becomes

el (1 _ ),
SNR; = LL“ , (C.22)
Eo? [i’;; +(1- a)ch] +np
pLe. a(l — a)
_ , C.23
(LA,d — 1)EO’% (—Oé + 9) ( )
where
Lag nplag
6= ’ ’ 1. C.24
Lag—1  EolpL(Lag—1) (C24)
Thus, the problem in (4.27) is equivalent to
max oll=a) (C.25)

a: a€f0,l] —a + 0

a(l—a)

Since the function =;—

is concave function of o € [0, 1], differentiating it with respect
to o and setting it equal to zero, and using the fact that 6 > 1, we obtain the optimal «

as

a=0—+000-1). (C.26)
Substituting the above in the expression for SNR;,, we have

pLc

NR, = —2¢ (
S L (LA,d_ I)EU%

NN - 1)2 . (C.27)
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When L, 4 = 1, it is easy to see from the definition of SNR;, that

~ (pL)*(1 — a)a
SNR;, = S D (C.28)

Thus, maximizing L%SN R, amounts to maximizing «(1—a); the solution is & = 0.5. The
corresponding lower bound in (4.30) easily follows by substituting for a = 0.5 above

and using the result in (4.25). &

C.0.13 Proof of Theorem 8

We prove this by showing that the derivative 0% mamerox () for all L a4 > 1. Taking the

9L 4.4
derivative of (4.30) with respect to L4 4, ﬁ%ﬁm can be written as
LpqaX? ng X2
0(0 —1)(Laq—1)3 { pLCEU%] C (Lag—1)?
_ X2 Lag <1 + tﬁlﬁaf) 1 (C.29)

(LA,d - 1)2 9(9 — 1)(LA,d — 1)

here X 2 (\§— /8 —1). The above i ter th if o i), 1
whnere = < — — ) e above 1S grea er an zero 1 m > .

Since /0(6 — 1) < 6, we have

Lag(1+ 2, Lag(1+ 2,

(i) > [+ k) —1, (C.30)
0(0 —1)(Laa—1) 0(Laa—1)

where the last equality is obtained by substituting for 6 from (4.29). Thus, ac*g’LBif;‘“;lm > 0.

Finally, comparing C} p joprox With Lag =1 and L4 = 2, we can eliminate the special

case of L4 4 = 1 from the solution. Therefore, L} ;= L. — 1. &
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Appendix for Chapter 5

D.0.14 Proof of Theorem 9

In order to compute an approximate expression for » ;" | E ||vj, — v, ||§, we first find the
Taylor series expansion of the estimate V;, as follows. Substituting for y; 4, the £

column of Yy ,, in (5.4), the estimate of the k' singular vector in (5.5) becomes:

o = (ordi/ eV + Wioar)
p =

- ; (D.1)
| (01 v/ Gedivie + W ar) H2
Wk,A,T
_ Vet e (D.2)
Vit
R{VI Wi a-}Vi WA r < 1 )
= Vi — - + —— 4+ 0| =——], D.3
‘ O/ Pe O/ Pe PprLps (D3
where the last expression follows by using ﬁ =1-—12/2+ O (2?), where
LA 2%{V£V_Vk7A,T} n W]{;_{A’ka’,A,T
i/ e opdide
1 ~
and retaining only the terms of the order strictly less than O (ﬁ) Thus, V,, =
B, 7B,

~

Vin,approx +O ) , with Vm@pprox = V,,+E, where the error matrix F is as defined

1
PB,TLB,T

in the theorem. Let e, denote the k™ column of E. Let Vk,approx b€ the k™ column of the

140



Appendix D. 141

matrix Vm,approx. From (D.3), we have

1 2
E — 2} = E — .
{ivie = w3} o0 (550, 4
A 2 1
= E { Hvk — Vk7approxH2} +0 (7(PB7TLB,T)2) , (D.5)
where O < ! ) follows from the fact that O ( ) tai d i
—_— e fact tha — | contains random vari-
(PB,TLB,T)2 PB,TLB,T

ables of the form x?, which results in the cross terms E{e//2?} = 0 due to the Gaussian
distribution of the noise. Subtracting E { Hvk — {rk’apmeH;} on both sides of (D.5), and

summing over k and taking the absolute value, we get

2

Y

~ 2 ~
Eva— mH —Eva—va o
‘ v F ppro F

m m
ZE {Ilvi — ‘A’k||§} - ZE { H"k - ‘A’k,approxm}
k=1 k=1

1
=0 (m)' (D)

The proof is complete once we evaluate > ;" | E { |vi — \A/k7apprOXH§} = 3" Ellexll3

which is done as follows:

Elel? = E|E RO e, | W 2 0)
He T ondi/be " ordi/Pelly [ | .
1 2 2

= Eggdquc [E ||Wk7A,T||2 —-E }%{Vf Wk),A,T}‘ ] 5 (D8)
Mg — 1 1

= E : D.9

2PB,TLB,T U]%digbc ( )

The facts that E ‘%{v,f Wk,A,T}‘Z _ m and E HWhA,THg — PB::?/B,T have been used

to obtain the above. This completes the proof. B
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D.0.15 Proof of Lemma 4

2
Recall that the approximate MSE EHV Vinapprox|| = %E [d)i S %ﬁ} . Now,
F \T ,T c o;ay

the problem in (5.14) can be rewritten as

2

, such that Z d? =1,and E¢, = 1. (D.10)
F =1

be >I5113 >0 E ) ’ V m ,approx

Now, without loss of optimality, we can first optimize d; first for a given ¢,, substitute
the optimal d; into the objective function, and then optimize ¢. subject to the average
power constraint. Using the Lagrange multiplier method, the solution for the optimal
d; is given by

(D.11)

m —1 2
and the corresponding approximate MSE is given by 5 If;‘f“;; E (Zf/ld)f ) . Note that,

when ¢, = 1, this corresponds to the MSE for temporally-constant power training.

Now, we solve the following problem:

m _1\2
min E { M} . (D.12)

beEpe<1 O

Due to the convexity of the problem, using variational calculus [67], the solution is

m -1
i 10;
b = 7%2’;} g (D.13)
i=1"1

and the corresponding approximate MSE is given by

2
2 o1 »
E ) D.14
F 2PB’TLBT ( ZU ) ( )

=1

EHV Vo appron
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D.0.16 Proof of Theorem 10

We need to show that as Pg ,, P44 — oo with }Ijg’d =, |Crg — Cpa| — 0, where Cip

and Cp, are as defined in (5.22) and (5.23), respectively. From (5.22), we have

1 ) P
— B { [ Werll 7} = 1+ ﬁﬂzw {HEmVHEW{Ve} . zmvHverp} . (D.15)

Using the above and the definition of G = Yom — S VH E xz{V.}, after some algebraic

manipulation, Cy £ CLB can be written as

O = C; — mElog, (1 + @E‘H {HEmVHE|H{V;} - szHver,}) , (D.16)

where
Cy £ Elog, |Ly + X|+Elogy | I + (I, + X)' T . (D.17)

In the above, for the ease of presentation, we have defined

PAd

£ 22 9R S, wEn{VIVEE] + S, VIE g {V.JEu{V/ V] (D.18)

and

Xé—E|H{H2 VIEH{V.} — . VIV } +@2mmz’f
m? m

m,m’

(D.19)
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where E|;{-} denotes the expectation conditioned on the channel . Using (D.17) in

(D.16), we get

2 S S
1+ PA8E |2, VAR 4 {V,)} — S, VAV,

m2

+Elog, | I, + (I, + X) 7' T (D.20)

Now, the proof would be complete, if we could establish that:

Claim 1: %EH 1S VIE a{V.} = S VIVL||% — o2 (D.21)

as Py 4, P — oo, with ;:i =u > 0.
Claim 2: Elog, |I,, + (I, + X)"'T| — 0 (D.22)

as Py 4, P — oo with 5;‘:1 =pu>0.

Proof of Claim 1

Recall from (5.9) of Theorem 9 that V, £ V,, —V,, = E4+ O < ) .Since Ejyz {£} =

PB,TLB,T

0, we have E a{V.} =0 ( ) . Using this in the expression in Claim 1, we get,

PB,TLB,T

Py g
m2

i a2 Pad 2, Pad 1
E|H Hzmv E|H{Ve} — X,V VeHF = WElH ||AHF + m2 O ((PB,TLB,T)?’/Z) !

where A £ %, VZE € C™™. First, we compute an expression for 4K ; {[|A|%} as
follows. The (i, j)'" entry of A is A;; = o,v!’e;, with e; representing the ;" column of

E defined in Theorem 9. Using this, it can be shown that the (i, j) element of A can
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be written as

A — di\}ch v _1%{VZHW2',A7T} 1=75,1<1i,5<m, (D 23)
ij ﬁvﬁ“’j,fw i # 7,1 <45 <m.

From (D.23),
1 . . ..
P In @ L= 1<t g<m,
B {0y} = ¢ “0r s (D.24)
T i#7,1<i,j<m.

PBTLBTU

P
From the above, it follows that iédlﬁq # {|A%} = 0. Since
m

Paq 1 0
40 —o(—2 -0
m ((PB,TLB,T)3/2> ( Ps TL?’/Z) B

Ad

as Py 4, Ppr — oo such tha =p >0, we get

P
#Eu{ {H—ZmVHEm{Ve} + ZmVHVEH;} s = Lp m2 Z d2¢c

which proves Claim 1.

Proof of Claim 2

First, note that I' converges to a finite constant as P, 4, P ; — 0o such that Paa _ >0

1
since Ejz{V.} = O <ﬁ) . From Claim 1, and from the definition of X, it is clear
B, 7Bt

that (I, + X)™! — 0, as Pa 4, Pg, — oco. Thus, we have ([,,, + X)™'T" — 0 at the rate of

7. Since log, | - | is continuous, from (D.20), we have,

H
PA,d melzm,m
m 1+ O'gff

Cy —Elog, | I, + =0 (D.25)

Py q

as Py 4, Pp; — oo, with P =1 > 0, which completes the proof. B
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D.0.17 Proof of Theorem 11

Maximizing Cig, given in Theorem 10 with respect to D is equivalent to solving the

following optimization problem:

min Z —- (D.26)

di>0 Z'm d2§1

The solution in (5.26) now follows directly by noting that the above objective function
is convex in (dy, ..., d,,), and using the Lagrangian multiplier method. The resulting

expression for Cip, is given by

L.— Lp, Pag 07¢.
a= 2 BTN Elog, (14 24 2% ) D.27
Cts, I 2 0g, ( + e— ¢c) ( )
where 7 = PLAB‘iTmQ (>, VB )2. Since the objective functional in (D.27) is concave in

¢., and the constraint is convex, we get the necessary and sufficient condition in (5.27)

by differentiating the Lagrangian and equating it to zero, and solving for . B

D.0.18 Proof of Theorem 12

Substituting for R, to Rj; from (5.29) with m = 1, Emax{ Ry, ..., Ry} can be written as

A Pyq
Emax{Ry,..., Ry} = /0 Pr {alog2 <1 + W max oy Z) > x} dz (D.28)

= / Pr{ max o} 0> w} dz (D.29)
0 1<i<M

= / (1= (Pr{o}; <wh™)daz, (D.30)
0

where w is as defined in Theorem 12, and the last equality follows since the singular

values are i.i.d. across users. Now, we need to find an expression for Pr {of; < w}.
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From [62], the pdf of o7 |, denoted f,2 (y), is given by

np (nat+np)j—2j2

;)] Z > eple iy, (D.31)

p=nA—np

Hk 1(”3 — k) (na —

where the coefficients c;, are as described in [62]. Using the identity [68]

q

ax _ ax l q!xq—l
/6 l’qdl' =€ Z (—].) W, (D32)

=0

we get the desired result. B

D.0.19 Proof of Theorem 13

Substituting for Ry, from (5.29), and with m = 1, Emax{R;, ..., Ry} can be written as

Emax{Ry,..., Ry} = aElog, (1 + Ldz max{o?,, ..., UfM}> (D.33)
1+ 0% ’ ’
7E max{o} ..., aiM}) ., (D.34)

< lo 1+
= g2< L+ o

where 02 is as defined in (5.30), and (D.34) follows from the Jensen’s inequality. Now,

we find an upper bound on Emax{o},,...,07 ,} as follows. Pick s > 0, and consider
E 2 @ E 2 (D.35)
exp | sE max 0,0 < Eexpqs max o, .
= /0 Pr {exp {s 1123}}(% oh Z} > x} dx (D.36)
® [
< / Z Pr {exp {saik} >z} de (D.37)
0 k=1
© M/ Pr {exp {sail} > a?} dx (D.38)
0
< ME {exp {sail I3 (D.39)
(d)

< ME{eXp{SHHlH??}}' (D.40)
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In the above, (a) follows from the Jensen’s inequality, (b) follows from the union bound,
(c) follows from the fact that o, ;’s are i.i.d., and finally (d) follows from the fact that
o2, < |[H|%. Now, we evaluate E {exp {s ||H;||7} }. Using the fact that || H| is a chi-

square random variable with 2n4np degrees of freedom, we have

1 > npnp— —(1—=8)x
E{exp{sHHlH%}} = m/o gnoensle=(=s)2qy (D.41)
1
= — 1 D.42
(1_5)nAnB>5€ (0,1) (D.42)

Using the above in (D.40), and taking the logarithm on both sides, we get

log M log(1 —
E max o7, < inf [ og M _ nan log 5)] . (D.43)
1<i<M 7' 7 se(0,1) s s
Substituting the above in (D.34), we get (5.34). Choosing s = % in (5.34), we get
NN Pya
Ravg < Ry = alogy [ 1+ —5-[2log M + 2nanplog2] | . (D.44)
1+ 0%

Rivg

oo, log M — 1. This completes the proof.

For large M, it is easy to see that lim ;.
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