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Introduction

High resolution array processing - radar, radio astronomy, radio
communications.

Far-field point source assumption is an approximation.

Distributed source- subspace based techniques fail.

Tx antenna array Rx antenna array

Θk
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System Model

Mt Tx antennas, spacing ∆t ;
Mr Rx antennas, spacing ∆r .

Nd Doppler bins, Nr range bins, Na angular bins.

si ∈ CL×1: waveform transmitted by the ith Tx antenna.

For the dth Doppler bin
si (ωd) = si � [1, e jωd , . . . , e j(L−1)ωd ]T ,
Sd = [s1(ωd) s2(ωd) · · · sMt (ωd)]T .
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System Model

α
(k)
d ,r (θ): complex angular weighting function of the kth source in

direction θ.

a(θ): Tx steering vector, b(θ): Rx steering vector.

Received signal:

Y =
∑Nd

d=1

∑Nr
r=1

∑K
k=1

∫
θ∈Θk
{α(k)

d ,r (θ)b(θ)aT (θ)dθ}S̃dJr + W,

S̃d = [Sd 0Mt×Nr−1], Jr =


r︷ ︸︸ ︷

0 . . . 01 0
. . .

1
0

.
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System Model

Y =
∑Nd

d=1

∑Nr
r=1

∑Na
a=1 αd ,r ,ab(θa)aT (θa)S̃dJr + W.

Vectorize to get: y = Ax + w.

A = [u1,1,1 u1,1,2 · · ·uNd ,Nr ,Na ],
ud ,r ,a = vec(b(θa)aT (θa)S̃dJr ),
x = [α1,1,1, α1,1,2, . . . , αNd ,Nr ,Na ]T .

x is block-sparse.
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Block sparse Bayesian learning

BSBL-EM [Z. Zhang, and B. D. Rao, 2013]: Exploits intra-block
correlation.
p(xi ; γi ,Bi ) ∼ N (0, γiBi )∀i
p(x; {γi ,Bi}i ) ∼ N (0,Σ0), Σ0 = diag(γ1B1, γ2B2, . . . , γgBg )
p(x|y; {γi ,Bi}i ) ∼ N (µx ,Σx),
µx = Σ0AT (λI + AΣ0AT )−1y,
Σx = (Σ−1

0 + 1
λATA)

E-step: x̂ = µx ,.
M-step: γi = tr[B−1

i (Σi
x + µi

x(µi
x)T )].
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Block sparse Bayesian learning

Pattern-coupled BSBL (PC-BSBL): α vector of hyperparameters.

p(x|α) ∼
N∏
i=1

p(xi |αi , αi+1, αi−1)

p(xi |αi , αi+1, αi−1) = N (0, (αi + βαi+1 + βαi−1)−1),
p(αi ) = Γ(a)−1baαa

i e
−bαi .
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Proposed Method - I

Assume hyperparameters:
γ1 = γ

′
1 + β1γ

′
2

γ2 = β−1γ
′
1 + γ

′
2 + β1γ

′
3

...
γN = γ

′
N + β−1γ

′
N−1

Γ = diag{γ′1 + β1γ
′
2, β−1γ

′
1 + γ

′
2 + β1γ

′
3, . . . , γ

′
N + β−1γ

′
N−1}

p(x|y;γ
′
,β) = N (µx ,Σx)

µ = 1
λΣATy; Σ = ( 1

λATA + Γ−1)−1
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Proposed Method - I

E-step: x̂ = µ.

M-step:

γ
′
i = arg max

γ
′
i ≥0

Ex|y;γ′ ,β[p(y, x;γ
′
,β)]

= arg max
γ
′
i ≥0

Ex|y;γ′ ,β[p(x;γ
′
,β)]

γ
′
i = arg max

γ
′
i ≥0 log Ex|y;γ′ ,β[p(y, x;γ

′
,β)]
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Proposed Method - I

∂

∂γ
′
i

log Ex|y;γ′ ,β[p(y, x;γ
′
,β)] = 0

β1

β−1γ
′
i−2+γ

′
i−1+β1γ

′
i

+ 1
β−1γ

′
i−1+γ

′
i +β1γ

′
i+1

+ β−1

β−1γ
′
i +γ

′
i+1+β1γ

′
i+2

=
β1(Σi−1,i−1+µ2

i−1)

(β−1γ
′
i−2+γ

′
i−1+β1γ

′
i )2

+
Σi,i+µ

2
i

(β−1γ
′
i−1+γ

′
i +β1γ

′
i+1)2

+
β−1(Σi+1,i+1+µ2

i+1)

(β−1γ
′
i +γ

′
i+1+β1γ

′
i+2)2
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Proposed Method - I

Update for γ
′
i

Let vi = 1
β−1γ

′
i−1+γ

′
i +β1γ

′
i+1

.

1

β−1γ
′
i−1 + γ

′
i + β1γ

′
i+1

= (Σi,i + µ2
i )v 2

i + ((Σi−1,i−1 + µ2
i−1)vi−1 − 1)β1vi−1

+ ((Σi+1,i+1 + µ2
i+1)vi+1 − 1)β−1vi+1.

γ
′
i = 1

(Σi,i+µ
2
i )v2

i +((Σi−1,i−1+µ2
i−1)vi−1−1)β1vi−1+((Σi+1,i+1+µ2

i+1)vi+1−1)β−1vi+1

−β−1γ
′
i−1 − β1γ

′
i+1.
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Method - II

Consider 3 equations containing γi ,

β−1γ
′
i−1 + γ

′
i + β1γ

′
i+1 =

1

E[x2
i ]v2

i + (E[x2
i−1]vi−1 − 1)β1vi−1 + (E[x2

i+1]vi+1 − 1)β−1vi+1

β−1γ
′
i−2 + γ

′
i−1 + β1γ

′
i =

1

E[x2
i−1]v2

i−1 + (E[x2
i−2]vi−2 − 1)β1vi−2 + (E[x2

i ]vi − 1)β−1vi

β−1γ
′
i + γ

′
i+1 + β1γ

′
i+2 =

1

E[x2
i+1]v2

i+1 + (E[x2
i ]vi − 1)β1vi + (E[x2

i+2]vi+2 − 1)β−1vi+2
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Some results for Method - I

Mt = 5,Mr = 5,Nd = 11,Nr = 12,Na = 11, SNR = 20dB.
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