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Sparse Sighal fiacoverv

Y () X %
M x 1 M X Nk nonzero M'Xl
measurements entries, noise
k<< N

N x 1
sparse signal

® Goal: Recover x from y
® In general, solution non-unique

® But when x is sparse, can find a unique
solution, under certain conditions,
using M << N measurements

Appiica&iov\s

S

® Signal representation (Mallat, Coifman,
Wickerhauser, Donoho,...)

® EEG/MEG (Leahy, Gordonitsky, Ioannides,..)

® Spectral estmn (Papoulis, Lee, Cabrera, Parks,...)
@ Speech coding (0zawa, Ono, Kroow, Atal,...)
® MRI (Lustig,..)

® Spm‘se channel estimation (Fevrier, Greenstein,
Proakis, Prasad and Mur&kj!...)

Functional Approx. (Chen,Nagarajan,CunHassibi,...)
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The Problem

S

@ Noiseless case: Griven y and @ , solve

min ||x||g subject to y = &x
® Noisy case: solve

min ||x||o subject to ||y — ®x|[2 <

®R L-0 norm minimizakion
® Unique soln, with high probability, if M 2 ke+1
[Brgster; Walkeiin e&c]S P > f
® Cowmbinatorial complexity
® Not robust to noise

Breakthrough:
Jusk Relax!

oo
® L1 minimization instead of (-0 minimization
min ||x||; subject to y = $x

® Same solution as (-0 minimization!
® If the measurement makrix is random

® Use slightly larger number of measurements
® Robust ko measurement noise M ~ K log (%) <N
Y

R Solubtion methods

® Basis pursuit [Chen, Donoho, Sanders 199%]
® Linear Frogmmmiv\g
® Augmented Lagrangian method [Bertsekas 03]

® See [Donoho; Candes, Romberq, Tao etc]
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Qacove‘rj Algorithms

S

®R Sequential recovery mebthods: Sequentiall
identify columns 6f © most aligned wifh
the residual

@ Matching pursuit [Mallat, Zhang; Cotter, Rao]
® Orthogonal makching Pu,rsu,i(:
® CoSAMP [Needell, Troma]

R Joint recovery mebthods: Use a costk
function that encourages sparse solutions

® Basis pursuil ({-p, with p=1) [Chen et al.]

® FOCUSS (L-p, with p < 1) [Gordonitsky et al.]
® Lasso (BPDN) [Tibshirani]

& Dantziqg selector [Candes, Tao]

Performance Guarantees

e
® Mutual coherence, Let O = [0, P9, ..., ON]
oF ¢
p(®) = max /’, T 7”.
1<i,j<N,i#j H@z||2\|%”2
® Result (Woiseless case): If 1 (1 I
qugr<k'2 " (®)

® [Trogp 04] OMP converges x af
iterations, where k = num, nonzeros i x

& [Donoho, Elad 03] The sparse vector x, that
generated y is the unique soln to

min ||x||; subject to y = &x
® Similar quarantees i the noisy case & in
terms of restricted isometry constant ete,
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Limitakions of
Greed & Relaxation

® ‘Peri‘ of BP and OMP depend on the form of the
dictionar

® Poor performance when condns, violated

& Hard to relate estimation error (e.q.,
covariance) ko @

® BP: perf. indep. of nonzero coeffs [Malioutov et
al. 2004 ]

® Perf. does not improve when situation is
avorable

® OMP: perf. highly sensitive to magnitudes of
nonzero coe{?{s
® Perf. poor with unit magnitudes

Other Limitations of
Convex Relaxakion

® Scaling/shrinkage:
® Noiseless: Lo <=> L1 <=> L2, Shrinkin
large coeffs can reduce variance, but at
the cost of sparsity
® Noisy: The T in lasso that minimizes the
MSE could result in a much larger
number of nownzero coeffs

® Correlated dic&iov\m‘jz d:‘.sru.!o&s lo-11
equiv&tence

& Estimating embedded params (e.9., i @)




Dont Relax!
e

A time and place for nonconvex methods?

2

Bayesian Mebhods

S

MAP estimation using a sparse Linear model
Can be viewed as a regression problem with
sparsity promoting penalties (e.q., Lp—v\orm)

® Ll-min (BP/LASSO) is a special case

Cain overcome some of the previocus Limitations
Theory hard to come by, but results promising

Algorithms:

& Iterative reweighted L,

® EM-based SBL [Tipping, 2001], [Wipf, Rac 2007]
® [Chartrand and Yin, 200%]]

® AMP [Schniter 200%], [Rangan 2011]
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MAT Eskimakion

e
x = argmaxp(x|y)
X

= argmin—log p(y|x) — log p(x) (Bayes’ rule)
X
N
. 2 /
= argmin ly — &x||5 + /\Z g(|z;])
i=1
® For sparse solutions, g(]x]) should be a
concave, hondecreasing function
@ Example: o) = [xfr, p € 1
& When g(x]) = |x, get Lasso as a special case

® Any local min, of the MAP estmn problem
has ot most M nonzeros [Rao ek al.,, 03]

Whj does ik work?

oo
® M P + PP subject to dyxy + dpx; =y

¢:lX1 + ¢2X2 = y

x: A x: A x: A
equal-cost
. -~~ contour PR
I\ <~ 7 h
) N
e SN - -
\ ! X, X, X,
' \\//
O<sp<1 p=1 p>1

[Courtesy: Wipf, Rao]
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Limitations of MAP

S

Many Local minima O(NC,)
® Mav geb stuck ab a Local minimum

MA? ov\tj quarantees max p(x = xolj)

® Probability mass, rather than mode, may be
more relevant for continuous random vars

® Perhaps posterior mean E(x[-j)?

Even with the true prior, MA? estimators do
not minimize MSE: so MSE may be high!

o In fact using “true” statistics often does not
lead to the lowest MSE!

Other sparsi&j—
inducing Priors?

e

Consider a general Parame&eriz.ed Prior
1 x?
p(%i37i) = —m=exp | =5 ], 7%=0
o) = w35
If know Y, estimating x from y is easy
R MAP estimate: Jus& the conditional mean

ML estimate of v, from the data:
maximize:

L(T) =logp(y;T') = log /p(y\X:F)p(X;F)dX
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A Sim f‘jai.e Subopﬁm&i
rocedure

& Just maximize the integrand. Leads to
Ay —ox|? o~ ml® 1,
min == — +; 2y T3 lo8
® Alkernating minimization:
® Inikialize ' = 1
. o 1
e} ComPuEe X=0 2(0 2pT® 4+ T 1) oy
)
® Compu&e Vi = &;
® R’.epead: s&e[ps 2 and 3

® Will call Ehis “Approxima&e MAP” or A-
MATP estimation

Maximizing L(MN: EM

S

® E-step: posterior distribution given Mt
Q(F‘F(t)) = ]Ex|y;1"<“ logp(y, X, r)

® The posterior diskribution is
p(xly;TW) = N (1, %) |
p=o0"2 ((7724’»[“1’ + (1"(”)">7I oly Y= (0724"’"]’ + (]‘(/))7])7

® M-step: maximize Qrir®) given
Pos&eri,ors gathered in the E—s&ep:

I+ = arg 111‘(1}O<Q(r|r(1)) = diag(u} + 37)
> ha
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The SBL Algorithm

—=o—

® Initialize ' = 1
® Compute

p=o0"2 (U*’M)T(I) + (]~(I>)*|)*' 3Ty Y ((772<I>T<I> " (1"(”)*1)7]
® Updo&e D) — ding(? 4 52

R fiepeo& sEePs 2 and 3

A Variational
Interpretation of EM

oo
®R Lower bOuV\d on L:

> [ a0 <P<X_yf>) -

Gx(x)
/é Fgx(x);T)

| Jensen’s inequality |

dx
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The EM Iterations

S

(e E—S&QF: qg*l)(x) = argmax F(gx(x); T®)

gx(x

™R M“S&QF: Pt — arg max F(ng)(x): I

™R E"SE?.P solution: q,((prl)(x) = p(x|y; )
® Proof: L) = Flax(x);T)

- ‘ Ly T®
J:((/;/ I)(x)ﬂ‘“)) = /])(X\y:l‘(l))l()g P,y - ) dx
. p(x|y; T®)

" -T(®) -7
Oy 1 (PO T )p(x]y; )
/ p(x|y; T )lob< xly: T dx

= logp(y; ") = £(r®)

Convergence

S

& Convergence quaranteed from any
initializakion %Pro[z»erEv of EM)

® The global min of L occurs at the
sparsest solution in the noiseless case
[z\iipf et al. 04 ]

® Convergence to a sparse local o[o?:imum
guaranteed in the noisy case [Wipf et
al. 04]
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Empiric:ai. Exam Fvi.e

S

Unit magnitude
CGrenerate random enkries

£§0 x 100 makbrix A

CGrenerake sparse
vector x,

Compute y = Ax,

Solve for x,, average
over 1000 trials

Repeat for different
sparsikj values

Highly scaled
enkries

Part 2: Wireless
Channel Esktimaktion

i o
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Wireless Channels

Amplitude

® Wireless channels exhibit mulkipath
o Naturally sparse in the lag-domain

® Channel equalization & data detection
® Need to estimabe both support & channel

Channel Models

oo
® Block fading channel:

Channel constant for the duration of a
block (say, K symbols), changes iid.
from block-to~block

I Time-var:,&Mg chawnnel:

Channel varies from symbol-to-symbol
® Want to exploit temporal correlation
(group-sparse estimation)
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Cubline

1.Block fading case:

1. Khown channel support: Joint channel
estimation & data detection

2. Unknown channel support: Channel and
support estimation using pilot symbols

3. Unknowin daka & support: Joint support,
channel estimation & daka detection

2. Time-varying case:
1. AR model: Kalman-EM algo for joint
support, channel estimation & data debn

S

Block Fading
Channel Eskimation

12/20/13
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OFDM Sjsfzem Model

— SRR
SERIAL = X
= TO IFFT h - y DATA
X PARALLEL DETECTION

CHANNEL
ESTIMATION h

L x 1 channel vec

\
=XFh+v

® Received signal model / \

] ) N x L DFT matrix, containing Noi
Diagonal data matrix; N X N first L cols of N x N DFT matrix oise
N: number of subcarriers L: max channel delay spread

® Goal: Given y, JOEMEL:, estimate X & h

Suppor&-Aware EM

S

® E-Step: Q(X\X(')) = Epyxo (10g p(y, h|X))

®R M“S&QF‘: XY = arg max Q (x|x(1)>

logp(y,h|X) = logp(ylh,X) + logp(h)

Log Likelihood, func. of X not a func. of X

12/20/13
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Sparse Channel
Eskimation: Knowin Data

SERIAL j _— z SPARSE 3
— h NN
TO IFFT - Yo CHANNEL |

X PARALLEL ESTIMATION

h

= h sparse in time (lag) domain

ESTIMATION
OF

HYPERPARAMETERS

&® Hierarchical prior: h(i) ~CN(0,v)
Y. deterministic, unknowin hyperparams

® Y, represent the sparsity profile
® If v, = o, then h(i) = ©

®R Goal:
Given y, X, estimate h & sparsity profile

SBL for Basis Selection

® E-Step: QM) = Eyy.ro(log p(y, hi )

p(hly;T) = N(p,Zp), 1 =0 2LpAMy
_ —1
Tp= (o‘zAHA 4 1) 1) ALXF

® M-Step: ") =argmaxa(rir')

log p(y,h; ) = logp(y|h) +logp(h;r)

not a func. of ~; func. of ~;

® Upon convergence, many of the y; -> ©

12/20/13
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Joint Channel, Sup ort
Estwn. & Daka Debn.

DATA -
DETECTION AND X
HYPERPARAMETER
SERIAL . ESTIMATION
— TO h
X PARALLEL FFT A

SPARSE h
CHANNEL —
ESTIMATION

E-step: [Eh/y,x(m,r(m['(’g Py, h; X, 1] ]

M-step: argmax x{E-step}

[arg maxr By y xo) rw[log p(h; )] ] [arg maxy Ep,y xo) ro[l0g p(y/h; X)] J

T X

2

Sinmulation Resulk

e
b 10' ‘
OFDM system N
j 10° *— —fe— FDI
N=286 subcarriers, —o—cs
—E— SBL

max detaj spread
L=&4

J-SBL
—F— RJ-SBL

=—3— MIP-aware pilot-only

10 =—f— EM-OFDM
K=7 symbols/slot

1073
PedB PDP:
& nownzero Ean 107

44 pilot subcarriers o

Data: rate % kurbo

co de} Q-‘PSK 10 1‘5 2‘0 2I5

SNR
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BER Performance

T
{$ cs
O sBL
X  MIP-aware pilot—only;
X J-SBL

RJ-SBL

EM-OFDM

Genie

AN
\4 \ \ 'i“,‘i\ Solid: Uncoded
\ -i'\ Y o Dashed: Coded

L L L
5 10 15 20 25 30

Time-Varying
Chawnnels

S

® Channel correlated from symbol-to-
symbol

® AR model: hy = ph,_¢ + ug

® The factor p depends on the
normalized doppler freq, which in kurn
depends on the speed o? the mobile

R SBL framework can be extended to
im«corpora&e the &emporat correlation

12/20/13
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& Complexit O(KL3) smaller  E-Step
than block-based methods j=12%...K
0(K3L3) [Zhang et al, 10] Predict: hj;_;, Pjj;_,
® (K = num, OFDM svmbots Updit“f: Bjij Py

used i joih& estimation) Smooth: h; 5, P;_yx

@ In the block-fading case,

Joink Kalmawn SBL
(IK-KSBL)

get recursive, more
comru&a&iahauv efficient
versions of our alqos

*
*
|>

Solid: Uncoded

Dashed: Coded

MiP-aware Kalmal

g
= §
M % J
W \\‘
10 xS
W N
DR X ) SBL
NG 9 C
. ‘\\*x J-SBL
10” e A K-sBL
+  EM-OFDM
#*  JK-SBL
1 %X Genie
i . 10 H ; i N
15 20 25 30 5 10 15 20 25
SNR Ey/No

®R £4T, = 0,001 (slowly time-varying)

30
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Sum mary

S

® Used the SBL algorithm for OFDM

channel estimation

Block-fading case: proposed I-SBL and
Low-complexity recursive I-SBL for joint
channel estmin & data debin

Time-varying case: low-complexity K-SBL
and IK-SBL proposed
® Algos fully exploit channel correlation

In practice, algos work even U channel
is only approximately sparse

™R

™R

™R

Messaqge

S

Bavesian mebthods can address some
Lintitations in BP/OMP E?fe algos

® E.9., when © has embedded parameters
such as unknown data symbols

Simple updates, promising performance
in practical applications

Many opportunities for new theoretical
developments & novel applications

Did not cover: ap;roxima?:e inference
methods (e.q., AMP [Schniter o¥])
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Algorithms

S

R CS methods

SpaRSA: [Wright et al,, TSP 2009]
htkp: /wwsw LxCGikpb/~mbf /SpaRSA/

L1_Ls: [Kim et al., ISTSP Dec. 2007]

OMP: [Tropp, Gilbert, TIT Dec. 2007]
FOCUSS: [Gordonitsky et al,, 1997]

IRLS: [Chartrand and Yin, 200%]
$ParseLab: [I«EE:P://sparselab.sEanford.edu/ ]

22323238 R 2

® Bayesiah mebthods:
= SBL: [Tipping, 2001]
& AMP: [Schniter, 200% ], [Rangan, 2011]

Yalll: [www.caam.riceedu/ optimization/L1/ YALL1]
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