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Sparse Bayesian Learning

xj

yi

j = 1 : M i = 1 : N

nk

N (0, σ2)

y/x ∼ N (Φx, σ2IN×N)
k = 1 : N

N (0, γj)

Problem: y = Φx + n

Bayesian: Prior pdf on sparse vector x

Sparse Bayesian Learning: x ∼ N (0, Γ), Γ = diag(γ).
|γ|0 = K

Based on the iterative Expectation Maximization framework
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M−step:

E−step:

arg maxγ Ex|y;γ(r)[log p(x;γ)]

arg maxγ{E-step}.

Ex|y,γ(r)[log p(y, x;γ)]

E-step: Compute p(x|y;γ(r))

M-step: Maximization

Exact inference
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What is a Block-sparse signal?

. . .. . .x12 x1M

x1 ∈ RM

x11 xB1 xB2 . . . xBM

x1 ∼ N (0, γ1B)

xB ∈ RM

xB ∼ N (0, γBB)

y = Φx + n

Every block of the same length

Block-sparsity manifested through γ = [γ1, . . . , γB]

We consider the two cases, (i) B = I (ii) B derived from
an AR model
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x1M

x1M

xB1

xB1

xB2

xB2x21 x22 x2M. . .

xBM

xBM

x1 ∈ R
B x2 ∈ R

B xM ∈ R
B

x1, . . . ,xM have the same support: group-sparse,
xi ∼ N (0, Γ)

y =
M∑

i=1

ti where ti = Φixi + ni , 1 ≤ i ≤ M,
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γ̂M-step

E-step

... ...

Ex1

Ex2

ExM

Et

µt1,Σt1

µt2,Σt2

µtM ,ΣtM

µx1,Σx1

µx2,Σx2

µxM ,ΣxM

y

E-step: decomposed into Et and Ex

M-step combines and computes an estimate of γ
Exact inference
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E-step : Q
(

γ|γ(r)
)

= Et,x|y;γ(r )[log p(y, t,x;γ)]

M-step : γ(r+1) = arg max
γ:γi∈R+

Q
(

γ|γ(r)
)

p
(

t,x|y;γ(r)
)

= p
(

x|t,y;γ(r)
)

p
(

t|y;γ(r)
)

= p
(

x|t;γ(r)
)

p
(

t|y;γ(r)
)

E-step can be rewritten as

E-step : Q
(

γ|γ(r)
)

= Et|y;γ(r )

︸ ︷︷ ︸

Et

Ex|t;γ(r )

︸ ︷︷ ︸

Ex

[log p(y, t,x;γ)]
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E-step

Compute p(t|y;γ(r)): p(tm|xm) = N (Φmxm, βmσ
2)

p(x) =
∏M

m=1 p(xm), p(x) =
∏M

m=1 p(xm)

Given H = [IN , . . . , IN
︸ ︷︷ ︸

M times

] and y = Ht, compute

p(t|y;γ(r)) = N (µt ,Σt),

µt = (R +ΦBΓBΦ
T
B)H

T (H(R +ΦBΓBΦ
T
B)H

T )−1y

Σt = (R +ΦBΓBΦ
T
B)−

(R +ΦBΓBΦ
T
B)H

T (H(R +ΦBΓBΦ
T
B)H

T )−1H(R +ΦBΓBΦ
T
B).

where ΦB: block diagonal, Φ1 . . .ΦM along the diagonal,
and ΓB = IB ⊗ Γ(r)
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M-step

γ
(r+1) = arg max

γ:γi∈R+

Et,x|y;γ(r )[log p(t,x;γ)]

= arg max
γ:γi∈R+

(

c′ − Et|y;γ(r )Ex|t;γ(r )

[
xTΓBx

2
+

1
2

log |ΓB |

])

= arg min
γ:γi∈R+

(

c′ +
M
2

log |Γ|+
1
2

M∑

m=1

Et|y;γ(r )Ex|t;γ(r )

[

Tr
(

Γ−1(xmxT
m)
)]
)

Hence,

γ
(r+1) =

1
M

(
M∑

m=1

diag

(

Σxm +
ΣxmΦ

T
m[Σtm + µtmµ

T
tm
]ΦmΣxm

β2
mσ

4

))
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Kalman Clustered-SBL

Model the intra-block correlation using a first order AR
model:

xm = ρxm−1 + um, m = 1, . . . ,M.

um(i) ∼ CN (0, (1 − ρ2)γ(i)), ρ: AR coefficient, ρ ∈ R and
0 ≤ ρ ≤ 1.

Assume that B1 = . . . = BB = B: B is given by

B =








1 ρ ρ2 · · · ρM−1

ρ 1 ρ · · · ρM−2

...
...

...
. . .

...
ρM−1 ρM−2 ρM−3 · · · 1
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State space model representation:

tm = Φmxm + nm,

xm = ρxm−1 + um, m = 1, . . . ,M.

Vectors x1, . . . ,xM have a common sparsity profile given by
γ = diag(Γ)

Joint pdf of t and the temporally correlated vectors
x1, . . . ,xM is given by

p(t,x1, . . . ,xM ;γ) =
M∏

m=1

p(tm|xm)p(xm|xm−1;γ),

where p(x1|x0;γ) , p(x1;γ).
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The KC-SBL based update equations are given by

E-step : Et|y;γ(r )

[

Ex1,...,xM |t;γ(r )[log p(y, t,x1, . . . ,xM ;γ)]
]

ML estimate of γ given by

γ
(r+1) = arg max

γ:γi∈R+
Et|y;γ(r )

[

Ex1,...,xM |t;γ(r )

(

c −
xT

1 Γ
−1x1
2

−M
2 log |Γ| −

M∑

m=2

(xm−ρxm−1))
TΓ−1(xm−ρxm−1)

2(1−ρ2)

)]

Complexity scales with M
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γ̂M-step

E-step

...

Et

µt1,Σt1

µt2,Σt2

µtM ,ΣtM

x1|M ,P1|M

y x2|M ,P2|M

xM |M ,PM |M

Ex

...

E-step: decomposed into Et and Ex

x1, . . . xM are correlated → Ex comprises of a recursive
Kalman filter
M-step: aggregates outputs of the Ex to compute an
estimate of γ
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E−Step

M−step

j = 1, 2, . . . , k
Predict: x̂j |j−1, Pj |j−1

Update: x̂j |j , Pj |j

γ
(r)

Smooth: x̂j−1|k , Pj−1|kk group-sparse

ρ(r)

E-step: Recursive Kalman filter

Compared to regular KF, E-step requires Pj ,j−1|k

M-step aggregates outputs of each recursive step: Batch
algorithm.
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The nested E and the M steps:

E-step : Q
(

γ|γ(r+ k
K ),γ(r)

)

=

Et|y;γ(r )

[

E
x1,...,xM |t;γ(r+ k

K )
[log p(y, t,x1, . . . ,xM ;γ)]

]

M-step : γ(r+ k+1
K ) = arg max

γ:γi∈R+

Q
(

γ|γ(r+ k
K ),γ(r)

)

The inner EM iteration is initialized by γ
(r+ 0

K ) = γ
(r).

At the end of the iterations of the inner EM loop, we set
γ
(r+1) = γ

(r+ K
K ), effectively updating the posterior

distribution of t in the outer EM loop.
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Preliminary Result
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SBL, N = 100
SBL, N = 130
KC−SBL
γ−aware LS
γ and ρ−aware MMSE

Solid: N = 100
Dashed: N = 130

Figure: M = 8, B = 32, 5 non-zero blocks and ρ = 0.9.
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