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Outline

Background and motivation 

Sparse Bayesian learning 

Joint-sparse recovery 

Support recovery guarantees 

Extensions and new algorithms 

Applications in communication systems



Part 1: Setting the Stage  

Motivation and background 

Basic results



Sparse Signal Recovery

Goal: Recover x from y 

M << N: infinitely many solutions

y

M × 1

measurements


M < N

x

N × 1

sparse signal

 

k nonzero 
entries,

k << N

vФ

M × N M × 1

noise

Measurement matrix

a.k.a. Dictionary



Wireless Channel 
Estimation

Wireless channels exhibit multipath 
Naturally sparse in the lag-domain 

Need to estimate both support & channel 

Channel equalization & data detection
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Compressed Sensing

Deals with three main questions: 

Design of sensing matrices 

Guarantees for recovery 

Computationally efficient algorithms 

This talk: New algorithms and guarantees for 
sparse signal recovery!

�M⇥N = AM⇥N N⇥N

Sparsifying 
Basis



Robust Linear Regression: 
Underdetermined Case

Transform into an overcomplete problem:  
 
 

y

M × 1

x

N × 1

sparse signal

vФ

M × N

Y = �x+ vs + vg, where  = I

or Y = [�,  ]


x
vs

�
+ vg

v =

Model noise

Outliers Gaussian  
noise

vs vg
Goal: Given y, Φ, recover x

Sparse recovery algos  
are now applicable!



Robust Linear Regression: 
Overdetermined Case

Measurement model: 

Use SVD:  

Processed measurements: 

Can now directly apply sparse signal recovery 
algorithms to estimate and remove outliers!

y = Ax+E+ e

A = U1⌃V
T
1 ; UT

2 A = 0

M ⇥N ;

M � N

Outliers;

sparse

Noise

ỹ = UT
2 y = UT

2 E+UT
2 e



The Problem

Noiseless case: Given y and   , solve 

Noisy case: solve 

l0 norm minimization 

Combinatorial complexity  

Not robust to noise

Ф

min kxk0 subject to y = �x

min kxk0 subject to ky ��xk2  �



Breakthrough 1:  
The Null Space Property

Underdetermined systems: y = Φx; Φ is M x N, M < N, 
x is k-sparse: 

Infinitely many solutions, but … 

Unique soln. if nullspace of Φ has no “sparse” vectors  
[Donoho, Elad ’02] 

Recovery of all k-sparse x: M ≥ 2k is nec. & suff. 

Given x, unique soln. with high probability, if M ≥ k+1  
[Bresler; Wakin etc] 

Thus: Sub-Nyquist sampling (compression) possible: 

When we restrict to sparse signals 
And sample in an “appropriate” basis Φ



Breakthrough 2:  
Just Relax!

l1 min. instead of l0 min. 

Convex optimization problem; linear program 

Same solution as l0 minimization! 
If the measurement matrix is random 

Use slightly larger number of measurements 
Robust to measurement noise 

See [Donoho; Candes, Romberg, Tao etc]

M ⇡ k log

✓
N

k

◆
⌧ N

min kxk1 subject to y = �x



Breakthrough 3: 
Recovery Guarantees

Noisy measurements: y = Φx + v 

We solve      :       

Robust NSP: Φ satisfies RNSP(k) if,   S of cardinality k, 

Result: If Φ satisfies RNSP(k), a sol. x* of       with           
and               satisfies  
 
 
 

(P1,⌘)
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Analysis of BP: stable 
and robust recovery

Theorem: Suppose 2kth Restricted Isometry 
Constant of Φ satisfies 
  
then for x,y with ||Ax-y||2≤η, the sol x* of  

   
satisfies 
 
 
 
 
where C, D >0 depend only on 

�2k <
4p
41

⇡ 0.6246
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Breakthrough 4:  
Recovery Algorithms

Greedy algorithms:  
Matching pursuit [Mallat, Zhang; Cotter, Rao] 
Orthogonal matching pursuit [Tropp 03] 
CoSAMP [Needell, Tropp] 

Relaxation based methods (minimize diversity meas.):  
Basis pursuit (l-p, with p=1) [Chen et al.] 

Lasso (BPDN) [Tibshirani] 
Dantzig selector [Candes, Tao] 
Homotopy based methods (e.g., LARS) [Garrigues et al. 09] 
FOCUSS (l-p, with p < 1) [Gordonitsky et al.] 

Iterative methods: 
Basic/Iterative hard thresholding 
Hard thresholding pursuit

Recovery guarantees exist  
for most of these algorithms!

See [Rauhut & Foucart]



Limitations of Greed & 
Relaxation

Performance of BP and OMP depend on 
Poor performance when conditions are violated 
Hard to relate estimation error to the dictionary 
Correlated dictionary: disrupts l0-l1 equivalence  
BP: performance independent of nonzero coeffs 
[Malioutov et al. 2004] 

Cannot improve when situation is favorable 
OMP: performance highly sensitive to magnitudes of 
nonzero coefficients 

Poor performance with unit magnitudes 
Other issues: 

Estimating embedded parameters, exploiting 
additional structure when available

Ф



To Recap

Sparse signal recovery 
Basic problem, breakthroughs in CS 

Algorithms 

Guarantees 

Limitations 
Scaling/shrinkage 

Correlated dictionary 

Embedded parameters



Part 2: Don’t Relax!

A time and place for nonconvex methods?



Bayesian Methods

MAP estimation (Type I): 
Also a regression problem with sparsity 
promoting penalties (e.g., lp-norm) 
l1-min (BP/LASSO) is a special case 

Hierarchical Bayesian methods (Type II): 
Iterative reweighted l1 [Candes et al. 2008] 

Iterative reweighted l2 [Chartrand & Yin 2008] 

EM-based SBL [Tipping, 2001], [Wipf, Rao 2007] 
AMP [Schniter 2008], [Rangan 2011]



MAP Estimation

For sparse solutions, g(|xi|) should be a concave, 
nondecreasing function 

Example: g(|xi|) = |xi|p, p ≤ 1 

Lasso is a special case: p=1 

Any local min. of the MAP estmn problem has at 
most M nonzeros [Rao et al., 99]  

Separable prior

x1 x2 xN

y1 y2 yM

M << Nx̂ = argmax
x

p(x|y)

= argmin
x

� log p(y|x)� log p(x) (Bayes’ rule)

= argmin
x

ky ��xk22 + �
NX

i=1

g(|xi|)

Type-I method



The Optimization Problem

To solve 

g(x) concave, monotonically ! in |x| 

G(x) convex + concave 

Many options for g(x) to promote sparsity 

Many options for solving the optz. problem

argmin
x

G(x) , ky ��xk22 + �
NX

i=1

g(|xi|)



Sparsity-Promoting 
Penalties

Concave penalty fns. promote sparsity 

g(x) = log(x2 + ε), ε > 0 [Chartrand & Yin 2008] 

g(x) = log(|x| + ε), ε > 0 [Candes et al. 2008] 

g(x) = |x|p, 0 < p < 1 [Rao et al., 99] 

A general approach:  
majorize-minimize 



Majorization-Minimization 
Approach

Find an upper bound g(x) ≤ f(x|x(m)) 
Equality at x = x(m), convenient for opt. 

Step 1: Optimize 

Step 2: Set m <- m+1, update f(x|x(m)), iterate 

Works because  
   G(x(m+1)) ≤ F(x(m+1)|x(m)) ≤ F(x(m)|x(m)) = G(x(m))

argmin
x

F
⇣
x|x(m)

⌘
, ky ��xk22 + �

NX

i=1

f
⇣
|xi||x(m)

i

⌘



Iterative Reweighted l1

Weighted l1 minimization

Concavity in |x|: g(x) ≤ g’(x(m))(x–x(m)) + g(x(m)) 
Equality at x = x(m), linear in x 

Iterative reweighted l1: [Candes et al. 08] 

Init: m = 0, x(m) = something convenient 
Iterate:  

Optimize 

  

m <- m+1, update g’(xi
(m))  

Until convergence

x(m+1) = argmin
x

ky ��xk22 + �
NX

i=1

g0(x(m)
i )|xi|



Iterative Reweighted l2

g(x) concave in x2: 

Optimization problem 

Iterative reweighted l2 [Chartrand et al. 08]  
Init: m = 0, x(m) = something convenient 
Iterate: 

Compute 
m <- m+1, update Wm 

Until convergence

g(x) 
 

@g(
p
x2)

@(x2)

�����
x=x0

!
(x2 � x2

0) + g(x0)

x(m+1) = argmin
x

ky ��xk22 + �
NX

i=1

w(m)
i |xi|2

kW� 1
2

m xk22

x(m+1) = Wm�T
�
�I+ �Wm�T

��1
y



An Example

Suppose g(x) = log (|x| + ε), ε > 0 
Concave in |x|, x2 

Iterative reweighted l1 

Iterative reweighted l2

g0
⇣
x(m)
i

⌘
=

h���x(m)
i

���+ ✏
i�1

w(m)
i =

⇣
x(m)
i

⌘2
+ ✏

���x(m)
i

���
��1



Limitations of MAP

Many local minima O(NCM) 

May get stuck at a local minimum 

MAP only guarantees max p(x = x0|y) 
Probability mass, rather than mode, may be more 
relevant for continuous random vars 

Perhaps posterior mean E(x|y)? 

Even with the true prior, MAP estimators do not 
minimize MSE: so MSE may be high! 

In fact, using “true” statistics often does not lead to 
the lowest MSE!



To Recap

Bayesian estimation 
Basic MAP estimation 

Majorization-minimization approach 

Iterative reweighted algorithms 

Limitations 
Many local minima 

Posterior mean vs. posterior mode



Part 3: Sparse Bayesian 
Learning

Use lots of priors and pick the best one!



Point of Departure: 
Alternative Prior

Gaussian Scaled Mixtures (GSM) 

γ: +ve random variable, indep. of G 

Spike-and-slab model if γ = Bern(0,1) 

Most priors can be expressed using GSM 
(incl. ones with concave g) [Palmer et al., 2006]

x = �G; G ⇠ N (g; 0, 1)

p(x) =

Z
p(x|�)p(�)d� =

Z
N (x; 0, �)p(�)d�



Examples

Laplacian density 

We use:  

And get:  

Which leads to the familiar LASSO problem 

Student’s t distribution 

We use: gamma distribution 

And get:  
 
 

p(�) =
a2

2
exp

✓
�a2

2
�

◆
, � � 0

p(xi; a, b) =
ba�(a+ 1/2)p

2⇡�(a)

1

(b+ x2
i /2)

a+1/2

p(xi; a) =
a

2
exp(�a|xi|)



Examples

Generalized Gaussian  

We use: positive alpha-stable density of order p/2 

And get:  

Generalized logistic distribution 

We use: A scale mixing density related to the 
Kolmogorov Smirnoff distance 

And get:  
 
 

p(xi; p) =
1

2�
⇣
1 + 1

p

⌘ exp(�|xi|p)

p(xi;↵) =
�(2↵)

�(↵)2
exp(�↵|xi|)

(1 + exp(�|xi|))2↵



Sparse Bayesian Learning

Canonical model  

Gaussian noise model: 

Parameterized Gaussian prior:

y x

k-sparse  
signal

 

vФ

noise

p(y|x) = 1

(2⇡�2)
N
2

exp

✓
� 1

2�2
ky ��xk22

◆

p(xi; �i) =
1p
2⇡�i

exp

✓
� x2

i

2�i

◆
, �i � 0

m x 1
m x N

N x 1



Graphical Model

Markov chain (graphical 
model): γ -> x -> y 

p(x;γ) Gaussian - leads to 
tractable algorithms 

Given γ, p(x|y;γ) is 
Gaussian: easy to find 
point estimates 

But we don’t know γ 

When in doubt, approximate! 
Find

x1 x2 xN

y1 y2 yM

M << N

γ1 γ2 γN

y = Φx + v

x ⇠ N (0,�)

p(x|y; �̂) instead



Approach

First, estimate hyperparameters:  

γ : deterministic and unknown, or random 
with hyperprior distbn.  

Then, find posterior distribution p(x|y;γ)  

For point estimates: e.g., posterior mean:E (x|y; �̂)

p(x|y; �̂) = N (µx,⌃x)

µx = �̂�T
⇣
��̂�T + �I

⌘�1
y

⌃x = �̂� �̂�T
�
���T + �I

��1
��̂

�̂ = argmax
�

p(�|y)



Estimating the Hyperparameters

Estimate γi from the data: Type-II ML 

SBL cost function:

L(�) = log p(y;�) = log

Z
p(y|x;�)p(x;�)dx

p(y;�) = N

0

@0,�2I+ ���T
| {z }

⌃y

1

A

L(�) / � log det(⌃y)� yT⌃�1
y y

y = �x+ v



Optimization via EM

Log likelihood of the complete data 

E-Step: compute “Q-function” 

Easy to compute:            is Gaussian

� log p(y|x; �)
indep. of �

� log p(x; �)

func. of �

p(xi|y;�(t))

Q
⇣
�|�(t)

⌘
= Ex|y;�(t) [� log p(y,x;�)]

.
=

NX

i=1

E(x2
i |y;�(t))

�i
+ log �i

from previous 

iteration

� log p(y,x; �) =
ky � �xk22

2�2
+

1

2

"
NX

i=1

x2
i

�i
+ log �i

#



The EM Iterations

E-step (continued): 

M-step: maximize Q(Γ|Γ(t)) given 
posteriors gathered in the E-step: 

Component-wise updates

p
⇣
x|y;�(t)

⌘
= N (µ,⌃)

�(t+1) = argmax
�i�0

Q
⇣
�|�(t)

⌘
= diag

�
µ2
i + ⌃ii

�

⌃ =

✓
��2�T�+

⇣
�(t)

⌘�1
◆�1

E(x2
i |y;�(t))

µ = ��2⌃�Ty



The SBL Algorithm

1. Initialize Γ = I  

2. Compute 

3. Update 

4. Repeat steps 2 and 3  

5. Output μ after convergence 

⌃ =

✓
��2�T�+

⇣
�(t)

⌘�1
◆�1

�(t+1) = diag
�
µ2
i + ⌃ii

�

µ = ��2⌃�Ty



Generate random  
50 x 100 matrix A  

Generate sparse 
vector x0 

Compute y = Ax0 

Solve for x0, average 
over 1000 trials 

Repeat for different 
sparsity values

Empirical Example

Highly scaled nonzero entries



Convergence

Convergence guaranteed to a fixed pt. of L from 
any initialization (property of EM) 

The global min of L occurs at the sparsest solution 
in the noiseless case [Wipf et al. 04] 

All local minima occur at sparse solutions in the 
noisy case [Wipf et al. 04] 

Strictly better than MAP estmn. with a factorial prior 
[Wipf and Nagarajan 09]  

Always has fewer local minima  

Global min. at global optimum of l0 min.



Other Options

McKay updates [Tipping, 2001] 

Set gradient of SBL cost = 0 

Faster convergence than EM 

Greedy approach:  

Update hyperparams one at a time [Tipping & Faul, 2003] 

Closed-form update for each hyperparam 

Fast, but can get trapped in a local min. 

Fast Bayesian matching pursuit [Schniter et al., 08]



Other Options

Use dual-form of SBL. Cost function: 

Facilitates iterative reweighted l1 and l2 
algorithms [Wipf and Nagarajan, 09] 

Replace E-step with an approx. posterior 
computation: AMP-SBL [Al-Shoukairi and Rao 14]

xopt = argmin
x

ky ��xk22 + �2gSBL(x)

gSBL(x) , min
��0

xT��1x+ log det
�
�2I+ ���T

�



Approximate Message 
Passing

AMP [Donoho, Maleki, Montanari 09]:  

Uses loopy belief propagation + Gaussian 
approximations to solve LASSO 

Key advantage: low complexity 

In SBL:  

All Gaussian PDFs: approximation is not necessary 

Only need to track means and variances 

Can replace computationally expensive E-step with 
the AMP based iterations



Empirical Example

N = 200, M = 100, K = 20, Gaussian measurement matrix
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[Al-Shakouri et al., 14]



Advantages of SBL

Averaging over x: fewer minima in p(y;γ) 
Get an estimate of the error in recovery 

Allows for “exact inference” 

Versatile: γ can also be used to tie several 
params. together - easier to estimate 

Useful extensions: incorporate structure 
Intra/inter-vector correlation 

SBL allows the use of Kalman framework 

Block/cluster sparsity 

Colored noise (rank-deficient cov.)



To Recap

Sparse Bayesian learning 
Sparse vector recovery via estimating 
hyperparameters 
Expectation-maximization iterations 
Convergence properties 
Alternative implementations 

Limitations 
Computational complexity  

More recent algos overcome this 
Slow convergence 

Fast versions exist, but without the same 
convergence guarantees



Part 4: Joint Sparse 
Signal Recovery

One important variant of the sparse recovery problem



Outline

The joint sparse signal recovery problem 

l0 bound in support recovery 

Sparse Bayesian Learning (the MMV version) 
Performance guarantees and new insights 

New algorithms 
Covariance matching framework 

New theoretical results 
Restricted isometry of Khatri-Rao product



Observation model 

Let k = number of nonzero rows in X. 

Want to recover X or support(X) from the Multiple 
Measurement Vectors (MMVs) Y

Joint Sparse Recovery Problem

| {z }

n

A

| {z }

L

Y

|
{z

}

m

X W

| {z }

AWGN noise
(variance = �2)

x1 x2 . . .xL

Support(X)



Wideband Spectrum 
Sensing

Magnitude spectrum across secondary 
cell users is approximately jointly sparse. 

Exploit structure to improve accuracy.



Multi-sensor Data

Signals acquired by 
different sensors have 
overlapping subspaces 

Approximate as different 
linear combinations of the 
same elementary signals

Why do subspaces overlap? 
Commonality of physical process being sensed 
Overlapping sensing regions  



Generative Model for 
Multi-sensor Data

Simultaneous sparse approximation (SSA) 
[Tropp 04]

Overlapping subspace = column-space(DS).



Compression of Multi-
sensor Data

Linear encoder

with random rowslow dimensional 

sketch

high dimensional 

data from L sensors



Two-Stage Decoder

low dimensional 

sketch

high dimensional 

data from L sensors

dictionary joint sparse 
coefficients



Two-Stage Decoder

Two stage decoder

low dimensional 

sketch

joint sparse 
coefficientseffective sensing map

Stage 1: Recover joint-sparse Xest from sketch Y 
Stage 2:  Sest = D Xest



Support Recovery is 
also Important

Wideband spectrum sensing Sparse event localization

Subspace filtering 

by projecting to 

common signal subspace



l0 Bound 

Canonical L0 problem: 

Unique k-sparse solution if [Chen & Huo, 06] 

Spark(   ) = min. num. of lin. dep. cols in    . 
l0 bound on num. of nonzero rows: k < m. 

R(X) = No. of nonzero rows in X



Support Recovery Beyond l0 
Bound

Supports of size k > m are recoverable! 
Key idea: Use correlation-aware priors

Sparse Bayesian Learning 

(M-SBL)

Simultaneous Orthogonal Matching Pursuit 

(SOMP)


Support recovery phase transition



Correlation Awareness

Latent structure within joint sparse 
vectors! 

Correlation-aware prior [Pal & Vaidyanathan, 15]   
       

Zero intra-vector correlation




MSBL-Sparse Bayesian 
Learning using MMVs

Observation model:   

Correlation-aware prior:  
Common    enforces same support in columns of X. 
Gaussian MMVs:  

M-SBL algorithm: 

Nonconvex objective 
Solved via Expectation Maximization (EM) 
Estimated support = support(  ).



The M-SBL Algo

Cost function 

Key point: γ couples the sparsity pattern across xj 

Fewer parameters to estimate: N << (N x L) 

EM iterations 

Posterior distbn.:

p(Y; �) =

Z
p(Y,X; �)dX =

LY

j=1

Z
p(yj |xj)p(xj ; �)dxj

E-step: Q(�|�k) = EX|Y,�k [log p(Y,X; �)]

M-step: �k+1 = arg max
�2RN

+

Q(�|�k)

p
�
xj |yj ; �

k
�
⇠ N

�
µk+1
j ,⌃k+1

j

�



E & M Steps

E Step: 

M Step: 

Average of the individual estimates 
of γi across measurements

⌃k+1
j = �k � �k�T

j

�
�2
j IM + �j�

k�T
j

��1
�j�

k

µk+1
j = ��2

j ⌃k+1
j �T

j yj

�k+1(i) =
1

L

LX

j=1

µk+1
j (i)2 + ⌃k+1

j (i, i)



Performance of MSBL

!63Recoverable support size k grows as O(m2)!

Support recovery phase transition 

n=200, 

L=400, 

SNR=20 dB




Part 5: Performance Guarantees 
for Sparse Bayesian Learning

Sufficient conditions for support recovery by M-SBL



Sufficient Conditions for 
Support Recovery in SBL

Single measurement vector (L = 1) 
Noiseless observations 
Result: SBL correctly recovers the 
support for all 1 ≤ k < spark(  ) - 1 

spark: min. number of lin. dep. cols 
Usually, in CS, spark(  ) = m + 1 

For l1 recovery, 1 ≤ k ≤ O(m / log N)

!65

�

�



Sufficient Conditions for 
Support Recovery in MSBL

Suppose x1, x2, …, xL have common 
support S* of size k. Nonzero entries 
i.i.d. zero mean Gaussian with variance 
in            . Then, 

Under Conditions 1 & 2 (next slide)

!66

[�min, �max]

P (supp(�̂) 6= S⇤)  exp

✓
�⌘L

8

◆

[Khanna and M., CoRR abs/1703.04930 (2017)]



Conditions 1 & 2

Condition 1: The self Khatri-Rao 
product matrix        has a strictly 
positive minimum singular value 

Condition 2:  
  
             

���

⌘ � inf�2⇥K

k(���)(� � �⇤)k22�
�2 + �maxk�T

S[S⇤�S[S⇤k2
�2
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Proof Outline

Error event 
Apply union bound, replace first max. by a finite 
sized union over an epsilon net 
Use a large deviation property on the likelihood 
function to bound error prob. 

Lower bound the worst case exponent 

Hence 

Bound the cardinality of the epsilon net 
Lipschitz const. of the log likelihood

For Review Only
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For a given k  n, let ⇥k be the collection of all non-negative
k or less sparse vectors in Rn

+ whose nonzero elements lie
inside the interval [�min,�max]. Then, ⇥k can be expressed as

⇥k =
[

S2Sk

⇥(S) (21)

where Sk = {S ✓ [n], |S|  k} is the collection of all support
sets of k or lesser size.

Let us suppose that �⇤ = diag(�⇤) is the true covariance
matrix of the columns of X. Then, from assumption (A1), it
follows that �⇤

2 ⇥K , where K is the maximum number
of nonzero rows in X. To recover �⇤, we consider solving
the following constrained version of the M-SBL optimization
problem in (8):

cM-SBL(K): �̂ = arg max
�2⇥K

L(Y;�). (22)

In cM-SBL(K), the objective L(Y;�) , log p(Y;�) is the
same as the log-likelihood cost (9) used in M-SBL. We now
flesh out the support recovery error probability for the cM-
SBL(K) problem. In next section, we argue that M-SBL
inherits the support recovery guarantees from cM-SBL(K),
provided the output of M-SBL belongs to the feasible set ⇥K .

Upon solving cM-SBL(K), the support of X is obtained as
supp(�̂), where �̂ is the solution of (22). We introduce the
conditional error event

ES⇤ , {supp (�̂) 6= S
⇤
| R(X) = S

⇤
} , (23)

where S
⇤ is the true row support of X. By observing that an

error occurs when there is at least one � 2 ⇥(S) for some
support set S ✓ SK\ {S

⇤
} which globally maximizes the log-

likelihood cost L(Y;�), we can rewrite E (S⇤) as

ES⇤ =
[

S2SK\{S⇤}

⇢
max

�2⇥(S)
L(Y;�) � max

�2⇥(S⇤)
L(Y;�)

�
.

By applying the union bound, we obtain

P (ES⇤) 
X

S2SK\{S⇤}

P
✓

max
�2⇥(S)

L(Y;�) � max
�2⇥(S⇤)

L(Y;�)

◆



X

S2SK\{S⇤}

P
✓

max
�2⇥(S)

L(Y;�) � L(Y;�⇤)

◆
. (24)

The upper bound can be relaxed further by replacing each sub-
event within the summation in (24) by a continuous union over
the elements of ⇥(S) as shown below.

P(ES⇤) 
X

S2SK\{S⇤}

P

0

@
[

�2⇥(S)

{L(Y;�)� L(Y;�⇤) � 0}

1

A .

(25)
The continuous union over infinitely many elements of ⇥(S)
in (25) can be relaxed to a finite sized union over the ✏-net of
⇥(S), as described in the following arguments.

Consider ⇥✏(S), a finite sized ✏-net of the parameter set
⇥(S), such that for any � 2 ⇥(S), there exists an element
�0

2 ⇥✏(S) so that |L(Y;�)� L(Y;�0)|  ✏. In Proposi-
tion 3, we provide an upper bound on the size of such an ✏-net
in terms of the size of the support S , denoted by |S|  K.

Proposition 3. For ⇥(S) as defined in (20), there exists a

finite set ⇥✏(S) ⇢ ⇥(S) such that it simultaneously satisfies

(i) For any � 2 ⇥S , there exists a �0
2 ⇥✏(S) such that

|L(Y;�)� L(Y;�0)|  ✏.

(ii) |⇥✏(S)| 

✓
3CL,S�

max

p
|S|

✏

◆|S|
, where CL,S is the Lip-

schitz constant of L(Y;�) with respect to � in the

bounded domain ⇥(S).

The set ⇥✏(S) is an ✏-net of ⇥(S).

Proof. See Appendix C.

Using the ✏-net ⇥✏(S) from Proposition 3, the continuous
union in (25) can be broken into a finite sized union. Applying
the union bound over the elements of the ✏-net yields the
following upper bound on P(ES⇤):

P(ES⇤) 
X

S2SK\{S⇤}

X

�2⇥✏(S)

P (L(Y;�)� L(Y;�⇤) � �✏) .

(26)
From the above, we see that P(ES⇤) will be small if each of
the constituent probabilities P (L(Y;�)� L(Y;�⇤) � �✏),
� 2 ⇥✏(S) are sufficiently small so that their collective
contribution to the double summation in (26) remains small.
In Theorem 2, we show that each event within the double
summation is a large deviation event which occurs with an
exponentially decaying probability.

Theorem 2. Let p�(y) denote the marginal probability density

of the columns of Y induced by the joint sparse X with

columns drawn independently from N (0, diag(�)). Then, the

log-likelihood L(Y;�) =
PL

j=1 log p�(yj) satisfies the fol-

lowing large deviation property.

P (L(Y;�)� L(Y;�⇤) � �✏)  exp
⇣
�L ⇤

⇣
�
✏

L

⌘⌘
,

(27)
where  ⇤(·) is the Legendre transform

3
of  (t) , (t �

1)Dt(p� , p�⇤), and Dt is the t-Rényi divergence (of order

t > 0) between the probability densities p� and p�⇤ .

Proof. See Appendix D.

Note that, when the measurement noise is Gaussian, the
marginal density p�(yj) of the individual observations is also
Gaussian with zero mean and covariance matrix �2

Im +
A�A

T . If �2 > 0, both marginals p� and p�⇤ are non-
degenerate and hence the Rényi divergence term Dt(p� , p�⇤)
in Theorem 2 is well defined. We restate Theorem 2 as
Corollary 1, which is the final form of the large deviation
result for L(Y;�) that we use in bounding the conditional
error probability P(ES⇤).

Corollary 1. For an arbitrary � 2 Rn
+, and the true variance

parameters �⇤
, let the associated marginal densities p� and

3For any convex function f : X ! R on a convex set X ✓ Rn, its
Legendre transform is the function f⇤ defined by

f⇤(z) = sup
x2X

(hz,xi � f(x)) .
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p�⇤ be as defined in Theorem 2, and suppose �2 > 0. Then, the

log-likelihood L(Y;�) satisfies the large deviation property

P
�
L(Y;�)� L(Y;�⇤) � �LD1/2(p� , p�⇤)/2

�

 exp
�
�LD1/2 (p� , p�⇤)/4

�
. (28)

Proof. The large deviation result is obtained by replacing
 ⇤ �

�
✏
L

�
in Theorem 2 by its lower bound �

t✏
L �  (t),

followed by setting t = 1/2 and ✏ = LD1/2(p� , p�⇤)/2.

Note that, in the above, we have used the sub-optimal
choice t = 1/2 for the Chernoff parameter t, since its
optimal value is not available in closed form. However, this
suboptimal selection of t is inconsequential as it figures only as
a multiplicative constant in the final sample complexity bound.
By using Corollary 1 in (26), we can upper bound P (ES⇤) as

P(ES⇤) 
X

S2SK\S⇤

X

�2⇥✏(S)

exp
⇣
�LD⇤

1/2/4
⌘
, (29)

where D
⇤
1/2 is the minimum value of D1/2 (p� , p�⇤) evaluated

over all possible � 2 ⇥✏(S), S 2 SK\S
⇤. That is,

D
⇤
1/2 , min

�2⇥✏(S), S2SK\S⇤
D1/2 (p� , p�⇤) . (30)

We introduce ⌘ as a strictly positive lower bound of the worst
case exponent D

⇤
1/2, which is later shown to depend only

on A,�2,�min and �max. Then, the upper bound for P(ES⇤)
in (29) simplifies to

P(ES⇤)  |SK\S
⇤
|

✓
sup

S2SK

|⇥✏(S)|

◆
exp (�⌘L/4)

 |SK\S
⇤
|

✓
sup

S2SK

���⇥
⌘L
2 (S)

���
◆
exp (�⌘L/4)

 |SK | (cov) exp (�⌘L/4)

= exp

✓
�L

✓
⌘

4
�

log |SK |

L
�

log cov

L

◆◆
.(31)

In the above, the second inequality is a consequence of the fact
that the size of an ✏-net of any set decreases monotonically
with ✏, and that D⇤

1/2 � ⌘. In the third inequality, we introduce
a new constant cov defined as

cov , max
S2SK

|⇥✏(S)| (32)

evaluated at ✏ = ⌘L/2. The exponential bound in (31) reveals
that if ⌘ is strictly positive, then for a sufficiently large number
of MMVs, specifically L > 4

⌘ (log |SK |+ log cov), P(ES⇤)
decays exponentially with the number of MMVs, and therefore
can be driven arbitrarily close to zero. In fact, for any � > 0,
P(ES⇤)  � is guaranteed if

L �
4

⌘

✓
log |SK |+ log cov + log

1

�

◆
, (33)

provided ⌘ is strictly positive. Thus, in (33), we have an
abstract bound on the number of MMVs for guaranteeing an
arbitrarily small probability of erroneous support recovered by
cM-SBL(K), given that the true support is S

⇤.
The condition ⌘ > 0 entails the measurement matrix A

satisfying certain isometry properties, which is elaborated
upon in the following section.

V. SUFFICIENT CONDITIONS FOR SUPPORT RECOVERY

Recall that in cM-SBL(K), K denotes the maximum row-
sparsity of unknown signal matrix X for which we have
derived support recovery guarantees in the form of an expo-
nentially decaying P(ES⇤) (in the number of MMVs). For a
given K, we now derive how ⌘, |SK | and cov featuring in
(31) depend on m,n,K,A,�2,�max and �min.

In Proposition 4, we present a lower bound for D⇤
1/2 defined

in (30), and characterize its scaling with m,n and K. This
lower bound serves as a good choice for ⌘ in (31).

Proposition 4. Let p� denote the parameterized multivariate

Gaussian density with zero mean and covariance matrix ⌃� =
�2

I + A�A
T

, � = diag(�). Then, for any pair �1,�2 2

⇥K such that supp(�1) 6= supp(�2), the ↵-Rényi divergence

between p�1
and p�2

satisfies

D↵

�
p�1

, p�2

�
�
↵

4

✓
�

min

�2 + �
max

◆2 1� ��2K
(1 + �2K)2

,

where �2K and ��2K are the 2K th
order restricted isometry

constants of A and A�A, respectively.

Proof. See Appendix E.

Setting ↵ = 1/2 in Proposition 4, it follows that

⌘ =
1

8

✓
�min

�2 + �max

◆2 1� ��2K
(1 + �2K)2

(34)

is a valid lower bound for D⇤
1/2.

Next, in Proposition 5, we show that |SK |, the second term
in the error exponent in (31), depends only on n and K, and
it grows at most polynomially with n.

Proposition 5. Let SK = {S ✓ [n], |S|  K}, for K,n 2

N,K  n. Then, |SK | 
3

2
(en)K .

Proof. The proof is straightforward. It uses Striling’s approx-
imation to bound the partial binomial sum.

By setting ✏ = ⌘L/2 in Proposition 3, we obtain an upper
bound for cov, the third component of the error exponent in
(31), as shown below.

cov 

 
6
p
K�maxC

K
L

⌘L

!K

, (35)

where CK
L = max

S2SK

CL,S , with CL,S being the Lipschitz

constant of L(Y;�) with respect to � in the bounded domain
⇥(S). In Proposition 6, we provide a data-dependent charac-
terization of the Lipschitz constant CL,S for every S 2 SK .

Proposition 6. For a fixed support S 2 Sk and for any

pair �1,�2 2 ⇥(S), the log-likelihood L(Y;�) satisfies the

following Lipschitz property:

|L(Y,�2)� L(Y,�1)| 

L
p

k

✓
1 + ��k
1� ��k

◆2 �
�2 + �

min
+ |||RY|||2

�

(�2 + �
min

)2
||�2 � �1||2

where ��k is the kth
order restricted isometry constant of the

self Khatri-Rao product (columnwise Kronecker product) of

P(ES⇤)  exp

✓
�L

✓
⌘

4
� log |SK |

L
� log(maxS2SK |⇥✏(S)|)

L

◆◆

D⇤
1/2 � ⌘
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When will  
Condition 1 hold?

•Theorem (paraphrased): Suppose    has 
real i.i.d. Gaussian(0,1) entries. Then,  
 
 
 
for all β > 1, provided

!69

�

If A has i.i.d. 
Gaussian entries,


provided


[Foucart & Rauhut, Thm. 9.27]

m � c

�2
(k + ↵) log n

P
✓
�k

✓
Ap
m

◆
> �

◆
 1

n↵
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◆
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◆
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✓
k log n

�

◆
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Proof Outline

Point of departure 

 Union bound Pr(RHS ≥ δ). Use 

Then use Gaussian tail bounds and the 
Hanson Wright inequality:

�k

✓
�p
m

� �p
m

◆
= sup

z2Rn,kzk2=1,kzk0k

�����

����

✓
�p
m

� �p
m

◆
z

����
2

2

� 1

�����

(���)T (���) = �T� ��T�
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Proposition 4, the minimum and maximum eigenvalues of
(AT

S
AS)1/2 ⌦ (BT

S
BS)1/2 are lower and upper bounded byq

(1� �A
k
)(1� �B

k
) and

q
(1 + �A

k
)(1 + �B

k
), respectively.

By introducing � , max(�A
k
, �B

k
), it is easy to check that

the eigenvalues of (AT

S
AS)1/2 ⌦ (BT

S
BS)1/2 also lie inside

the interval [1� �, 1 + �]. Plugging m = 1�� and M = 1+�
in (26), and by using (25), we get

(AS �BS)
T (AS �BS) 

�
1 + �2

�
Ik. (27)

Similarly, by applying Lemma 2 to AT

S
AS and BT

S
BS with

c =
p
1� � and d =

p
1 + �, we obtain

(AT

S
AS)

1/2
� (BT

S
BS)

1/2
�

⇣p
1� �2

⌘
Ik.

From Proposition 6, we have AT

S
AS � BT

S
BS ��

(AT

S
AS)1/2 � (BT

S
BS)1/2

�2
. Therefore, we can write

AT

S
AS �BT

S
BS �

�
1� �2

�
Ik.

Further, using (25), we get

(AS �BS)
T (AS �BS) �

�
1� �2

�
Ik. (28)

Finally, Theorem 1’s statement follows from (27) and (28).

VI. PRELIMINARIES FOR PROBABILISTIC k-RIC BOUND

In this section, we briefly discuss some concentration results
on certain functions of subgaussian random variables which
will appear in the proofs of Theorems 2 and 3.

A. A Tail Probability for Subgaussian Vectors
The Theorem below presents the Hanson-Wright inequality

[42], [43], a tail probability for a quadratic form constructed
using independent subgaussian random variables.

Theorem 13 (Rudelson and Vershynin [43]). Let x =
(x1,x2, . . . ,xn) 2 Rn be a random vector with independent
components xi satisfying Exi = 0 and ||xi|| 2

 K. Let A
be an n⇥ n matrix. Then, for every t � 0,

P
���xTAx� ExTAx

�� > t
 

 2 exp

"
�cmin

 
t2

K4 ||A||
2
HS

,
t

K2 ||A||

!#

where c is a universal positive constant.

B. Concentration of Supremum of Linear Combination of
Bounded, Nonnegative Independent Random Variables

The following theorem bounds the subgaussian tail of a
function of several independent random variables satisfying
a relaxed bounded difference property.

Theorem 14. Consider a general real-valued function of n
independent random variables z = f(x1,x2, . . . ,xn) and
zi denotes an xi-measurable random variable defined by
zi = infx0

i
f(x1,x2, . . . ,x0

i
, . . . ,xn). Assume that the random

variable z is such that there exists a constant ⌫ > 0, for which,
nX

i=1

(z� zi)
2
 ⌫

almost surely. Then, for all t > 0,

P (z� Ez � t)  e�t
2
/2⌫ .

Proof. See Theorem 6.7 in [44].

Theorem 14 can be used to show a subgaussian tail for the
maximal linear combination of bounded nonnegative random
variables, stated below.

Lemma 3. Let x1,x2, . . . ,xn be i.i.d. nonnegative, bounded
random variables satisfying xi  b. Then, y ,
supz2Rn,||z||21

P
n

i=1 zixi is a nonnegative random variable
which satisfies the following tail inequality:

P (y � Ey � t)  e�t
2
/2b2 .

Proof. See Appendix B.

The following proposition bounds the expectation of a
nonnegative subgaussian random variable.

Proposition 15. Let x be a nonnegative random variable with
a subgaussian tail, i.e., for t � 0,

P(z� Ez � t)  e�t
2
/2⌫

for some ⌫ > 0. Then, Ez 
p
2⇡⌫.

Proof. See Appendix C.

VII. PROOF OF THE PROBABILISTIC k-RIC BOUND
(THEOREM 2)

The proof of Theorem 2 starts with a variational definition
of the k-RIC, �k

⇣
Ap
m

�
Bp
m

⌘
given below.

�k

✓
A
p
m

�
B
p
m

◆
= sup

z2Rn
,

||z||2=1,||z||0k

�����

����

����

✓
A
p
m

�
B
p
m

◆
z

����

����
2

2

� 1

����� .

(29)
In order to find a probabilistic upper bound for �k, we intend
to find a constant � 2 (0, 1) such that P(�k

⇣
Ap
m

�
Bp
m

⌘
� �)

is arbitrarily close to zero. We therefore consider the tail event

E ,

8
><

>:
sup
z2Rn

,

||z||2=1,||z||0k

�����

����

����

✓
A
p
m

�
B
p
m

◆
z

����

����
2

2

� 1

����� � �

9
>=

>;
,

(30)
and show that for m sufficiently large, P(E) can be driven
arbitrarily close to zero. In other words, the constant � serves
as a probabilistic upper bound for �k

⇣
Ap
m

�
Bp
m

⌘
.

Let Uk be the set of all k or less sparse unit norm vectors
in Rn. Then, using Proposition 12, the tail event in (30) can
be rewritten as

P(E) = P
✓
sup
z2Uk

���zT (A�B)T (A�B) z�m2
��� � �m2

◆

= P
✓
sup
z2Uk

��zT
�
ATA �BTB

�
z�m2

�� � �m2

◆

= P

0

@sup
z2Uk

������

nX

i=1

nX

j=1

zizj
�
aT
i
aj
� �

bT

i
bj

�
�m2

������
� �m2

1

A



Implications

In MSBL, for a fixed n, we get perfect 
support recovery w.h.p., with noisy meas. 
& even if k > m  

For 
               : largest p s.t. any p cols 
of         are linearly independent 
For suitable1 

Sparsity level up to O(m2)  
is potentially recoverable! 

!71

1  k  krank(���)/2

krank(���)
���

�, krank(���) = O(m2)
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New Interpretation of 
M-SBL Cost Function

M-SBL cost: 

Motivates covariance matching based 
approaches to sparse recovery 
Can we use some other divergence?

� log p(Y; �) = �
LX

j=1

logN
�
yj ; 0,�

2Im +���T
�

/ log |�2Im +���T |+ tr
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✓
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L
YYT
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/ DBregman
� log det

✓
1

L
YYT ,�2Im +���T

◆
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A Closer Look at Covariance 
Matching

Covariance matching constraints: 

Restricted isometry of           ensures robust recovery 
of sparse    
Also,      . Want a non-negative null space property

vectorization

� � 0
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Empirical Study

Aij , Bij  ~ N(0, 1/m)  &  m = 0.5n

RIP improved by taking Khatri-Rao product!

2-RIC 3-RIC



Deterministic RIC bound 
for Khatri-Rao product

Theorem: [Khanna & M., TSP 2018] 
For m × n  sized matrices    and    with 
unit norm columns, 

Proof technique:   
  
Kantorovitch matrix inequalities 

Useful corollary: RIP 
improves! 



Part 6: New Algorithms

Covariance matching is the key!



Correlation-aware 
Gaussian prior  

      

Covariance Matching 
framework

Observation 
Model:  

     
 Principle: 

Support estimate = Support(  )

Empirical covariance matrix

Parametrized covariance matrix



Covariance Matching 
Algorithm 1

Distance = Frobenius norm 
Algorithm = CO-LASSO [Pal & Vaidyanathan, 15] 

Convex objective 
High memory requirements (to store        ) ���
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Covariance Matching 
Algorithm 2

Distance = Log-Det Bregman Matrix 
Divergence 
Algorithm = M-SBL [Wipf & Rao, 07] 

Nonconvex objective (optimize using EM)  
Slow convergence  
Best performance



Covariance Matching 
Algorithm 3

Distance = Log-Det Jensen Difference 
Algorithm = Rényi Divergence based Covariance 
Matching Pursuit (RD-CMP) [Khanna & M., 17] 

A new correlation-aware prior 

Induces Gaussian distributed MMVs 

Covariance matching with α-Rényi divergence

Covariance matrix 

parameterized by 

support Sxj ⇠ N (0, �diag(1S))
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Rényi Divergence based 
Covariance Matching Pursuit

Covariance matching using α-Rényi Divergence 

Generalizes M-SBL cost 
RD-CMP objective = difference of submodular funcs.



Submodular functions: 
a primer

  = ground set of elements 
Set func.            submodular if, for                         
           

f is Monotonic:              
f follows Law of Diminishing Returns 

Examples:  
Rank of a matrix 
Joint entropy 
                   is submodular in S for A,  >0



Submodular functions: 
a primer

Maximizing a submodular function subject 
to cardinality constraints is easy! 

A Greedy algorithm will maximize a 
submodular function f to within       fopt 

Tight modular upper bnd for submodular f

⎟
⎠

⎞
⎜
⎝

⎛ −
e
11



Rényi Divergence based 
Covariance Matching Pursuit

RD-CMP objective 

Find    via majorization-minimization  
Majorization 

Replace 1st log-det term f(S) by its 
modular upper bound hSt(S): tight at St 

Minimization

Supermodular func., minimized 

by greedy search



RD-CMP Performance
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RD-CMP currently the FASTEST 
covariance matching based MMV solver!

SNR = 10 dB; k = 50 log n 
m = 0.75 k, mL = 50 k log n

SNR = 10 dB; n = 200; L = 200



RD-CMP Performance

Support detection rate Support false alarm rate

RD-CMP performs better than Co-LASSO but slightly worse than M-SBL

SNR=20 dB, n=500, k=200, m =100



Support Recovery via Non-
negative Parameter Estimation

Covariance matching principle:  

 find sparse, nonnegative diagonal    s.t.  

Example: Recover   via nonnegative LASSO 

  
 



Non-negative Least 
Squares Based Approach

We write  
In the noiseless case, 

Noisy case: L. Ramesh and M. ICASSP 18 
Vectorize:   
Model e as Gaussian distributed with 
mean zero and covariance  

Here, B = cov(zzT) where z is N(0, In). Can 
be found in closed form
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⌃̂ =
1

L
YYT = ⌃+E
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ML estimation of    

We seek to solve: 
Optimization problem:  

For a given W, it is a non-negative 
weighted least-squares problem 

Can solve using non-negative 
quadratic programming (NNQP) 

Reweighted minimization procedure:  
(1) Compute W, (2) solve an NNQP; iterate

!89
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Performance

!90

Support recovery performance

N = 40, m = 20, k = 25; exact recovery over 200 trials
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Figure: Support recovery performance of the NNQP-based approach16 / 21

Support recovery performance

N = 70, m = 20, L = 50, 1000; exact recovery over 200 trials
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Figure: Support recovery performance of the NNQP-based approach17 / 21

Phase transition
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N = 40, M = 20, k = 25 N = 70, M = 20, L = 50, 1000 N = 20, L = 200



Non-negativity 
Encourages Sparsity!

When do the two yield the same soln? 
[Uniqueness]: x0 k-sparse & y =   x0. Then, 
x0 is unique sol. to (P0+) iff every                 
has at least (k+1) +ve or (k+1) -ve entries 
[Recoverability via NNQP]: x0 is exactly 
recovered by NNQP if every                 
has at least (k+1) +ve and (k+1) -ve entries!91

min
x

kxk0

s. t. y = �x, x � 0
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min
x

ky � �xk22
s. t. x � 0
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(P0+) (NNQP)

�
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Non-Negative Parameter 
Estimation Framework

Minimize a convex loss                 

[Tsuda, Rätsch and Warmuth, Matrix Exponentiated Gradient 
Updates for On-line Learning and Bregman Projection, 2005] 

Proximal term          : Bregman matrix 
divergence

LossProximal 

term

Tradeoff

parameter



Bregman Matrix 
Divergence

Bregman matrix divergence 

f =   F

Seed function F: strictly convex and differentiable  

Choice of F 
F(W) = -log det (W)   
F(W) = tr(W logW)   



Matrix Exponentiated 
Gradient (MEG) Updates

LossProximal 

term

Tradeoff

parameter

MEG update: (zero gradient condition)   
 



MEG Updates

  

 MEG update:  

  

    MEG update:   

Log-Det Bregman 

Matrix divergence

Von-Neumann Matrix divergence

F (W) = tr(W logW)
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MEG Updates for 
Covariance Matching

Loss 

Parameter space: all p.s.d. diagonal 
matrices 
Log-Det divergence based MEG update 

Von-Neumann divergence based MEG 
update



Performance

Support recovery phase transition 

(n = 200,L = 400, SNR=20dB, λ = 0.25, η = 0.5)

Log-Det divergence 

based MEG

Von-Neumann divergence 

based MEG



Part 7: Other Extensions

1. Cluster-sparsity, inter-vector correlation  

2. Online sparse signal recovery 

3. Distributed sparse signal recovery



Block Sparsity & Intra-
Block Correlation

Intra-vector correlation is often 
present, and is important to model & 
exploit 

g blocks; few nonzero 

Intra-block correlation

y x

sparse  
signal

Ф v

noise

x1
x2

xg

N (0,�2IM )



Block-Sparse Bayesian 
Learning Framework

Measurement model: 

Parameterized prior 

   controls sparsity 

   controls intra-block correlation 

y = �x+ v

x = [x1, . . . xd1| {z }
xT
1

, . . . , xdg�1+1, . . . xdg| {z }
xT
g

]T

p(xi; �i,Bi) ⇠ N (0, �iBi), i = 1, 2, . . . , g

�i

Bi



Optimization Problem

Posterior distribution 

where 

All params. can be estimated by maximizing:  
 
 

p
�
x|y;�2, (�iBi)

g
i=1

�
⇠ N (µx,⌃x)

µx = ⌃0�
T (�2I+ �⌃0�

T )�1y

⌃x = ⌃0 � ⌃0�
T (�2I+ �⌃0�

T )�1�⌃0

⌃0 = diag(�1B1, . . . , �gBg)

L(⇥) = �2 log

Z
p(y|x;�2)p(x;⌃0)dx

= log det
�
�2I+ �⌃0�

T
�
+ yT

�
�2I+ �⌃0�

T
��1

y



Several Options for 
Optimization

BSBL-EM: Use expectation-maximization 

BSBL-BO: Use bounded optimization, i.e., 
a form of majorization-minimization 

BSBL-l1: Use a reweighted l1 procedure 
(special case of BSBL-BO) 

Different strategies offer a variety of 
performance-complexity tradeoffs

[Zhang et al. 2013]



Phase Transition

N = 1000, M =   N, g = 40, block size = 25  
Curves indicate > 99% success
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[Zhang et al. 2013]



Delay-Constrained 
Sparse Vector Recovery

Temporally 
correlated sparse 
vectors with a 
common support 
Goal: Given y1:k 
estimate xk-Δ 
Max. delay 
constraint between 
measurement and 
estimation

Offline approach:

M-step: Compute         as a closed-form  
function of the state statistics


E-step: Compute state statistics using  
fixed interval Kalman smoothing

�(r+1)

Mean: x̂t|K = E{xt|y1:K}
Autocov.: Pt|K = cov{xt,xt|y1:K}
Cross-cov: Pt,t�1|K = cov{xt,xt�1|y1:K}



Online Version

Key idea: Update γ once as each input 
arrives and compute sparse vector 
Online recursion: 

Two implementations of the Kalman filter:  
fixed lag smoothing  
sawtooth lag smoothing 

Main advantage: reduced computational and 
memory costs

�k = �k�1 +
1

k
Diag

n�
I�D2

��1
Tk|k+� � �k�1

o

fcn. of x̂t|t+�,Pt|t+�,Pt,t�1|t+�

[G. Joseph, M., TSP 2017]

Non-iterative!



Convergence Analysis

Assume D=0 (uncorrelated sparse vecs) 
Simplified algorithm: 

Stochastic approximation recursion
�k = �k�1 +

1

k
f(�k�1) +

1

k
ek

f(�) = E
�
diag

�
P(�) + x̂(�)x̂(�)T � �

� 
Mean field function

Martingale difference sequence

�k = �k�1 +
1

k
diag{P(�k�1) + x̂(�k�1)x̂(�k�1)

T � �k�1}

P(�) = �� ��T
�
���T + �2I

��1
��

x̂(�) = P(�)�Tyk/�
2

ek = diag
�
P(�k�1) + x̂(�k�1)x̂(�k�1)

T
 
� �k�1 � f(�k�1)



Convergence Result

Theorem: 

Result independent of 
Sparsity level 
Initialization 
Distribution of sparse vecs 
Restricted isometry properties of  
Noise level

!107

If Rank {���} = N, then �k ! � 2 {0, �opt} a. s.

�

[G. Joseph, M., TSP 2017]



Performance

!108

m = 20, N = 60, sparsity = 6, SNR = 20 dB



Dictionary Learning

Matrix factorization problem:

!109

=

Y
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<latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit>

X
<latexit sha1_base64="KxKeTECXpOmWw+pRmszdk4CEcx8=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZbtqlm03YfRFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjHsslrHuBNRwKRT3UKDknURzGgWSt4PxTe63n7g2Ilb3OEm4H9GhEqFgFK302IsojoIw60z71Zpbd2cgy6RRkBoUaPWrX71BzNKIK2SSGtNtuAn6GdUomOTTSi81PKFsTIe8a6miETd+Nks8JSdWGZAw1vYpJDP190ZGI2MmUWAn84Rm0cvF/7xuiuGlnwmVpMgVm38UppJgTPLzyUBozlBOLKFMC5uVsBHVlKEtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGCg4Ble4c0xzovz7nzMR0tOsXMIf+B8/gA2/pDP</latexit><latexit sha1_base64="KxKeTECXpOmWw+pRmszdk4CEcx8=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZbtqlm03YfRFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjHsslrHuBNRwKRT3UKDknURzGgWSt4PxTe63n7g2Ilb3OEm4H9GhEqFgFK302IsojoIw60z71Zpbd2cgy6RRkBoUaPWrX71BzNKIK2SSGtNtuAn6GdUomOTTSi81PKFsTIe8a6miETd+Nks8JSdWGZAw1vYpJDP190ZGI2MmUWAn84Rm0cvF/7xuiuGlnwmVpMgVm38UppJgTPLzyUBozlBOLKFMC5uVsBHVlKEtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGCg4Ble4c0xzovz7nzMR0tOsXMIf+B8/gA2/pDP</latexit><latexit sha1_base64="KxKeTECXpOmWw+pRmszdk4CEcx8=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZbtqlm03YfRFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h88mDjVjHsslrHuBNRwKRT3UKDknURzGgWSt4PxTe63n7g2Ilb3OEm4H9GhEqFgFK302IsojoIw60z71Zpbd2cgy6RRkBoUaPWrX71BzNKIK2SSGtNtuAn6GdUomOTTSi81PKFsTIe8a6miETd+Nks8JSdWGZAw1vYpJDP190ZGI2MmUWAn84Rm0cvF/7xuiuGlnwmVpMgVm38UppJgTPLzyUBozlBOLKFMC5uVsBHVlKEtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGCg4Ble4c0xzovz7nzMR0tOsXMIf+B8/gA2/pDP</latexit>

To be estimatedGiven

+

w

Noise

W
<latexit sha1_base64="vnmfz6VM9iuAxzJOc4He1pDyvHo=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZvrRLN5uwuxFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T940HGqGHosFrHqBFSj4BI9w43ATqKQRoHAdjC+yf32EyrNY3lvJgn6ER1KHnJGjZUeexE1oyDM2tN+tebW3RnIMmkUpAYFWv3qV28QszRCaZigWncbbmL8jCrDmcBppZdqTCgb0yF2LZU0Qu1ns8RTcmKVAQljZZ80ZKb+3shopPUkCuxknlAvern4n9dNTXjpZ1wmqUHJ5h+FqSAmJvn5ZMAVMiMmllCmuM1K2IgqyowtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGAg4Rle4c3Rzovz7nzMR0tOsXMIf+B8/gA1epDO</latexit><latexit sha1_base64="vnmfz6VM9iuAxzJOc4He1pDyvHo=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZvrRLN5uwuxFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T940HGqGHosFrHqBFSj4BI9w43ATqKQRoHAdjC+yf32EyrNY3lvJgn6ER1KHnJGjZUeexE1oyDM2tN+tebW3RnIMmkUpAYFWv3qV28QszRCaZigWncbbmL8jCrDmcBppZdqTCgb0yF2LZU0Qu1ns8RTcmKVAQljZZ80ZKb+3shopPUkCuxknlAvern4n9dNTXjpZ1wmqUHJ5h+FqSAmJvn5ZMAVMiMmllCmuM1K2IgqyowtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGAg4Rle4c3Rzovz7nzMR0tOsXMIf+B8/gA1epDO</latexit><latexit sha1_base64="vnmfz6VM9iuAxzJOc4He1pDyvHo=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KKoN6KXjxWMLbYhrLZvrRLN5uwuxFK6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T940HGqGHosFrHqBFSj4BI9w43ATqKQRoHAdjC+yf32EyrNY3lvJgn6ER1KHnJGjZUeexE1oyDM2tN+tebW3RnIMmkUpAYFWv3qV28QszRCaZigWncbbmL8jCrDmcBppZdqTCgb0yF2LZU0Qu1ns8RTcmKVAQljZZ80ZKb+3shopPUkCuxknlAvern4n9dNTXjpZ1wmqUHJ5h+FqSAmJvn5ZMAVMiMmllCmuM1K2IgqyowtqWJLaCyevEy8s/pV3b07rzWvizbKcATHcAoNuIAm3EILPGAg4Rle4c3Rzovz7nzMR0tOsXMIf+B8/gA1epDO</latexit>



SBL framework for DL

Type-II ML: solve 

EM procedure: 
E-step: update statistics of X, as before 
M-step: separable in variables 

Closed-form update for  
Non-convex in   
Alternating minimization (AM): 
update one column of    at a time   
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max
⇤=(�,�)

� log p (Y;⇤)
<latexit sha1_base64="MTjj9qkE57knEb+0MOvCcmnGZpI="></latexit><latexit sha1_base64="MTjj9qkE57knEb+0MOvCcmnGZpI="></latexit><latexit sha1_base64="MTjj9qkE57knEb+0MOvCcmnGZpI="></latexit>

�,�
<latexit sha1_base64="FSMB/fjy+RdUiqbr43yFqJgFbFQ=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFcSElEUHdFF7qsYGyhCWUynbRDZyZhZiKUkJ0bf8WNCxW3foM7/8ZJG0RbDwycOede7r0nTBhV2nG+rLn5hcWl5cpKdXVtfWPT3tq+U3EqMfFwzGLZDpEijAriaaoZaSeSIB4y0gqHl4XfuidS0Vjc6lFCAo76gkYUI22krr3nc6QHYZT5zQHNj+DP9wpxjvKuXXPqzhhwlrglqYESza796fdinHIiNGZIqY7rJDrIkNQUM5JX/VSRBOEh6pOOoQJxooJsfEcOD4zSg1EszRMajtXfHRniSo14aCqLNdW0V4j/eZ1UR2dBRkWSaiLwZFCUMqhjWIQCe1QSrNnIEIQlNbtCPEASYW2iq5oQ3OmTZ4l3XD+vOzcntcZFmUYF7IJ9cAhccAoa4Bo0gQcweABP4AW8Wo/Ws/VmvU9K56yyZwf8gfXxDXIwmT4=</latexit><latexit sha1_base64="FSMB/fjy+RdUiqbr43yFqJgFbFQ=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFcSElEUHdFF7qsYGyhCWUynbRDZyZhZiKUkJ0bf8WNCxW3foM7/8ZJG0RbDwycOede7r0nTBhV2nG+rLn5hcWl5cpKdXVtfWPT3tq+U3EqMfFwzGLZDpEijAriaaoZaSeSIB4y0gqHl4XfuidS0Vjc6lFCAo76gkYUI22krr3nc6QHYZT5zQHNj+DP9wpxjvKuXXPqzhhwlrglqYESza796fdinHIiNGZIqY7rJDrIkNQUM5JX/VSRBOEh6pOOoQJxooJsfEcOD4zSg1EszRMajtXfHRniSo14aCqLNdW0V4j/eZ1UR2dBRkWSaiLwZFCUMqhjWIQCe1QSrNnIEIQlNbtCPEASYW2iq5oQ3OmTZ4l3XD+vOzcntcZFmUYF7IJ9cAhccAoa4Bo0gQcweABP4AW8Wo/Ws/VmvU9K56yyZwf8gfXxDXIwmT4=</latexit><latexit sha1_base64="FSMB/fjy+RdUiqbr43yFqJgFbFQ=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBFcSElEUHdFF7qsYGyhCWUynbRDZyZhZiKUkJ0bf8WNCxW3foM7/8ZJG0RbDwycOede7r0nTBhV2nG+rLn5hcWl5cpKdXVtfWPT3tq+U3EqMfFwzGLZDpEijAriaaoZaSeSIB4y0gqHl4XfuidS0Vjc6lFCAo76gkYUI22krr3nc6QHYZT5zQHNj+DP9wpxjvKuXXPqzhhwlrglqYESza796fdinHIiNGZIqY7rJDrIkNQUM5JX/VSRBOEh6pOOoQJxooJsfEcOD4zSg1EszRMajtXfHRniSo14aCqLNdW0V4j/eZ1UR2dBRkWSaiLwZFCUMqhjWIQCe1QSrNnIEIQlNbtCPEASYW2iq5oQ3OmTZ4l3XD+vOzcntcZFmUYF7IJ9cAhccAoa4Bo0gQcweABP4AW8Wo/Ws/VmvU9K56yyZwf8gfXxDXIwmT4=</latexit>

�
<latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit>

�
<latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit><latexit sha1_base64="rjJ7IZcIRh1qiOhQcnVPxap8pjc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgnorevFYwdVCdynZNNuGZpM1yRbK0t/hxYOKV/+MN/+N2XYP2joQGGbe400mSjnTxnW/ncrK6tr6RnWztrW9s7tX3z940DJThPpEcqk6EdaUM0F9wwynnVRRnEScPkajm8J/HFOlmRT3ZpLSMMEDwWJGsLFSGCTYDKM4D9pDNu3VG27TnQEtE68kDSjR7tW/gr4kWUKFIRxr3fXc1IQ5VoYRTqe1INM0xWSEB7RrqcAJ1WE+Cz1FJ1bpo1gq+4RBM/X3Ro4TrSdJZCeLkHrRK8T/vG5m4sswZyLNDBVkfijOODISFQ2gPlOUGD6xBBPFbFZEhlhhYmxPNVuCt/jlZeKfNa+a7t15o3VdtlGFIziGU/DgAlpwC23wgcATPMMrvDlj58V5dz7moxWn3DmEP3A+fwBuDJIS</latexit>

�
<latexit sha1_base64="EmBB8PvThn2lP3MZwHe9EIA13VQ=">AAAB93icbVBNS8NAFNzUr1o/GvXoJVgETyURQb0VPeixgrGFJpSX7aZdursJuxuhhv4SLx5UvPpXvPlv3LQ5aOvAwjDzHm92opRRpV3326qsrK6tb1Q3a1vbO7t1e2//QSWZxMTHCUtkNwJFGBXE11Qz0k0lAR4x0onG14XfeSRS0UTc60lKQg5DQWOKQRupb9cDDnoUxXlwA5zDtG833KY7g7NMvJI0UIl23/4KBgnOOBEaM1Cq57mpDnOQmmJGprUgUyQFPIYh6RkqgBMV5rPgU+fYKAMnTqR5Qjsz9fdGDlypCY/MZBFTLXqF+J/Xy3R8EeZUpJkmAs8PxRlzdOIULTgDKgnWbGIIYElNVgePQALWpquaKcFb/PIy8U+bl0337qzRuirbqKJDdIROkIfOUQvdojbyEUYZekav6M16sl6sd+tjPlqxyp0D9AfW5w9fiJMZ</latexit><latexit sha1_base64="EmBB8PvThn2lP3MZwHe9EIA13VQ=">AAAB93icbVBNS8NAFNzUr1o/GvXoJVgETyURQb0VPeixgrGFJpSX7aZdursJuxuhhv4SLx5UvPpXvPlv3LQ5aOvAwjDzHm92opRRpV3326qsrK6tb1Q3a1vbO7t1e2//QSWZxMTHCUtkNwJFGBXE11Qz0k0lAR4x0onG14XfeSRS0UTc60lKQg5DQWOKQRupb9cDDnoUxXlwA5zDtG833KY7g7NMvJI0UIl23/4KBgnOOBEaM1Cq57mpDnOQmmJGprUgUyQFPIYh6RkqgBMV5rPgU+fYKAMnTqR5Qjsz9fdGDlypCY/MZBFTLXqF+J/Xy3R8EeZUpJkmAs8PxRlzdOIULTgDKgnWbGIIYElNVgePQALWpquaKcFb/PIy8U+bl0337qzRuirbqKJDdIROkIfOUQvdojbyEUYZekav6M16sl6sd+tjPlqxyp0D9AfW5w9fiJMZ</latexit><latexit sha1_base64="EmBB8PvThn2lP3MZwHe9EIA13VQ=">AAAB93icbVBNS8NAFNzUr1o/GvXoJVgETyURQb0VPeixgrGFJpSX7aZdursJuxuhhv4SLx5UvPpXvPlv3LQ5aOvAwjDzHm92opRRpV3326qsrK6tb1Q3a1vbO7t1e2//QSWZxMTHCUtkNwJFGBXE11Qz0k0lAR4x0onG14XfeSRS0UTc60lKQg5DQWOKQRupb9cDDnoUxXlwA5zDtG833KY7g7NMvJI0UIl23/4KBgnOOBEaM1Cq57mpDnOQmmJGprUgUyQFPIYh6RkqgBMV5rPgU+fYKAMnTqR5Qjsz9fdGDlypCY/MZBFTLXqF+J/Xy3R8EeZUpJkmAs8PxRlzdOIULTgDKgnWbGIIYElNVgePQALWpquaKcFb/PIy8U+bl0337qzRuirbqKJDdIROkIfOUQvdojbyEUYZekav6M16sl6sd+tjPlqxyp0D9AfW5w9fiJMZ</latexit>



M-Step Analysis

Cost function for updating   : 

Proposition: The sequence of matrices 
generated by AM converges to a fixed 
point of      , and every fixed point is 
a Nash equilibrium, i.e.,  
 
for any unit norm
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<latexit sha1_base64="cGkOxu9MPcrrf5AV6WFsDdz5LJw="></latexit><latexit sha1_base64="cGkOxu9MPcrrf5AV6WFsDdz5LJw="></latexit><latexit sha1_base64="cGkOxu9MPcrrf5AV6WFsDdz5LJw="></latexit>

�
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Image Denoising 
Example

!112

7

(a) Original image (b) Corrupted image, PSNR = 20 dB (c) DL-SBL, PSNR = 28.96 dB,
run time = 105.7 s

(d) SimCO, PSNR = 28.64 dB,
run time = 58.7 s

(e) DL-MM, PSNR = 28.54 dB,
run time = 98.7 s

(f) KSVD, PSNR = 28.34 dB,
run time = 76.7 s

(g) SGK, PSNR = 27.44 dB,
run time = 82.5 s

(h) PAU, PSNR = 27.44 dB,
run time = 84.5 s

(i) MOD, PSNR = 27.42 dB,
run time = 79.2 s

Figure 4. An example of image denoising using different dictionary learning algorithms with K = 1000, m = 64, and N = 256. We see that all algorithms
improve the visual quality of the noisy image.

A. Convergence

To study the convergence properties of the AM procedure,
we take size of training data set as K = 1000. We look at
the first iteration (r = 1) of the EM algorithm because that
requires the maximum number of inner iterations to converge,
and thus illustrates the convergence behavior well. From our
experiments, we observe that other values of r give a similar
convergence behavior.

Figure 1 and Figure 2 show the `2 squared norm of the
difference between the iterates and the limit point, given by
kA(1,u) �A(1)k2, of the AM and ALS procedures under dif-

ferent settings. We set � = 0.1 for Figure 1 and � = ↵ = 0.1
for Figure 2. In both figures, the curves labeled Diff and Fit
correspond to the curves obtained via numerical experiments
and by fitting the function f(x) = exp(au+ b) on the values,
respectively, where a < 0 and b are parameters of the curve.
The values of the parameters averaged over 100 experiments
are listed in Table I and Table II. Our observations are as
follows:

• Rate of convergence: From Figure 1 and Figure 2 we see
that the curve is well approximated using an exponential
function for moderate values of iteration number. Further,
the tail of the curve exhibits a faster-than-exponential de-

512 x 512 image “Barbara” 

Goal: remove AWGN  

Learn dictionary using 1000  
8 x 8 blocks, randomly chosen  

N = 256 

Learn dictionary  

Reconstruct image using OMP



Sparsity and Linear 
Dynamical Systems

System Model: 

Want to observe, control and stabilize linear 
dynamical systems under sparsity constraints 

Examples: 
Known inputs: recover sparse state 
Unknown sparse inputs: recover state 
and inputs

!113

xk+1 = Dxk +Hhk
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Applications

Diffusion processes with sparse 
initialization 

Disease/epidemic spreading 
Pollution 
Computer/mobile nwk virus spreading 
Info. propagation in social networks 

Identifying the initial state of the system 
is critical to control the spreading 
Goal: Observability of the system when 
initialized with a sparse x0 !114



Compressed Sensing 
Formulation

Challenges: 
Non-identically distributed rows 
Columns not independent 
D can be arbitrary

!115

Formulating as a Compressed Sensing Problem

Recovery sparse x0
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775 x0,

I Goal: Guarantees on the recovery of x0

I Assumption: Observation matrices are random matrices

I Challenges:
I Non-identically distributed rows

I Columns need not be independent

I No restriction on D

Geethu Joseph Linear Systems with Sparsity ConstraintsQuarterly Review: January 2018
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Independent 
Subgaussian Ak

RIP condition: The RIC   of     satisfies               
      for all                  with 
probability at least       if 
 

      is the ratio of the smallest to 
largest singular value of D 
System observable if      threshold  
Total number of meas. Km = O(s log N)!

!116

�s
<latexit sha1_base64="jQ397LsCmN2C4V8ASdJoTLsWBrA=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZACgUeCpTQSTWwOJDQDkY3U7/9BNqIRN3jOAU/ZgMlIsEZWqnTC0Ei65t+tebW3RnoMmkUpEYKtPrVr16Y8CwGhVwyY7oNN0U/ZxoFlzCp9DIDKeMjNoCupYrFYPx8du+EnlglpFGibSmkM/X3RM5iY8ZxYDtjhkOz6E3F/7xuhtGlnwuVZgiKzxdFmaSY0OnzNBQaOMqxJYxrYW+lfMg042gjqtgQGosvLxPvrH5Vd+/Oa83rIo0yOSLH5JQ0yAVpklvSIh7hRJJn8krenEfnxXl3PuatJaeYOSR/4Hz+AIo5j9U=</latexit><latexit sha1_base64="jQ397LsCmN2C4V8ASdJoTLsWBrA=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZACgUeCpTQSTWwOJDQDkY3U7/9BNqIRN3jOAU/ZgMlIsEZWqnTC0Ei65t+tebW3RnoMmkUpEYKtPrVr16Y8CwGhVwyY7oNN0U/ZxoFlzCp9DIDKeMjNoCupYrFYPx8du+EnlglpFGibSmkM/X3RM5iY8ZxYDtjhkOz6E3F/7xuhtGlnwuVZgiKzxdFmaSY0OnzNBQaOMqxJYxrYW+lfMg042gjqtgQGosvLxPvrH5Vd+/Oa83rIo0yOSLH5JQ0yAVpklvSIh7hRJJn8krenEfnxXl3PuatJaeYOSR/4Hz+AIo5j9U=</latexit><latexit sha1_base64="jQ397LsCmN2C4V8ASdJoTLsWBrA=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZACgUeCpTQSTWwOJDQDkY3U7/9BNqIRN3jOAU/ZgMlIsEZWqnTC0Ei65t+tebW3RnoMmkUpEYKtPrVr16Y8CwGhVwyY7oNN0U/ZxoFlzCp9DIDKeMjNoCupYrFYPx8du+EnlglpFGibSmkM/X3RM5iY8ZxYDtjhkOz6E3F/7xuhtGlnwuVZgiKzxdFmaSY0OnzNBQaOMqxJYxrYW+lfMg042gjqtgQGosvLxPvrH5Vd+/Oa83rIo0yOSLH5JQ0yAVpklvSIh7hRJJn8krenEfnxXl3PuatJaeYOSR/4Hz+AIo5j9U=</latexit>

Ã(K)
<latexit sha1_base64="mhjiuqAWSxXvTi8Ylfry6kYH4sk=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqi3qhfBSwVjC00Im82mXbrZhN2NUELw4l/x4kHFq//Cm//GTZuDtj4YeLw3w8w8P2FUKsv6NioLi0vLK9XV2tr6xuaWub1zL+NUYGLjmMWi5yNJGOXEVlQx0ksEQZHPSNcfXRV+94EISWN+p8YJcSM04DSkGCkteeaeoygLSOZESA39MLvIcy9r3Bzl0DPrVtOaAM6TVknqoETHM7+cIMZpRLjCDEnZb1mJcjMkFMWM5DUnlSRBeIQGpK8pRxGRbjZ5IYeHWglgGAtdXMGJ+nsiQ5GU48jXncWlctYrxP+8fqrCMzejPEkV4Xi6KEwZVDEs8oABFQQrNtYEYUH1rRAPkUBY6dRqOoTW7MvzxD5unjet25N6+7JMowr2wQFogBY4BW1wDTrABhg8gmfwCt6MJ+PFeDc+pq0Vo5zZBX9gfP4AZiKW+A==</latexit><latexit sha1_base64="mhjiuqAWSxXvTi8Ylfry6kYH4sk=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqi3qhfBSwVjC00Im82mXbrZhN2NUELw4l/x4kHFq//Cm//GTZuDtj4YeLw3w8w8P2FUKsv6NioLi0vLK9XV2tr6xuaWub1zL+NUYGLjmMWi5yNJGOXEVlQx0ksEQZHPSNcfXRV+94EISWN+p8YJcSM04DSkGCkteeaeoygLSOZESA39MLvIcy9r3Bzl0DPrVtOaAM6TVknqoETHM7+cIMZpRLjCDEnZb1mJcjMkFMWM5DUnlSRBeIQGpK8pRxGRbjZ5IYeHWglgGAtdXMGJ+nsiQ5GU48jXncWlctYrxP+8fqrCMzejPEkV4Xi6KEwZVDEs8oABFQQrNtYEYUH1rRAPkUBY6dRqOoTW7MvzxD5unjet25N6+7JMowr2wQFogBY4BW1wDTrABhg8gmfwCt6MJ+PFeDc+pq0Vo5zZBX9gfP4AZiKW+A==</latexit><latexit sha1_base64="mhjiuqAWSxXvTi8Ylfry6kYH4sk=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqi3qhfBSwVjC00Im82mXbrZhN2NUELw4l/x4kHFq//Cm//GTZuDtj4YeLw3w8w8P2FUKsv6NioLi0vLK9XV2tr6xuaWub1zL+NUYGLjmMWi5yNJGOXEVlQx0ksEQZHPSNcfXRV+94EISWN+p8YJcSM04DSkGCkteeaeoygLSOZESA39MLvIcy9r3Bzl0DPrVtOaAM6TVknqoETHM7+cIMZpRLjCDEnZb1mJcjMkFMWM5DUnlSRBeIQGpK8pRxGRbjZ5IYeHWglgGAtdXMGJ+nsiQ5GU48jXncWlctYrxP+8fqrCMzejPEkV4Xi6KEwZVDEs8oABFQQrNtYEYUH1rRAPkUBY6dRqOoTW7MvzxD5unjet25N6+7JMowr2wQFogBY4BW1wDTrABhg8gmfwCt6MJ+PFeDc+pq0Vo5zZBX9gfP4AZiKW+A==</latexit>

� > 1� �2(K�1)
<latexit sha1_base64="lJSSQRUpKF7KWA6AsRRbFernWhs=">AAACBXicbVDNSsNAGNzUv1r/oh5FWCxCPbQkRVAvUvQieKlgbKGJZbPZtEs3m7C7EUroyYuv4sWDilffwZtv47bNQVsHFoaZb/j2Gz9hVCrL+jYKC4tLyyvF1dLa+sbmlrm9cyfjVGDi4JjFou0jSRjlxFFUMdJOBEGRz0jLH1yO/dYDEZLG/FYNE+JFqMdpSDFSWuqa+25AmELwHNqwCl2mkwG6z+qV66p9NOqaZatmTQDniZ2TMsjR7JpfbhDjNCJcYYak7NhWorwMCUUxI6OSm0qSIDxAPdLRlKOISC+bnDGCh1oJYBgL/biCE/V3IkORlMPI15MRUn05643F/7xOqsJTL6M8SRXheLooTBlUMRx3AgMqCFZsqAnCguq/QtxHAmGlmyvpEuzZk+eJU6+d1ayb43LjIm+jCPbAAagAG5yABrgCTeAADB7BM3gFb8aT8WK8Gx/T0YKRZ3bBHxifP95JlmE=</latexit><latexit sha1_base64="lJSSQRUpKF7KWA6AsRRbFernWhs=">AAACBXicbVDNSsNAGNzUv1r/oh5FWCxCPbQkRVAvUvQieKlgbKGJZbPZtEs3m7C7EUroyYuv4sWDilffwZtv47bNQVsHFoaZb/j2Gz9hVCrL+jYKC4tLyyvF1dLa+sbmlrm9cyfjVGDi4JjFou0jSRjlxFFUMdJOBEGRz0jLH1yO/dYDEZLG/FYNE+JFqMdpSDFSWuqa+25AmELwHNqwCl2mkwG6z+qV66p9NOqaZatmTQDniZ2TMsjR7JpfbhDjNCJcYYak7NhWorwMCUUxI6OSm0qSIDxAPdLRlKOISC+bnDGCh1oJYBgL/biCE/V3IkORlMPI15MRUn05643F/7xOqsJTL6M8SRXheLooTBlUMRx3AgMqCFZsqAnCguq/QtxHAmGlmyvpEuzZk+eJU6+d1ayb43LjIm+jCPbAAagAG5yABrgCTeAADB7BM3gFb8aT8WK8Gx/T0YKRZ3bBHxifP95JlmE=</latexit><latexit sha1_base64="lJSSQRUpKF7KWA6AsRRbFernWhs=">AAACBXicbVDNSsNAGNzUv1r/oh5FWCxCPbQkRVAvUvQieKlgbKGJZbPZtEs3m7C7EUroyYuv4sWDilffwZtv47bNQVsHFoaZb/j2Gz9hVCrL+jYKC4tLyyvF1dLa+sbmlrm9cyfjVGDi4JjFou0jSRjlxFFUMdJOBEGRz0jLH1yO/dYDEZLG/FYNE+JFqMdpSDFSWuqa+25AmELwHNqwCl2mkwG6z+qV66p9NOqaZatmTQDniZ2TMsjR7JpfbhDjNCJcYYak7NhWorwMCUUxI6OSm0qSIDxAPdLRlKOISC+bnDGCh1oJYBgL/biCE/V3IkORlMPI15MRUn05643F/7xOqsJTL6M8SRXheLooTBlUMRx3AgMqCFZsqAnCguq/QtxHAmGlmyvpEuzZk+eJU6+d1ayb43LjIm+jCPbAAagAG5yABrgCTeAADB7BM3gFb8aT8WK8Gx/T0YKRZ3bBHxifP95JlmE=</latexit>

1� ✏
<latexit sha1_base64="9Nkq12qbE/zNXe5cpoPZm+RKg6A=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSQiqLeiF48VjC22oWy2k3bpZhN2N0IJ/RdePKh49ed489+4bXPQ1gcDj/dmmJkXpoJr47rfztLyyuraemmjvLm1vbNb2dt/0EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mfjNJ1SaJ/LejFIMYtqXPOKMGis9eqcdTDUXiexWqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqLLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Wuau7debV+XaRRgkM4ghPw4ALqcAsN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8weTH5Bl</latexit><latexit sha1_base64="9Nkq12qbE/zNXe5cpoPZm+RKg6A=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSQiqLeiF48VjC22oWy2k3bpZhN2N0IJ/RdePKh49ed489+4bXPQ1gcDj/dmmJkXpoJr47rfztLyyuraemmjvLm1vbNb2dt/0EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mfjNJ1SaJ/LejFIMYtqXPOKMGis9eqcdTDUXiexWqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqLLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Wuau7debV+XaRRgkM4ghPw4ALqcAsN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8weTH5Bl</latexit><latexit sha1_base64="9Nkq12qbE/zNXe5cpoPZm+RKg6A=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4sSQiqLeiF48VjC22oWy2k3bpZhN2N0IJ/RdePKh49ed489+4bXPQ1gcDj/dmmJkXpoJr47rfztLyyuraemmjvLm1vbNb2dt/0EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mfjNJ1SaJ/LejFIMYtqXPOKMGis9eqcdTDUXiexWqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqLLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Wuau7debV+XaRRgkM4ghPw4ALqcAsN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8weTH5Bl</latexit>
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� � 1 + �2(K�1)
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<latexit sha1_base64="ZNeVF0zuAs93jyIvTagExZ/CFik="></latexit><latexit sha1_base64="ZNeVF0zuAs93jyIvTagExZ/CFik="></latexit><latexit sha1_base64="ZNeVF0zuAs93jyIvTagExZ/CFik="></latexit>

�s < �
<latexit sha1_base64="HWGH6pAOf4PTzxLtVPyIJlwtgD0=">AAAB+XicbZBNS8NAEIY3ftb61erRy2IRPJVEBBU8FL14rGBsoQ1ls5m0Szcf7E6UEvtTvHhQ8eo/8ea/cdvmoK0vLDy8M8PMvn4qhUbb/raWlldW19ZLG+XNre2d3Up1714nmeLg8kQmqu0zDVLE4KJACe1UAYt8CS1/eD2ptx5AaZHEdzhKwYtYPxah4AyN1atUuwFIZD1NL2mBlZpdt6eii+AUUCOFmr3KVzdIeBZBjFwyrTuOnaKXM4WCSxiXu5mGlPEh60PHYMwi0F4+PX1Mj4wT0DBR5sVIp+7viZxFWo8i33RGDAd6vjYx/6t1MgzPvVzEaYYQ89miMJMUEzrJgQZCAUc5MsC4EuZWygdMMY4mrbIJwZn/8iK4J/WLun17WmtcFWmUyAE5JMfEIWekQW5Ik7iEk0fyTF7Jm/VkvVjv1sesdckqZvbJH1mfP9EBk0I=</latexit><latexit sha1_base64="HWGH6pAOf4PTzxLtVPyIJlwtgD0=">AAAB+XicbZBNS8NAEIY3ftb61erRy2IRPJVEBBU8FL14rGBsoQ1ls5m0Szcf7E6UEvtTvHhQ8eo/8ea/cdvmoK0vLDy8M8PMvn4qhUbb/raWlldW19ZLG+XNre2d3Up1714nmeLg8kQmqu0zDVLE4KJACe1UAYt8CS1/eD2ptx5AaZHEdzhKwYtYPxah4AyN1atUuwFIZD1NL2mBlZpdt6eii+AUUCOFmr3KVzdIeBZBjFwyrTuOnaKXM4WCSxiXu5mGlPEh60PHYMwi0F4+PX1Mj4wT0DBR5sVIp+7viZxFWo8i33RGDAd6vjYx/6t1MgzPvVzEaYYQ89miMJMUEzrJgQZCAUc5MsC4EuZWygdMMY4mrbIJwZn/8iK4J/WLun17WmtcFWmUyAE5JMfEIWekQW5Ik7iEk0fyTF7Jm/VkvVjv1sesdckqZvbJH1mfP9EBk0I=</latexit><latexit sha1_base64="HWGH6pAOf4PTzxLtVPyIJlwtgD0=">AAAB+XicbZBNS8NAEIY3ftb61erRy2IRPJVEBBU8FL14rGBsoQ1ls5m0Szcf7E6UEvtTvHhQ8eo/8ea/cdvmoK0vLDy8M8PMvn4qhUbb/raWlldW19ZLG+XNre2d3Up1714nmeLg8kQmqu0zDVLE4KJACe1UAYt8CS1/eD2ptx5AaZHEdzhKwYtYPxah4AyN1atUuwFIZD1NL2mBlZpdt6eii+AUUCOFmr3KVzdIeBZBjFwyrTuOnaKXM4WCSxiXu5mGlPEh60PHYMwi0F4+PX1Mj4wT0DBR5sVIp+7viZxFWo8i33RGDAd6vjYx/6t1MgzPvVzEaYYQ89miMJMUEzrJgQZCAUc5MsC4EuZWygdMMY4mrbIJwZn/8iK4J/WLun17WmtcFWmUyAE5JMfEIWekQW5Ik7iEk0fyTF7Jm/VkvVjv1sesdckqZvbJH1mfP9EBk0I=</latexit>

�  1
<latexit sha1_base64="ui+KoEHWGqFWzZVZDI/PVp5vpCQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cVjBaaUCaTm3bo5OHMpFBCv8ONCxW3/ow7/8Zpm4W2Hhg4nHMu984JMsGVtu1vq7Kyura+Ud2sbW3v7O7V9w8eVJpLhi5LRSo7AVUoeIKu5lpgJ5NI40DgYzC8mfqPI5SKp8m9Hmfox7Sf8Igzqo3ke8JEQ0o8gcTp1Rt2056BLBOnJA0o0e7Vv7wwZXmMiWaCKtV17Ez7BZWaM4GTmpcrzCgb0j52DU1ojMovZkdPyIlRQhKl0rxEk5n6e6KgsVLjODDJmOqBWvSm4n9eN9fRpV/wJMs1Jmy+KMoF0SmZNkBCLpFpMTaEMsnNrYQNqKRMm55qpgRn8cvLxD1rXjXtu/NG67psowpHcAyn4MAFtOAW2uACgyd4hld4s0bWi/VufcyjFaucOYQ/sD5/AAz5kSo=</latexit><latexit sha1_base64="ui+KoEHWGqFWzZVZDI/PVp5vpCQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cVjBaaUCaTm3bo5OHMpFBCv8ONCxW3/ow7/8Zpm4W2Hhg4nHMu984JMsGVtu1vq7Kyura+Ud2sbW3v7O7V9w8eVJpLhi5LRSo7AVUoeIKu5lpgJ5NI40DgYzC8mfqPI5SKp8m9Hmfox7Sf8Igzqo3ke8JEQ0o8gcTp1Rt2056BLBOnJA0o0e7Vv7wwZXmMiWaCKtV17Ez7BZWaM4GTmpcrzCgb0j52DU1ojMovZkdPyIlRQhKl0rxEk5n6e6KgsVLjODDJmOqBWvSm4n9eN9fRpV/wJMs1Jmy+KMoF0SmZNkBCLpFpMTaEMsnNrYQNqKRMm55qpgRn8cvLxD1rXjXtu/NG67psowpHcAyn4MAFtOAW2uACgyd4hld4s0bWi/VufcyjFaucOYQ/sD5/AAz5kSo=</latexit><latexit sha1_base64="ui+KoEHWGqFWzZVZDI/PVp5vpCQ=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cVjBaaUCaTm3bo5OHMpFBCv8ONCxW3/ow7/8Zpm4W2Hhg4nHMu984JMsGVtu1vq7Kyura+Ud2sbW3v7O7V9w8eVJpLhi5LRSo7AVUoeIKu5lpgJ5NI40DgYzC8mfqPI5SKp8m9Hmfox7Sf8Igzqo3ke8JEQ0o8gcTp1Rt2056BLBOnJA0o0e7Vv7wwZXmMiWaCKtV17Ez7BZWaM4GTmpcrzCgb0j52DU1ojMovZkdPyIlRQhKl0rxEk5n6e6KgsVLjODDJmOqBWvSm4n9eN9fRpV/wJMs1Jmy+KMoF0SmZNkBCLpFpMTaEMsnNrYQNqKRMm55qpgRn8cvLxD1rXjXtu/NG67psowpHcAyn4MAFtOAW2uACgyd4hld4s0bWi/VufcyjFaucOYQ/sD5/AAz5kSo=</latexit>

�s <
<latexit sha1_base64="pYojoH/YWv7my+uU105Iw5U9iDI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUMFD0YvHCsYW0lA2m027dLMbdidCCf0ZXjyoePXfePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eysrq2vlHdrG1t7+zu1fcPHo3KNWU+VULpbkQME1wyHzgI1s00I2kkWCca3U79zhPThiv5AOOMhSkZSJ5wSsBKQS9mAkjf4GvcrzfcpjsDXiZeSRqoRLtf/+rFiuYpk0AFMSbw3AzCgmjgVLBJrZcblhE6IgMWWCpJykxYzE6e4BOrxDhR2pYEPFN/TxQkNWacRrYzJTA0i95U/M8Lckguw4LLLAcm6XxRkgsMCk//xzHXjIIYW0Ko5vZWTIdEEwo2pZoNwVt8eZn4Z82rpnt/3mjdlGlU0RE6RqfIQxeohe5QG/mIIoWe0St6c8B5cd6dj3lrxSlnDtEfOJ8/vrmQbw==</latexit><latexit sha1_base64="pYojoH/YWv7my+uU105Iw5U9iDI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUMFD0YvHCsYW0lA2m027dLMbdidCCf0ZXjyoePXfePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eysrq2vlHdrG1t7+zu1fcPHo3KNWU+VULpbkQME1wyHzgI1s00I2kkWCca3U79zhPThiv5AOOMhSkZSJ5wSsBKQS9mAkjf4GvcrzfcpjsDXiZeSRqoRLtf/+rFiuYpk0AFMSbw3AzCgmjgVLBJrZcblhE6IgMWWCpJykxYzE6e4BOrxDhR2pYEPFN/TxQkNWacRrYzJTA0i95U/M8Lckguw4LLLAcm6XxRkgsMCk//xzHXjIIYW0Ko5vZWTIdEEwo2pZoNwVt8eZn4Z82rpnt/3mjdlGlU0RE6RqfIQxeohe5QG/mIIoWe0St6c8B5cd6dj3lrxSlnDtEfOJ8/vrmQbw==</latexit><latexit sha1_base64="pYojoH/YWv7my+uU105Iw5U9iDI=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUMFD0YvHCsYW0lA2m027dLMbdidCCf0ZXjyoePXfePPfuG1z0NYHA4/3ZpiZF2WCG3Ddb6eysrq2vlHdrG1t7+zu1fcPHo3KNWU+VULpbkQME1wyHzgI1s00I2kkWCca3U79zhPThiv5AOOMhSkZSJ5wSsBKQS9mAkjf4GvcrzfcpjsDXiZeSRqoRLtf/+rFiuYpk0AFMSbw3AzCgmjgVLBJrZcblhE6IgMWWCpJykxYzE6e4BOrxDhR2pYEPFN/TxQkNWacRrYzJTA0i95U/M8Lckguw4LLLAcm6XxRkgsMCk//xzHXjIIYW0Ko5vZWTIdEEwo2pZoNwVt8eZn4Z82rpnt/3mjdlGlU0RE6RqfIQxeohe5QG/mIIoWe0St6c8B5cd6dj3lrxSlnDtEfOJ8/vrmQbw==</latexit>



Joint Recovery of Initial 
State and Sparse Inputs

Same conditions as before, with 
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Joint Recovery of Initial Vector and Control In-

puts

Recovery sparse x0

2

664

y0

y1

. . .
yK�1

3

775=

2

6664

A(0) 0 . . . 0
A(1)D A(1)H . . . 0

.

.

.
.
.
.

. . .
.
.
.

A(K�1)D
K�1

A(K�1)D
K�2

H . . . A(K�1)H
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2
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h1

.

.

.

hK

3

7775

I Same results with � replaced with �̃

�̃ = 1 � max
i=0,1,...,K�1

�i ,

�i is RIC of
⇥
D

i
D

i�1
H . . . H

⇤
, of order s
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i=0,1,...,K�1

�i

�i = RIC of [Di
D

i�1
H . . . H] of order s
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Key Observations

Num. meas. sufficient for observability 
reduced from O(N) to O(s log N) 
Fewer measurements if  

Transfer matrix D is well conditioned  
Sparsity s is small 

Systems unobservable in the classical 
setting are observable under sparsity 
constraints!
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Distributed Recovery: Learning 
Over a Network

Network of L data centers 
Node j has observation yj 

Want to learn xj:  
Statistically related  
to yj 

Centralized processing: 
Optimal, but 
Computationally demanding 

Distributed (in-network) processing: 
Secure 
Robust to node failures



Recap: SBL for Joint Sparse 
Recovery

EM Iterations: 
E-step:  

Separable: xj are independent given Γ 

Can be computed locally at each node 

M-step: not separable

⌃k+1
j = �k � �k�T

j

�
�2
j IM + �j�

k�T
j

��1
�j�

k

µk+1
j = ��2

j ⌃k+1
j �T

j yj

�k+1 =
1

L

LX

j=1

a(k+1)
j



A Simple Trick

Equivalent problems 

For distributed implementation 

Can now use, e.g., ADMM to solve  
 
 
 

Can be computed 
locally at each node!  
Objective fn. separable

Bridge nodes 
Linear constraints

�⇤ = argmin
�

LX

j=1

|� � aj |2�⇤ =
1

L

LX

j=1

aj

arg min

�j , j 2 [L]
LX

j=1

|�j � aj |2

subject to �j = �b, b 2 Bj , j 2 [L]



Simulation Result:  
NMSE Phase Transition

L = 5 nodes, n = 50, m = 10, 10% sparsity, SNR = 30 dB

[S. Khanna, C. R. Murthy, TSIPN 2017]



Part 8: Applications 

Wireless channel estimation & data detection



Wireless Channels

Wireless channels exhibit multipath 
Naturally sparse in the lag-domain 

Channel equalization & data detection 
Need to estimate both support & channel

τ3τ1

τ2
time

Am
pl

itu
de

τ1 τ2 τ3



Channel Models

Block fading channel:  
 
Channel constant for the duration of a block 
(say, K symbols), changes i.i.d. from block-to-
block (classic SMV-SBL) 

Time-varying channel: 
 
Channel varies from symbol-to-symbol 

Want to exploit temporal correlation and group-
sparsity (MMV-SBL)



Outline

1. Block fading case:  
1. Known channel support: Joint channel 

estimation & data detection 
2. Unknown channel support: Channel and support 

estimation using pilot symbols 

3. Unknown data & support: Joint support, channel 
estimation & data detection 

2. Time-varying case:  
1. AR model: Kalman-EM algo for joint support, 

channel estimation & data detn



OFDM with Block Fading 
Channel

Received signal model y = X F h + v 

Goal: Given y, jointly estimate X & h 

Diagonal data matrix; N x N  
N: number of subcarriers

N x L DFT matrix, containing  
first L cols of N x N DFT matrix  
L: max channel delay spread  

L x 1 channel vec

Noise



Sparse Channel Estimation 
from Pilot  Symbols

h sparse in time (lag) domain 

Hierarchical prior: 
γi deterministic, unknown hyperparams 

Goal:  
Given y, X, estimate h & sparsity profile  

h(i) = CN (0, �i)



Joint Channel, Support Estmn. 
& Data Detn.

y = X F h + v



Joint Channel, Support Estmn. 
& Data Detn.

Get h as a by-product of the E-step



Simulation Result

OFDM system  

N=256 subcarriers,  

max delay spread  
L=64 

K=7 symbols/slot 

PedB PDP:  
6 nonzero taps  

44 pilot subcarriers 

Data: rate ½ turbo  
code, QPSK 



BER Performance



Time-Varying Channels

Channel correlated from symbol-to-
symbol 

AR model: 

The factor ρ depends on the normalized 
doppler freq, which in turn depends on 
the speed of the mobile  

SBL framework can be extended to 
incorporate the temporal correlation

hk = ⇢hk�1 + uk



Joint Kalman SBL (JK-SBL)

Complexity O(KL3): smaller 
than block-based methods 
O(K3L3) [Zhang et al. 10]  

(K = num. OFDM symbols 
used in joint estimation) 

In the block-fading case: 
get recursive, more 
computationally efficient 
versions of our algos 



Simulation Result

fdTs = 0.001 (slowly time-varying)



MIMO-OFDM

Goal: Recover h1, …, hNr from y1 … yNr

[Prasad & M., NCC 2014]



MMV Framework

Measurement model 

Pilot subcarriers



MSE Performance

2 x 2 MIMO-OFDM 
System 

256 subcarriers 

CP length 64 

44 pilot 
subcarriers 

PedB PDP 

QPSK constellation



Exploiting Structure 
Helps!



BER Performance



Wideband spectrum sensing 
using compressive measurements

Experimental setup 
No. primary users = 5 
No. secondary users = 10 
11 of total 128 frequency 
subbands are in use  
SNR range: −2.4 to 7.8 dB. 
Compression ratio = 12.5



Summary

Bayesian methods: 
Simple updates 
Promising performance 

Challenges: 
Theoretical analysis 
New algorithms 
Novel applications 

Plenty of opportunities!
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