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Part 1: Setting the Stage

Motivation and background

Basic resulks



Spar‘se Sighal f&ec:overj
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Y d 2 \%
s —|— L]
M x 1 M x N | | M x 1
. noise
measurements Measurement matrix
M < N N x1

a.k.a. Dictionary B sparse signal

Kk nonzero
entries,
k << N

® Goal: Recover x from Y

& M << N: infinitely many solutions



Wireless Chawnnel
Eskimalbion
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>

Amplitude

i =

T N time

8 Wireless chawnnels exhibit mulkipath
& Naturally sparse in the lag-domain

8 Need to estimate both support & channel

& Channel equalization % data detection



Compressed Sensing
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& Deals with three main qu,esﬁoms:

& Desigh of@emsiv\s mo&riaes]

Sparsifying

/ / Basis

PN =Anu«xNYNxN
® Guarantees for recovery

& Cowmpukationally efficient algorithms

® This talle: New algorithms and quarantees for
sparse sighal recovery!



Robust Linear Regression:
Underdebtermined Case

N
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Model noise

& / \
et Outliers GO.USSiCln
__noise
M x 1 [
i’—’f“‘m; — e e Vg
| Goal: Given y, O, recover
& Transform into an overaonzpief:e Frobiem:
Y —®bx + Vv, +v,, where W —]
X
or Y =|P W \Y% Sparse recovery alqos
@ 9| X |+v, r g als

are Now apptiaabi.a!



Robust Linear Regression:
Overdetermined Case
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& Measurement model:

y=Ax+E+e

M x N; OQutliers; Noise
M > N  sparse

® Use SVD: A=U;2VT:. UTA =0
& Processed measurements:
=1y = URIB U

& Can how directly apply sparse signal recovery
algorithms to estimate and remove outliers!



The Problem
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Noiseless case: Griven y and @, solve
min ||x||g subject to y = ®x

Noisy case: solve

min ||x||p subject to ||y — &x|2 <

L, norm minimization

& Combinatorial complexity

& Not robust ko noise



Breakthrough 1:
The Null S[am:e ‘Proper&v

N WA

& Underdetermined systems: y = Ox; ® is M x N, M < N,
X LS l«f‘--sParse_:
& Infinitely many solutions, but ...

& Unigue soln. if nullspace of ® has no “sparse” vectors
[Downcho, Elad ‘o2]

& Recovery of all k-sparse x: M 2 2k is nec. & suff.
& Given x, uhique solin, with high probabiti&-j, U M2 erl
[Bresler; Wakin ekc]
® Thus: Sub-Nyquist sampling (compression) possible:
® When we restrict to sparse signals

& And sample in an “ainpropria&e" basis ®



Breakthrough 2:
Just Relax!

N
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& L, min, instead of L, min,
min ||x||; subject to y = ®&x
& Convex optimization prabi.em; Linear program

& Same solution as Lo minimizakion!
& If the measurement mabrix is random
& Use slightly larger number of measurements

8 Robust to measurement noise N ~ k log (%) < N

& See [Donoho; Candes, Romberq, Tao etc]



Breakthrough 3:
Qecover:j Gruarantees

NN
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Nost measuremenks: Yy = Ox + v
We solve(Py,) :min |[z]|1 subject to ||z —y/> <7

Robust NSP: ® satisfies RNSP(k) if,V S of cardihaiiﬁj ke,
Iwslly < pllwsells +7(|@w]1 V w

Resulk: If ® sabisfies RNSP(), a sol. x* of (Pin) with|[V]2 <7
and y = Ax + v satisfies / Error in approximating X

by a k-sparse vector

1 Noise




Analysis of BP: stable
and robust recovery
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& Theorem: Su,ppose. 2ieth Reskricked Isome&r:;
Constant of ¢ sakisfies

Son < % ~ 0.6246
then for x,y with [|[Ax-y||:¢n, the sol x* of

min ||z|[; subject to ||®z —y|l2 <71
satisfies ”

|x — x*||; < Coy(x)1 + DVEn

@
e s o

vk

where C, D >0 depemd oni.jj oW dop




Breakthrough 4:
Recovery Algorithms
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& Greedy algorithms:
& Matching Fu,rsu.if: [Mallal, Zhang; Cotter, Rac]
& Orthogonal matching pursuil [Tropp 03]
& COSAMY [Needell, Tropp]

8 Relaxation based methods (minimize diversity meas.):
Basis pursuit (L-p, with P:.-.l) [Chen <t al.]
Lasso (BPDN) [Tibshirani]

DO\V\&ZES selector [candes, Tao]

e e e o

Homotopy based methods (e.g., LARS) [Garrigues et al. 09]
& FOCUSS (L-—F:, wikh p < 1) [Gordonitsky et al.]

& Iterative methods: Recovery guarantees exist
® Basic/Iterative hard thresholding for most of these algorithms!
® Hard thresholding pursuik See [Rauhut & Foucart]



Limitations of Greed &
Relaxation
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& Performance of BP and OMP depend on®
& Poor performance when conditions are violated
& Hard to relate estimation error to the dictionary
& Correlated dictionary: disrupts L -L, equivalence
=

BP: performance independent of nonzero coeffs
[Malioutov ek al. 2004 ]

& Cannol improve when situation is favorable

& OMP: performance highly sensitive to magnitudes of
nonzero coefficients

& Poor performance with unit magnitudes
8 Other issues:

& Estimating embedded parameters, exploiting
additional structure when available



To Qecap
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& Sparse signal recovery
& Basic problem, breakthroughs in CS
& Algorithms

& Guarantees

& Limitations
& Scaling/shrinkage
& Correlated dic&iamarj
& Embedded parameters



Part 2: Dont Relax!
e

A time and place for nonconvex methods?



Bayesian Methods
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& MAP estimation (Type I

& Also a regression problem with sparsiby
promoting penalties (e.g., L-norm)
e Li-min (BP/LASSO) is a special case

& Hierarchical Bayesian methods (Type T

& Iterative reweighted L, [candes et al. 200%]
Iterative reweighted L, [Chartrand & Yin 200%]

@
8 EM-based SBL [Tipping, 2001], [Wipf, Rao 2007]
@

AMY [Schniter 200%], [Rangan 2011]



MAT Estimation
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(}2 — 7l maxp(x\y))( Type-I method M <« N

= arg min — log p(y|x) — log p(x) (Bayes’ rule)

N
= argmin [ly — ®x||5 + AZQG%‘D < Separable prior
i=1
8 For sparse solutions, g(|x]) should be a concave,
nondecreasing function
e Example: 9(jx ) = [xJr, p ¢ 1

& Lasso is a s!pe«céad. coase.! p::l

& Any local min, of the MAP estmin probtem has at
most M nonzeros [reo et o, 99]



The Opéimizafziom Problem
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& To solve

N
argmin G(x) 2 ||y — @x[3 + A _ g(|x:])
i=1
& 9(x) concave, monotonically A in |x|
8 G{x) convex + cowncave
® Many options for g(x) to promote sparsity
® Many options for solving the optz. problem



Spars&&:jm?ro moting
‘Pev\gm&w_s

& Cowncave penalty fus. promote sparsity
® g(x) = Llog(x2 + €), € > O [Chartrand & Yin 200%]
® g(x) = log(|x| + €), € » © [candes et aL. 200%]
® g9(x) = |xJp, 0 < P < 1 [Raoetal, 9]

8 A general approac:h:

ma jorize-minimize




Ma jorization-minimization
Appromik

& Find an upper bound g(x) ¢ £{(x|xtm)

® Equality ot x = xtm), convenient for opt.
& Step 1: Optimize

argmin F (xx™ ) 2 ||y — ®x|3 +Azf (Ill={™)
& Step 2: Set m <~ mrl, update nf(xlx(m)), tkerate

& Works because
G(x(w-l)) < F'»’(x(nﬂ*l)lx(w) < ﬁ(x(nﬂ)lx(nﬂ)) = G(x(nﬂ))



Iterative Reweighted L,
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& Concavity in |x]: 90x) € g/ (xHx-xtm) + g(xm)
& Equality at x = x{m), Linear n x

& Iterative reweighted L : [candes <t al. o%]

& Inik: wm = o, xm) = something convenient
& Iterate:
@ OPELmLz.e

(M)

— arg min ||y — ®x/|3
X

& m <= m+l, update 9'(x (™)

& Unkil convergence Weighted |, minimization



Iterative Reweighted L,
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0g(Vz?)

) (2 — 23) + g(a0)

=T

& 0~p&£mLaQELOM prabt&m

g I&QT‘O\&LVQ TQMQESD\&Q& 1.2 [Chartrand et al. o%]

&
S

N
x(™ ) = argmin ||y — ®x||3 + )\Z
i=1

e
[ W x5

Inik: m = o, x(m = something convenient
Iterate: i
o compute x™T) =W, 0T (A + OW,,07) 'y
& wm < m+l, update W,

Unkil convergence



Al Exampl&
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& Suppose 9(x) = log (|x| + &), > ©

& Concave in |x], x2
® Iterative reweighted L1
()= [+
g |z, — s e
& Iterative reweighted L2

2
wZ(m) - [(azgm)) SiEiE

—1
xgm>\]




Limitakions of MAP
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Many Local minima O(NC,)

® May get stuck at a local minimum

MAP only guarantees max p(x = x.|y)

& Probability mass, rather than mode, may be more
relevant for continuous random vars

® Perhaps posterior mean E(x]y)?

Even with the true prior, MA? estimators do not

minimize MSE: so MSE may be high!

& In fact using “true” statistics often does not lead to
the Lowest MSE!



To Qecap
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@ Ba\yesia\v\ eskimalion
& BRBasic MAT estimation
@ Majartza&tou—mLmi,miz.a&osr\ approa«ch

& Ilterative reweighted algorithms

& Limikations
L Momj Llocal minima

& Posterior meain vs. pas&ermr mode



Part 3: Spm’se Bajesiav\
Learning
=

Use Lots of priors and pick the best one!



Poink of Departure:
Alternative Prior
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& Craussian Scaled Mixbtures (GSM)
x =G; G ~ N(g;0,1)
p(x) = / p(x[y)p(y)dy = / N (x;0,7)p(v)dy
® y: rve random variable, indep. of &
8 Spike-and-slab model if v = Bern(o,1)

& Most priors can be expressed using GSM
(ncl. ones with concave q) [Pamer et al, 2006]



Examgi&s
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& Lapiatéav\ dehsi,?:v

CL2 CL2
® e use: P = e (—?7> =
a
o And get: P(2i;a) = o exp(—alz;)
& Which leads to the familiar LASSO problem
& Student’s b distribution

& We use: gamma distribution

& And geb:
ba’F(a - 1/2) 1

Bl o bl — il b+ x?/z)aﬂ/z



Exampi.@.s
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8 Creneralized Gaussian

® We use: positive alpha-stable density of order p/2
1

QF(H—%

& And geb: p(zi;p) =

) exp(—|z4[?)

® CGeneralized logistic distribution

& We use: A scale mixing dehsi,&j related bto the
Kolmogorov Smirnoff distance

& And geb: i I'(2a) exp(—a|x|)
Dizic) IE (a2 (e exp( = v i




Spar’se Bav@.saam Learining
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& Canonical model

32 D X 1%
ol = DT R i
D m x N | | noise
1 1 k-sparse
p(Y|X) o ~ €XP ——Hy = (I)XH% M signal
(e Do 3R

& Paramelberized CGraussiann Frior:

1 7




Graykiaat Model
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Markov chain (graphical
model): v =» x —» y

P(x;y) Graussian - leads to
tractable alqgorithms

Griven v, F’(.leiY> Ls
Gaussian: easy to find
POEV\E estimates

Bubt we dont khow Yy

When in doubt, approximate!
Find P(X|Y; %) tnstead



Approach
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& First, estimate hyperparameters: = g mWaXP(V y)

& v :deterministic and uniknown, or random
with hyperprior distbn.

® Then, find posterior distribution F?(xlj;/\?)
p(X Y ﬁ/) o N(Maza Ea;)
3 3 =1

1y = I'oT (<I>F<I>T = )\I) e

S [ 10! (BReL L A= Of

& For point estimates: e.g., posterior mean: E (x|y; )



Estimating the Hyperparameters
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o Estinmate v, from the data: Type-1I ML
£(T) = logp(y:T) = log | plylxiT)p(x T)ix

y = dx + v o= (O,gQI + @F@i)
Zy
& SBL cost function:

1D e —llomelen 2 ) — yTZgly




Opﬁimiza&mm via EM

N
R . .

® Loq likelihood of the aom[zei@.&e data
2

y — &x
— logpiedli= H H2+— Z—Jrlog%;

2 .
o 2 =t |
— log p(y|x;7) —log p(x;7)
indep. of ~ fune el

& E-Step: compute "@-function”
By = E| —10g2(, % T)]_ from previous

) iteration
&
= Z y + logv;

2

@ Easv ko QC}MF‘!MEE p(ley,F(t)) Ls ¢raussian




The EM Ikerakions
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® E-step (continued): p(X!y;F(t)) = N(p, 2)

—1
e <a—2<1>T<1> e (r<t>) > u= o220y

Fos&emors gathered in the Elws&ep:

T+ — argmax Q (r\r“)) :@iag (17 + 23

v: =0

& Companenﬁwwise upcia&es



The SBL Algorithm
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Inittlalize I = 1
syl
Compute 5 (02(I>T<I> i (F(t)> )
u=oc 2oy
Update Tt = diag (17 + %)

: ﬁepea& s&eps 2 and 3

Output U after convergence



Emp&r&cat Examgt@.

Crenerate random
£0 x 100 makrix A

Grenerabe sparse
vector x,

Cempu&e Yy = Ax,

Solve for x,, average
over 1000 trials

Repeat for different
sparsity values

0.81

= - OMP

2 0.6/ |-©-CoSaMP
g MAP

S 0.4 -3 L1

o -©-SBL

2
)

Highly scaled nownzero entries



Converqgence
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Convergence guaranteed to a fixed pt. of L from
any inikializabtion (Prmrye_rbj of EM)

The global min of L occurs ot the sparsest solution
i the nolseless case [wipf et ol 04)

All Llocal minima occcur ak sparse solukbions in the
wc:»isv CASE [Wipf et al. 04]

Strictly better than MAP estmn. with a factorial prior

[Wipf and Nagarajan ©9]
& Always has fewer Local minima

& Global min. at global optimum of Lo min.



Other Op&mns
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& McKay updates [ripping zo01]
® Seb gradient of SBL cost = ©
& Faster convergence than EM
& Greedy approach:
& Update hyperparams one at a time Cripping & Faut, z003]
® Closed-form update for each hyperparam
® rFast but can get trapped in a local min,

& Fast Bayesian matching pursull rsewmiter et aL, o7]



Other Ovp&mms

Use dual-form of SBL. Cost function:

' 2 2
Xop = argmin [|y — ®x|z + o°gspr(x)
gspr (x) 2 minx”T~1x + log det (0°I + oI'd7)
v=>0
& Facilitates iterative reweighted L, and L,

&LSOT&EL\MS [Wipf and Nagarajoan, 09]

l’?;é[amf:a EZ*SE&P wikth an approx. pos&eﬂor
ﬁC}MF»’M&Q&E,OMI AM?‘“SBL [Al-Shoukairi and Raoc 14 ]



Approximate Message
Passing
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& AMP [Donocho, Maleki, Monkanari ©9]:

® Uses loopy belief propaga&ion + Graussian
approximations to solve LASSO

® Key advantage: Low complexiby

& In SBL:
& All Gaussian PDFs: appmxima&io—m is hot necessary
& Only need to track means and variances

8 Can re.ptaae aampu&a&iomauj expensiva Elms&ep wikh
the AMP based iterations



NMSE

20

151

101

-10
5

Emp&r&cat Examgt@.

& N = 200, M = 100, K = 20, Graussian measuremenlt makrix

=3~ EM-SBL
-©- AMP-SBL

10

15
SNR (dB)

20

25

Time (s)

10 [ :
[ 2EM-SBL ||
-©- AMP-SBL |
* H— ]
101 & \
10’
-1
1 L
Ho S -
L= C 5]
10_2 | I |
5 10 15 20 25
SNR (dB)

[Al-Shakouri et al., 14]



Advantages of SBL

e e ¢ ¢
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Averaging over x: fewer minima in [n(:j;y)
Geb an estimate of the error tn recovery
Allows for “exact inference”

Versatile: v can also be used to tie several
params, together - easier to estimate

Useful extensions: incorporate structure
& Inkra/inter-vector correlation

& SBL allows the use of Kalman framework
® Block/cluster sparsity
& Colored noise (rank-deficient cov.)



To QQC&P
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@ Sparsa Bayasian leariing

@ Sparse vector recovery via estimating
hjper[ﬁamm&ers

& Expea&a&&on—max&muaﬁmm tkerations
& Convergence properties
& Alkernative meiemem&a&ions
& Limibtations
& Compu&a&iamat tamptexiﬁvj
& More recent algos overcome this
& Slow cownvergence

& Fast versions exist, but without the same
convergence gquarantees



Part 4: Joinkt Spo&rse
Signal f&ecovm’j
e

One important variant of the sparse recovery problem



Outline

The joint sparse signal recovery problem

L, bound in support recovery

Sparse Bayesian Learning (the MMV version)
& Performance quarantees and new insights

New alqoribthms
& Covariance makching framework

New theoretical resulks
® Restricted isometry of Khatri-Rao product



Joint Sparse Recovery Problem

SRR
Observaktion model

Y X A%
| . L\ ——
R e ~ EEEE WGN noise
L n C 11| (vakiance = o?)
q Support(X)
rK Lo2...I],

Let k& = number of nownzero rows in X,

Want to recover X or support(X) from the Multiple
Measurement Vectors (MMVs) ¥



Wideband Spectrum
Sensing

] Secondary
g user #1
Frequency band of interest j
""""""""""""""""""""""""""""""""""""""""""""""""""" Secondary il
user #2 {
Magnitud Jii
] D Spectrum | poa '}Mw

& Magnitude spea&ru.m ACTOSS second&rj
cell users is approxima&etv jeimﬂv sparse.

& Expw& skructure to E,mprove accuracy.



Mulki-sensor Data

sensor—2
|
sensor—1 sensor—3
] [

\/—\/

Physical process P(t)

& Signals acquired by
different sensors have
overlapping subspaces

freq—2

T &

Why do subspaces overlap?
Commonality of physical process being sensed
Overlapping sensing regions

& Approximate as different
Linear combinations of the
same elementary signals



Grenerative Model for
Multi-sensor Data
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8 Sinmulbaneous sparse approximation (SSA)
Bl ropp o4

o = n »
C O e I O
I 4+ :

i iR i
S1 S S, | I
o v T R e - l
Multi-sensor data Dictionary X1 Xo X, W, Wy w,

N o N
e g

Joint sparse coefficient vectors Process noise

Overlapping subspace = column-space(Ds).



Compression of Mulki-
sensor Data

SRS

& Linear encoder

Hﬂ' .-.-'E:-"'.

low dimensional with random rows
sketch

high dimensional
data from L sensors



Two-Stage Decoder




Two-Stage Decoder
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& Two s&age d@.«tod@x

. i =
H ﬂ _AE— . II I
-I' -
ViYo.eaennn. '
low dimensional N
sketch
EL 11
A — @D D X1X2eeeieeos X
d ; joint sparse
effective sensing map coefficients

Stage 1: Recover joint-sparse X from sketch ¥

S&O\SQ 2: SQSE = A XQSE

est



Suppor& Recovery iLs
also Im[par&am

Wideband spectrum sensing Sparse event localization

@

Subspace filtering
by projecting to
common signal subspace




L, Bound
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& Canonical L, problem:

(Lo) : m)i(n R(X) subjecttoY = ®&X.

R(X) = No. of nonzero rows in X

® Unigue k-sparse solution if

Spark(®) — 1 + Rank(Y)

K 5

({0 — bound)

& Spark( P) = min. num, of Lin, dep. cols in P .
& L, bound on num. of nownzero rows: k < m.



Support Recovery Beyond L,
Bound

SRS

& Supports of size k > m are recoverable!
) Ke.j idea: Use correlation-aware priors

Support recovery phase transition

Simultaneous Orthogonal Matching Pursuit Sparse Bayesian Learning
(SOMP) (M-SBL)
0.9 | | | | | . ‘ ooNE—— L L L
B — = e e e e e T 0.8
50.7 ------ :E:O] _____
g 0.6 — % 06 / ...... |
>05 [~ - 505 K=M |
2 — | 204 12 N
"%0.3 ‘%o.a / ‘ '
£ y BrE= | B
01 | S 01

j
01 ng 0.3 04 0.5 06 07 08 0.1 0.2 0.3 0.4 05 06 0.7 0.8
Measurement Rate (M/N) Measurement Rate (M/N)



Correlation Awareness
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8 Latent structure within joint sparse

vectors! X
[

RE. .

Zero intra-vector correlation il
E [x,(i)x;(k)] ~ 0 H

EEES
Hin

X1 Xo X3 ... Xp

_EE EEEE NN

_mE_N

Correlation-aware prior [Pal & \fa\ic:ljomo&ho\m, 18]

x; """ N'(0,T), T = diag(v).



MSBL‘“SF’Q?ﬁQ Bavesiav\
Learning using MMVs

& Observakion wmodel: Y=3X+W
o . 5 fard il g

® Correlation-aware prior: X "<" N(0,T), T = diag()
& Common I'enforces same support in columns of X.
& Croaussian MMVs:

Yy, ~ N(0,0°l + dTd")

& M-SBL algorithm: 4 = argmax logp(Y;~)
y€ER?
® Nownconvex objective
® Solved via Expectation Maximization (EM)
® Estimated support = supporE(’AY )



The M-SBL Algo
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Cost function ©
p(¥im) = [ (Y. Xim)aX = [ [ plys s oxss i
Key point: v couples the s;::'siﬁv pattern across xj
8 Fewer parameters to estimate: N << (N x )
EM itterations

E-step: Q(7]7") = Exjy 4+ logp(Y, X; 7)]

M-step: ’yk“ = arg max Q(WWk)
WGRf
Posterior distbn.: p (Xj\yj;vk) ~ N (“§+17 E?“)



£E & M Steps
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& £ Step:
Sl ¢ TR0 (01 + 9, T0T) & 1

Mf—l—l -_2214-:+1(I)T
& M SE@.P
k—l—l Zluk—l—l Zk—l—l(Z Z)

& Average cwf the individual estimates
of vi across measurements



Performance of MSBL

SRS

Support recovery phase transition

0.8
— n=200,
g 0.6 L=400,
% = SNR=20 dB
204 =
V33
T
o
0o

0.2 0.4 0.6

Measurement rate (m/n)

Recoverable support, size k grows as O(m2)!



Part §: Performance Guarantees
for Sparse Bayesian Leariing

e

Sufficient conditions for support recovery by M-SBL



Sufficient Conditions for

&

Su.ppo»r& f&ec:overv i SBL

N NN

Single measurement vector (L = 1)
Noiseless observations

Resulk: SBL ﬁOT‘T’Q&&Lv recovers the
support for all 1 € k < spark(®) - 1

& spark: min. number of Lin. dep. cols
& Usually, in CS, spark(®) = m + 1
For L1 recovery, 1 £ k £ 0(m / log N)

65



Sufficient Conditions for
Suppor& Qec:c;verv A MSBL

2 Suppase X1, X2, -v0; XL have common
suppor& $* of size k., Nownzero enkbries
Li.d. zero mean Gaussian with variance
LA [’Vmina ’VmaX] « Tkﬁv\,

P (supp(y) # &™) < exp ( 778L)

8 Under Conditions 1 & 2 (hext slide)

[Khanna and M., CoRR abs/1703.04930 (2017)]



Conditions 1 & 2
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& Condition 1: The self Khatri-Rao
product matrix 2© @ has a strictly
positive minimum singular value

& Condikion 2:
(2o ®)(y— )3

e e
(02 Ymax H (I)gug* (I)SUS*

)’




&

Proof Outline
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Error evenk ©s Sesg{ S*}{vren@?(}fg)£< ) 2 max £ ,7)}

Apply union bound, replace first max. bj o finite
sized union over an epsilon net
Use a large deviation property on the likelthood

function to bound error prob.

PEs)< 3 . exp(~IDi,/4)

SESK\S* ve€O<(S)

Lower bound bthe worst case exponent

>1k/2 =0
Hence
P <o (1 (1 - DBISH] _ Wntomsses, (0D

Bound the cardinality of the epsilon net
& Lipschitz const. of the log Llikelihood



When will
Comd&&iq& 1 hold?

e Theorem (pampkrased): Suppose P has
real L.id. Gaussian(o,1) entries. Then,

(o) 2r) s

for all B » 1, provided

I

69

(" If A has i.id. )

Gaussian entries,

A 1

S < —
P((Sk (ﬁ) g 5> - n“
provided

m > 5%(k+oz) logn

\ [Foucart & Rauhut, Thm. 9.27] }



Proof Outline

NN
N NN

& Point of departure

2
— |l
2

5 (<I> * <I>> <<I> = <I>>
k - sup z
vm — y/m 2€R™ ||zl|2=1,|zllo<k || \VT — /M

& Union bound Pr(RHS 2 5). Use
(PR (POP)=0"Pod'®
& Thewn use Craussian kail bounds and the

Hanson Wright nequality:
P { |XTAX — EXTAX‘ >?}

e t
< 2exp | —cmin :
[ <K4|A|§{S K2|AII>}




Imyuaa&mms

NN
N NN

® In MSBL, for a fixed n, we get perfect
suppmr& recovery w.k.&o., wikh noisy meas.
£ even f k> m
& For 1 <k < krank(® © ®)/2
& krank(® © ®): largest p s.t. any p cols

of @O P are linearly independent

& For suitable! & krank(® © @) = O(m?)
D SFQ\‘SE%:, level u,p ko 0(“‘“2) 1P, Pal and P. P. Vaidyanathan,

“Correlation-Aware Techniques

LS F’»’O‘EQV\&E«QLL? ré.i‘;:pvet’&biéf for Sparse Support Recovery”,
SSP Workshop, 2012.



New Interpretation of
M-SBL Cost Function

& M-SRL cosk:

T
—logp(Y;v) = — Z log N/ (yj; e <I>F<I>T)
j=1

=R
x log |0°L,, + ®T®" | + tr ((J2Im +@re’) (ZYYT))

1

X D]Eﬂiggnézil (EYYT, pRdl B <I>F<I>T> + const. terms

® Motivates covariance matching based
approaakes ko sparse recovery

& Can we use some obher divergeh{:a?



A Closer Look ab Covaritance
Matching

fan. . Ve
N WA

® Covariance matching constraints: %YYT ~ 0°ly + ®T D’

o

—YYT o2lm

vec’roriza’rion¢
- Tl Rl

vec LYYT ol

vec

Khatri-Rao product diag(T")

® Restricted isometry of & © P ensures robust recovery
of sparse 7
8 Also,7 > 0. Want a hon-hegative null space proper&v



Emﬁriaat S&u,c&j

2 AUIB‘J = N(O, 1/“4) &- m = O.5Kn

2-RIC 3-RIC

(1)00 300 500 700 900 50 100 150 200 250 300

RIP improved by taking Khatri-Rao product!



Deterministic RIC bound
for Khatri-Rao product

& Theorem: [Khanna & M., TSP 201%]
For m x i sized malbrices A and B wikth
unit norm columins,

5k (A ®B) < [max (dk(A), 5c(B))]°

& Proof technique:
® (A©B)'(A©®B)=A'AcB'B
& Kanktorovikeh makbrix E,nequatiﬁes

RIP
improves!

® Useful corollary:d(A® A) < (6(A))* < 5k(A)



Part & New Algorithmws
o<

Covariance matching is the h:‘e-j!



Covariance Matching

framework
& Observakion ] gj‘”;j;g:;"p;;ﬁm
Model: .
X; ~ N (0, diag(~y))

& ‘Primaipi.e:

Parametrized covariance matrix

1
4 = arg min dist ([—YY’leTzIm <I>F<I>7j)
vyERY L

Empirical covariance matrix

Su,fapor& estimale = Suppar&(’?)



Covariance Matching
Algorithm 1

N NN

& Disktance = Frobenius norm
8 Algorithm = CO-LASSO [Pal & Vaidyanathan, 15]

2

= Ao
F

& = arg min
7€R1

H%YYT — (0°1+ ®T®")

& Convex objective
& High memory requirements (to store & © ®)



Covariance Matching
Algorithm 2

N NN

& Distance = Log-Det Bregman Mabrix
Divergence
& Algorithm = M-SBL [Wilﬁﬂf % Rao, 07]

]
4 = arg min log |02| + <I>I‘<I>T‘ L ((azl + q>1“<1>7) (lYYT))
YeR? L

® Nowncownvex objective (opf:imi,z.e using E£M)
& Slow colnvergence
& Best performance



Covariance Matching
Algorithm 3

NN
N NN

& Distance = Log-Det Jensen Difference
& Algorithm = Rényi Divergence based Covariance
Matching Pursuit (RD-CMP) [Khanna & M., 17]
& A new correlation-aware prior Covariance matrix
: terized b
x; ~ N(0,~vdiag(1ls)) l:j;;:f,r esrlze 4
& Induces Graussian distributed Mmys
Vi ~ N(0,0%ly + y®sBE)
& Covariance matching with a-f&éhji divergence
S = argmin D, (J\/ (0, 1YYT> i (O,azlm + 7<I>3<I>§)>

SC[n) L



Rényi Divergence based
Covariance Matching Pursuit

NN
N NN

Covariance matching using G-Qév\ji Divergence

S = argmin D,, (/\f (0, 1YYT) N (O,JZIm + 7<I>3<I>§)>
sCln) L

S

argmin log
SCln

1
(1 - Q‘T)zYYT + « (02| e ’Y‘I’S‘I’g)

f(S), submodular in &

—alog \azl + 7(I>3<I>£

o

- = Ve

g9(S), submodular in &

& Gewneralizes M-SBL cost
® RD-CMP objective = difference of submodular funcs.



Submodular functions:
a primer

A

& V= ground set of elements
& Set func.f:V — R: submodular if, for SCT

& £ is Mownotonic: f(S) < f(T)
& { follows Law of Diminishing Returins

f(T U {a})_f(r) e f(S U {a})—f(S) Va c V'\\fr

& Examples:
& Rank of a makbrix

& Jointk entro
® f(S):Iog’AJr-ﬁ.-BSBE

s submodular in $ for A,y >0



Submodular functions:
a primer

A

& Maximizing a submodular function subject
to cardinality constraints is easy

& A Greedy algorithm will maximize a
submodular function § to within (l—é) ‘fop&
® Tight modular upper bnd for submodular §

(S) < Hu(S) 2 f(a)— 3 [f(»«)—f(»f\{/})]+ S [f(j)—f(cb)]

JEX\S JES\X



Rényi Divergence based
Covariance Matching Pursuit

N
R . .

& RD-CMP objective
(1-— (1')1LYYT SR (f’zl a5 7@5@‘2)

S = argmin log
sCin

— alog ‘ozl +yPsPL

-~

f(S). submodular in S 9(5), submodular in 5

& Find S via majorization-minimization
® Mo jorization
® Replace 15t Log-det term £(S) by its
modular upper bound hs(S): tight at
& Minimization
Sprt= argcrmn hs,(S) — alog )azl TP . 3

Supermodular func., minimized
by greedy search




RD-CMP Performance

Co-LASSO MSBL
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RD-CMP currently the FASTEST
covariance matching based MMV solver! 85
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Percentage of nonzero support detected

RD-CMP Performance

SNR=20 dB, n=500, k=200, m =100

Support detection rate Support false alarm rate

10— el ——) 2.5 ;
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. : : E 2- X \.‘. R e :.. .
96} bl S © N :
" . . . 8)) 1 5 “Z . . N N
oal . D s \». [-©-CoLASSO| |
P @___—G-"'Q" e © Q\ | - |-B-MSBL
] T e o 4 B’ . |< RD-CMP| |
i g N
90.'. S L - - c o~~ : :
S | B MSBL Sosk - Blw.
ogh’ | <% RD-CMP | | 50 ; il
| -®- Co-LASSO ' —~.a O--"
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L L

RD-CMP performs better than Co-LASSO but slightly worse than M-SBL



Suppor& Recovery via Non-
neqgative Parameter Estimation

NN
N NN

& Covariance matching principle:
§imd sparse, nonneqgative diagonal T’ s.t.

1ZYYT ~ o°l, + TP’

& Example: Recover I' via honnegative LASSO

L

Bl
F

YY" — (6%l + TP ")

R e G- MIN
) g T

~+eR"

l 1




Nowh-heqative Least
Squares RBased Approach

& We write EZ%YYT:ZJFE
8 In the noiseless case, Y = &I'®7!
& Noisy case: L. Ramesh and M. ICASSP 1%
® Vectorize: r2vec(X)=(®0®)y+e
8 Model e as Gaussian distributed wikh

mea zero and covariancee

1 1 1 1 1
W £ cov(e) = 7(2@9)(I'2 @'?)B(I2 @I'7)(2® )"

8 Here, B = cov(zzT) where z is N(o, 1.). Can
be found in closed form
88



ML estimation of 7

N
R . .

8 We seek to solve: Yv = arg max, > p(r;7)
& Optimization problem:
Vi = arg min, o log 'W|+ (r — Av)TW_l(r — Av)
8 For a given W, it is a non-hegative
weighted least-squares problem
& Can solve using hohn-ihegative
quadratic programming (NNQP)
& Reweighted minimization procedure:
(1) Compute W, (2) solve an NNQP; iterate



Probability of exact support recovery

Performa
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NOM*M@.SQEEVL&:;
Encourages Sparsiéjf

- Ve

m};in HXHO (Po+) m}gﬂ ly — <I>XH§ (NNQP)
ey — O x> () Sl ases )

& When do the two jietd the same soln?

& [Uniqueness]: xo l-sparse . y =P xo. Then,
Xo is unique sol. to (Por) 44 every vV € ker(®)\{0}
has at least (l+1) +ve or (lk+1) -ve entries

® [Recoverability via NNQPJ: xo is exactly
recovered by NNQP if everyv € ker(®)\{0}
has at least (le+1) +ve and (le+l) -ve enkries



Nown-Negative Parameter
Estimation Framework

N
R . .

® Minimize a convex loss L:S] - Ry

& [Tsuda, Ratsch and Warmuth, Matrix Exponentiated Gradient
Updates for On-line Learning and Bregman Projection, 2005]

W;,. 1 = argmin Dg(W,W;) + nL(W)

weS”? / A
term parameter

& Proximal bterm D(W,W;): Bregman makbrix
divergence



Bregman Makbrix
Divergence

& Bregman matbrix divergence

De(W, W) = F(W) — F(W;) — tr ((W)T (W - W)

N e
Y

first order approx. of F(W) around W;
& f=VF

& Seed function F: strictly convex and differentiable

& Choice of F
& F(W) = -log det (W)
& F(W) = br(W LogW)



Makrix Expovxev\%m&ed
Gradient (MEG) Updates

W;. 1 = argmin Dg(W,W;) + nL(W)

wes! A A
Proximal Tradeoff Loss
term parameter

MEG update: (zero gradient condition)
WH-1 = f_1 (f(Wt) pes ’T]VL(W{)), where f = VF.



MEG Upd&&es

e F(W)=—logdetW

Log-Det Bregman
— N Matrix divergence

W =
Dr (W, W;) = log ‘|Wt]| St (Wt 1W)

MEC u?d&&&t Wi = ((Wt)_1 +'r)VL(Wt))—1

& F(W)=tr(WlogW)

De (W, W,) = tr (Wlog W — Wlog W, — W + W)

Von-Neumann Matrix divergence

MEG update: W:. 1 = exp (logW: — n (VL(Wy)))



MEG Updates for
Covariance Matching

N WA

& Loss L(T): H)RW—QI‘@TH‘i-I-)\H’YW

& Parameler space: all F:us.ci. diagonal

nakrices
® Log-Det divergence based MEG upd&&

: : 1 :
’7"1‘—1-1(/) = ’Yt(l) (1 A 27771‘(’) [(b;T ((PI‘(I’T o Ryy) C.bi 2 A] ) ’ VI € [n]

& Von-Neumanin diverqgence based MEG
MPdQ&Q Vi (I) b "Yt(l) : e—2n[(,.*),-T(@I‘QT_RW)(I‘);—{-)\]’ | = [n]



k/n)

Sparsity rate (
o
N

Performance

fan. . Ve

N WA

Suppar& recovery phase Eransikion

(M = 200,L = 400, SNR=R0dB, A\ = 028, n = 0.5)

Log-Det divergence

based MEG

o
206
[

0.2 0.4
Measurement rate (m/n)

0.6

Von-Neumann divergence
based MEG

0.2 0.4 0.6
Measurement rate (m/n)



. . .
Part 7: Other Extensions
055 CLusEer~sPQrsLEj, inter-vector correlation
2. Online sparse sighal recovery

-~y

3. Distributed sparse signal recovery



Block Sparsity & Inkra-
Block Correlation

NN
N NN

& Inkra-vector correlation is often
present, and is important to model &

e.xpi.on&y o 3 ;
S X1
| = AR 1 + ]
. o
° n0|s2e
> - N(0,0‘ IM)
8 g blockes; &m NONZero >xg

& Inkra-blocke correlakion  SPose

signal



BLOCM‘*SPMM Ba:jesi;am
Learning Framework

-
N NN

& Measurement model: y =Px+ v
T
X = [5[31,...5130[1/,...,ZUdg_1_|_1,...£Cdg]

7

~N -~

T T
X7 X,

& Paramelberized prior
p(Xi;’Yia BZ) o N(())’YZBZ)a } = 17 27 ey g
& 7 conkrols sparsi&v

& B, conkrols inkra-blocle correlakion



Optimization Problem

Fa, . . Ve
NN

& Posterior distribution
p (X[y; 0%, (viBs)i—1) ~ N (ta, Xz

& where f; = X0 (0’ I+ @2 0" )y
T, =T = Bg@ e TGyt i @iy
Mot=dise @B a3
& ALl params. can be estimated by maximizing:
£(8) = ~2log [ plylxio)plx; So)dx

— log det (021 + ®5,07) +y7 (02T + #50T) 'y



Several Options for
OF’EEMEZAROM

NN
N NN

s RSBL-EEM: Use expe&&a&ionwmaximiaaﬁiom

BSBL-BO: Use bounded optimization, Le.,
a form of majorization-minimization

BSBL-L1: Use a reweighted L1 procedure
(spe.r:éod. case of BSBL-B0)

Different strotegies offer a variety of
performance-complexity tradeoffs

[Zhang et al. 2013]



Sparsity p=K/M

Phase Trawnsition

NN
N WA
Correlation = 0 Correlation = 0.95
o—o %%
0.9 0.9
0.8 0.8
0. < O
0. S
\ o8 oAm-—- o
0.9F - =3 - =B== === B--40--3° 20 B--0O --3°
)
0.4+ © 0.4F
—$—-BSBL-L1 o —$—-BSBL-L1
03" | —5¢ BSBL-EM 1 D g3} ~5¢ BSBL-EM
O BSBL-BO O BSBL-BO
0.2+ Block-OMP M 0.2+ Block-OMP
- Model-CoSaMP - Model-CoSaMP
0.1F Mixed L2/L1 H 0.1 Mixed L2/L1
Group Basis Pursuit Group Basis Pursuit
c 1 Il Il Il I I I I c 1 1 1 ) I I I
005 01 015 0.2 025 03 035 04 045 05 005 01 015 02 025 03 035 04 045 05
Indeterminacy 6=M/N, N=1000 Indeterminacy 6=M/N, N=1000

N = 1000, M = ) N, g = 40, block size = 25
Curves indicate > 99% success [Zhang et al. 2013]



ﬁela:j“COv\sEraimed
Sparse Vector Recovery

Fa, . . Ve
N WA

& Temporally i . ? =
] Ll

correlated sparse J ... ﬁ :
vectors with a - H . H
COMMON suppor& . A n

- = H H

& Goal: Given YLk Offline approach:
estimake Xi-p M-step: Compute T as a closed-form

| ‘ function of the state statistics
& Max. dﬁi&j Mean: X;x = E{x¢|y1.x}
conskraint bebween  Autocov.: Py = covi{x, xly1.x}
. Cross-cov: Pii1x = cov{xs, Xi—1|y1:k}
MEQSMT’QMQV\E O“M‘d E-step: Compute state statistics using

estimakion fixed interval Kalman smoothing



Online Version

Fa, . . Ve
R . .

Key idea: Ufpd&Ee Y once as each E,&r\pu&
arrives and compute sparse vector NonsietE B
Online recursion:

] 5Es i)
e = Y- + £ Ding { (1~ D?) "(Trjera)— Tt }

fen. of }A(t|t—|—A7 Pt|t—|—A7 Pt,t—1|t+A
Two implementations of the Kalman filker:
& fixed lag smoothing
8 sawtooth lag smoothing
' Main advantage: reduced aompu&a&omat and

memory costs [G. Joseph, M., TSP 2017]



Converqgence Av\abjsis

NN
N NN

& Assume D=0 (uncorrelated sparse vecs)
8 Lm[ai.vf;ed algorithm:

W = il kdlag{P(’Yk 1) + ®(ve—1)&(ve—1) —Tr_1}

P(y) =T - T&7 (r®” + ¢21) " &T
%(7) =P(7)@" yi/0”

& Stochastic approxima&ian recursion
1 1

Lo s
W= 1+k(7k 1)‘|’kek

/ ~Na
Mean field function e = diag {P(vk—1) + X(ve—1)X(1%=1)" } — Y%—1 — £(vk—1)

f(v) = E {diag (P(y) + ®(1)&(y)” - T} Martingale difference sequence



Cownvergence Kesulk

N
R . .

& Theorem:
If Rank {® ® #} = N, then yx — v € {0,7pt} 2. s.
& Result independent of
) Pars&v level
Initializakion
Distribution of sparse vecs
Restricted isometry properties of

e ¢ ¢ @

Noise level

107

[G. Joseph, M., TSP 2017]



RMSE
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Performance

; 228099
L ‘.'@”‘@?_7, -
o e T?

s

- Offline KMSBL

R 4 ﬁ RL1-DF

e e e e A -k -%- ¥ 22?3:3?.'?“:335#

: - —4-KF-cS
~7-LS-CS

-¥- Non-iterative KMSBL

0 100 200 300
No. of Sparse Vectors K No. of Sparse Vectors K

m = 20, N = 60, sparsity = 6, SNR = 20 dB
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bﬁ&&&onary Learning

N WA

& Matrix factorization problem:

Given To be estimated

Y @

X3

[T
_HEH NN
" HEE B
|
HEEE EEEE EEEE




SBL framework for DL

N
R . .

& Type-Il ML: solve max —logp(Y;A)

A=(®,T)

& EM proeadure:
& E-step: update statistics of X, as before
& M-step: separable in variables &,T

S
S
S

Closed-form update for T
Non-cohnvex ith P

Alkernating minimizakion (AM):
update one column of @ at a time



M*S%ep Av\atvsi;s

- e
N NN

& Cost function for updating P:

g(®)=-Tr (MY '®} + %Tr (X -D{=}He"}

& Proposition: The sequence of matrices

generated bfj AM converges to a fixed
poiv& of 9(®), and every fixed POEME LS
a Nash eqguilibrium, ie.,
..... GF DD D) < g (D70, 0 a0 Oy

for any unit norm a



Imaqge Denoisung
Exampte

& 512 x 512 image "Barbara”

& Goal: remove AWGN

(b) Corrupted image, PSNR = 20 dB (9 DL-SBL, PSNR = 2896 0B, S Learn d|C+|0nary u5|ng ].OOO
8 x 8 blocks, randomly chosen

& N = 256

& Learn dictionary

(d) SimCO, PSNR = 28.64 dB, (e) DL-MM, PSNR = 28.54 dB, (f) KSVD, PSNR = 28.34 dB,
run time = 58.7 s run time = 98.7 s run time = 76.7 s

& Reconstruct image using OMP

(g) SGK, PSNR = 27.44 dB, (h) PAU, PSNR = 27.44 dB, (i) MOD, PSNR = 27.42 dB,
run time = 82.5 s run time = 84.5 s run time = 79.2 s



Spmsi‘,&j and Linear
bvnamiﬂat Svs&ems

NN
N NN

& System Model: x;.7 = Dx; + Hhg
Vi = ApXy

& Want to observe, control and stabilize Linear
civv\amitat sste_ms under sparsi&v cownstraints
& Examptés:
& Knowhn inpu&sz recover sparse skate
& Unknowin sparse thuﬁs: recover state
and Lv\pu&s

113



Apptwaémns

P o . Ve
N WA

Diffusion processes with sparse
tnikialization

& Disease/epidemic spreading

& Pollution

& Computer/mobile nwi virus spreading
® Info. propagation in social networks
Idav\ﬁ{vms the initial state of the system
is critical to control the spreading

Goal: Observability of the system when
initialized with a sparse xo



Compressed Sensing

Formulation
Yo T A(o) R
Y AnDly
_.V.K.—.1_ _A(K—1)DK_1_ 3
k- )A(K)

8 Challenges:

) Nanwad@\&«tauj Aiskributed rows
& Columins nok imdependem&
8 D can be arbi&rm‘v

115



&

lv\d@.p@.s«c&ev\ﬁ
Subaaussian A

R . .

RIP condition: The RIC 5, of A satisfies

5, <6 for all 5 1 _ \2(K-1) with

probability at least 1 — ¢ i

9log (ﬂ) + 210g(26_1)]

2
e (5 . )\2<K‘1>) >
S

A <1 is the ratio of the smallest to
largest singular value of D

System observable if 4, < threshold
Total number of meas. Km = 0(s Log N)!

116



Joint Recovery of Initial
Skate and Sparse Inputs

[ 7 ] i A(O) 0 e 0 ) _Xo_
v | | AmD A H 0 h,
_yK—1_ _14(/(_~|)DK_1 A(K_1)DK_2H e A(K_1)H_ _hK_

& Same conditions as before, with
5\ =1-— Imax 51
e USEEe|

g RIG ol D' Dl Hiof ordeie
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K@.j Observaktions

P o . Ve
N WA

® Num. meas. sufficient for observability
reduced from O(N) ko 0(s Log N)

& Fewer measurements if
& Transfer matrix D is well conditioned
& Sparsity s is small

& Systems unobservable in the classical
setting are observable under sparsity
conskraints!

118



Distributed f?;eaavervz Learning
Over a Network

P o . Ve
N WA

Network of L data centers
® Node j has observation Yj

Wantk ko Learn x;:

@ S&&EES&L{:&LL3 réto\&e_d

Centralized processing:
& OPEEMQL, but
& Computationally demanding

Distributed (in-network) processing:
& Secure
& Robust to node failures



Recap: SBL for Joint Sparse
Recovery

NN
N NN

& EM Ikerakions:

& E-step:
: s = T _ %97 (021y + ®,T*87)  &,I*
S oM e J
N§+1 .—ZZk—I—l(I)T

& Separable: x; are independent given T
& Can be computed locally at each node

& M-step: not sepowabi.e

Fk—|—1 Z (k—|‘1)



A Sampte Trick

NN
N NN

@ Equiv&i.e.m& probt&ms

L L
* 1 % . 2
& > o v* = argmin Y |y — aj
I R
=1 g=1
& fFor diskribuked metemem&a&um Can be computed

locally at each node!
8 Cah nhow use, e.q.,, ADMM ko solve/ Objective fn. separable

arg min
iy & [L]

Bridge nodes
Linear constraints

SlDjEcs J0 Gy — Ak, 0 @ 18y = [k
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Sinmulation Resulk:
NMSE Phase Trawnsition
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N WA
, , A 0.6
=== Centralized MSBL ’,’
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K
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0.15

0™ 0.2
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Measurement Rate (M/N)

0.5

0.6

Minimum measurement rate (m/n)
for less than 1% reconstruction error

o
—

| DCOMP
| =%-DCsP
; DRL-1

=i=4= Centralized MSBL
-A-CB-DSBL

Network Size (L)

L = § hodes, h = §0, m = 10, 10% sparsity, SNR = 30 AR

[S. Khanna, C. R. Murthy, TSIPN 2017]



Part ¥ Appti&a&ons

e

Wireless channel estimation & data detection



Wireless Chawnnels

i =

e oo time

& Wireless channels exhibit mui&ipa&k

& Naturally sparse in the lag-domain

& Channel equalization # data debection
8 Need to estimake bobh suggor& % chawnnel



Channel Models

& Block fading channel:

Channel constant for the duration of a block
(say, K symbols), changes Lid. from block-to-
block (classic SMV-SBL)

8 Time—v&rving chawnnel:

Channel varies from symbol-to-symbol

& Want to ex!atoi,& Eemporat correlation and group-
sparsiky (MMV-SBL)



Outline

1. Block fading case:

1. Kihowi channel su,ppor&: Jointk channel
estimation & data detection

2. Unlkenowin channel su,ppor&: Channel and su,mmr&
estimation using F’LLO& Sjmbots

s Unknown data & support: Joint support, channel
estimation & data detection

2. Timenvarvihg case:!

1. AR model: Kalman-EM algo for joint support,
channel estimation & data detbin



OF DM with Block Fading
Channel

SERIAL j7 - _
= TO - IFFT h | FFT y DATA _(f
X PARALLEL “| DETECTION
X ‘ﬁ
V
CHANNEL
L X 1 Channel vecC — ESTIMATION _ﬁ
& Received signal mocﬁ.@.i. =X¥F h+v
m)con’mmmg \
Noise

Diagonal data matrix; N X N first | cols of N x N DFT matrix
N: number of subcarriers L: max channel delay spread

& Goal: Given y, jomﬂj estimate X & h



Spm‘se Channel Eskimaktion
from Pilot Sjmba«{s

N WA

-k

- : Pilot <I>p ; CPxL
h c CLX1

& h sparse in time (lag) domain

& Hierarchical prior: h(i) = CN(0,v;)
Y, deterministic, unkinown hyperparams

& Coal:
Griven y, X, estimate h & sparsity pro&i@.



Joink Channel, Su,ppa'r& Eskmin,
& Daka Debn.

fan. . Ve
N WA

B

X
—————— I— - m s W e e
- Pilot &  CNxL h e CLx1
: Data
DATA :
.| DETECTION AND X
HYPERPARAMETER
SERIAL j —h> ESTIMATION
- TO — IFFT y :
X PARALLEL e - l |ﬁ
Yis
SPARSE A

szxph*\/ CHANNEL

ESTIMATION



Joink Channel, Su,ppor& Eskmin,
& Daka Debn.

fan. . Ve
N WA

E—-step: [Eh/y,x(p),r(p)[logp(y,h;X, r)] ]

M-step: [arg maxr x{E-step} J

N

[arg maxr £,y xe re[10g p(h; )] J [arg maxy Ep y xe) re [10g p(y/h; X)] J

I—ML XML

& Get h asa bj-*[oroduc& of the E-step



Simulation Resulk

OFDM Svsﬁem
N=25& subcarriers,

Max detaj spread.
L=t4

K=7 Sjmbols/ slok

PedB PDP:
& nownzero Eaps

4-4 PLLO& subcarriers

Daka: rate ¥ kturbo
code, QPSK

MSE

e

—fe— FDI
—O—¢Cs
SBL
—3— M|P-aware pilot-only -
J-SBL
—iF— RJ-SBL
=—f— EM-OFDM

SNR




BER Performance

SRRSO
107 ¢ ! ! |
: ; : $ cs
SBL :
X  MIP-aware pilot—-onlyj
S XX  J-SBL i
102k ey NN RJ-SBL
. : N ﬁ + EM-OFDM
' [> Genie
5107k
Cc r
\ ' : i
10_4:— \ x \ \: : .
i > Tl Yo Solid: Uncoded -
N \, Dashed: Coded
RN h ’30 ‘
¢
-4 :
107 i | | l
S 10 15 20 25 30

Ey /Ny



Time-Varying Channels

NN
N NN

& Channel correlated from svmbaimﬁcw
symbol

8 AR model:hy = ph;_1 +uy

® The factor p depends on the normalized
doppler freq, which tn turn depends on
the speed of the mobile

& SBL framework can be extended to
imcorporo&e the &emporai correlation



Joink Kalmawn SRL

NN
N NN

& Cowmplexity O(KL3): smaller
than block-based mebthods
0(K3L3) [Zhang et al. 10]
& (K = num., OFDM svmbots

used in joint estimation)

® In the block-fading case:
get recursive, more
computationally efficient
versions of our alqos

(IK-SBL)

E-Step
=l

Predict: fljlj_l, Pj|]—1
Update: flm,Pm

Smooth: h] 1[G 2 s

L |

M—step

O(K L)




Simulation Resulk

1O1£ T T T i 10-1 I I I I
e e R : Solid: Uncoded
0 * I ; : : Dashed: Coded
FO F oo + FDI 4 1 0_2 i h d :
; —6—sBL ; : 3:
— —#%— J-SBL N
B K-SBL '
10 (: ............................................. I EM_OFDM _é g
: JK-SBL 10 3
MIP-aware Kalman | ; ¥
=
m L W ) +
4 W \\
10 3 \;K .
\ \ : .
' : Ve - SBL
: LN :
4 : B e K : J-SBL
107 B e % il A K-SBL
: +  EM-OFDM
[ - i JK-SBL
| [ ; X Genie
10~ L 10—5 | | L I
Lo L2 oL 25 30 5 10 15 20 25
SNR E, /-’\'r()

B LTi-ciool (si.czwi.v Eime-varvihg)



MIMO-OFDM

P o . Ve
N WA
.4
e
-
X
peimimin | D) (c} ‘| OFDM MODULAT0R|j
TINPUT Loke SYMBOL MIMO : B
BITS_ ; NE MAPPING ENCODER : v
------- INTERLEAVER -
(orpm MopULATOR
X
«"k P e
OFDM DEMODULATORY!,t JOINT !
o I CHANNEL : TURBO pp— \
> B LIR_|  DECODER- t Grts i~ {b}
T~ = (oL =)
Y_[OFDM DEMODULATO@&V',: DATA | DEINTERLEAVE

i DETECTION
- — - -‘— - —

fors . P
N
Yn = Zntt:1 XnFhpn +Vp, nr=1,...,N;
Goal: Recover hy, ..., hur from yi ... yur

® [Prasad & M., NCC 2014 ]



MMV Frameworlk

& Measurement model

h11 i h1N,
Vi.....¥n] = X(In, ® F) : +1v1 Vo,...,Vp,]
YcCNxNr HcCNXLN; . hNt1 “e hNtN, ) VE(C\’QXNr
HeCmtXNr

& Pilotk subcarriers

-

Px1

:
i : Pilet P Bl
hn, = (CLX1



MSE Performance

& 2 x 2 MIMO-OFDM 10

_ a SOMP
System j | MSBL _
) 5 MIP-aware pilot—only
10 4 —d¢— J_MSBL ;
8 286 subcarriers —E— MIP-aware EM-OFDM

& CP? length &4

& 44 F'E,i.o&
subcarriers

& PedB PDP

& QPSK cownstellation 08 = 1;5 2;0 o5 30



Exploiting Structure
Hétps!




BER Performance
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Wideband spectrum sensing
using compressive measurements

5 -3 -2 -1 °
user #4 Frequency (HZ)

Experimen&at se&u.p
& No. primarj users = §
& No. seaomd&rj users = 10
& 11 of total 12% frec]u.enc-j

Probability of detection

subbands are in use [ Ceontatzea wsay]
& SNR range: —2.4 to 7.% dB. DAy
® Cowmpression pabic: =128 | —*—DRL-1
0 0.1 0.2 0.3 0.4 0.5

Probability of false alarm



Sum MATY

P o . Ve
N WA

& Bayesiah mebhods:

& Si;mpi.e u,pd.o&es

& Promising performance
& Challenges:

& Theorekical amatjsés

& New algorithms
& Novel appi.iaaﬁoms

& Plenbky of opportunities!
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