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Abstract—It is known that joint channel estimation
and soft symbol decoding enhance the performance of
multiple-input multiple-output (MIMO) communication systems
with  low-resolution analog-to-digital converters (ADCs).
However, existing techniques require accurate knowledge of
channel statistics to be effective. In this paper, we consider an
uplink multi-user MIMO system and develop novel algorithms
for joint estimation of channel coefficients and statistics along
with soft symbol decoding. Specifically, we develop a sequential
processing technique, based on variational Bayesian inference,
for jointly estimating the covariance matrices of all users’
channels, the corresponding channel matrices, and soft symbols.
We also develop an alternative block processing scheme for
the same problem. Corresponding algorithms for sequential
and block processing of unquantized data can be obtained as
simplifications of our algorithms. On the analytical side, we
derive a marginalized Bayesian Cramér-Rao Lower Bound
(MB-CRLB) for covariance matrix estimation and elucidate the
effect of the number of snapshots and SNR on the estimation
error. Finally, we empirically evaluate the new algorithms and
demonstrate their superior performance in scenarios where the
channel statistics are unknown. The results also show that the
mean squared error in channel covariance matrix estimation
via the proposed algorithm closely follows the behavior of the
MB-CRLB as a function of the SNR and number of frames.

Index Terms—variational Bayesian inference, sequential
processing, low-resolution ADCs, multiple-input multiple-output
communications, Cramér-Rao lower bound.

I. INTRODUCTION

The use of large multiple-input multiple-output (MIMO)
arrays is now a well-accepted means to provide high data
rate, especially in millimeter (mmWave) and terahertz (THz)
bands [1]. The realization of such systems demands a
large number of radio-frequency chains, increased power
consumption, and high-precision analog-to-digital converters
(ADCs). The power consumption of ADCs scales with the
sampling rate and the number of quantization bits [2].
Hence, low-resolution ADCs are a practical solution for
the energy-efficient communication in multi-user MIMO
(MU-MIMO) systems [3].

In general, MIMO wireless channels exhibit spatial
correlation, and knowledge of the spatial covariance matrix
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can help significantly boost the channel estimation and data
detection performance. However, in low-resolution ADC based
systems, all three tasks: channel covariance matrix estimation,
channel estimation, and data detection, have to be performed
using the received coarsely quantized samples. The goal of
this paper is to address this challenge.

In an MU-MIMO uplink system with single-bit ADCs,
convex relaxation of the exhaustive search based maximum
likelihood detector helps realize a computationally efficient
receiver [4]. The generalized approximate message passing
(GAMP) algorithm has been extended to joint channel
estimation and soft symbol decoding in [5]. Further
performance improvement is obtained by exploiting the
sparsity of the channel impulse response [6]. The bilinear
GAMP (Bi-GAMP) algorithm has been extended to joint
channel estimation and symbol decoding in reconfigurable
intelligent surface (RIS)-aided massive MIMO systems with
low-resolution ADCs [7]. The supervised learning technique,
support vector machine (SVM), has been exploited for
joint channel estimation and data detection using single-bit
ADC measurements [8], with extensions to orthogonal
frequency-division multiplexing (OFDM) systems and
frequency-selective channels. The AdaBoost-based channel
estimation and data detection can overcome the computational
complexity of the SVM based method in single-bit MIMO
OFDM systems [9]. Other approaches include Bussgang’s
decomposition-based channel estimation and symbol decoding
to mitigate the effects of quantization noise [10], [11].

Joint channel estimation and soft symbol decoding using
variational Bayesian framework was first introduced in [12].
A two-phase Bayesian inference-based approach for channel
estimation followed by data detection in OFDM receivers
with time-domain oversampling using low-resolution ADCs
was presented in [13]. In variational Bayesian inference, the
unquantized measurements, channel vectors, data symbols,
and noise variance (if unknown) are considered as latent
variables and an approximate posterior probability distribution
is computed for parameter estimation and soft symbol
decoding [14]-[16]. Overall, variational Bayesian inference is
a principled approach, admits extensions to diverse scenarios,
and is computationally more stable than approximate message
passing and expectation propagation-based algorithms [17].

The previous methods for joint channel estimation and
symbol decoding such as [5]-[7], [16] assume perfect
knowledge of the channel covariance matrix at the base
station (BS); performance degrades when a nominal (or
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Table I: Comparison with literature.

Unknown Covariance Low-Resolution Joint Estimation

Analysis of Covariance Matrix

Reference . . . .
Information ADC and Decoding Estimation Errors
[51-[7], [12], [16] X v v X
[7]-[11], [25] X v X x
[19]-[23] v X X X
This paper v v v v
inaccurate) channel covariance matrix is employed. A recursively within a variational Bayesian framework.

deep unfolding-based channel estimation and soft symbol
decoding under unknown channel statistics was developed
in [18]. However, this approach requires computationally
expensive retraining of the neural network whenever the
statistics change. Algorithms for channel estimation in
the presence of unknown channel covariance information
have been investigated in [19]-[22]. Batch and online
estimators based on the expectation-maximization approach
were introduced for covariance matrix estimation [23]. Online
and block-processing strategies based on variational Bayesian
inference for time-varying channels were developed in [24].
However, these algorithms rely on full-resolution digitized
sampling. Moreover, they require separate sets of pilot symbols
for channel estimation and covariance matrix estimation.

In low-resolution ADC systems, quantization noise
severely degrades channel estimation and symbol decoding
performance. Since coarse quantization significantly reduces
the information in the received measurements, receivers that
perform channel estimation and symbol decoding separately
suffer substantial performance loss. Hence, joint channel
estimation and symbol decoding becomes essential for
effectively exploiting the limited information available in the
quantized observations. Furthermore, prior channel statistics
play a critical role in reliable inference, and inaccuracies
in the assumed statistics can significantly affect both
channel estimation and data detection. Most existing Bayesian
approaches assume that the channel covariance matrix is
perfectly known at the receiver. Such an assumption is often
unrealistic in practice. Estimating the channel covariance
matrix is especially difficult in the face of the quantization
distortion introduced by low-resolution ADC architectures.
These limitations motivate the design of receiver algorithms
that jointly estimate the channel, transmitted symbols, and
channel statistics directly from the quantized measurements,
thereby improving robustness against statistical mismatches
while retaining the benefits of Bayesian inference. In this
context, our main contributions in this paper are as follows:

1) We consider joint channel estimation and soft symbol

decoding in the uplink of a MU-MIMO system with
low-resolution ADCs in the absence of second-order
channel statistics. We develop the following novel
algorithms within a variational Bayesian framework to
simultaneously estimate the channel covariance matrices,
the channel matrices, and decode the data symbols
transmitted from the user equipments (UEs) to the BS.
« We develop the seq-QVB algorithm, in which the
users’ channel covariance matrices are estimated

It eliminates the need to store data and pilot
measurements. This reduces latency in symbol
decoding, making seq-QVB well-suited for practical
applications. We also present a seq-VBI algorithm
for processing unquantized measurements as a
simplification of seq-QVB.

o We develop the batch-QVB algorithm, where the
quantized measurements are stored in memory and
used to estimate the channel statistics. The estimated
statistics are subsequently used for estimating the
channel vectors and decoding the data symbols. We
also present a batch-VBI algorithm for processing
unquantized data as a simplification of batch-QVB.

2) We derive a marginalized Bayesian CRLB for the
channel covariance estimation problem, which provides
a tight lower bound on the empirical performance of
our estimator. We obtain a closed-form expression for
this bound by deriving upper and lower bounds for the
marginalized Bayesian Fisher information matrix using
Jensen’s inequality. To the best of our knowledge, this
approach for deriving a bound on a Bayesian estimator
has not been reported previously in the literature.

3) We empirically quantify the impact of channel covariance
uncertainty on few-bit ADC-based MU-MIMO receivers
and demonstrate the benefits of the proposed joint
estimation framework. The results show that receiver
performance can degrade substantially under inaccurate
channel statistics. By learning the channel covariance
matrices from the quantized measurements, the proposed
algorithms recover most of the performance loss
associated with unknown channel statistics. In a
representative scenario with 30 receive antennas at the
BS and 6 UEs, the proposed algorithms achieve an SNR
gain exceeding 4 dB at a symbol error rate (SER) of 102
and more than 10 dB reduction in the normalized mean
square error (NMSE) of the channel estimates relative to
schemes using mismatched channel statistics. Moreover,
the performance closely matches that of genie-aided
receivers with perfect covariance knowledge.

Notation: The symbols a, a, A, and I denote a scalar, a
vector, a matrix, and an identity matrix, respectively. diag(a)
is a diagonal matrix with diagonal entries given by a, and
blkdiag(A,B) is a block diagonal matrix with A and B as
the diagonal blocks. The kth element of a is denoted by [a],.
The (i, j)th element of Ry, is denoted by [Ry];;, A ® B is
the Kronecker product of A and B, and A > B denotes that



A — B is positive semi-definite. tr(A) denotes the trace of A.
[ 1 0 lles LT [, [ and E(+), denote the magnitude
(or cardinality of a set or determinant of a square matrix),
{5 norm, Frobenius norm, transpose, conjugate, conjugate
transpose, pseudo inverse and the expectation, respectively.
CN(p,X) denotes a circularly symmetric complex Gaussian
distribution with mean (vector) p and variance (covariance
matrix) . The indicator function that outputs one when
z € (y1,92] and zero otherwise is denoted by lfy <.<y,}-
The real and imaginary parts of a matrix A are denoted by
R{A} and S{A}, respectively.

II. SYSTEM MODEL AND PRELIMINARIES

We consider uplink communication from K single-antenna
UEs to a BS equipped with [N, receive antennas.
The analog signals received by the BS antennas are
down-converted to baseband and digitized using b-bit ADCs.
Each communication frame consists of 7, pilot and 74 data
symbols. We assume min(N,,7,) > K, ie., the K UEs can
be spatially separated using the N, antennas and the pilots
transmitted by the K UEs can be chosen from an orthogonal
set. The received discrete-time pilot and data symbols prior to
quantization are modeled as [16], [19]

Z;n — HtW,X;n 4 V1t7n c CNTXTD’

(1)
Zir —H" X + Vi e CN X7 = 1,2, N.

Here, the unquantized pilot and data symbol matrices are
denoted by Z;” and ZZ", respectively. The uplink channel
between UEs and BS during the nth frame is denoted by
Hi» e CMN-*K and N denotes the number of frames
considered. The pilot and data symbols matrices in the nth
frame are XJ» = [x?}l,...,x‘;%p] € CK*™ and X =
({7, - o xg,] € CH*7e, respectively. The average power
of the data and pilot symbols transmitted by the kth UE is
denoted by Pj. The data symbols are drawn independently
and identically distributed (i.i.d.) from constellation M of size
M = |M|. The matrices {V}*})_, and {Vi}N_| represent
the additive white Gaussian noise at the receive antennas. The
elements of these matrices are i.i.d. as CA'(0,02).

We assume a correlated quasi-static Rayleigh fading channel
between the UEs and the BS. The channel vector from each
UE to the BS remains constant within a frame and varies in an
i.1.d. fashion across frames, and the channel statistics remain
unchanged during the N frames. They are independent but
not identically distributed across the K UEs since their path
losses and channel covariance matrices could be different.
Then, the probability density function (pdf) of the channel
matrices between the UEs and the BS factorizes as

N N K
p({HYY) = [ p(E) =

n=1 n=1k=1

p(hy). ()

The pdf of the channel vector hZ” given its (unknown)
covariance matrix Ry is CN'(0,Ry), i.e.,

Ho
exp(—h};" "R; 'hi"). (3)

1
hi") =ph}"|Ry) = ————
p(hy") = p(hy[Ry) N Ry

We let R = blkdiag(R1, Ra, ..., Rg) € CN-EXN-K denote
the combined block-diagonal channel covariance matrix. In
the above equation, with a slight abuse of notation, we use
p(h}"|Ry) to denote the pdf of h{" conditioned on the
covariance matrix Ry. Now, to develop a variational Bayesian
algorithm for estimating R, we impose a complex inverse
Wishart distribution as its prior pdf [26]. The complex inverse
Wishart distribution is the conjugate prior for the covariance
matrix of a complex Gaussian random vector and enables a
tractable update step in variational Bayesian inference. Hence,
the prior pdf of R is given by

K
p(R) = [ p(Re),
k=1
W v
PR = G IR e (< w(WR),

N,

Cly, (v) = w2 W=D T (v - j +1),

j=1

where v > N, + 1 denotes the number of degrees of freedom
(DoF), and T'(k) = (k — 1)! denotes the Gamma function.
The mean matrix of the above distribution is E,g,)(Rx) =
W/(v— N,), where ¥ € CN~*Nr denotes the scale matrix
of the complex inverse Wishart distribution.! Note that, in our
simulation studies, the covariance matrices are not generated
from the assumed complex inverse Wishart prior. Nevertheless,
the proposed algorithms achieve good estimation accuracy,
indicating that their performance is not particularly sensitive to
the assumed prior pdf. This robustness can be attributed to the
fact that the inverse Wishart distribution is used only to model
the uncertainty in the covariance matrices. Consequently,
the covariance estimates are determined primarily by the
information contained in the observed quantized measurements
rather than by the specific form of the assumed prior
distribution. As the amount of available data increases, the
influence of the prior further diminishes, and the posterior
distribution becomes increasingly data-driven.

In this work, we address scenarios with and without
quantization using low-resolution ADCs. When low-resolution
ADCs are employed, the in-phase and quadrature components
of the baseband signal in (1) are fed separately to b-bit ADCs,
and the quantized data is then used for further processing.
Let [V, V] denote the typical voltage range at the input of
the ADC. In a b-bit uniform quantizer, the dynamic range of
the ADC is divided into J = 2° intervals of equal width.
Therefore, the width of a particular quantization interval is
A= %, and the corresponding jth quantization interval is
[~V + (j — DA, =V + jA). Suppose a real-valued sample
z; falls within the interval [V + (j — 1)A, =V + jA);
then the corresponding quantizer output is Q(z;) = L; £
—V + (j — 0.5)A. Thus, the quantization operation using a
low-resolution ADC can be expressed as

R{YG = QR{Z, 1), 3{Y, } = Q(S{Z; }),

'We set the hyperparameters v = 2N,- and ¥ = the identity matrix in our
simulations, but the performance of the algorithm developed in this work is
insensitive to the choice of these parameters. They can be set to any convenient
value without significantly affecting the performance.



R{Yg ) = QR{Zg 1), S{Yg ) = Q(S{Zy }).

Here, the quantization operation Q(.) is applied separately to
every element of its argument.

In joint processing, the MMSE estimation of the covariance
matrix R and the channel matrix H'~ requires the
computation of the posterior pdfs p(R | {Y}, Y }))
and p(H'~ | {Y!,Y/}])), respectively. Furtherrnore,
soft-symbol decodmg requires the posterior distribution
p(X | {YL, Y} )). Generally, the computation of
these posterior pdfs is 1ntractab1e due to the multidimensional
integrations required for marginalizing the joint pdf. Hence,
we compute an approximate posterior pdf under the variational
Bayesian framework to jointly estimate the channel matrices
{H'*}N | the channel covariance matrix R, and decode the
data symbols {X }N_ .. As a point of departure, we provide a
brief description of the variational Bayesian inference principle
in the following subsection.

A. Variational Bayesian Inference

Bayesian estimators such as the maximum a posteriori
probability (MAP) and minimum mean squared error (MMSE)
estimator require the computation of the posterior pdf of the
random variables (RVs) to be estimated. Let ) denote a set
of measurements, and X denote a set of unknown RVs. Then,
by Bayes’ theorem, the posterior pdf of X' given ) is

P w)p(X;w)
p(X[Y;w) = ; o)
) = T I (s )d
where p()|X;w) denotes the likelihood function, and p(X'; w)

denotes the prior pdf. All deterministic parameters involved
in the pdfs are included in the set w. The computation of
the multidimensional integral in the denominator of (5) is
generally intractable. Consequently, a closed-form expression
of the posterior pdf is hard to compute. In variational
inference, an approximate posterior pdf ¢(X’) is obtained by
minimizing the Kullback-Leibler (KL) divergence between the
approximate and true posterior distributions. To this end, note
that the marginalized log-likelihood function (evidence) of the
measurements log p();w) is given by

«(%52)

+ KL(g(X)|p(X|V;w)), (6)
where KL(q(X)||p(X|Y;

w)) denotes the Kullback-Leibler
(KL) divergence between the approximate pdf ¢(X’) and the
true posterior pdf p(X|);w). Since the left-hand side of
(6) does not depend on ¢(X'), minimizing the (non-negative)
KL divergence between ¢(X) and p(X|);w) maximizes the
evidence lower bound (ELBO) E)[log(® (?;(fé)w))} The
computation of ¢(X’) can be made tractable by partitioning
the latent variables X = {X),Xs,...,Xr} and assuming a
factorized form

q(X) = 1(X1)q2(X2) . .. qr(XR). (7

If the joint pdf p(Y, X'; w) of the observed and latent variables
belongs to the exponential family of distributions (as is the

log p(V;w) = Eyx)

case here), the rth factor in (7) can be computed from [27]

) log(p(Y, X5w))), ()

where the expectation of the logarithm of the joint pdf is
evaluated using the approximate pdf of all other factors.
In particular, the moments of the approximate pdf g(X;.)
are computed using (8), which depends on the moments
of other factors. Hence, algorithms based on variational
inference are typically iterative: we initialize the approximate
pdfs arbitrarily, and update each approximate posterior pdf
alternately using the approximate pdfs of the other factors.

With this background, we first present a general method to
jointly estimate the channel and soft symbols when the channel
statistics are unknown.

qr (X)) x eXp(EH#T (X

B. Joint Channel Estimation and Soft Symbol Decoding in the
Absence of Channel Statistics

In joint channel estimation and soft symbol decoding, the
goal is to estimate the posterior statistics of the channel
and data symbols using the received pilot and data symbols.
Further, the channel covariance matrix also needs to be
estimated using the channel estimates obtained over multiple
frames. The channel covariance estimate can be formed either
in a sequential fashion or by processing a batch of consecutive
frames. In this paper, we explore both options, using quantized
as well as unquantized measurements.

In a variational Bayesian framework, the data symbols,
{X!}N_,, the channel vectors, {H®}N_,, and their
covariance matrices, R, are latent variables. Further, since the
receiver has access to only quantized data, the unquantized
pilot and data measurements {Z’})_, and {Z[]})_, are
also latent variables. The pilot and data samples output by the
low-resolution ADCs, namely, {Y/"}_; and (YN, are
observed variables. A Bayesian network graphical model for
the MU-MIMO system is shown in Fig. 1, where observed
variables are represented using shaded circles and latent
variables are represented using unshaded circles. Square boxes
denote deterministic parameters such as the noise variance
o5, the transmitted pilot symbols {X’*}_,, and the prior
parameters of the channel covariance matrix, namely, the scale
matrix ¥ and the DoF v.

If no constraints are imposed on the posterior pdf,
the distribution that maximizes the evidence logp(Y;w)
is g(X) = pX | Y;w). Since the exact posterior
p(X | Y;w) is analytically intractable, mean-field variational
Bayesian inference approximates it using a factorized family
of distributions as in (7) and selects the member that
minimizes the KL divergence from the true posterior. This
factorization also simplifies the computation of the expectation
in (8). In this framework, the posterior distribution of the
unquantized measurements, data symbols, channel vectors,
and their covariance matrices conditioned on all quantized
pilot and data observations is approximated by a factorized
distribution over these variables. The specific approximations
are detailed in the following sections. Further details on
mean-field variational Bayesian inference can be found in [27].

In the sequel, in addition to quantized measurements being
available at the receiver, we also consider the case where



the receiver directly observes unquantized measurements. The
Bayesian graphical model for this case is a simpliﬁed version
of Fig. 1, where {Z!»})_, and {Zi}), are observed
variables, and {Yt”}]\L1 and {Y!}N_, are eliminated.

In Sec. III, we present the seq-QVB and seq-VBI algorithms,
where the measurements are processed sequentially as they
arrive, while in Sec. IV, we present the batch-QVB and
batch-VBI algorithms, which use a batch of measurements for
estimating the channel statistics.

III. SEQUENTIAL ESTIMATION AND SYMBOL DECODING

Here, we describe the seq-QVB and seq-VBI algorithms
for sequentially estimating the channel covariance matrix,
channel vectors, and soft symbol decoding. The seq-QVB
algorithm accounts for the quantization noise and computes
an approximate posterior pdf of the latent variables, while the
seq-VBI algorithm is designed for unquantized data. In the
sequel, we consider that the processing of the first N — 1
communication frames has been completed, and describe the
processing of the (current) Nth frame.

In a sequential algorithm, an approximate posterior pdf
of all latent variables is computed using the measurements
corresponding to the pilot and data symbols of the Nth frame
and the approximate posterior pdf of R from the previous
frame. The processing of the /Nth frame also involves updating
R, estimating the corresponding channels (e.g., as the mean
of the posterior distribution), and soft symbol decoding.

A. Sequential Processing using Quantized Measurements

The seq-QVB algorithm recursively computes the following
approximate factorized posterior pdf of {H'~, XZN R}
conditioned on all quantized measurements received up to and
including time frame ¢:

P2 X T R (X ) oD)
T4 Np
HHq PJ‘S Hqud,Ts Hqudks
s=1r=1 s=1r=1 s=1k=1
H (0 )g(R}Y). ©

where the set E = {{Y5},, {Y}_,} contains the
quantized measurements used to compute the approximate

Fig. 1: Bayesian graphical model for our system setup.

pdfs of the Ilatent variables of the Nth frame. The
factors {q(=%.) F2rnS ™ {a(2 ) 205N denote the
approximate posterior pdfs of the unquantized measurements.
The approximate posterior pdfs of the data symbols used for
the soft symbol decoding are denoted by {q(z,,) 7;:?‘,;]“:1]{,
while that of the channel vectors is denoted by {g(h}")},.
The pdf q(R'V) = [[X 1 ¢(REN) approximates the posterior
pdf of the channel covariance matrix R conditioned on Z, i.e.,
on the observations available up to time ¢y.

Using the conditional independence among random
variables as depicted in Fig. 1, the joint pdf of the latent and
observed random variables is

p(Z4, 2 XY HY R Y Y )

= p(YN 12, )p(Y o |27 )p (ZtNIHtN X, 00)
x p(Zg [H™ X5 07 )p(XGY )p(H'Y [R)
< p(RI{Y}, Yy Nfli{Xt" o)
< p({Y, Yo b

{Xt” n= 1 70—3})

We wish to use the above and (8) to sequentially update
the approximate posterior pdfs of the latent variables in (9).
However, the posterior pdf of R based on the previous
N — 1 frames, p(RI{YL Y {XE 0 02), is
not amenable to sequential estimation, as it depends on
all the past observations. Therefore, we can modify (10)
by replacing p(RI{Y%, Y b {XE 1 02) with its
approximation, g(R*~-1), available from the previous iteration
of the seq-QVB algorithm.? This helps to obtain a tractable
sequential algorithm for the estimation of the channel statistics.

The joint pdf in (10) is thus approximated as
p(ZLY 28 XY VHY R (YL YY)
~ p(Y I |25 (Y Y 125 )p(Z N XL, 02)
X p(Zg [H™ X35 00 )p(X )p(H™ |R)
x q(R™-1)p({Y," Yo 11»{Xt b on).

Next, we discuss the computation of each factor in (9)
by minimizing the KL divergence between the true and
approximate posterior distributions. That is, we use (8) and
(11) (note that all factors in (11) are known) to compute the
factors of the approximate pdf in (9). In the following, we
briefly present the derivation of the first factor, (R~ ). The
other factors can be derived following a procedure similar
to [12]; we only present the final expressions here.

1) Computation of q(R™)

Following the variational Bayesian estimation principle in
(8) and eliminating terms that do not depend on R';N , the
factor g(R;}") that maximizes the ELBO is

(log(p(h{¥ [Ry,)) + log(q(R;> 1)),

where (-) denotes the expectation of the joint pdf with respect
to (w.r.t.) all factors except ¢(R}" ). Expanding the right hand
side using (3) and (4) and evaluating the expectations yields
_ H

e () + B4)))
s A (13)

(10)

nl’

Y

log g(R}Y) o (12)

log g(R}Y) < —log |Ry| — tr(R
— (1 + ;) log [Ry| — (R

2Note that q(RN—1) is different from the factor ¢(R!N) in (9).



where uh and X" denote the mean vector and covariance
matrix of q(h N, respectlvely Hence, the approximate pdf
q(R}Y) is a complex inverse Wishart pdf (g(R}")

CW_l(\Il};N, v~ N,.)), with DoF and scale matrix
piN =it )
(14
Py — ufﬁuhk + I N

respectively. Note that the DoF are updated recursively
according to the first equation in (14). The mean of RV,
denoted by SV, can also be updated recursively as

TN

aty

tN _
&=

) OZtN—l tNl

t t
( N —|—2hNk+ P

hkuhk , (15)

T aty

where of¥ = v~ — N,.. In the first frame (N = 1), we set
q(R*) to be the prior distribution p(R) in (4).

2) Computation of q(H!V)

Using (8), the approximate posterior pdf q(hch) =
CN (my) t” ZtN) where

t
Ehlz =
1
i |$p el 2o <|$d %) tny—1
( 0_121) INr + <(RkN) > 9
1 Tp
t *
“’hk — 2 Zl‘hk, pk’ pkt
7% t= 1 k' £k
1 il
t *
+ GTEhIZ Z zdt Z 'U’hk/ xd k't <xd kt >7
w t=1 k' £k
a'~ + N,

with (R;) ™) = ((S;¥) ™)
In (16), we have used the fact that, when Ry is distributed
as a complex inverse Wishart pdf with scale matrix ¥ and
DoF v, the expectation of R,;l is ¥~ 1. Note that the mean
vector uffz of q(hZN) can serve as a channel estimate when
point estimates are desired.

(16)

aty

3) Computation of q(Z~) and q(Z}")

In the graphical model shown in Fig. 1, the unquantized
measurements corresponding to the pilot symbols, Z’fN , and
data symbols, Z‘¥ , are latent variables. Using the factorlzatlon

q(ZY) = TI2 [T2; a(zhY.,) and (8), the factor ¢(z}Y.,) can
be obtained as follows:

logq( prt) <10g( (yprt‘zprt) (prt|HtN Xp ’ w)>
-+ const.,

,rt E :hrk xp,kt|

= log(1 ty,lo t 7 ohi -
g( {yp{\i't <Zp{i'tgyp{\£'t })

-+ const.

We see that ¢(z pT,) is a truncated complex normal

distribution. Its mean (z,%.,) is
(N =Ny AN N}
tn ¢( Uw/\[ ) ¢( O'w/f 17
N’p,rt + {y tohi { t o ) ( )
(I)( Yp,rt I“Lp7t )—CI)( Yport lprt )
ow/V?2 ow/V2

Algorithm 1: seq-QVB
Input: Y'Y, Y)Y, {StN*l}k 1 N1 Tterax
k=K, t=r
1 Initialize: {uhk ELIZ}k s {<x;th> k,:ﬁt:l d
2 for i =1,2,..., Itery,, do

3 Compute the moments of ¢(Z;) and q(Z1)
using (17) and (18)

4 for k=1,2...,K do
5 Compute S;¥ and o!~ using (15)
6 Compute the moments of q(hZN) using (16)
7 Compute g(x;,) using (19)
8 end
9 end
10 Decode the data symbols using (20)
Ta,k=K
Output: o'~ {S{M} |, {Nik k=1 {xd . 121

=YK, [u;ﬂ 3™, The functions ¢(-) and
®(-) denote the pdf and cdf of a standard complex normal
distribution, respectively. The lower and upper limit of the
quantization interval corresponding to the measurement y/,%.,
are denoted by y¥;° and y;”'r’th‘, respectively.

Similarly, we can compute ¢(Z'") also. The pdf ¢(Z%") is
a truncated complex normal, with mean (zd V,) is given by

where ij}t

{Ufil\: tlo N’ﬁil\;t ) (b( {UztiNrthl* flj\:"t )
Ny ow/V?2 ow/V?2 (18)
:ud,rt tnohity { N 10_ O )
(I)( d,rt —Hd,rt ) (b( Ya,rt —Hd,rt )
ow/V2 ow/V2
tN K tn tn tn,lo
where 115, =37, |:Nhk:|7, (2 %)- In the above, y,;7;° and

tn,hi
Ya,rt

interval corresponding to yﬁl{v”, respectively.

4) Computation of q(X")

Soft symbol decoding of the data symbol in the tth symbol
interval of the Nth frame is carried out using the approximate
posterior pdf q(xfjfkt) in (9). The data symbols are drawn from
the constellation M. It can be shown that q(:cgf’kt) follows a
Boltzmann distribution, given by

denote the lower and upper limits of the quantization

q(xy’vkt) = softmax( o (:cd '), where f,if(sm) =

1
— ()" gy + 0(BE)))[sml® + Inp(sim)

_ Uw
a %{(/J’hk dt Z “hk, xd Jrt))Sm )

w k' #k

19)

and p(s,,) is the prior probability of the symbol s,, € M. If
hard decisions are required, we may use

xd et = argmax q(xd et)-

:cd N EM (20)

The seq-QVB algorithm is shown in Algorithm 1. The vectors
{m }_, can be initialized as (XL¥ T ® Iy, ) vec(Y,)
(max1mum likelihood estimates of the channel vectors ignoring
quantization noise). The matrices {3} }/< | can be initialized
as all zeros. For initializing the data symbols, a linear MMSE
decoder based on the initial channel estimates can be used.



Note that the computation of qkt(xtd’fkt) in (20) requires
evaluating the metric for all constellation symbols. The
complexity of computing soft symbol estimates can be

significantly reduced by using standard max-log-MAP
approximations [28]. In addition, for square M-QAM
constellations, when hard symbol estimates are required,

the final decision can be efficiently implemented using
a nearest-neighbor slicer, where the real and imaginary
components are decoded separately. This avoids an exhaustive
search over all M constellation points and reduces
the detection complexity from O(M) to O(v/M). Such
complexity reduction methods can be particularly useful for
high-order modulation schemes employed in modern wireless
systems. Furthermore, since the symbol-wise posterior
computations are independent across users and symbol
intervals, they can be performed in parallel, further reducing
the overall processing latency. Consequently, the proposed
receiver architecture remains computationally attractive even
for systems employing large constellation sizes and a large
number of simultaneously active users.

B. Sequential Processing using Unquantized Measurements

The seq-QVB algorithm can be modified to perform
sequential estimation using full-resolution ADC outputs. The
observed variables in this unquantized setting are denoted by
{z!r, Z!r}]_,. The factorized approximate posterior pdf with
unquantized measurements is given by

p(X&N,HtN,R\{Zt" Z N (XN o2 ~

9 K
(H H Q(xftkt H (] th

t=1k=1

21
JE) 1)

The update equations with the above factorization, called
the seq-VBI algorithm in the sequel, are similar to seq-QVB,
with the necessary modifications briefly outlined below.

Computation of ¢(R!¥): From (10), the factors involving
R do not depend on Z;N and ZZN. Hence, the update equation
in (15) for the channel covariance matrix remains unchanged;
it depends only on the moments of ¢(H!V) and g(R'¥-1).

Computation of ¢(H!V): The factor ¢(H!) in the
seq-VBI algorithm is a circularly symmetric complex normal
distribution, similar to seq-QVB. The corresponding update
equations are also analogous to those in (16), with the
expectations <zfit> and ( m) replaced by the unquantized
measurements z" dy and zp %, respectively.

Computation of q(X!¥): The factor ¢(X!) in the seq-VBI
algorithm can be computed by replacing (z') in (19) with
the unquantized measurement zfﬁt; the data symbol can be
decoded using (20).

IV. BATCH ESTIMATION AND SYMBOL DECODING

We now develop the barch-QVB algorithm, which uses
a batch of measurements for jointly estimating the channel
statistics, channel vectors, and soft symbols. Unlike sequential
estimation, the batch estimation algorithm does not require
an approximation as in (11) to make the problem tractable.
Therefore, for a given number of frames, batch-QVB can

potentially outperform seq-QVB at the cost of latency, as
decoding happens only after a batch of frames is received.

A. Batch Processing using Quantized Measurements

The approximate factorized posterior pdf for batch-QVB is
({Zf" Z;, Xy, H" }fzvﬂa R|E; (X} )0y, 00) ~

Tp N T4 Ny
H H H q(Z;’:LTé) H H H q Zd rs
n=1s=1r=1 n=1s=1r=1
K N
« (T Mot | TT { TLottie) ) oo, @2
n=1s=1k=1 k=1 \n=1

where ¢(R) = Hszl q(Ry) approximates the posterior pdf of
the channel covariance matrix R using N frames. The joint
pdf of the latent and observed random variables is given by

({Ztn Ztn Xfiﬂ ’ Ht" ) Y:ln ’ YZt;l }7[:[:1’ R)

_H( tn

n=1

2 (Y |24 )p 2 [ X o)

n
P

% p(Zip [H', X7 0%)p(X ] )p(H"[R)) p(R).  (23)

Each factor in (22) can be computed from (23) using (8). A
key difference between (10) used in seq-QVB and (23) used in
batch-QVB is as follows. In seq-QVB, while processing a given
frame, the joint pdf is expressed in terms of the posterior pdf of
R given all observations up to the previous frame. In contrast,
in batch-QVB, the prior pdf of the covariance matrix is used
directly in (23), and all N frames are processed together.

1) Computation of q(R)

Using (8) for maximizing the ELBO, the factor ¢(Ry)
follows a complex inverse Wishart pdf with parameters

N
VY = v+ N =3 (g

n=1

+I)+ T, (24)

.. tN t t
and hence the mean matrix is S}~ = ¥, /(v — N,.).

2) Computation of q(H'"), ¢(Zj), q(Z'), a(Xy')
The update equations for q(H'), ¢(Z%), q(Zl), and

q(Xg") remain unchanged: (16), (17), (18) and (19) with
frame numbers going from 1 to N can be used to compute
them, respectively. A difference is that (R} )™') used in (16)
remains unchanged across all frames. From (24), it is given
by (REY) ™) = (S1)71 - v /('Y — Ny,

B. Batch Processing using Unquantized Measurements

The batch-QVB can be modified to obtain batch-VBI, an
algorithm that considers unquantized measurements, by taking
{{X!,Ht}N_| R} as the latent variables across N frames,
along with the approximate factorized posterior pdf:

p({Xty =N R{ZL, ZY }n 17{th N g2
N 74 K
(ITITIT e H H (hi)g(R). (25)

n=1s=1k=1 n=1



Similarly, the joint pdf of the latent and observed random
variables is given by

p({XY H", 2 2

prm%

R)p(X;")p(R).

nl’ p?w)

(XN

d »%w)P

N
x [T oz |
n=1
Now, using (8) and (26), all the factors in (25) can be
computed. The update equations for ¢(R) remain unchanged.
The computations of ¢(H*") and ¢(X[) in the batch-VBI
algorithm which uses unquantized samples as inputs are
similar to the batch-QVB algorithm, with the expectations
<zf_l"t> and (z ;"t> replaced by the unquantized measurements
respectively.

2 p(H'

(26)

tn
z/ and 2.,

V. PERFORMANCE ANALYSIS

In this section, we analytically evaluate the performance
of the proposed algorithms by deriving a marginalized
Bayesian Cramér-Rao lower bound (MB-CRLB) on the MSE
in the channel covariance matrix estimation. We consider
unquantized measurements in our analysis. The presence
of quantization noise increases the MSE of the estimated
channels. Hence, a lower bound on the MSE derived without
quantization noise is also valid for the estimation problem
involving quantized measurements. In deriving the lower
bound, we assume that the data symbols {Xg" N_| have been
correctly decoded; this also further lower-bounds the MSE in
estimating the channel statistics.

Consider the signal model in (1). Let z}» = vec(Zlr) €
CNe™ and z' = vec(Zl') € CN'™ be the measurement
vectors corresponding to pilot and data symbols. The channel

vector during the nth frame is h*» = vec(H!») € CN+X_ The
measurement model in (1) can be rewritten as
T o
zfi” :Afi"ht" +Vfi" n=1,.,N
tn tn Atn th] — Xtal
where Alr = [Aln Al» ... Alr] = X} QTQ I €
CNemoxNeK and Alp = [Alp Alr . A =X @le

CNrmaxNeK et 2 £ {{zlr}L 1,{z }n 1} represent the
set of measurements. The logarithm of the joint pdf after
marginalizing over the channels {h',;”}fz’]f”:l is given by

N N
= log|Clr| =) log|Clr|
n=1 n=1
H N H
=Dz (Cp) ey - ZZZ" (Cly)~'aly

—(v+N,;) Zlog|Rk| Ztr

where Cr = ALRALY 4 021, Clp = AP RAT T 4621
The unknown random varlables are denoted by 68 =
0.7.6.7,...,0.5)7 ¢ CEN? and 6,;, = vec{Ry}. In the

logp(Z) =

1\Il ) + const.  (28)

MB-CRLB, the error covariance matrix of unknown random
variables is lower bounded by [29]

E) = J5",

where E(0) = E,z){(0 — 6)(8 — )"} is the covariance
of the estimation error, and Jp is the marginalized Bayesian
Fisher information matrix (M-FIM) with (7, j)th element

9?Inp(Z)
90; 005

(29)

[JBlij = Ep(Z){ (30)

The matrix Jg = blkdiag{Jp,,JB,,...,JB,} is block
diagonal because the channel vectors are uncorrelated across
UEs. Further, the columns of the M-FIM of Jp, are

2 2
JB } G(CNTXN’",

. & Inp(2)
IBisaonn =V | ~2)) BIR,]oR;
ij

kT L]BkIM]BkQ’ e 7-]BkNg

Computing the partial derivative of the joint pdf in (28) w.r.t.
R;, we get the matrix G¥(R) € CV*Nr given by

N
H _ H _
GHR)=-Y (Al (€A + AL (C) A
n=1
N H
+ Y ALT(Ch)TIUL (Ch) T AL
n—l

n n n\—1 Atn
fe U e AL

— v+ N)R;'+ R, PR

H .
where Ulr 2 zirzln™ and UY 2 zlp2" . Computing the
partial derivative of G*(R) w.r.t. the (i, j)th element of Ry

and evaluating the expectation w.r.t. p(Z|R),® we get

N
H H
GlR)=-) (A;Tfe QA+ AL Qdy Af[,;)
n=1
-R,'E,;R;'"PR;' - R, 'R, 'E, R’
+ v+ N)R,'E,;R;Y (3D
—_ L /nH =
where Q= (Cp)TALEART(Cr) Tl Q=

(Cr)TARE; Al 7 (Clr)~1, and E;j is an N, x N, matrix
whose (4, j)th element is 1 and the remaining elements are 0.
To compute the marginalized CRLB, we need to find the
expectation of vec(ij (R)) w.r.t. the prior distribution of Ry.
The resultant vector output becomes the (i + (j — 1)N,.)th
column of the M-FIM of Ry, that is,

jBk(iJr(jfl)NT) = vec (ER {G—fj(R)})

The following theorem is helpful in computing the M-FIM.

(32)

Theorem 1. Let R be a complex inverse Wishart distributed

3Note that log p(Z|R) equals the first four terms of (28) plus a constant.



random matrix with scale matrix Y. and DoF v. Then, the
expectation of the random matrix ((A;"*R*A?LT +ai)7 '@
(A} RA;"H + 021)~Y) wrt. the pdf of R satisfies the
following matrix lower and upper bounds:
-1
+ Jiﬂ)

-1
Ty 03,11> ® <}A§;L\I:CA3LH

14
(AR AL 020 o ARA 520 )

_ -1
12 + Uﬁ)]l> ,

where, Fir = (A" @ Al ™)IT (AL @ Al

Ltk gy At
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tn 1 2 ptn
(P 202 F

H
= 1/2(lIl;1T QW Y) + vvec ('Ilgl) vec (11151) ,

and v = v — N,. (33)

Proof. See Appendix A. |

The general matrix inequality presented in Theorem 1 could
be of independent interest because an expression of the above
form frequently appears in problems where a complex inverse
Wishart prior distribution is imposed on the covariance matrix,
e.g., see [26]. Also, note that the lower and upper bounds
become tight as v becomes large. Using the Theorem, we can
compute an upper bound on the M-FIM as follows:

Lemma 1. The M-FIM of kth user, Jp, € CNEXNT%, can be
upper bounded as

Jpg, =

N
H T H
> (G e A Dl (AL e AL

")
N (34)
+y ((A;T,;T ®A;T;€H)D;"(A; g ® AL y H)
n=1
)

+b1 (\II*IT ® \Ilfl) + byvec (\Il ) vec ( "

where D;" = (F;‘;"'71 + 20120F;”7 vz o)L, Dfi" =
e
A;n )TF(A;Zn* ®A;")T, Ff,ln _ (Aztin ®Afin )TF(AZ" ®
AL T = VQ(lIlc_lT ®@ U ) + vvec(¥ )vec(W H)H,
by = N2 4+ 2v + 153 by = N+ 302 and ¥, 2
blkdiag(¥, ..., ) € CEN-XEN,,

Proof. See Appendix B. |

With the M-FIM in hand, we can now lower bound the MSE
in estimating the channel covariance matrix as follows:

Theorem 2. [MB-CRLB] The mean squared error in
estimating the (i,j)th element of the kth user’s channel
covariance matrix Ry, is lower bounded by

(3 (A" o Al

n=1

H)H)

T
D (Al 5 A
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T T H
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Table II: Per-iteration Computational Complexity of seq-QVB
’ Variables

H Computational Complexity ‘

{SPIE, KN?

{NiNk}gzl KN; + K*Ny(7p + 74)
{xd Kt i ;dk’:k 1K MK?N,74

D K(N? +14)

{0 e || KN,

{EN oy || KNema

—1
TIC SR A bzvec(‘I’_l)V“(‘I’_l)H> L U

where l =i+ (j — 1)N,. (35)
Proof. The bound is obtained using (29) and (34). |

A. Computational Complexity Analysis

Compared to the variational Bayesian algorithms in
[12], [16], seq-QVB and batch-QVB additionally require
the computation of the mean matrices {S;¥}X | of
the approximate posterior pdf ¢(R'¥). The order-wise
per-iteration computational complexity of seq-QVB algorithm
is given in Table II. The complexity of computing {E;Nk M
scales cubically with the number of antennas, and this
dominates the computational complexity of the algorithm
in the large number of antennas-regime. It also scales
quadratically in the number of users and linearly in the
data/pilot durations.

In the batch-QVB algorithm
quantized measurements {Y;)
to compute {S{V}X . This requires
other parameters such as {(z p,t> :plN (A {(zd"rt> Zifv 1
{4 M (g S and {247, 12155 fromn = 1o N.
Consequently, the real-time 1mplementation of the batch-QVB
algorithm requires an N-fold higher computational complexity
than the seq-QVB algorithm.

The approximate posterior distributions of the channel
matrices using (16) require matrix inversions, resulting
in a significant computational burden in the proposed
algorithms. This complexity can be mitigated by employing
approximate message passing (AMP) techniques for linear
mixing models, thereby avoiding explicit matrix inversions in
the computation of posterior means and covariance matrices.
Similar approaches have been considered in the literature [30].
In particular, AMP-based implementations can significantly
reduce the per-iteration computational complexity and memory
requirements, making the resulting algorithms more scalable
to systems with large antenna arrays and a large number
of users. Moreover, AMP-based methods have been shown
to provide accurate approximations to Bayesian inference in
large-scale linear estimation problems while maintaining low
computational complexity [30]. Extending our algorithms in
this direction is an interesting topic for future research.

the most recent N
{Y"IN_| are stored
recomputing  all

n=1»

VI. SIMULATION RESULTS

In this section, we demonstrate the performance of the
seq-QVB, batch-QVB, seq-VBI, and batch-VBI algorithms in
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Fig. 2: SER vs. SNR, with N,, = 30, K = 6, 7q = 250, 7, =
24, N = 500. Comparison of sequential algorithms. Performance of
proposed algorithms are comparable with the genie-aided decoders.

estimating the channel statistics, channel vectors, and decoding
the data symbols. We consider uplink communications and
evaluate the performance of the new algorithms in the presence
and absence of quantization noise, with unknown channel
statistics. The channel estimation accuracy is characterized
using the normalized MSE (NMSE). The data decoding
performance is evaluated by computing the SER as a function
of various system parameters.

The cozlariance matrix of the kth user is modeled as
Ry = >, Pkﬂkla@kagk, where L, denotes the number
of propagation paths between the kth UE and the BS. The unit
mean exponentially distributed random variable fj; captures
the small-scale fading of the Ith path, while Pj denotes the
transmit pgwer of the kth user [31]. The SNR is defined as

k

SNRy = . The mth element of the array response vector

g, € N is exp(—j25%(m—1) cos(fy;)), where 6, A and
d = /2 represent the angle of arrival of the [th path from the
kth UE, carrier wavelen%th, and antenna spacing, respectively.
The arrival angles {0y} ,;fl’l::fp are distributed uniformly at
random on [0, 7). The number of paths is L,, = 16. In the
simulation studies, quadrature phase shift keying modulation
is used for the data symbols. The pilot symbol matrix consists
of orthogonal sequences and satisfies X;nXZnH =7,

First, we evaluate the performance of the sequential
algorithms described in Section III. We consider the
state-of-the-art conv-QVB-JED algorithm described in [16]
for comparison. The comv-QVB-JED algorithm requires
knowledge of the channel covariance matrices. Hence, we use
the identity matrix as the nominal covariance matrix when
running the conv-QVB-JED algorithm.

Fig. 2 shows that the performance of the conv-QVB-JED is
degraded compared to the seq-QVB and seq-VBI algorithms
due to the mismatch between assumed and actual channel
covariance matrix. On the other hand, the performance
of seq-QVB and seq-VBI algorithms is comparable to the
corresponding genie-aided decoders that have access to the
true covariance matrix (labeled conv-QVB-JED known
stats and VBI known stats, respectively). We also
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Fig. 3: NMSE in channel matrix estimation as a function of the SNR,
with N, = 30, K = 6, 7¢ = 250, 7, = 24, N = 500. The gap
between sequential and the genie-aided decoders is less than 2 dB.
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Fig. 4: Comparison of SER with number of antennas at BS with
K =6, g = 250, 7, = 24, and SNR —16 dB.

compare the SER with a genie-aided decoder that has perfect
channel state information (CSI). We note that perfect CSI is a
strong assumption when the BS employs low resolution ADCs,
since the pilot signals are also subject to the quantization noise.
Yet, the performance gap is marginal in the quantized case
(seq-QVB) and negligible in the unquantized case (seq-VBI).

Fig. 3 illustrates the NMSE in channel estimation. We see
that estimating channel statistics using seq-QVB or seq-VBI
significantly reduces the NMSE compared to conv-QVB-JED
with mismatched channel statistics. The performance of the
seq-QVB and seq-VBI is in fact comparable to that of a
genie-aided scenario where the exact channel covariance
matrix is known. Fig. 4 shows that the algorithms continue to
perform well as the number of BS antennas [V, is increased.
The SER reduces roughly linearly (in the log scale) with
increasing N, due to the array gain from the antennas. The
figure also shows the effect of the number of frames, IV, used
in the covariance matrix estimation: at N = 100, the SER
gap between the sequential algorithms and genie-aided method
(known channel covariance) becomes negligible.

Next, we evaluate the performance of the batch algorithms
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Fig. 5: The performance of the batch algorithms is comparable to that
of the genie-aided decoders. Settings: N, = 42, K = 8, 174 = 250,
T = 48, N = 500.
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Fig. 6: NMSE in channel matrix estimation vs. the SNR, with N,. =
42, K = 8, 7q = 250, 7, = 48, N = 500. The performance of the
batch algorithms matches with genie-aided decoders.

discussed in Section IV. Fig. 5 compares the SER of
batch-QVB and batch-VBI with the conv-QVB-JED and
genie aided decoders. The batch-QVB algorithm significantly
outperforms the conv-QVB-JED algorithm since it estimates
the channel covariance matrix. Further, the SER of batch-QVB
and batch-VBI overlaps with that of the corresponding genie
aided decoders that are aware of the exact channel statistics.
The NMSE in channel estimation is illustrated in Fig. 6.
Compared to the conv-QVB-JED algorithm, the estimation of
channel statistics in batch-QVB helps to reduce the NMSE in
the channel estimates by over 10 dB. As before, the NMSE
in estimating the channel vectors using the batch algorithms
matches with that of the genie-aided receivers.

Fig. 7 depicts the linear reduction in SER with increasing
the number of antennas at the BS, similar to the sequential
algorithms. Note that mismatches in the available channel
statistics degrade the performance of the conv-QVB-JED
algorithm; the in-situ estimation of channel statistics using
batch-QVB recovers this loss and yields a performance that
overlaps with that of the corresponding genie-aided decoders.
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Fig. 7: Comparison of batch algorithms with K = 8, 7q = 250,
7p = 48, and SNR —16 dB.
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Fig. 8: SER vs. SNR, with N, = 30, K = 6, 74 = 250, 7, = 24,
N = 500. The SER with 4-bit ADC measurements is comparable to
that with unquantized measurements.

In Fig. 8, we compare the performance of seq-QVB and
batch-QVB algorithms with a varying number of bits used
in analog-to-digital conversion. With 4-bit quantization, the
seq-QVB and batch-QVB algorithms perform on par with
seq-VBI and batch-VBI which use unquantized measurements.
Fig. 9 shows the effect of number of ADC bits in the
estimation error of the channels. Again, a 4-bit ADC suffices
to match with the performance obtained with unquantized
measurements, within the SNR range of interest.

In Fig. 10, we evaluate the tightness of the MB-CRLB
on the MSE of channel covariance matrix estimation derived
in Section V. In simulations, multiple realizations of the
covariance matrix R are used to estimate the MSE in
estimating the channel covariance matrix. In each realization,
R is drawn from a complex inverse Wishart pdf and the
parameters of the pdf (scale matrix and DoF) are used to
initialize the algorithms. The MB-CRLB provides a tight
lower bound to the empirical MSE achieved by the proposed
algorithms. The effect of the number of frames on the MSE
in the covariance matrix estimate is depicted in Fig. 11, at
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Fig. 9: NMSE vs. SNR for varying ADC resolutions (N, = 30, K =
6,7q = 250,75, = 24, N = 500). QVB performance improves
with resolution, matching the unquantized seq-VBI and batch-VBI
baselines at 4-bits.

-9 " T T T
——seq-QVB (3 bits)
—%=— batch-QVB (3 bits)
-10 —<—seq-VBI 7

——batch-VBI
—©—MB-CRLB

MSE in Cov Matrix Est(dB)

48 16 14 -2 10 8 -6 -4 -2
SNR (dB)

Fig. 10: MSE in channel covariance matrix estimation vs. SNR with
N, =20, K =4, 7, =4 and N = 1000. Comparison of different
QVB based algorithms with the MB-CRLB in Theorem 2.

an SNR of —8 dB. The seq-VBI and batch-VBI algorithms
closely follow the MB-CRLB, with a gap of less than 1 dB.

The importance of joint estimation of channel vectors,
channel statistics, and soft-symbol decoding is illustrated in
Figs. 12 and 13. In the decoupled processing, the estimation of
channel vectors, channel statistics, and soft-symbol decoding
is carried out separately. Joint processing of the measurements
corresponding to pilot symbols and data symbols reduces the
NMSE of the channel vector estimate by more than 10 dB at
an SNR of —18 dB. Similarly, we observe an SNR gain of
approximately 3 dB at an SER of 1073,

The sequential and batch algorithms do not require the
pilot sequences to be orthogonal across the UEs. We compare
the performance of the proposed algorithms using orthogonal
and non-orthogonal pilot sequences in Figs. 14 and 15. The
Zadoff-Chu sequences are employed as non-orthogonal pilot
symbols. The figures show that the differences in SER and
NMSE obtained using orthogonal and Zadoff-Chu sequences

10 —%—seg-QVB (3 bits)
—#— batch-QVB (3 bits)
11 —<—seq-VBI |
—»—batch-VBI
—©—MB-CRLB

12

MSE in Cov Matrix Est (dB)
®

-16 :
1000 1500

Number of Frames (N)

0 500

Fig. 11: MSE in channel covariance matrix estimation vs. number
of frames, N, with N, = 20, K = 4. The MSE (in dB) decreases
linearly with NN, particularly in the absence of quantization noise.
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batch-QVB (3 bits)

104 E
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SNR (dB)

Fig. 12: Comparison of joint processing and decoupled processing
with N, = 30, K = 6, 7q = 250, 7, = 6, and N = 500. Joint
processing provides a 3 dB improvement in SNR at an SER of 1072,

are negligible. In the design of Zadoff—Chu sequences, the first
six root indices that are relatively prime to 7, = 24 are selected
for K = 6, resulting in the set {1,5,7,11,13,17}. Since 7, =
24 is even, the Zadoff—Chu sequence corresponding to the root
index u is generated as z,(n) = exp (—jrun?/7,), n =
0,1,...,7, — 1. Each sequence is then normalized by 1/ NG
to obtain unit energy. Finally, the normalized sequences are
assigned as the pilot sequences for the six users.

Variational Bayesian algorithms can be viewed as instances
of the majorization-minimization framework. Specifically, the
KL divergence between the approximate posterior pdf and the
true posterior pdf is guaranteed to be non-increasing at each
iteration, thereby ensuring convergence to a local optimum.
The convergence behavior is illustrated in Fig. 16, which
shows that the SER converges within about 10 iterations.

The effect of pilot length is illustrated in Figs. 17 and 18.
While increasing 7, improves channel estimation and data
detection, the joint framework substantially reduces pilot
requirements by exploiting both pilot and data observations. In
particular, the channel estimation NMSE falls below —20 dB
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Fig. 13: NMSE in channel estimation with joint and decoupled
processing; N, = 30, K = 6, 74 = 250, 7, = 6, and N = 500.
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Fig. 14: Comparison of orthogonal and non-orthogonal pilot
sequences with N, = 30, K = 6, 74 = 250, 7, = 24, and N = 500.
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with only 7, = 6 pilots and 74 = 250 data symbols.
Further increases in 7, yield only marginal NMSE and SER
improvements, indicating that the algorithms achieve high
performance with low pilot overhead.

Discussion: In the batch algorithms, decoding {XZ" N
requires computing ¢(R) and {q(Ht"),q(z;"),q(zfi“) N
using the quantized measurements {Y;",YZ” N

Consequently, decoding ij requires observations from
all N frames, leading to a latency of N frames and
increased memory requirements. In contrast, the sequential
algorithms decode the data symbols in the Nth frame
using only the current measurements {Y/¥ ;YY) and the
covariance statistics {S;¥ '}/ from previous frames.
Hence, seq-QVB and seq-VBI incur a latency of only
one frame while significantly reducing memory and
computational requirements. This latency reduction comes at
a slight performance loss. Unlike the batch algorithms, newly
received measurements are not used to refine latent variables
associated with earlier frames, and the approximation in
(11) is required for tractability. Thus, for a given number of
frames, batch-QVB can potentially outperform seq-QVB at

10 + 4

-20 4

—G- conv-QVB-JED (non-orthogonal pilots)
-30 conv-QVB-JED (orthogonal pilots) 1
-~ seq-QVB (non-orthogonal pilots)
—»—seg-QVB (orthogonal pilots)

-40 =<# batch-QVB (non-orthogonal pilots) J

batch-QVB (orthogonal pilots)

—<¢ seqg-VBI (non-orthogonal pilots)
-50 H{—%—seq-VBI (orthogonal pilots) R
—» batch-VBI (non-orthogonal pilots)
—— batch-VBI (orthogonal pilots)

NMSE in Chann Est (dB)
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Fig. 15: NMSE in channel estimation for orthogonal and

non-orthogonal pilot sequences, with N, = 30, K = 6, 74 = 250,
Tp = 24, and N = 500.
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1072 Ex
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Fig. 16: SER vs. number of iterations, with N,, = 30, K = 6,
74 = 250, SNR = —13 dB, 7, = 24, and N = 500.

the cost of increased latency. The results in Figs. 13 and 18
confirm this trend: the batch algorithms achieve slightly lower
NMSE than the sequential algorithms.

In this simulation study, the conv-QVB-JED algorithm
is used as a benchmark. A comparison of conv-QVB-JED
with other state-of-the-art joint channel estimation and
symbol decoding algorithms is provided in [16]. Note
that these algorithms assume perfect knowledge of the
channel covariance matrices; their performance degrades
when the assumed channel statistics are mismatched with
the actual channel statistics. In contrast, the sequential and
batch algorithms estimate the channel statistics in-situ and
jointly process both pilot and data symbols. Therefore, they
are robust to statistical mismatches and can outperform
existing approaches that require accurate knowledge of
the channel statistics. When perfect channel statistics are
available, the proposed algorithms achieve performance close
to conv-QVB-JED, confirming that the main performance
differences arise from the unknown-statistics setting rather
than the underlying inference framework. Overall, the
simulation results illustrate that, when the channels are
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Fig. 17: SER vs. number of pilot symbols (7,), with N, = 30,
K =6, SNR = —17 dB,and N = 500.
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Fig. 18: NMSE vs. number of pilot symbols (7,) with N, = 30,
K =6, SNR = —17 dB, and N = 500.

correlated, it is crucial to incorporate the estimation of channel
statistics into the receiver chain to obtain good performance.

VII. CONCLUSIONS

We considered the joint estimation of channel statistics,
channel vectors, and soft symbol decoding in the uplink
of a MU-MIMO system where low-resolution ADCs are
employed at the BS. We introduced sequential and batch
algorithms for estimating the channel covariance matrix.
The sequential update of the covariance matrix within a
variational Bayesian framework reduces latency in joint
estimation and symbol decoding. We derived a marginalized
Bayesian CRLB for the error in estimating the channel
covariance matrix. We empirically evaluated the MSE of
the estimated channel covariance matrix and showed that
it is close to the marginalized CRLB. We also evaluated
the performance of the proposed algorithms using Monte
Carlo simulations and demonstrated the utility of accurately
estimating the channel covariance matrix in the subsequent
channel estimation and data decoding. Future work can
consider optimal quantizer design based on the analytical

results developed here, theoretical analysis of the impact of
imperfect covariance estimation on metrics such as achievable
data rate and BER, and extension to multi-cell scenarios
accounting for inter-cell interference.

APPENDIX A: PROOF OF THEOREM 1

A function G(R) is said to be convex in the matrix
inequality sense if the scalar function f(R) = w’G(R)w
is convex for any choice of the vector w. Moreover, the
function f(R) is convex if and only if the function g(a) =
f(Rp+aRy) is convex in the scalar « > 0 for any choice of
non-negative definite matrices Ry and R;.

Expanding G(R) = (A;"'*R*AZ”T + 27! ®
(AL RA;,"H +02I)71, we get
GR)=(Ar 'R*A" @ ARALT + 6210 APRAL T

A RAALT @021+ oll) !

Using the eigenvalue decomposition of the positive definite
matrix AlrRA!" = UAUZ, we have G(R) = (V(A ®
AMVE 4+ VI A+AD)VEs2 + 0lT)~! where V =
(U*®U). Let (A\; + Aj)o2 denote a diagonal element of
o2(I® A + A ®@1). Using the arithmetic—geometric mean

inequality, this term can be lower bounded as 2/\;\;02.
Substituting this into the expression above gives

G(R) < G,(R) (36)
= (VIA@ AV 1252 V(A2 @ AV2H)VH 4 o211
* * T H
=(Ay " @A) (R*QR)(A; @ Ay )+
202 ((Alr* @ AL)(R* @ R)(AL " @ AlT)s 4ot

Let us define the transformation Z = ((AL" @ AL )(R* ®
R)(AL " @Al ™))~1. Then, G1(R) = (Alr "0 Aln)(R*®
R)(AL" @ Aln™) 4202 (A" @ A (R @ R) (AT ©
AT 4 ol = Go(Z), where Go(Z) = (Z7' +
2027712 4 ¢4 T)~! with Z as defined. The function Go(Z)
is concave w..t. the matrix inequality (the proof is in
the supplemental material). Thus, by Jensen’s inequality,
E(G2(Z)) = G2(E(Z)). From (36), the matrix G(R) is upper
bounded by G1(R) = G2(Z). Hence, E(G(R)) can be upper
bounded as

E(G(R)) <E(G>(Z)) < G2(E(Z)).  (37)
The closed-form expression of E(Z) is
T H *
E(Z) =Flr = (A" @ Al»)IT((AL" @ ALY,
where, I' = E ((R*)_1 ® (R)_1>
H
=20 @ W) + vvec (\Ilgl) vee (\Ir;l) (38)

The derivation of E((R*)™'® (R)™') is given in the
supplemental material. Using (37) and (38), the final upper
bound becomes

E((ArR Ay +02D) 7 @ (AL RALT + 02D
-1
=< (P 202 T ol



Using a  similar approach, we can show that
E((ApRAT + i) @ (APRAYY + o)) =
(AL"E(R)* A;n +o2)7t® (AQ»E(R)A;n +o2I)~

The details of the derivation of the above lower bound are
provided in the supplemental material.

APPENDIX B: PROOF OF LEMMA 1

From (32), the expectations of {ij(R)}iﬁzij
wrt. the pdf of R are required for computing the

M-FIM. Here, GZ(R) is given by (31), which consists
of five terms. We evaluate the expectations of these

terms one by one. Considering the first term, we
tn Hytn Atny tn T tn H
note that vec(A; Q. A%) = (A @A ) X

((c;nT) 1@)(c;;n) 1) < (Ap" @Ay )Hvec(Eij).

Collecting {vec(zg: A;TILcHQ;Tﬁ Aln)}i=Ne=N

i—1,=1  together,

we obtain the N2 x N7 matrix S;(R) given by
al T H T
SER) =) (AL @ Al ")(AFRTAL" +o2l)”
n=1
® (Al RAtn +o2l)” )(A;*;ﬂ ® At" ")

We compute the expectation of SF(R) w.r.t. p(R):
E(Sp(R)) =

N
I (R )

3
—

(AL RALY 4+ 021)" }(Apk oAl ) .
The exact computation of E((A;,"* R*A;”T + o2l)~
(Al RA;"H +021)71) is difficult. Hence, we upper bound it

using Theorem 1 to get a lower bound on the MSE. Thus, an
upper bound of E(S’; (R)) is given by

N T H
S (AL ).

Similarly, we upper bound the second term, ]E(S’;(R)), as

)Dtn (Apk ® A (39

N
T H H
S (A" @ A0 (457 0 A5")),
where D} and DY are (Ff;l_1 + QUiF;"_l/Q +oil)~

and (Ft" Y4202 2F Y2y o)=L, respectively. The
matrices F}; and Ft" are (A" T QA H)TI‘((At T AL,
(AZ" Afi” )TI‘((AZ“ A1, respectively. The matrix
r = uz(\Ifc_lT ® W) + vvec (1) vee (¥ 1) , where
U, = blkdiag(¥, ¥, ..., ¥) € CEN->EN-

The computation of the expectations of the remaining
terms, namely, R, 'E;R;', R,'E;R;'"PR;' and
R, 'R, 'E;R; ", wrt p(R) are detailed in supplemental
material. The expression for E(R;, 'E;;R; ') is given by

ER,'E ;R ") =v¥ el ¥ le; + 17T ee]

Let Sk (R) € CN'*N' be the matrix with columns
{vec(RglEingl)}z_fr;’Jl Nv Then, E(SE (R)) is given by
E(Sk (R)) = vvec(¥ vec(¥)H + v (qf—lT ® &),
The expression for E(R, '¥R; 'E;;R; ') is given by

E(R; "R, 'E R, ") = (N, + 202) @ el ¥ le

+ (v + N2 + Vg)lIlfleie]T\Ilfl.

Arranging {vec(R_llIlR_lEin_l)}zfiV;’jler
of SE (R) € € CNixN;

E(S5, (R))

as columns
» and taking the expectation, we get

=(vN, + 2v?)vec(® !)vec(®T~HH
+ N2+ et

Similarly, we construct the matrix S¥ ,(R) with columns
{vec(R,'E;;R; 'PR; " )}Z_f[;’jl N and it is easy to show
that E(S% (R)) = E(Sk_(R)).
Using the above upper bounds, the M-FIM of the kth user,
Jp, € CN7*N7 can be upper bounded as
L= Z (A"

DI (AL T @ Al ) (40)

+Z (A" ® Al Dl (AL © Al H)
—|—b1(\Il‘1 @ W) 4 by vee(T 1) vec(® 1),

where the scalar constants b; and by are N,v2 4+ 2v + 12, and
N,v + 312, respectively.
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