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I. COMPUTATION OF RELEVANT EXPECTATIONS

We describe the computation of the expectation of
R−1

k , R∗
k
−1 ⊗ R−1

k , R−1
k EijR

−1
k , R−1

k ΨR−1
k EijR

−1
k and

R−1
k EijR

−1
k ΨR−1

k , which are used in the Algorithm 1 and
the proof of Lemma 1. We use the notation Eij = eie

T
j , where

ei denotes the ith canonical basis vector.
1) Expectation of R−1

k and R−1
k EijR

−1
k : Consider the

function Q(S) = E(exp(−tr(STR−1
k ))), and note that

E(R−1
k ) = − ∂Q(S)

∂S

∣∣∣
S=0

. A closed form expression for Q(S)

can be easily computed for the complex inverse Wishart
distribution, and is given by Q(S) =∫

exp(−tr((ST +Ψ)R−1
k ))

|Ψ|ν

CΓNr
(ν)

|Rk|−(ν+p)dRk,

=
|Ψ|ν

|Ψ+ ST |ν
. (41)

Using (41), the derivative of Q(S) is given by

∂Q(S)

∂S
= −ν

|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1. (42)

Substituting S = 0 in the above expression, we obtain

E(R−1
k ) = νΨ−1. (43)

Next, from (41), it can be seen that to compute the lth
column of E

[
R−1

k EijR
−1
k

]
, we must use the following steps:

• Compute qi(S), the partial derivative of Q(S) with
respect to the ith column of S.

• Compute the partial derivative of qi(S) with respect to
the (j, l)th element of S.

• Evaluate the expression at S = 0.

The partial derivative of Q(S) with respect to the ith column
of S is given by

qi(S) = −ν
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1ei. (44)

Next, the partial derivative of qi(S) with respect to [S]jl is

qijl(S) = ν
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1Elj(Ψ+ ST )−1ei
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+ ν2
|Ψ|ν

|Ψ+ ST |ν
eTj (Ψ+ ST )−1el (Ψ+ ST )−1ei. (45)

Thus, the lth column of E
[
R−1

k EijR
−1
k

]
is[

E
(
R−1

k EijR
−1
k

)]
.l
= qijl(S)

∣∣
S=0

= νΨ−1ele
T
j Ψ

−1ei + ν2 Ψ−1eie
T
j Ψ

−1el.

Collecting all columns {[E(R−1
k EijR

−1
k )].l}Nr

l=1 into a ma-
trix yields the final expression

E
(
R−1

k EijR
−1
k

)
= ν (eTj Ψ

−1ei)Ψ
−1 + ν2 Ψ−1eie

T
j Ψ

−1.
(46)

2) Expectation of R∗−1

k ⊗ R−1
k : We use the expression

for E(R−1
k EijR

−1
k ) derived in the previous subsection to

compute the expectation of the required quantity, R∗−1

k ⊗R−1
k .

Note that the (i + (j − 1)Nr)th column of R∗−1

k ⊗ R−1
k is

vec(R−1
k EijR

−1
k ). Hence,

R∗
k
−1 ⊗R−1

k = [vec(R−1
k E11R

−1
k ), vec(R−1

k E21R
−1
k )

· · · , vec(R−1
k ENrNr

R−1
k )]

Therefore, using (46), we get

E(R∗
k
−1 ⊗R−1

k ) = [vec(E(R−1
k E11R

−1
k )),

· · · , vec(E(R−1
k ENrNr

R−1
k ))]

= νvec(Ψ−1)vec(Ψ−1)H + ν2(Ψ−1T ⊗Ψ−1).

3) Expectation of R−1
k ΨR−1

k EijR
−1
k : The computation

of R−1
k ΨR−1

k EijR
−1
k is also essential to obtain the closed

form expression of MB-CRLB for the estimation of the
channel covariance matrix. Computing R−1

k ΨR−1
k EijR

−1
k

involves the following steps:

• Compute Qrs(S) as given by (48) later in this section,
and note that Qrs(0) = E(R−1

k ErsR
−1
k ), which can be

computed using (46).
• Compute E(R−1

k ErsR
−1
k EijR

−1
k ) using the partial

derivatives of the ith column of Qrs(S) with respect to
the elements of the jth row of the matrix S.

• Finally, compute E(R−1
k ΨR−1

k EijR
−1
k ) using

E(R−1
k ΨR−1

k EijR
−1
k ) =

Nr∑
r,s=1

eTr ΨesE(R−1
k ErsR

−1
k EijR

−1
k ).

(47)
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Similar to (44), (45), the partial derivative of Q(S) with respect
to the rth column, followed by the partial derivative with
respect to [S]sl of S yield the lth column of Qrs(S). Arranging
these vectors in a matrix, we obtain

Qrs(S) = ν
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1(eTs (Ψ+ ST )−1er)

+ ν2
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1Ers(Ψ+ ST )−1. (48)

Note that Qrs(S)|S=0 is E(R−1
k ErsR

−1
k ). From (48), the ith

column of Qrs(S) can be expressed as

qrsi(S) =ν
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1eie

T
s (Ψ+ ST )−1er

+ ν2
|Ψ|ν

|Ψ+ ST |ν
(Ψ+ ST )−1Ers(Ψ+ ST )−1ei

=q1,rsi(S) + q2,rsi(S).

Now, we compute the derivative of q1,rsi(S) with respect to
[S]jl, and this is given by

g1,rsilj(S) =
∂q1,rsi(S)

∂ [S]jl
=

− ν2dse
T
j (Ψ+ ST )−1el(Ψ+ ST )−1Eis(Ψ+ ST )−1er

− νds(Ψ+ ST )−1Elj(Ψ+ ST )−1Eis(Ψ+ ST )−1er

− νds(Ψ+ ST )−1Eis(Ψ+ ST )−1Elj(Ψ+ ST )−1er,

where ds =
|Ψ|ν

|Ψ+ ST |ν
.

Note that

g1,rsilj(0) = −ν2(eTj Ψ
−1el)Ψ

−1EisΨ
−1er

− νΨ−1EljΨ
−1EisΨ

−1er − νΨ−1EisΨ
−1EljΨ

−1er.

Arranging the vectors {g1,rsilj(0)}Nr

l=1 into a matrix yields

G1,rsij(0) =− ν2Ψ−1EisΨ
−1ere

T
j Ψ

−1

− νΨ−1eTj Ψ
−1EisΨ

−1er

− νΨ−1EisΨ
−1eTj Ψ

−1er.

(49)

Next, we differentiate q2,rsi(S) with respect to [S]jl:

g2,rsilj(S) =
∂q2,rsi(S)

∂ [S]jl
=

− ν3dse
T
j (Ψ+ ST )−1el(Ψ+ ST )−1Ers(Ψ+ ST )−1ei

− ν2ds(Ψ+ ST )−1Elj(Ψ+ ST )−1Ers(Ψ+ ST )−1ei

− ν2ds(Ψ+ ST )−1Ers(Ψ+ ST )−1Elj(Ψ+ ST )−1ei.

Arranging {g2,rsilj(0)}Nr

l=1 into a matrix, we obtain

G2,rsij(0) =− ν3Ψ−1ErsΨ
−1eie

T
j Ψ

−1

− ν2Ψ−1eTj Ψ
−1ErsΨ

−1ei

− ν2Ψ−1ErsΨ
−1eTj Ψ

−1ei.

(50)

We can compute E(R−1
k ErsR

−1
k EijR

−1
k ) using (49) and

(50) as follows:

E(R−1
k ErsR

−1
k EijR

−1
k ) = −(G1,rsi(0) +G2,rsi(0))

= ν2Ψ−1EisΨ
−1ere

T
j Ψ

−1 + νΨ−1eTj Ψ
−1EisΨ

−1er

+ νΨ−1EisΨ
−1eTj (Ψ)−1er + ν3Ψ−1ErsΨ

−1eie
T
j Ψ

−1

+ ν2Ψ−1eTj Ψ
−1ErsΨ

−1ei + ν2Ψ−1ErsΨ
−1eTj (Ψ)−1ei.

Using (47), we can compute
E(R−1

k ΨR−1
k EijR

−1
k )

=

Nr∑
r,s=1

{
ν2Ψ−1eie

T
s Ψ

−1ere
T
r Ψese

T
j Ψ

−1

+ νΨ−1eTj Ψ
−1EisΨ

−1ere
T
r Ψes

+ νΨ−1EisΨ
−1eTj Ψ

−1ere
T
r Ψes

+ ν3Ψ−1ere
T
r Ψese

T
s Ψ

−1eie
T
j Ψ

−1

+ ν2Ψ−1eTj Ψ
−1ere

T
r Ψese

T
s Ψ

−1ei

+ ν2Ψ−1ere
T
r Ψese

T
s Ψ

−1eTj Ψ
−1ei

}
,

=(Nrν
2 + ν + ν3)Ψ−1eie

T
j Ψ

−1

+ (νNr + 2ν2)Ψ−1eTj Ψ
−1ei.

(51)

The simplifications performed in each term of (51) to obtain
the final expression are described below.

Nr∑
r,s=1

ν2Ψ−1eie
T
s Ψ

−1ere
T
r Ψese

T
j Ψ

−1

=

Nr∑
s=1

ν2Ψ−1eie
T
s Ψ

−1(

Nr∑
r=1

ere
T
r )Ψese

T
j Ψ

−1

=

Nr∑
s=1

ν2Ψ−1eie
T
s ese

T
j Ψ

−1

= Nrν
2Ψ−1eie

T
j Ψ

−1

Nr∑
r,s=1

νΨ−1eTj Ψ
−1EisΨ

−1ere
T
r Ψes

=

Nr∑
s=1

νΨ−1eTj Ψ
−1EisΨ

−1(

Nr∑
r=1

ere
T
r )Ψes

=

Nr∑
s=1

νΨ−1eTj Ψ
−1eie

T
s es

= NrνΨ
−1eTj Ψ

−1ei

Nr∑
r,s=1

ν3Ψ−1ere
T
r Ψese

T
s Ψ

−1eie
T
j Ψ

−1

= ν3Ψ−1
Nr∑
r=1

(ere
T
r )Ψ(

Nr∑
s=1

ese
T
s )Ψ

−1eie
T
j Ψ

−1

= ν3Ψ−1eie
T
j Ψ

−1

Nr∑
r,s=1

ν2Ψ−1eTj Ψ
−1ere

T
r Ψese

T
s Ψ

−1ei

=

Nr∑
s=1

ν2Ψ−1eTj Ψ
−1(

Nr∑
r=1

ere
T
r )Ψese

T
s Ψ

−1ei
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= ν2Ψ−1eTj (

Nr∑
s=1

ese
T
s )Ψ

−1ei

= ν2Ψ−1eTj Ψ
−1ei

Nr∑
r,s=1

ν2Ψ−1ere
T
r Ψese

T
s Ψ

−1eTj Ψ
−1ei

= ν2Ψ−1(

Nr∑
r=1

ere
T
r )Ψ(

Nr∑
s=1

ese
T
s )Ψ

−1eTj Ψ
−1ei

= ν2Ψ−1eTj Ψ
−1ei

In this derivation, we use the following facts:
Nr∑
l=1

ele
T
l = I,

eTl ej =

1, if l = j,

0, otherwise.

4) Expectation of R−1
k EijR

−1
k ΨR−1

k : The computation
of E(R−1

k EijR
−1
k ΨR−1

k ) is similar to (51). We get

E(R−1
k EijR

−1
k ΨR−1

k ) =

(Nrν
2 + ν + ν3)Ψ−1EijΨ

−1 + (νNr + 2ν2)Ψ−1eTj Ψ
−1ei,

which is the same as (51).

II. CONCAVITY OF (Z−1 + 2σ2
wZ

−1/2 + σ4
wI)

−1

In this subsection, we show that the function

G(Z) =
(
Z−1 + 2σ2

wZ
−1/2 + σ4

wI
)−1

is concave with respect to the matrix inequality. In order
to prove concavity, we consider the scalar function f(Z) =
wHG(Z)w, for an arbitrary nonzero vector w, and show
that f(Z) is concave. First, we consider the eigenvalue de-
composition of the matrix Z ∈ CP×P as Z = UΛUH ,
where U is unitary and Λ = diag(λ1, λ2, . . . , λP ) contains
the eigenvalues of Z. Then, f(Z) is given by

f(Z) = wHU
(
Λ−1 + 2σ2

wΛ
−1/2 + σ4

wI
)−1

UHw.

Now, f(Z) is concave with respect to the matrix inequality if
and only if the function g(α) = f(Z0 +αZ) is concave in α.
Let v = UHw and let [v]i denote its ith entry. Consider the
function g1(α) = f(αZ), which can be simplified to

g1(α) =

P∑
i=1

|[v]i|2
σ4
w

α

σ4
w

λi
+ 2

σ2
w

√
α
λi

+ α
(52)

It is easy to see that the function g̃1(α) = α
α+

√
αc1+c2

with
c1 > 0 and c2 > 0 is concave for α > 0. Since a non-negative
weighted sum of concave functions remains concave, g1(α)
in (52) is concave for any w. Because affine transformations
preserve concavity, f(Z0 + αZ) is concave. Therefore, the
function G(Z) is concave with respect to the matrix inequality.

III. LOWER-BOUND OF M-FIM

Denote the eigenvalue decomposition of Atn
p RAtn

p
H by

UΛUH , where U is a unitary eigenvector matrix, Λ =
diag(λ1, λ2, ..., λP ) contains the eigenvalues of Atn

p RAtn
p

H ,
and P is the matrix dimension. Then, we have G(R) ≜
(Atn

p
∗
R∗Atn

p
T
+ σ2

wI)−1 ⊗ (Atn
p RAtn

p
H
+ σ2

wI)−1 =

(U∗ ⊗U)
((
Λ+ σ2

wI
)−1⊗

(
Λ+ σ2

wI
)−1

)
(U∗ ⊗U)H . (53)

Consider the scalar function f(R) = wHG(R)w. Using (53),
g1(α) = f(αR) can be represented as

g1(α) = vH((αΛ+ σ2
wI))−1 ⊗ (αΛ+ σ2

wI)−1)v,

where the vector v = (U∗⊗U)Hw. Since the second deriva-
tive of g1(α) is non-negative, the function g1(α) is convex.
As affine transformations preserve convexity, f(R0 + αR1),
and hence f(R), are convex. Consequently, G(R) is convex
with respect to the matrix inequality. By Jensen’s inequality,
we have

E((Atn
p
∗
R∗Atn

p
T
+ σ2

wI)−1 ⊗ (Atn
p RAtn

p
H
+ σ2

wI)−1) ⪰

(Atn
p

∗E(R)∗Atn
p

T
+ σ2

wI)−1 ⊗ (Atn
p E(R)Atn

p
H
+ σ2

wI)−1.

Using the fact that E(R) = Ψc

ν̃ and ν̃ = ν − Nr, the lower
bound (RHS) can be expressed as

(
1

ν̃
Atn

p
∗
Ψ∗

cA
tn
p

T
+ σ2

wI)−1 ⊗ (
1

ν̃
Atn

p ΨcA
tn
p

H
+ σ2

wI)−1.

IV. PROOF OF (10)

Using the conditional independence between the random
variables in the graphical model in Fig. 1, the joint pdf can
be expressed as

p(ZtN
d ,ZtN

p ,XtN
d ,HtN ,R, {Ytn

p ,Ytn
d }Nn=1)

= p(YtN
p ,YtN

d ,ZtN
p ,ZtN

d ,XtN
d |

HtN ,R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }Nn=1, σ
2
w)

× p(HtN ,R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }Nn=1, σ
2
w)

= p(YtN
p |ZtN

p )p(YtN
d |ZtN

d )p(ZtN
p |HtN ;XtN

p , σ2
w)

× p(ZtN
d |HtN ;XtN

d , σ2
w)p(X

tN
d )

× p(HtN ,R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }N−1
n=1 , σ

2
w)

= p(YtN
p |ZtN

p )p(YtN
d |ZtN

d )p(ZtN
p |HtN ;XtN

p , σ2
w)

× p(ZtN
d |HtN ;XtN

d , σ2
w)p(X

tN
d )

× p(HtN |R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }N−1
n=1 , σ

2
w)

× p(R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }N−1
n=1 , σ

2
w)

= p(YtN
p |ZtN

p )p(YtN
d |ZtN

d )p(ZtN
p |HtN ;XtN

p , σ2
w)

× p(ZtN
d |HtN ;XtN

d , σ2
w)p(X

tN
d )

× p(HtN |R)

× p(R, {Ytn
p ,Ytn

d }N−1
n=1 ; {Xtn

p }N−1
n=1 , σ

2
w).
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