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I. COMPUTATION OF RELEVANT EXPECTATIONS

We describe the computation of the expectation of
R\, R; "o R R'E;R. Y, R'PR,'E R, " and
R;lEingl\IlR,zl, which are used in the Algorithm 1 and
the proof of Lemma 1. We use the notation E;; = eie?, where
e; denotes the 7th canonical basis vector.

1) Expectation of R;' and R;'E;;R;': Consider the
function Q(S) = E(exp(—tr(STR;"))), and note that
ER.') = - % . A closed form expression for Q(S)
can be easily computed for the complex inverse Wishart
distribution, and is given by Q(S) =
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Using (41), the derivative of Q(S) is given by
9Q(S) R Ty-1
= ¥+S . 42
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Substituting S = 0 in the above expression, we obtain
ER;') =v® . (43)

Next, from (41), it can be seen that to compute the Ith
column of E[R;'E;;R; '], we must use the following steps:

o Compute q;(S), the partial derivative of Q(S) with
respect to the ith column of S.

o Compute the partial derivative of q;(S) with respect to
the (7,[)th element of S.

o Evaluate the expression at S = 0.

The partial derivative of Q(S) with respect to the ith column
of S is given by
Al

qi(S) = _VW(¢+ST)—1ei. (44)

Next, the partial derivative of q;(S) with respect to [S], is

R

g (8 8T E (8 87 e

qij1(S) =
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Thus, the Ith column of E[R;'E;;R; '] is

[ER;'E R, )], = dii(S)]g_,
=v \Il_lelef\Il_lei + 12 \Il_leief\ll_lel.

Collecting all columns {[E(R; 'E;;R; ")];};"", into a ma-
trix yields the final expression
E(R,'E R, ") =v(e] ¥ e) ¥ ' +1° U eje] ¥

(46)

2) Expectation of R;_l ® R,;l: We use the expression
for E(R; 'E;;R;") derived in the previous subsection to
compute the expectation of the required quantity, Rfl ®R,§1.
Note that the (i + (j — 1)N,)th column of R} = ® Ry is
vec(R;, "E;;R; ). Hence,

Rz_l ® R,;l = [vec(RglEnR;l),vec(RglEglel)
. ,VeC(RglENTNTRk_,l)]
Therefore, using (46), we get
ER; @R = [vec(E(R, 'Ei1R; 1Y),
. ,vec(E(RglENTNngl))]
= vvec(TH)vec(T1)H + 1/2(\Il*1T Qe ).

3) Expectation of R;lllle_,lEink_,l: The computation
of R, "WR,'E;;R; ' is also essential to obtain the closed
form expression of MB-CRLB for the estimation of the
channel covariance matrix. Computing R; '®R, 'E;;R;"
involves the following steps:

o Compute Q,(S) as given by (48) later in this section,
and note that Q,5(0) = E(R; 'E, R, "), which can be
computed using (46).

« Compute E(R;'E,,R;'E;;R;') using the partial
derivatives of the ith column of Q,4(S) with respect to
the elements of the jth row of the matrix S.

« Finally, compute E(R; ¥R, 'E;;R; ") using

ER;'"¢R,'E; ;R ) =
N,
- 47
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Similar to (44), (45), the partial derivative of Q(S) with respect
to the rth column, followed by the partial derivative with
respect to [S]; of S yield the /th column of Q,.(S). Arranging
these vectors in a matrix, we obtain

A
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q:lD
+V2N,'+W(¢+ST)1E,.S(\I,+ST>1 (48)

Note that Q,.s(S)|s—o is E(R; 'E,sR;"). From (48), the ith
column of Q,s(S) can be expressed as
A
|® + ST|v
Rl
|® + ST|¥
:ql,rsi(s) + q2,rsi(s)~
Now, we compute the derivative of q; ,5;(S) with respect to
[S],;» and this is given by
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where d; =

Note that
gl,rsilj(o) = _V2(e}1‘P_1el)‘P_1Eis‘Il_1er

— VO E;UTE, U le, — v P TE U TIE,; U e,

Arranging the vectors {gl,m“j(o)}{i’i into a matrix yields

G1,5ij(0) = — VO 'E; ¥ e,e] U1

—v¥ el UTIE; T e,

—vUT'E; ¥ le] ¥ le,.

(49)

Next, we differentiate qs,5;(S) with respect to [S];:

6C12 rsi(S)
g 77'sil'(s) =—F G =
? ! 8 [S]]l
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Arranging {gg,mﬂj(o)}f\gl into a matrix, we obtain
G2,4ij(0) = — VU 'E, ¥ e;e] U}
VO el UTE, 9!
~ VU TE, ¥ el ¥ le

(50)

We can compute ]E(R,;lE,.SR,ZlEin,Zl) using (49) and

(50) as follows:
E(R;"Er R 'Ej R, ) = —(G1,04i(0) + Ga,14i(0))
=’ 'E; U e e] U 40T el OE, 0
+ V¥ TE; el (¥) e, + U E, U el U
+ 120 e UTE, ¥ e, + VU TE, T el (¥) e,
Using (47), we can compute
E(R; PR, 'E,;R;")
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The simplifications performed in each term of (51) to obtain
the final expression are described below.
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In this derivation, we use the following facts:
N,
Z eel =1,
=1

1, ifli=yjy
elTej: ’ Js

0, otherwise.

4) Expectation of R,;lEinlzllIlRlzl : The computation
of ER,'E;;R; "PR; ") is similar to (51). We get

E(R; 'E;R; PR ) =
(N2 4+ v+ ) OB ! + (uN, +20°) % e U1
which is the same as (51).

II. CONCAVITY OF (Z~' +202Z1/2 4 621)~!
In this subsection, we show that the function

—1
G(Z) = (Z*1 + 2022712 aﬁ,l)

is concave with respect to the matrix inequality. In order
to prove concavity, we consider the scalar function f(Z) =
whH G(Z)w, for an arbitrary nonzero vector w, and show
that f(Z) is concave. First, we consider the eigenvalue de-
composition of the matrix Z € CP*P as Z = UAU#,
where U is unitary and A = diag(\1, \2,..., A\p) contains
the eigenvalues of Z. Then, f(Z) is given by

f(Z)

Now, f(Z) is concave with respect to the matrix inequality if
and only if the function g(a) = f(Zo + «Z) is concave in a.
Let v = Ufw and let [v]; denote its ith entry. Consider the
function g1 (a) = f(«Z), which can be simplified to
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It is easy to see that the function §;(a) = m with

c1 > 0 and ce > 0 is concave for o > 0. Since a non-negative
weighted sum of concave functions remains concave, g1 ()
in (52) is concave for any w. Because affine transformations
preserve concavity, f(Zo + «Z) is concave. Therefore, the
function G(Z) is concave with respect to the matrix inequality.

III. LOWER-BOUND OF M-FIM

Denote the eigenvalue decomposition of At"RAt"H by
UAU#, where U is a unitary eigenvector matrlx A =
diag(A1, Mg, ..., Ap) contains the eigenvalues of At" RAt "
and P is the matrix dimension. Then, we have G(R) é
(AR ALT 402D @ (A;nRA;nH +o2l) ! =

(U* 2 U) ((A +021) @ (A + aaﬂ)*l) (U* @ U)H. (53)
Consider the scalar function f(R) = w G(R)w. Using (53),

g1(a) = f(aR) can be represented as

g1(a) =

where the vector v = (U* @ U)Hw. Since the second deriva-
tive of g1 («) is non-negative, the function g;(«) is convex.
As affine transformations preserve convexity, f(Ro + aRy),
and hence f(R), are convex. Consequently, G(R) is convex
with respect to the matrix inequality. By Jensen’s inequality,
we have

E(ALRFALT 4 021)~
(AL ER)* AL +020)"
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Lo (ARALT +621)71) =
Lo (ARER)ALT 4 o21)7!

Using the fact that E(R) = ‘Il’,c and 7 = v — N,., the lower
bound (RHS) can be expressed as

1 * 1
(EAZ" ‘I’ZAZ"T +o,) ' ® (EA;"‘I’CA;"H +o,D)"

IV. PROOF OF (10)

Using the conditional independence between the random
variables in the graphical model in Fig. 1, the joint pdf can
be expressed as
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