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* InzoJM\Q"\'on = Reduchon jn umw’raiuhé,_

* on(,wra:niy ¥ Randomnuss = Ertnopy

¥ When an wmknown X i sevealod | injormehion nsvealed equals
Ur\co\’ra«‘ui? bc’onc - waﬁainb affr= H(x) - 0 = H(x)

And vow Jon Aome,ﬂnfwa COmplzPel& ucb‘MeAeM ..

How much :nfoaw\ah"on 1 nvealed about X when ¥ i aveld?

@ Stahiahicall Iugeywna: Hé} pothesis Mh‘nj and eoPmahon
Let (X V) e é'oinha Ataibuded  with J'oiM— dirtwibuhorn By .

Sugpone ol X in an wmknown and Y 4 the obsewed ny

Tre condibonal distibubon Py, (1x) J» called

0 chonne. in dnfoamalion raony. We will dencte it

|02 W: % — % and abbavidke Wy = Py (1),

(Fon divoule %, Y, Wlyhe) derches the pade. Pt /X=2).)
> We con row wre (We, xe Z) 1o nepatsent an expuinent

Ohwe % b wnknown ord Y~ W, are ohsuved. The

goal ia b defamine x .ba ob/sem)in} 1~ W, .
Thea in the coaxsic Stahighiel Ih{)uenu problem .
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In ow ;w(h'na, we amume. that X i 3em:zkd KAO\M

o Jixed digtabubon P. Suha £0Amuia'\'ow i4 called
Bayesgion Foamulohon.

X ﬁflan&_Hg,ao/ﬁm Twﬁrg c |ZI=2

ﬂ’: va/"// UVO" ol"‘e"”"‘a Yo Wx, we go‘lm an eshmate

?"ci Vo W, X g,/‘i) Oun 9@0’\ iAo min‘whe the

a\m\aae pmbab.b!a oﬁ E&AOA
POX%X)= pule) P gl0=110) + p.(0 P5f4)=0]1)
= R = Wly) + 2 Wily)
aéﬁo
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Choe P = fa ALLY
The diatibdion P in called the puon .
The dirtaibuhon Peylly) dn colld the portevon | winch
can b compued soing fhe Bayer nule: By lxly) = %‘/;_){:?M
The dnducd output disfaibubon By o given by
Ply) = {-} Py (1) W(‘abt) = WNoPxly) & Whi(y).
For o amifoam prion, ie, (o) = pl) = L
P(x#X) = L W,(A7) + LW, (ho)

- L (Wo () - W, (R.))
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puo\ao\gaufa 36 Sut P:(MH 1 Fym b%

ond JR offauwed b}
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F(9)= 25wty ugyy o Ao a Bayeo ophwel ol

1%1=M
Teot 33—)2': odpub! 5<\=8,[V)
Fo(g] ) = P(x#x)

Dphmal mob. Az R¥(P) = min P (a)f)
phimal prab. of euo (P) = w o 3
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¥ Eshwahion puoblem : ¥ need not be diaunk.
Note Wt P(X#x)= Ep [Lgisns) -
For @ aemaﬂ X, ve Lo cornidu an a\loit«ma Jo.95
fumchon £ ZxZ > Ry Tham, L/g] A )= Ep_[LG00,%)




ond ophimal dos L*(PK)= iny
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When % ;Kd, ,0(%,%’) = lx-20'= % (9(;_)(",)7'
s o popular Loan {wch&:é) ond L.(9 [Px) & called
the Mean Squared Logs|. The 7uan)i9 L¥(P) im i

core 44 called He o Minimum Meam S?un.uo‘ EMOA(NMSE_)_
B) Exompler
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¥=Jan), Y=R, Ao: I~ N(-s, @), U, 1 N»_ ™)
Tham, P (wif) = lL (1= d (W, W)

whr o Wy W)= Wog (£ Waly)> Usl9D3)
= LJ,,( §3 U-,)(a) € wdlﬁ)j)

RN
Wp(A)= P(-5+2 <0)  ohew 2~N(o,5)
= 1-P(zZ2 %)
o ,.(}
= - @,(_4,) whate §(t)= L (e "2dt

T Jerv
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T}\u;.to-q, d(U-A,U,;) = l'i&/_é)/ ond Ao @
A
ATV Q(_?) : e 2f
* Exanple 2 x-= 3:[}2’% W,(ZN/'K,OJI)
L

5;01»0.'0/» with mea,.
X, Ccovomiaml T L

[hen, {OJ\- 3[3):3’ we have

L/glpx)= dgt ‘Koﬂ Ovtq Px [Ahao Hoin)

for the. MSE L(g")x),

¥ Exaw«[zlcs (Teoh‘na the biax &Ka (o?n)
How man& otn PAses ane neaded o teot i& L Lon A

head &eau& A tarl i\eaVQZ
In our {AOW\?—M@*\”—, 1= {_;:_z,,‘;'z_+ s}l omnd
?3: so,1y".
Koo Vo Yp~ iid B [Log) = P
A M, Y ~iid Be(Leg) = 8
Let P7= PxcxP and B"=§x..x8 dencte the n-fold
product distsibukiom o 9., Ma
Them, ba Oun {mmula {oz\ Pé“/w&)/
a%mw=5w—dw:w»
Suppore we will be ﬁopw with fe™ fuil) = L Thow,
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we must have Ol(P 8") > _(‘];9; ©
Hewisticatly, A(P" ") Hows with n towadr 1 The
Loort pumb e of, Corn fb’p;g we nod iy the Loost
Regund for d(P.87) fo exosr 499 loso.

To find am eshimate. for thix bost n, we wil duive an
wppu bond { d/r s”).

Lewmma ( Subsedditivity of fotad yosiclion distona )

For P"= PxPx.. xPr and & = 8§, x8, x...x 8, we have

d(r, &) < = d(F. 8.)
&35(, 1 sufpicr ;1—»' Mow the daim {o« n=2 {wha ?).

dP,xPL,Q,va)= 1= P,/,)PL(,-Q‘(‘ &, (Y,
[ 9\}7«%/ 9.) Rly.) - A.ly) Q. [y,))

If’a)” (y.) = Ply)Q.(y.)
”’a)Q [9)= 8.(300.03)

- Ply) 8lgs))
;;) S 9.) 8. 14.)]
:“'L Pg);ﬁ]Pld) 8,(y.)) = 0 P/&L)

= d(p,,8,) + 4 (F.8)). ®
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For the coin-tosn example

Previows Joound Auggeots that we ned 2 Vs cafn foases
to diAﬁwauiAk fhe tws coivg T {hsf we will Aee
Laten thot this bound s weok ond we wad mang

mone Coin hAMs ﬁou.akla Yoz . We will se that

d(P", a") < §n amd not Jot =n AMO?eo"’ed ba The
Lemma above

@ Neyman- Peanson {onmulah'on ard thneshold teots

The Bayer ophinal test we 20w hod the 'j‘”‘"‘

- | o Wily) s 1
4(4) -l
1. Wy <2
hh“d)

= {O, 103@&(3')>O
W, (3)
1, Aog Wolw) < O

W (y)

Thi Aug(ﬁwh the ,5ollowiv& Aoy 0-6 s -
9209) = go, log %_1(3% > T

1, »Qog wolé) < T
Wi (9)




How well do thepe teots p@[@_@?

e(92]Px) = Py 53 Woly) &a>§:w[.()a>
gely)=2 Jely)=0

Hb);w.oiahné Px(,) = P

R(3:10) =(1-p) W, (§9.(1)=13)+ P W ({9 -

Esmor quvenw X=0 Ve X=1
f'\’f)g.L CANON

Arx T Jnowaxes, hape—l eMon  inouases and *ype—ﬂwm

Ao,
Neyman- Pearson cornidend a Ab’a“% di ffeamt 50Aw~la7w

than the avuaae, eMon uternion aboue .

We 2ee b teotn fe« whidh e 0-6 fy‘pe-l ir Ausn
than &. Undun Wy conatraint, we wont b {ind
@ ot that minimices  the emon GZ lape ~ Nomely
{.‘no( o teot thot eltaina

B: (W, W) = min 32 W (4) - teot g Aahiafies
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17gle) = Woly) <€)
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opeakon and ﬂ, ih an odaamng Ahahon. Hee | the U\ADAG’[

+a Pe—I dA 0 _ioﬂx& ddam and ir 0 fosy Aeae onon ) Ghile




the emon o‘tf\ape—’ﬂ. in 0 missed defechen and @
id 0 wmone Aevene ewvon. [he Nc,man—Pemon 50ley\ulah'0v\

seekAa to minimize the misned ddechown Pnobabo'b')} g.iuth
thot the prob. a—6 .‘al,\c dorw ip deso than €

> We evaluate ouwr thawohod test 31 50& in Ae)dl“hi

PJ\ob. o-ﬂ {Ov(oe, C&MM

= Brob. ez emon 06 fqpe—l = Wo({al35/3)=’;)
([ deg ule) = 7))

w.(a

Proh. of mirsed defechon = W, ({a (71{‘7)=03)

= Zi 3) ~—— = W.(«a) Uo(%)
: .00 w°[2)>'[, '
d & (9) Wo q)

= (2745 ) W)
< = ")
d

= 2’-5
We have Ahown the io(low?ma suoult
L emma Suppa)k that Q>0 Aahxlfm

Wo(ga: 103 u£§;> ‘C5>> |-¢

Be(Wwo W) = 275

“Thew,




Fon tid obaewahon y = '73,"

W(g) = Tply), Vly) =T gfs)
Then, ba Ckaby/&keu/g’ Xne?uab?,

P = tog p(1) = wE[log pl4)) s [in Von (Log el
([ 2t ) < rElg elo). [o iy

> ) — ¢
@ KL Divez\(o)evnct and Steint Jemma
The cluamh'ﬁ& Ep[ﬂbg P[")] aA called the

(1)
KulUpock - Leiblen Dwaac»\a .,%n\o! ia denoted 6& D{P“@).

D(PNg) = = lo ) i the Lountupart

( = ply) dog ple) part of
al3)

d{?, 6) that enterx the NC‘-’WV"PQOJV\OV\ fe«wwloﬁon

Oum Lowmwa  in pah’r C  xhows:
Pm -1 103 B:(V.8") = D(PIg)
n

n—>090

Steiny Lemmo

rj«. 1 xoa B (P.8) = D(Pll&)/

Nome(a, the_ szaeo*r expowen hal ahca7 rafe of B (P, &)
» D(Pﬁ&) omd ia altained ba, thauoheld teorta.
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D(PN8) hos a Amiln Sntespatahion ao d(P,8): il
D(PNG) i Amald | the haf)onaeoco P ond § an d‘j}mﬁ
to dA’AHnauiAk S ‘nx Lemma ?iveo an a/:‘aW‘Pfoh'c jushficalo
"ﬂ thia {od’. Lot we will ee anothen Juolificahon thof holds
zﬂon o giml "

Example P = Bexn(z,'_>, 8 = B@L{'_;_i)

d(f,6)= £

D(WM)-

> &5 2 drg)
L 0nae 02

¥ Contnuour dishnibubiona

Fon f and 6} woth dengificn f and3 ,

DIPIG) = () Dog Jb) Ju .
Jt 33%,

Thin definikon  zerves eyac’fg the some punpose ao that

{oa the. disnde. core (In foot, both Con be ntcovend as
AFedaQ Corer 0*67 e mone aeywml dJ.‘«'wih'on)

The ﬁoa-ue_wow at Can now be neplaed
with 2 1203 {l(w )/3 (7)) 2 T, wih the some P%’Mmr\a




E}Eﬂ)ub‘w eg, KL diveagence (P-Aoob/; w ll be yvev. &

(1) 2@ pRo w;oi’n% _.f’v\_e:iu;_l.g fa,_ la+a)

Distonces blw distabukion » decares when gou ?;wﬂ‘kﬂn_

Procem fhain /SOW\PlIo "
-Ham—w with ouwr hemishe fhat these dirtenws ddumine
how di“iwlf i3 Jth test between the hue- diztaibulions

(sine we can QPP(Q tests 1o the prowswed 2ample)
Let Pand 8 be fwo distabuboni on “{} and Lud
W: y—> Z be a ﬁuua{ chennd (nepmed\“m& e
dato pao d»\.w& opeahon).

Thew,

(H d(W-p, w.q) = d(P8)
i) D(WP,We8Q) = D(P|I8)
(2) Pinskerns ing?uaﬂ}f
(The bound o“» ouwn example i» H@hv‘)

D(PIG) > 2 d(P.g)°
On
This Joourd rags that D(PNB) behaves noughly the rame as

the Aquake, 0'6, dirtance (wlﬂc«{” AN Apea'ai aboot Aziuo.uo{ dixtance
tn Euclideon )3POQ ?>

(3) Addiﬁvif# D(P,XX Pall §,x..x 8,) = (zw;' D(P. 1l §))




