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Abstract—In over-the-air computation-assisted federated
learning (OTA-FL), devices transmit their local models to a
parameter server over a shared time-frequency resource. Model
aggregation occurs automatically due to the superposition prop-
erty of the wireless channel. We derive a novel upper bound on
the convergence of the optimality gap of OTA-FL that applies
to any choice of device transmit powers and receiver scaling.
The bound is based on less restrictive assumptions compared to
the literature. It leads to the insightful concept of an effective
learning rate that captures the dependence of the convergence of
OTA-FL on the gains of the channels between the devices and the
parameter server. We jointly optimize the transmit powers and
the receiver scaling to minimize the error floor implied by the
bound while controlling the effective learning rate. This leads to a
novel controlled descent algorithm (CDA) and a new variant that
adapts the effective learning rate. CDA can be implemented using
a low overhead protocol. We benchmark CDA against several
transmit power, receiver scaling, and device selection schemes.
For both linear regression and multi-class logistic regression,
CDA requires fewer iterations and a lower sum energy to achieve
a target optimality gap or testing accuracy.

Index Terms—Federated learning, over-the-air computation,
convergence, effective learning rate, energy consumption, channel
fading, protocol.

I. INTRODUCTION

FEDERATED learning (FL) is a distributed technique that
allows multiple devices to collaboratively train a shared

or global machine learning model. In this iterative technique,
each device computes a local model based on the current
global model and its local dataset, which comprises of data and
their corresponding labels, and shares this local model with a
cloud-based parameter server. The server aggregates the local
models it receives, updates the global model, and broadcasts
it to all devices. In the classical federated stochastic gradient
descent (FedSGD) algorithm, the local model of a device is the
local gradient computed over a batch of data-points uniformly
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selected from the local dataset and the global model is the
arithmetic average of the local models [2]. The exchange of
models instead of local data improves privacy. However, the
latency and the communication overhead of model aggrega-
tion increase due to separate uplink transmissions from the
devices.

Over-the-air computation-assisted federated learning
(OTA-FL) is an aggregation technique that exploits the
superposition principle of the wireless channel. The
transmissions occur over a shared time and frequency
resource. Hence, the latency and bandwidth requirements
are markedly lower [3], [4]. However, the channel gains
between the devices and the parameter server, the device
transmit powers, and the receiver scaling and noise at the
parameter server together affect the algorithm’s learning
performance. For continuous labels, the learning performance
is measured in terms of the optimality gap, which is the
difference between the minimum value of the loss function
if the data were centrally available at the parameter server,
and the loss function of the current model computed over all
the data points. For discrete labels, the learning performance
is measured in terms of the testing accuracy of the global
model.

The schemes in the literature control the device transmit
powers and the receiver scaling in many different ways. We
discuss them below.
• Channel Inversion (CI) Without Peak Power Constraint

[5], [6], [7], [8]: In CI, the transmit power is proportional
to the product of the receiver scaling and the local model
power, which is the square of the `2-norm of the local
model. In [5], [6], [7], and [8], the transmit power is
set to meet a target signal-to-noise ratio (SNR) at the
receiver. However, no peak or average power constraint
is imposed. As a result, the devices can consume a large
amount of energy, whose average can even be unbounded,
when their channels are in a deep fade. In [9], the receiver
scaling is inversely proportional to the maximum value
of the local model power. However, channel fading is not
considered in the theoretical development and all devices
transmit with the same power. When fading is present, CI
is employed and a device needs to perform sufficiently
many local iterations to ensure that its transmit power
stays below the peak power.
In [5], [6], and [7], only a subset of the devices transmit.
While this curtails the sum energy consumed in an
iteration, it can lead to a poor generalization of the global
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model. In [6], a device transmits a combination of its
current and previous local models. In [8], devices not
scheduled by the parameter server use a nearby relay to
transmit.

• Scaled-down CI (SCI) [10], [11], [12], [13], [14]: The
device transmit powers are subject to the peak power
constraint in [10], [11], [12], [13], and [14]. In [10], the
receiver scaling is proportional to the peak power and
inversely proportional to the largest local model power
among the devices. In [11], [12], [13], and [14], the
devices transmit the direction of the local gradient and
the receiver scaling is proportional to the smallest channel
power gain among the devices. This approach is extended
to incorporate multiple antennas at the parameter server
in [13] and [14].

• Truncated Channel Inversion (TCI) [3], [4], [15], [16]:
In [3], [4], and [15], the transmit power is similar to that
in CI. However, a device does not transmit if the power
gain of the channel between it and the parameter server
falls below a pre-specified threshold. The receiver scaling
is implicitly assumed to be unity in [3] and is proportional
to the inverse of the exponential-integral of the threshold
in [4]. However, as mentioned, this approach can lead
to a poor generalization of the global model. In [16],
all the selected devices in an iteration scale their local
models by a common scalar that is chosen to minimize the
gradient misalignment error (GME), which is the mean of
the squared norm of the difference between the received
aggregated model and the desired arithmetic average of
the local models.

• Clipped Channel Inversion (CCI) [17], [18], [19], [20],
[21]: In [17], [18], [19], and [20], the parameter server
numerically determines the transmit powers, which are
subject to the peak power constraint, and the receiver
scaling to minimize the GME. It does so for every
realization of the channel gains and informs each device
about its transmit power. The optimal solution is such that
a subset of the devices transmit at the peak power, while
the rest use CI. In [21], the number of data-points that
every device selects is adapted to minimize the GME.

• Regularized Channel Inversion (RCI) [22], [23]: In [22],
the transmit powers in an iteration are numerically deter-
mined to minimize the error floor when the optimality gap
has converged. We, therefore, refer to it as the minEF
algorithm. Constraints are imposed on the peak power
of each device and the average sum power consumed
by the devices in each iteration. However, the receiver
scaling is implicitly assumed to be unity. In minEF,
a subset of the devices transmit at the peak power,
while the transmit powers of the remaining devices are
inversely proportional to their channel power gains plus
a regularization constant. In [23], only a subset of the
devices are selected based on their local model power
and the channel power gain. However, the peak power
constraint is not imposed. The learning rate is inversely
proportional to the iteration count in [22].

Among the above schemes, [11], [16], [20] account for
imperfect channel gains. The above schemes consume dif-

ferent amounts of communication energy to reach a specific
optimality gap. This is because the sum energy consumed
by the devices in each iteration depends on the scheme. The
number of iterations required also depends on the scheme. In
[24], the transmit powers and receiver scaling are determined
numerically to minimize the ratio of the achievable Shannon
rate for model aggregation to the sum power consumed per
iteration.

The existing works either pre-suppose the transmit power
and receiver scaling [3], [4], [5], [6], [7], [8], [10], [11], [12],
[13], [14], [15], [16] or determine these variables to minimize
the GME [17], [18], [19], [20], [21]. However, GME does not
fully capture the impact of an error in an iteration on future
iterations and the overall performance of the algorithm. We
instead focus on minimizing the error floor. While minEF in
[22] also minimizes an error floor, it assumes that the gradients
of the local and global loss functions are upper bounded by
a finite constant. However, in practice, this assumption is
restrictive and requires choosing a conservatively large, and
thus weak, upper bound in the presence of dataset outliers
or large model dimensions [25]. Furthermore, the unbiased
aggregation constraint imposed in [22] may not have a feasible
solution. In such a case, minEF’s behavior is undefined.

A. Contributions

We systematically develop a novel joint transmit power
adaptation and receiver scaling scheme that guarantees the rate
of convergence and minimizes the error floor in the presence
of fading and noise. We make the following contributions:
• Optimality Gap Bound: We derive a recursive upper

bound on the optimality gap that holds for any transmit
power and receiver scaling scheme. The bound introduces
the notion of the effective learning rate, which is anal-
ogous to the learning rate in classical gradient descent
[26] but in the presence of channel fading. In hindsight,
the effective learning rates of [5], [6], [7], [8], [10], [11],
[12], [13], and [14] turn out be constants, while those
of [3], [4], [15], [16], [17], [18], [19], [20], [21], [22],
[23], and [24] are random as they depend on the channel
gains. We identify the range of effective learning rates
that guarantee convergence.
The bound reveals a fundamental trade-off between the
contraction factor and the residual error, which can be
controlled by the choice of the effective learning rate.
Unlike [5], [6], [11], [12], [16], [22], [23], our analysis
does not require the `2-norm of the global or local
gradients to be bounded. Furthermore, our work is based
on the Polyak–Łojasiewicz (PL) inequality, which is more
general than strong-convexity assumed in [5], [6], and
[23]. Table I brings out the technical differences between
our assumptions and those in the literature.

• Problem Formulation: Using the bound, we formulate a
novel problem in which the transmit power adaptation
and receiver scaling are jointly optimized to minimize the
error floor while ensuring a target effective learning rate
and satisfying the peak transmit power constraint at each
device. This formulation ensures unbiased aggregation of
the local models. The unbiased aggregation imposed in
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TABLE I
KEY TECHNICAL DIFFERENCES IN OBJECTIVE AND ASSUMPTIONS

BETWEEN THE LITERATURE AND OUR WORK. HERE, PL REFERS TO
THE POLYAK–ŁOJASIEWICZ INEQUALITY

minEF [22] is a special case of our constraint on the
effective learning rate. Furthermore, a feasible solution
always exists for our problem, unlike minEF.

• Algorithm: We present a novel controlled descent algo-
rithm (CDA), which is based on insights we obtain about
the structure of the optimal solution of the above problem
and specifies the transmit powers and receiver scaling in
closed-form. Compared to the OTA-FL literature, CDA
shows that a device’s transmit power is determined by
a metric that is the ratio between its channel gain and
the `2 norm of its local model. CDA’s unique ability to
control the effective learning rate leads to two variants,
namely CDA-Fixed (CDA-F), which keeps the effective
learning rate fixed, and CDA-Adaptive (CDA-A), which
adapts the effective learning rate. This is unlike [22], [23]
that adapt the learning rate, but whose effective learning
rate is still random due to channel fading.

• Implementation: We propose a novel communication
protocol to implement CDA that requires O(1) com-
munication overhead to compute the transmit powers at
the devices and receiver scaling at the parameter server.
This is unlike the GME minimization schemes in [17],
[18], [19], [20], and [21] and minEF that require O(K)
overhead because the parameter server needs to inform
each device about its transmit power.

• Performance: We extensively benchmark CDA-F and
CDA-A with several schemes that use SCI, SCI with
device selection, TCI, CCI, and RCI. We compare their
performance for linear regression and multi-class logistic
regression when the devices have heterogeneous local

TABLE II
KEY DIFFERENCES BETWEEN THE EXISTING WORKS AND OUR

APPROACH. HERE, K DENOTES THE NUMBER OF DEVICES

datasets. For multi-class logistic regression, we use the
CIFAR-10 dataset on a multi-layer convolutional neural
network (CNN) with a non-convex loss function. For
both problems, CDA-A requires fewer iterations than
all benchmark schemes to reach a target optimality gap
or testing accuracy. For a given sum energy budget, it
achieves a higher optimality gap or testing accuracy than
all benchmark schemes. Furthermore, in linear regression
and at low energy budgets, the optimality gap of CDA-F
is as low as that of CDA-A.

Table II highlights the differences in the manner in which
the transmit power and receiver scaling are controlled and the
communication overhead of our approach and the literature.

B. Organization and Notations

Section II presents the system model. Section III analyzes
the convergence of OTA-FL. Section IV presents CDA. Sec-
tion V presents the numerical results and is followed by our
conclusions in Section VI.

Notations: We denote vectors in bold font. The gradient of
a function F (w) with respect to w is denoted by ∇F (w).
For a vector x, its `2-norm is ‖x‖ and its transpose is xT .
The notations <{·} and ={·} denote the real and imagi-
nary parts, respectively. The expectation with respect to a
random variable (RV) X is denoted by EX [·]. The notation
y ∼ CN

(
µ, σ2Im

)
means that y is a complex Gaussian

random vector with mean vector µ and covariance σ2Im,
where Im denotes the identity matrix of size m × m. The
notation A ⊂ B means A is a proper subset of B. The set of
non-negative integers is N = {0, 1, . . .}.

II. SYSTEM MODEL

We consider a network consisting of a set K =
{1, 2, . . . ,K} of computing devices and a parameter server.
Device k has a dataset Dk = {1 ≤ i ≤ Dk : (xki, τ ki)},
where xki and τ ki are the data and the corresponding ground-
truth label for the ith sample of the dataset. Let f (w,xki, τ ki)
be the loss function for sample i of dataset Dk that measures
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Fig. 1. System model for gradient aggregation in OTA-FL using K devices.
The signal superposition in the wireless channel is shown in red ink.

the prediction error of the global model w ∈ RM on sample
xki relative to its label τ ki. Let

gk(n) =
1

mb

∑
i∈Bk(n)

∇f (w,xki, τ ki) , (1)

be the local gradient of device k computed over the selected
batch Bk(n), which is a randomly sampled subset of Dk and
is of size mb. We shall refer to gk(n) as the local model of
device k in iteration n.

The goal of federated learning is to find the optimal
global model w∗ that minimizes the average global loss
F (w) =

(∑
k∈K

∑
i∈Dk

f (w,xki, τ ki)
)
/D computed over

D =
∑
k∈KDk data points of all devices. Thus,

w∗ = arg min
w∈RM

{
1

D

∑
k∈K

∑
i∈Dk

f (w,xki, τ ki)

}
. (2)

Over-the-Air Computation: Let hk(n) = |hk(n)| ej∠hk(n)

be the complex baseband gain of the channel between device
k and the parameter server, where |·| denotes the amplitude and
∠· denotes the phase. Device k amplifies gk(n) by

√
pk(n),

where pk(n) is the transmit power coefficient. It then compen-
sates for the phase ∠hk(n) of the channel, and transmits the
elements of gk(n) sequentially over M symbol durations to
the parameter server. This happens over a duration T . Thus,
the symbols from the K devices add up coherently at the
receiver. The signal vector y(n) received by the parameter
server is given by

y(n) =
∑
k∈K

|hk(n)|
√
pk(n)gk(n) + d(n), (3)

where d(n) ∼ CN
(
0, σ2IM

)
is additive white Gaussian

noise. The transmit power of device k is pk(n) ‖gk(n)‖2 /M .
The parameter server scales y(n) with 1/

(
K
√
γ(n)

)
,

where γ(n) > 0 is the receiver scaling. It obtains the following
noisy estimate r(n) of the average of the local gradients:

r(n) =
1√
γ(n)

(∑
k∈K

ck(n)gk(n) +
d(n)

K

)
, (4)

where ck(n) = |hk(n)|
√
pk(n)/K. This model is illustrated

in Fig. 1. The parameter server updates w(n) as follows [16]:

w(n+ 1) = w(n)− η<{r(n)} . (5)

The parameter server then broadcasts w(n+ 1) to all the
devices. This completes iteration n.1 Device k uses w(n+ 1)
to compute its local gradient gk(n+ 1) for the next iteration.

Equation (5) is based on the FedSGD algorithm, which uses
the following update rule for D1 = D2 = · · · = DK and
converges to w∗ [2], [27]:

w(n+ 1) = w(n)− η

K

∑
k∈K

gk(n). (6)

Here, the parameter η is the learning rate.
Comment: Other algorithms such as federated averaging

(FedAvg) have also been explored in the literature [28],
[29]. In FedAvg, each device performs multiple local model
updates in an iteration to reduce the communication band-
width required by the system. However, doing so introduces
client-drift, where each device’s model deviates from the true
global model. This drift increases the aggregation error and
leads to worse performance than FedSGD [29]. Furthermore,
OTA-FL already reduces the communication bandwidth since
the devices transmit on the same time-frequency resource.
Therefore, we focus on FedSGD in this work. Furthermore, our
approach can be applied to FedAvg by specifying the transmit
powers and receiver scaling at the end of the multiple local
updates.

III. CONVERGENCE ANALYSIS AND THE CONCEPT OF
EFFECTIVE LEARNING RATE

We now analyze the convergence of the learning algorithm
in (5) for any choice of transmit powers and receiver scaling.
We make the following technical assumptions about the loss
function and gradients:

1) Lipschitz-smoothness [30, Ch. 6]: There exists a con-
stant L > 0 such that

F (w)− F (w′) ≤ ∇F (w′)
T

(w −w′)

+
L

2
‖w −w′‖2 . (7)

2) PL Inequality [26]: Let F ∗ denote the optimal loss
function value. There exists δ ≥ 0 such that

‖∇F (w)‖2 ≥ 2δ (F (w)− F ∗) . (8)

3) Finite Batch Variance: gk(n) is assumed to be an
independent and unbiased estimate of ∇F (w(n)) with
finite variance Ψ, which we shall refer to as the batch
variance. gk(n) satisfies the following properties:

Eb(n) [gk(n)] = ∇F (w(n)) ,∀k ∈ K, (9)

Eb(n)

[
‖gk(n)−∇F (w(n))‖2

]
≤ Ψ

mb
,∀k ∈ K,

(10)

1We ignore the effect of fading and noise for the broadcast of w(n+ 1), as
is also widely assumed in the OTA-FL literature. This is justified because the
parameter server, which is typically connected to a power grid, can transmit
with a sufficiently high power and employ error correction coding.
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where b(n) denotes the batches selected by all the
devices in iteration n. Device k selects with uniform
probability mb data points from its dataset.2

Comments: We note the following about our assumptions:
• First, strong-convexity, which is assumed in [5], [6], and

[23], is a special case of the PL inequality. Furthermore,
[31] shows that even non-convex loss functions satisfy
the PL inequality locally around the global minima in
modern learning models in which the number of model
parameters exceeds the number of training samples. Thus,
the PL inequality makes the analysis tractable and has
practical relevance.

• Second, non-convex loss functions that do not obey the
PL inequality are considered in [11], [12], [15], and [16].
However, these works do not analyze the evolution of
the optimality gap. They instead show that ‖∇F (w(n))‖
approaches 0, which only guarantees convergence to a
stationary point. Furthermore, these works rely on other
strong assumptions, such as bounded local gradients.
Extending our analysis to such non-convex loss functions,
but without assuming bounded local gradients, is an
interesting avenue for future work.

Let B(n) denote the batches selected by all the devices up
to iteration n and let

G(n) , EB(n−1),d(n−1),...,d(0) [F (w(n))− F ∗] , (11)

denote the optimality gap in iteration n averaged overB(n−1)
and the noises d(0), . . . ,d(n− 1).

Theorem 1: If 0 < η

K
√
γ(n)

∑
k∈K |hk(n)|

√
pk(n) < 2

L ,

then the optimality gap G(n + 1) in iteration n is upper
bounded as follows:

G(n+ 1) ≤ αnG(n) + βn, (12)

where αn is the contraction factor and βn is the residual error.
They are given by

αn = 1− 2δηeff(n)

(
1− Lηeff(n)

2

)
, (13)

βn =
Lη2

2K2γ(n)

(
Ψ

mb

∑
k∈K

|hk(n)|2 pk(n) +
Mσ2

2

)
, (14)

where ηeff(n) is the effective learning rate and is equal to

ηeff(n) =
η

K
√
γ(n)

∑
k∈K

|hk(n)|
√
pk(n). (15)

Proof: The proof is given in Appendix A. �
Interpretation: In the absence of channel fading and noise,

we know from [26] that the optimality gap of gradient descent
contracts as

G(n+ 1) ≤
[
1− 2δη

(
1− Lη

2

)]
G(n). (16)

Comparing (12) and (13) with (16), we see that ηeff(n) is
equivalent to η. For this reason, we refer to ηeff(n) as the
effective learning rate. It depends on the learning rate η, the

2We shall see in Section IV-B that while the upper bound is a function of
Ψ, the design of CDA does not require the knowledge of Ψ.

number of devices K, the receiver scaling γ(n), and the
channel gains h(n) = [h1(n), . . . , hK(n)] and the transmit
power coefficients [p1(n), . . . , pK(n)] of all the devices.

Comments: Theorem 1 provides the following insights:
• In (13), αn is a quadratic polynomial of ηeff(n). We

can show that αn > 0. To guarantee contraction of the
optimality gap, we need αn < 1. Thus, we shall focus
on the regime in which 0 < αn < 1.

• Using the expressions of αn and βn in Theorem 1, we
can show that for ηeff(n) < (1/L), when pk(n) increases,
αn decreases but βn increases. This implies that the
optimality gap contracts faster but at the expense of a
larger residual error. Hence, the contraction factor and
the residual error exhibit an inherent trade-off.

• From (15), we can show that η2
eff(n) >(

η2
∑
k∈K |hk(n)|2 pk(n)

)
/
(
K2γ(n)

)
. Substituting

this in (13) yields

βn ≤
LΨη2

eff(n)

2mb
+
LMη2σ2

4K2γ(n)
. (17)

This is unlike classical gradient descent [26], where the
residual error is zero. The residual error increases as the
batch variance, noise variance, effective learning rate, or
model dimension increases. It decreases as the batch size
or the number of devices increases.

The following are the differences between our bound in
Theorem 1 and the results in the literature:
• The bounds in [5], [15], and [16] are derived for a specific

power allocation scheme. On the other hand, our general
bound applies to any choice of transmit powers and
receiver scaling. Furthermore, the bound in [15] applies
only to one-bit quantized transmission and requires the
local gradient vector to be Gaussian distributed, which
need not be true for small batch sizes.

• The bounds in [5], [6], [11], [12], [16], [22], and [23]
consider the `2-norm of the local and/or global gradients
to be bounded in each iteration, which need not be the
case if any of the datasets has outliers or the number
of global model parameters is large [25]. Furthermore,
the effective learning rate when reinterpreted from these
bounds turns out to be independent of the transmit
powers and the receiver scaling. Therefore, the trade-off
between the contraction factor and the residual error is
not captured by these bounds.

We now present a sufficient condition on ηeff(n) for the
recursive upper bound in (12) to converge.

Corollary 1: If 0 < ηeff(n) = η0 < (2/L) ,∀n, then

lim
N→∞

G(N) <∞. (18)

Proof: The proof is given in Appendix B. �
Note that Corollary 1 specifies a range of values for ηeff(n)

and not η. Fixing η, as done in [17], [18], [19], [20], [21], [22],
and [23], cannot guarantee convergence due to the presence
of fading.
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Applying the bound in (12) successively for n =
0, 1, . . . , N − 1 yields the following upper bound:

G(N) ≤

(
N−1∏
n=0

αn

)
G(0) +

N−2∑
n=0

 N−1∏
j=n+1

αj

βn + βN−1.

(19)

The initial optimality gap G(0) depends on the initial weights
w(0). The aggregate residual error after N iterations is∑N−2
n=0

[∏N−1
j=n+1 αj

]
βn + βN−1, which we shall refer to

as the error floor. Since 0 < αn < 1,∀n ∈ N, we get(∏N−1
n=0 αn

)
G(0)→ 0 as N →∞. Therefore, the error floor

Ξ for large N is given by

Ξ = lim
N→∞

N−2∑
n=0

 N−1∏
j=n+1

αj

βn + βN−1

 . (20)

IV. CONTROLLED DESCENT

From (20), we note that Ξ depends on {αn,∀n ∈ N} and
{βn,∀n ∈ N}. These, in turn, depend on the transmit power
coefficients {pk(n),∀n ∈ N,∀k ∈ K} of all devices and the
receiver scaling {γ(n),∀n ∈ N}. Hence, we must jointly adapt
the transmit powers and the receiver scaling to control the
effective learning rate and the error floor. We shall minimize
the error floor, subject to the following constraints:

1) The effective learning rate ηeff(n) must be equal to a tar-
get value ηtgt(n). From (15), we can compactly write this
constraint as η

K
√
γ(n)

∑
k∈K |hk(n)|

√
pk(n) = ηtgt(n).

From (13), this implies that

αn = 1− 2δηtgt(n)

(
1−

Lηtgt(n)

2

)
,∀n ∈ N. (21)

This formulation subsumes the special case where
ηtgt(n) is a constant. To the best of our knowledge,
ours is the first work to explicitly control the effective
learning rate.

2) The transmit power for each device should not exceed
a peak power of Pmax. This is motivated by practical
limitations on the device’s power amplifier output [17],
[18], [19], [21], [22]. Thus,

(
pk(n) ‖gk(n)‖2 /M

)
≤

Pmax.
Thus, we pose the following optimization problem:

P0 : min
pk(n),∀k∈K,∀n∈N
γ(n)>0,∀n∈N

{Ξ} , (22a)

s.t.
η

K
√
γ(n)

∑
k∈K

|hk(n)|
√
pk(n) = ηtgt(n),

∀n ∈ N, (22b)

0 ≤ 1

M
pk(n) ‖gk(n)‖2 ≤ Pmax,

∀k ∈ K, n ∈ N. (22c)

Comments: Our design philosophy and problem formulation
differ from the literature in the following respects:
• The CCI schemes in [17], [18], [19], [20], and [21]

minimize the GME. As mentioned, GME does not fully
capture the impact of an error in an iteration on future

iterations and the overall convergence behavior of the
algorithm. We instead control the effective learning rate
and minimize the error floor, which more faithfully
captures the convergence behavior of the algorithm over
multiple iterations.

• While minEF [22] also minimizes the error floor, it differs
from P0 in three fundamental ways. First, minEF assumes
that the `2-norms of the local and global gradients are
bounded. Second, the unbiased aggregation constraint in
[22] is a special case of (22b) when one substitutes
ηtgt(n) = η and γ(n) = 1. Third, minEF does not adapt
the receiver scaling. As a result, minEF ends up having a
larger residual error. Furthermore, it may not even have
a feasible solution for some channel realizations.

Variable Transformations: To simplify the constraints in
(22b) and (22c), we use the following variable transformations.

First, we define Γn as follows:

Γn =
Kηtgt(n)

√
γ(n)

η
. (23)

Controlling the receiver scaling is equivalent to controlling Γn.
Second, we define zk,n as a scaled version of the transmit

signal amplitude of device k in iteration n as follows:

zk,n =
√
pk(n)‖gk(n)‖. (24)

Thus, the transmit power of device k is z2
k,n/M . From (22c),

the peak power constraint is equivalent to

zk,n ≤ ζ =
√
MPmax. (25)

Third, we define the variables an and bn as follows:

an =
Lη2

tgt(n)Ψ

2mb
, bn =

MLη2
tgt(n)σ2

4
. (26)

an and bn capture the contribution of the gradient variance
and the receiver noise, respectively, to the residual error.

Lastly, we define the metric θk,n ∈ R+ of device k in
iteration n as

θk,n =
|hk(n)|
‖gk(n)‖

. (27)

As we shall see, this scalar captures all the information
pertinent to the device.

With these variable transformations, we get βn = bn
Γ2
n

+
an
Γ2
n

∑
k∈K θ

2
k,nz2

k,n and ηeff(n) = η

K
√
γ(n)

∑
k∈K θk,nzk,n.

From (23) and (27), the constraint in (22b) can be restated
as
∑
k∈K θk,nzk,n = Γn. From (24), the constraint in (22c)

becomes zk,n ≤ ζ.
Let z(n) =

[
z1,n z2,n · · · zK,n

]
. Then, P0 can be restated

as follows:

P1 : min
z(n),∀n∈N,
Γn>0,∀n∈N

 lim
N→∞

N−2∑
n=0

 N−1∏
j=n+1

αj


×

[
bn
Γ2
n

+
an
Γ2
n

∑
k∈K

θ2
k,nz2

k,n

]

+
bN−1

Γ2
N−1

+
aN−1

Γ2
N−1

∑
k∈K

θ2
k,N−1z2

k,N−1

)}
,

(28a)
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s.t.
∑
k∈K

θk,nzk,n = Γn,∀n ∈ N, (28b)

0 ≤ zk,n ≤ ζ,∀k ∈ K, n ∈ N. (28c)

P1 has the following characteristics:
• Feasibility: P1 always has a feasible solution. For

example, z(n) =
[
ζ ζ · · · ζ

]T
(which corresponds to

all devices transmitting at peak power) and Γn =
ζ
∑
k∈K θk,n,∀n ∈ N, is feasible. Since the objective

function scales as 1/Γ2
n, it is also clear that the optimal

value of Γn is strictly bounded away from 0.
• Non-separability: The objective function in (28a) has an

additive form over the iteration index n. Furthermore, the
constraints in (28b) and (28c) are on a per iteration basis.
Even so, P1 is not separable across n because the local
gradient of any device in iteration n and, therefore, its
norm depend on the transmit power coefficients of all
the devices in the previous iterations.

• Non-causality: The formulation is non-causal because
it requires a priori knowledge of |hk(0)| , |hk(1)| , · · · ,
across all iterations and all devices.

We now address the above challenges of non-separability
and non-causality of the problem formulation.

A. Separable and Causal Reformulation

In iteration n, the contribution to the residual error in (28a)
is
[∏N−1

j=n+1 αj

] ((
bn/Γ

2
n

)
+
(
an/Γ

2
n

)∑
k∈K θ

2
k,nz2

k,n

)
. To

make the problem tractable and causal, we optimize z(n)
and Γn to minimize the above contribution in iteration n.
Thus, P1 reduces to solving the sequence of sub-problems
P(1)

2 , . . . ,P(N−1)
2 , where P(n)

2 is the following sub-problem
in iteration n:

P(n)
2 : min

z(n),Γn>0


 N−1∏
j=n+1

αj

( bn
Γ2
n

+
an
Γ2
n

∑
k∈K

θ2
k,nz2

k,n

) ,

(29a)

s.t.
∑
k∈K

θk,nzk,n = Γn, (29b)

0 ≤ zk,n ≤ ζ, ∀k ∈ K. (29c)

Since ηtgt(j) is a constant, it follows from (21) that αj =
1−2δηtgt(j) (1− (Lηtgt(j)/2)) is also a constant. Furthermore,
we can show using proof by contradiction that the optimal
value of zk,n cannot be negative. Therefore, P(n)

2 is equivalent
to the following problem P(n)

3 :

P(n)
3 : min

z(n),Γn>0

{
bn + an

∑
k∈K θ

2
k,nz2

k,n

Γ2
n

}
, (30a)

s.t.
∑
k∈K

θk,nzk,n = Γn, (30b)

zk,n ≤ ζ, ∀k ∈ K. (30c)

Existence of a Solution: The constraints in (30b) and (30c)
are linear. Thus, the set of feasible z(n) is compact. A solu-
tion exists as long as the feasible set is non-empty. From
(30b) and (30c), this is true when 0 < Γn ≤ ζ

∑
k∈K θk,n.

P(n)
3 is a non-convex problem in z(n) and Γn. To solve

it, we first find the optimal z(n) for any given Γn > 0
and then we find the optimal Γn. To characterize the opti-
mal solution, we define the peak power limited (PPL) set
An = {k ∈ K : zk,n = ζ}. It denotes the set of devices that
transmit at peak power in iteration n. It is intimately related
to the optimal z(n) as follows.

Lemma 1: Given An and Γn > 0, the solution of P(n)
3 is

zk,n =


Γn − ζ

∑
j∈An

θj,n

θk,n (K − |An|)
, k /∈ An,

ζ, k ∈ An.
(31)

The residual error βn is given by

βn =
bn
Γ2
n

+
an
Γ2
n

ζ2

(∑
k∈An

θ2
k,n

)

+
an
Γ2
n

(
Γn − ζ

∑
k∈An

θk,n
)2

K − |An|
. (32)

Proof: The proof is given in Appendix C. �
From (31), we see that zk,n ∝ 1/θk,n for devices not in the

PPL set. Since pk(n) ∝ z2
k,n and θk,n ∝ |hk(n)|, it follows

that pk(n) ∝ 1/
(
|hk(n)|2

)
, ∀k�∈An. Thus, devices not in the

PPL set employ CI.
In (32), we see that the residual error depends on An. We

henceforth show this dependence by writing βn as βn (An).
Given An and Γn, we can get z(n) using (31). Therefore,
we optimize An to minimize βn (An). The following lemma
presents an important property of βn (An).

Lemma 2: Given An ⊂ K and Γn > 0,

βn (An) ≥ βn (An \ {i}) , ∀i ∈ An. (33)

Proof: The proof is given in Appendix D. �
βn (An) decreases when any device is removed from the

PPL setAn. Note that Lemma 2 does not imply thatAn should
be the null set ∅ because the constraints in (30b) and (30c)
must be satisfied.

B. Power Allocation Regions

As we show below, ensuring that the constraints in
(30b) and (30c) are met leads to four regions that Γn can lie
in. The four regions turn out to be functions of the smallest
metric θ[K],n, where [K] denotes the index of the device with
the smallest metric in iteration n. For each region, we shall
compute the optimal PPL set A∗n, the minimum residual error
β∗n (A∗n), and z∗k,n, which is the optimal value of zk,n.

Region Ia) 0 < Γn < Kζθ[K],n: The optimal solution in
this region is as follows:

Lemma 3: For 0 < Γn < Kζθ[K],n, the optimal PPL set
A∗n is ∅. The optimal value of zk,n is

z∗k,n =
Γn

Kθk,n
, ∀k ∈ K. (34)

Proof: The proof is given in Appendix E. �
Since A∗n = ∅, from (32), the minimum residual error is

β∗n (∅) =
bn
Γ2
n

+
an
K
. (35)
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From the definitions of an and bn, we see that the optimal
residual error in this region depends on the batch variance
and the noise variance.

Region Ib) Γn = Kζθ[K],n: The optimal solution in this
region is as follows:

Lemma 4: For Γn = Kζθ[K],n, the optimal PPL set is
A∗n = {[K]}. The optimal value of zk,n is

z∗k,n =
ζθ[K],n

θk,n
, ∀k ∈ K. (36)

Proof: The proof is given in Appendix F. �
Since A∗n = {[K]}, the minimum residual error is

βn ({[K]}). Substituting (36) in (32) yields

β∗n ({[K]}) =
bn

K2ζ2θ2
[K],n

+
an
K
. (37)

Apart from an and bn, the optimal residual error in this region
depends on the weakest metric among all the devices.

Only device [K] transmits at Pmax. For the other devices,
we find upon substituting (23), (24), and (27) in (36) that

pk(n) ∝ 1

|hk(n)|2
, ∀k ∈ K \ {[K]} . (38)

Thus, clipped channel inversion is optimal in Region Ib.
From (35) and (37), we see that the minimum residual error

of Region Ia is greater than that of Region Ib because Γn <
Kζθ[K],n in Region Ia. Thus, Region Ia is sub-optimal and
can be ignored.

Region II) Kζθ[K],n < Γn < ζ
∑
k∈K θk,n: The following

lemma provides insights about the optimal solution.
Lemma 5: If Kζθ[K],n < Γn < ζ

∑
k∈K θk,n then at least

one, but not all, of the devices transmit with peak power.
Proof: The proof is given in Appendix G. �
A∗n needs to be determined by evaluating βn (S) over all

proper and non-empty subsets of K.
Region III) Γn = ζ

∑
k∈K θk,n: From (30b) and (30c), we

know that Γn ≤ ζ
∑
k∈K θk,n, with equality only if zk,n = ζ.

Hence, in this region, we must have

z∗k,n = ζ, ∀k ∈ K. (39)

Thus, all devices transmit at peak power and A∗n = K. The
minimum residual error is β∗n(K). From (32), it is given by

β∗n(K) =
bn
Γ2
n

+
an
Γ2
n

ζ2

(∑
k∈K

θ2
k,n

)
=
bn + anζ

2
∑
k∈K θ

2
k,n

ζ2
(∑

k∈K θk,n
)2 .

(40)

Therefore, the optimal solution of P(n)
3 can be in Regions

Ib, II, and III, depending on the values of an and bn. We
need to compute β∗n (A∗n) for each of these regions and pick
the solution corresponding to the smallest one. However, for
(Ψ/mb)�Mσ2, the solution simplifies as shown below.

Theorem 2: When (Ψ/mb) � Mσ2, Region Ib yields the
minimum residual error among all four regions.

Proof: The proof is relegated to Appendix H. �
Note that in Region Ib, z∗k,n and Γn are not functions of Ψ.

Even when (Ψ/mb) ≈ Mσ2, it is advantageous to apply the
solution of Region Ib for the following reasons:

1) In Region II, the optimal transmit powers need to be
computed numerically by the parameter server. To do
so, the parameter server needs to know the metrics of
all the devices. This requires each device to transmit
its metric to the parameter server. The parametric server
then needs to communicate the computed transmit power
to the corresponding device. Thus, the communication
overhead at the parameter server and the devices is
O(K).

2) Computing the optimal solution of Region II requires
determining the transmit powers and the receiver scaling
for all proper and non-empty subsets of K. This entails
a large search complexity of O

(
2K
)
.

3) Computing the minimum residual error in Regions II
and III requires the parameter server to know Ψ, which
is not the case in Region Ib.

Proposed Scheme: For the above reasons, we use the
Ψ-agnostic solution of Region Ib. Substituting (24) and (27)
in (36), the transmit power coefficient of device k is given by

pk(n) = MPmax

(
θ[K],n

|hk(n)|

)2

. (41)

Recall that θ[K],n = mink∈K {θk,n}. In Region Ib, Γn =

Kζθ[K],n. Since Γn = Kηtgt(n)
√
γ(n)/η and ζ =

√
MPmax,

the transmit power is given by

γ(n) = MPmax

(
ηθ[K],n

ηtgt(n)

)2

. (42)

Substituting the expressions for an and bn from (26) in (37),
the minimum residual error in iteration n is given by

βn =
Lη2

tgt(n)

2K

(
Ψ

mb
+

1

2Kθ2
[K],n

σ2

Pmax

)
. (43)

We shall refer to this scheme as CDA. Only device [K], which
has the smallest metric, transmits at the peak power. All the
other devices transmit at lower powers. Since the transmit
powers and the receiver scaling are known in closed form,
CDA entails a computational complexity of O(1).

C. Implementation Aspects

1) Communication Protocol: From (41), the transmit power
coefficient of device k in iteration n depends on hk(n), which
the device knows, and the smallest metric θ[K],n among all
devices, which the device does not know a priori. The fol-
lowing protocol ensures that θ[K],n is shared with all devices
with only O(1) complexity. At the start of an iteration, the
parameter server broadcasts a pilot signal to all the devices,
which estimate their respective channel gains. Device k sets
a timer that is a monotonically non-decreasing function of
θk,n [32]. For example, the timer can be proportional to θk,n.
Upon the expiry of its timer, a device transmits its metric to
the parameter server. We illustrate this in Fig. 2.

2) Computational Complexity: The complexity of comput-
ing the local gradient at a device is O(mbM) and updating
the global model at the parameter server is O(M); these
complexities are identical for all OTA–FL schemes.
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Fig. 2. Timeline of transmissions by the devices and the distributed timer
scheme in iteration n.

The difference lies in computing the transmit powers and
receiver scaling. In CCI [17], [18], [19], [20] and RCI [22],
these are obtained by numerically solving an optimization
problem at the parameter server. In contrast, CDA provides
closed-form expressions; hence, the computational complexity
is O(1).

3) Hardware and Software Requirements: Each device
requires a processor capable of computing local stochastic
gradients of complexity O(mbM) and a transceiver capable of
analog transmission over the shared wireless channel. These
requirements are the same as the existing OTA-FL schemes.

D. Convergence Rate of CDA and Two Variants

Given our ability to control the effective learning rate, we
consider two adaptations of CDA with: (1) fixed target learning
rate (CDA-F), and (2) adaptive target learning rate (CDA-A).

From Corollary 1, CDA-F converges so long as 0 <
ηtgt(n) < (2/L) ,∀n. When ηtgt(n) is fixed at η0, it follows
from (21) that αn = 1 − 2δη0 + δLη2

0 , α,∀n ∈ N.
Substituting this in (19) yields

G(N) ≤ αNG(0) +

N−1∑
n=0

αN−n−1βn. (44)

Thus, the optimality gap of CDA-F decreases as O
(
αN
)

rate
after N iterations. This is the same as conventional stochastic
gradient descent [26], but in the presence of fading.

To lower the error floor further, we adapt ηeff(n). We first
present a general sufficient condition to guarantee convergence
when ηeff(n) is a function of n. This will lead us to CDA-A.

Theorem 3: For Pmax → ∞, if
∑∞
n=0 η

2
tgt(n) < ∞ and

0 < ηtgt(n) < (2/L) ,∀n, then the optimality gap of CDA
converges to a finite error floor ΞA <∞.

Proof: The proof is given in Appendix I. �
CDA-A: Consider the following adaptation of ηtgt(n):

ηtgt(n) =
η0(

1 + n
R

)2 ,∀n ∈ N, (45)

where R > 0 is a constant. We can show that
∞∑
n=0

η2
tgt(n) ≤ η2

tgt(0) +

∫ ∞
0

η2
tgt(n) dn ≤ η2

0

(
1 +

R

3

)
.

(46)

Thus, CDA converges to a finite error floor for any R > 0.
Substituting (45) in (42), we get the receiver scaling to be

γ(n) = MPmax

(
ηθ[K],n

η0

)2 (
1 +

n

R

)4

,∀n. (47)

We shall refer to this adaptation as CDA-A. The transmit
power coefficient pk(n) is MPmax

(
θ[K],n/|hk(n)|

)2
, which

is the same as CDA-F. However, the two schemes need not
have the same transmit powers. This is because the trans-
mit powers also depend on the local model powers, which
evolve differently with n since the effective learning rates are
different.

The following corollary provides a sufficient condition for
CDA-A to have a lower error floor than CDA-F.

Corollary 2: For any 0 < η0 < (2/L), if R ≤ 3((L/δ)−1)
then CDA-A has a lower error floor than CDA-F.

Proof: The proof is given in Appendix J. �
In practice, CDA-A has a lower error floor even for larger

values of R. This is because the derivation in Appendix J uses
a weak bound on

∑∞
n=0 η

2
tgt(n).

E. Total Energy Consumption of CDA

In iteration n, device k expends an energy of
Tpk(n) ‖gk(n)‖2/M . Substituting the expression for
pk(n) from (41), the energy e(n) consumed by the devices
in iteration n is given by

e(n) = TPmax

∑
k∈K

θ2
[K],n

θ2
k,n

. (48)

V. NUMERICAL RESULTS

The channel power gain is set as E
[
|hk(n)|2

]
= %d−ν [33],

where % = −61 dB, the distance d is 50 m, and the pathloss
exponent ν is 3.7. The noise variance is σ2 = −114 dBmW,
which corresponds to a room temperature of 290 K and a band-
width of 1 MHz. We set T = 1 ms. Let ω ,

(
Pmax/σ

2
)
%d−ν

denote the fading-averaged maximum receive SNR at the
parameter server when a device transmits with peak power.3

We consider Rayleigh fading, unless mentioned otherwise.

A. Benchmarking Schemes

We benchmark CDA with the following schemes, which
use SCI, TCI, CCI, or RCI. The transmit powers and receiver
scaling in these schemes are as follows.

1) SCI [10], [11], [12], [13], [14]: In iteration n,

pk(n) =
γ(n)

|hk(n)|2
. (49)

We set γ(n)=
MPmax mink∈K{|hk(n)|2}

maxk∈K{‖gk(n)‖2} to ensure that the
peak power constraint is always satisfied.

3The above settings imply that ω = 20 dB when Pmax = 30 dBmW.
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2) CI with Device Scheduling [5], [6]: In the dynamic
scheduling with energy constraint (DSEC) scheme of [5]
and the gradient and channel-aware dynamic scheduling
(GCADS) scheme of [6], we have

pk(n) =
γ(n)

|hk(n)|2
, (50)

where γ(n) is chosen as per SCI. We clip the transmit
power at Pmax in order to ensure a fair comparison.
In DSEC and GCADS, different criteria are used to
select the devices that will transmit in an iteration. The
criteria consider their past energy expenditure and the
energy required for the current transmission. In DSEC,
a selected device transmits its current local gradient. In
GCADS, a selected device that did not transmit in the
previous iteration uses a weighted combination of its
current and previous local gradients.

3) TCI [16]: In iteration n,

pk(n) =


MPmaxγth

ξ |hk(n)|2
, for |hk(n)|2 ≥ γth,

0, else,
(51)

where ξ is a upper bound on ‖gk(n)‖2 and γth is a
threshold that is numerically optimized. The receiver
scaling is γ(n) = MPmaxγth exp (−2γth) /ξ.4 We note
that the above scheme outperforms [3], [4], [15], which
do not optimize γth to minimize the GME.

4) Minimum GME (min-GME) [17], [18], [19], [20]: In
iteration n,

pk(n) =


MPmax

‖gk(n)‖2
, for 1 ≤ k ≤ k∗,

γ(n)

|hk(n)|2
, for k∗ + 1 ≤ k ≤ K,

(52)

where γ(n) ∈ R+ and k∗ ∈ N are computed numerically
at the parameter server to minimize the GME. This
scheme uses CCI.

5) minEF [22]: In iteration n,

pk(n) = min

{
γ(n)ε̂k(n)

(|hk(n)|+ εk(n))
2 ,

MPmax

‖gk(n)‖2

}
,

(53)

where ε̂k(n) and εk(n) are computed numerically. This
scheme uses RCI. Here, γ(n) is a constant. We set it
to the fading-averaged channel power gain −124 dB
to match the pathloss-free model assumed in [22]. We
also consider the minEF-Adaptive (minEF-A) variant
of [22] where η ∝ 1/n. While [23] also uses RCI,
it has a higher error floor as it does not optimize its
regularization constant εk(n).

We present results for linear regression in Section V-B and
for multi-class logistic regression in Section V-C.

B. Linear Regression
The loss function is given by [22]

f (w,x, τ ) =
1

2

(
wTx − τ

)2
+ 5× 10−6 ‖w‖2 . (54)

4We set ξ = maxk∈K

{
‖gk(n)‖2

}
because it is the tightest upper bound

on ‖gk(n)‖2 for all k ∈ K.

Fig. 3. Fading-averaged optimality gap as a function of the number of
iterations (Pmax = 20 dBmW and K = 40).

For model training, we employ a randomly generated synthetic
dataset of size 4×104. The data vector x is of dimension 10. It
is Gaussian distributed with mean 0 and an identity covariance
matrix. The label is τ =

[
1 2 · · · 10

]T
x+ 0.1Ω, where Ω ∼

CN (0, I10) is the dataset noise.
Training Dataset Partitioning and Averaging: We create

K = 40 non-identical partitions of the synthetic dataset
and assign them to the devices such that D1 : · · · :
D40 = 1 : · · · : 40 to model heterogeneous local datasets
across the devices. Thereafter, device k scales its data and
labels by k to create Dk. As per [22], the parameter L is
the maximum eigenvalue of XTX

D + 10−4I , where X =
[x1,1 · · · x1,D1 · · · x40,1 · · · x40,D40 ]T . For our dataset,
δ = 1.59 × 103 and L = 1.69 × 103. We set mb = 100. We
average over 200 batches, channel fades, and noise realiza-
tions.

The learning rates for the CI, TCI, min-GME, and
minEF schemes are η = 1/L. For minEF-A, η =
1/ (L (1 + (n/500))). For CDA-F and CDA-A, we instead
set ηtgt(n) = 1/L and ηtgt(n) = 1/

(
L (1 + (n/100))

2
)

,
respectively. For DSEC and GCADS, the energy budget per
device is 2.5 µJ per iteration.

Fig. 3 plots the fading-averaged optimality gaps of all
the schemes as a function of the number of iterations n.
As n increases, the optimality gaps of CDA-F and CDA-A
decrease the fastest. For example, to reach an optimality
gap of 10−2, CDA-F and CDA-A require only 9 and 10
iterations, respectively. On the other hand, min-GME requires
202 iterations, TCI requires 97 iterations, minEF-A requires
100 iterations, SCI requires 900 iterations, DSEC and GCADS
require more than 1000 iterations, and minEF never achieves
the optimality gap. CDA-A achieves the lowest optimality gap
among all the schemes. CDA-F also has a lower optimality gap
than all the benchmark schemes except for n > 600, where
min-GME has a lower optimality gap. The error floor of SCI
is two orders of magnitude higher than that of CDA-F due to
its sub-optimal receiver scaling.5

We now compare the schemes for a given energy budget
of Etot summed over devices and iterations. Fig. 4 plots the

5CDA-A also reaches an error floor. It is equal to 10−7 and happens later
at n = 50000, which is not captured by the x-axis range of the figure.
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Fig. 4. Fading-averaged optimality gap as a function of the sum energy budget
Etot (Pmax = 20 dBmW and K = 40).

Fig. 5. Sum energy required to reach a target optimality gap of min-GME
and CDA-F as a function of the SNR.

optimality gaps of the schemes as a function of Etot. Each
scheme consumes a different amount of energy in an iteration
as the transmit powers are different. Hence, the number
of iterations possible depends on the scheme. For example,
Etot = 2 mJ permits 10 iterations of TCI, 19 iterations
of SCI, 25 iterations of DSEC, 21 iterations of GCADS,
1 iteration of min-GME, 2 iterations of minEF and minEF-A,
and 8 iterations of CDA-F and CDA-A. Furthermore, as we
saw above, the schemes converge at different rates. As Etot
increases, the optimality gaps of all the schemes decrease and
reach error floors. When Etot ≤ 81.8 mJ, the optimality gaps
of CDA-F and CDA-A are similar and much lower than those
of the benchmark schemes. For larger values of Etot, CDA-A
has the lowest optimality gap. The optimality gap of min-GME
converges to an error floor only for large Etot. The error floor
of min-GME is less than that of CDA-F but more than that of
CDA-A.

Fig. 5 presents a complementary view of the energies
consumed by the schemes. It plots the sum energy that the
devices expend to reach optimality gaps of 0.01 and 0.1 as a
function of ω. We do not show TCI, SCI, DSEC, GCADS,
CDA-A, minEF, and minEF-A to avoid cluttering the figure.
The sum energy of CDA-A is close to that of CDA-F. The sum
energy increases as ω increases because the device transmit

powers increase (see (41)). For any ω, the sum energy of
CDA-F is one to two orders of magnitude lower than that
of min-GME.

We see in Figs. 4 and 5 that CDA requires less total energy
than the benchmark schemes to achieve a given optimality
gap. This is due to two reasons. First, by its very design, CDA
adapts the transmit powers and the receiver scaling to control
the effective learning rate, in the presence of channel fading,
and to minimize the residual error in each iteration. This leads
to faster convergence. CDA requires fewer iterations than the
benchmark schemes. Moreover, we saw in Section IV-B that
only one device transmits at the peak power in an iteration in
CDA. This results in less sum energy being consumed in each
iteration.

C. Multi-Class Logistic Regression

We study the image classification problem for the
CIFAR-10 dataset [34] that contains 32 × 32 colored images
of objects that belong to 10 different classes. We use ResNet-
18 [35] as our CNN model. It consists of 5 convolutional
layers, an average pooling layer, a 512 × 10 fully connected
layer, a rectilinear unit (ReLU) activation layer, and a SoftMax
layer that computes the posterior class probabilities of a data-
point. We use the cross-entropy between the posterior class
probabilities and the one-hot encoded true labels as the non-
convex loss function [36]. Unlike linear regression, the loss
function does not follow the assumptions in (7) and (8). To
prevent over-fitting, we use a drop-out of 0.1 and an `2-norm
regularization with a coefficient of 0.001.

Training Dataset Partitioning and Averaging: We create
10 non-identical and independently distributed partitions of
50, 000 data-points and distribute them across the devices.
The number of data points of any particular class across all
the devices follows a non-symmetric Dirichlet distribution
to model heterogeneous local datasets [37]. We set mb =
1024. We average over 40 batches, channel fades, and noise
realizations.

We set η = 0.005 and the momentum as 0.7 [38] for
all the schemes. For minEF-A, η = 0.005/ (1 + (n/300)).
We set ηtgt(n) = 0.005 for CDA-F and ηtgt(n) =

0.005/
(

(1 + (n/500))
2
)

for CDA-A. We measure the testing
accuracy over 10, 000 data-points. For DSEC and GCADS, the
energy budget per device is 3 mJ per iteration.

Fig. 6 plots the testing accuracy as a function n for all
the schemes.6 The testing accuracy increases as n increases,
which implies that the schemes do generalize the CNN model
better with more iterations. The testing accuracy of CDA-F
and CDA-A increases faster compared to the other schemes.
For example, to achieve a testing accuracy of 60%, CDA-F,
CDA-A, TCI, SCI, min-GME, minEF, and minEF-A require
77, 48, 286, 285, 107, 170, and 241 iterations, respectively.
DSEC and GCADS do not achieve the 60% testing accuracy.
CDA-A achieves the highest testing accuracy among all the
schemes.

6The 95% confidence intervals for all the schemes are less than a percent.
We do not show them to avoid clutter. Pmax is set higher in this problem to
speed up the rate of convergence of all schemes.
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Fig. 6. Testing accuracy as a function of the number of iterations
(Pmax = 40 dBmW and K = 10).

Fig. 7. Testing accuracy as a function of the sum energy budget
Etot (Pmax = 40 dBmW and K = 10).

Fig. 8. Zoomed-in view of testing accuracy of CDA-F as a function of the
number of iterations for different values of the SNR ω (K = 10).

Fig. 7 plots the testing accuracy as a function of the sum
energy Etot for all the schemes. As Etot increases, the testing
accuracy increases. CDA-A achieves a higher testing accuracy
than all the schemes. For example, for a sum energy of
2.5 J, the testing accuracies of CDA-A, CDA-F, SCI, DSEC,
GCADS, TCI, min-GME, minEF, and minEF-A are 66.9%,
62.4%, 57.8%, 51.3%, 50.5%, 57.4%, 47.9%, 49.7%, and
53.9%, respectively.

Fig. 8 plots the testing accuracy of CDA-F as a function of
the number of iterations over a 40 dB range of the SNR ω.

Fig. 9. Testing accuracy of CDA-F as a function of the sum energy consumed
by the devices under Nakagami-m fading (Pmax = 40 dBmW and K = 10).

As ω increases, the testing accuracy improves. Even at a very
low SNR of −20 dB, the reduction in the testing accuracy
of CDA-F is at most 3.6%, which shows the robustness of
CDA-F to receiver noise.

Fig. 9 plots the testing accuracy as a function of Etot
for the Nakagami-m channel model with m = 1 (Rayleigh
fading), 2, and 5. The testing accuracy decreases as m
increases for a given Etot. This is because more devices
transmit closer to the peak power. This can be seen
from (41), in which the transmit power of device k is
Pmax

(
θ[K],n/|hk(n)|

)2 ‖gk(n)‖2. As m increases, this ratio

increases and approaches Pmax‖gk(n)‖2/
∥∥∥g[K](n)

∥∥∥2

. The
testing accuracy as a function of the number of iterations is
insensitive of m. We do not show this to conserve space.

VI. CONCLUSION

We proposed CDA, which jointly adapted the device trans-
mit powers and the receiver scaling to minimize the error
floor while controlling the effective learning rate in each
iteration. CDA-F kept the effective learning rate fixed, whereas
CDA-A adapted it. We provided sufficient conditions for the
convergence of both variants. The device-side information
relevant for power adaptation was captured by the metric,
which was the ratio between the channel power gain and
the `2-norm of the local gradient. Furthermore, the smallest
metric among all devices, which was required to set the
transmit power, could be communicated using a distributed
timer scheme with only O(1) overhead.

Our numerical results showed that CDA-A converged faster
than several benchmark schemes. For the same energy budget,
it achieved a lower optimality gap and a higher testing
accuracy compared to the benchmark schemes. This advantage
stemmed from CDA’s ability to control the effective learning
rate while minimizing the residual error in every iteration.

An interesting avenue for future work is to investigate
the impact of imperfect channel knowledge and imper-
fect synchronization. Redesigning the proposed controlled
descent framework, while avoiding restrictive bounded gradi-
ent assumptions, to algorithms such as FedAvg and stochastic
controlled averaging is an interesting direction for future
work. Characterizing the optimality gap for a general class of

Authorized licensed use limited to: J.R.D. Tata Memorial Library Indian Institute of Science Bengaluru. Downloaded on April 05,2026 at 17:04:07 UTC from IEEE Xplore.  Restrictions apply. 



ADHIKARY AND MEHTA: FEDERATED LEARNING WITH CONTROLLED DESCENT UNDER FADING 11445

non-convex functions and extending our approach to handle
multiple antennas at the parameter server are some other
interesting research directions.

APPENDIX

A. Proof of Theorem 1

Substituting w = w(n+ 1), w′ = w(n), and the
update of (5) in (7), we get F (w(n + 1)) − F (w(n)) ≤
−η∇F (w(n))T<{r(n)}+

(
Lη2/2

)
||< {r(n)}||2.

Taking expectation over the batches and the noise up to
iteration n, we get

EB(n),d(n),...,d(0) [F (w(n+ 1))− F (w(n))]

≤ −ηT1 +
Lη2

2
T2, (55)

where T1 = EB(n),d(n),...,d(0)

[
∇F (w(n))

T <{r(n)}
]

and

T2 = EB(n),d(n),...,d(0)

[
‖< {r(n)}‖2

]
. We derive expressions

for T1 and T2 below. Let ∆(n) =
[
d(0) d(1) · · · d(n)

]
.

(a) Computing T1: Since w(n) is a function of B(n − 1)
and d(n− 1), . . .d(0), and not of b(n) and d(n), we have

T1 = EB(n−1),∆(n−1)

[
∇F (w(n))

T Eb(n),d(n) [<{r(n)}]
]
.

(56)

From (4), we get

Eb(n),d(n) [<{r(n)}] =
1√
γ(n)

(∑
k∈K

ck(n)Eb(n) [gk(n)]

)

+
1

K
√
γ(n)

Ed(n) [<{d(n)}] . (57)

This is because gk(n) is independent of d(n). Furthermore,
d(n) is a 0-mean random vector independent of b(n). Hence,

Eb(n),d(n) [<{r(n)}] =
1√
γ(n)

∑
k∈K

ck(n)Eb(n) [gk(n)].

Since gk(n) is an independent and unbiased estimate of
∇F (w(n)), we also have Eb(n) [gk(n)] = ∇F (w(n)). Thus,
Eb(n),d(n) [<{r(n)}] =

(
∇F (w(n)) /

√
γ(n)

)∑
k∈K ck(n).

Substituting this in (56), we get

T1 =

∑
k∈K ck(n)√
γ(n)

EB(n−1),∆(n−1)

[
‖∇F (w(n))‖2

]
. (58)

(b) Computing T2: From (4), we get

T2 =
1

γ(n)
EB(n),∆(n)

∥∥∥∥∥∑
k∈K

ck(n)gk(n) +
<{d(n)}

K

∥∥∥∥∥
2
 .

Adding and subtracting ∇F (w(n))
∑
k∈K ck(n), we get

T2 =
1

γ(n)
EB(n),∆(n)

[∥∥∥∥∥
(∑
k∈K

ck(n) [gk(n)−∇F (w(n))]

)

+

(
∇F (w(n))

∑
k∈K

ck(n) +
<{d(n)}

K

)∥∥∥∥∥
2
 . (59)

Expanding the quadratic term inside the expectation, we get

T2 =
T21 + T22

γ(n)

+
2

γ(n)

[∑
k∈K

ck(n)
[
EB(n) [gk(n)]−∇F (w(n))

]T]

×

[
∇F (w(n))

∑
k∈K

ck(n) +
Ed(n) [<{d(n)}]

K

]
, (60)

where

T21 = EB(n)

∥∥∥∥∥∑
k∈K

ck(n) (gk(n)−∇F (w(n)))

∥∥∥∥∥
2
 , (61)

T22 = Ed(n)

∥∥∥∥∥∑
k∈K

ck(n)∇F (w(n)) +
<{d(n)}

K

∥∥∥∥∥
2
 .

(62)

Since Eb(n) [gk(n)] = ∇F (w(n)), the third term in (60) is
0. The RV gk(n)−∇F (w(n)) is zero mean and independent
across k ∈ K, and its variance is upper bounded by Ψ/mb.
Hence,

T21 ≤
Ψ

mb

∑
k∈K

c2k(n). (63)

Similarly, we can show that

T22 =

(∑
k∈K

ck(n)

)2

EB(n−1),∆(n−1)

[
‖∇F (w(n))‖2

]
+
Mσ2

2K2
. (64)

Substituting (63) and (64) in (60), we get

T2 ≤
1

γ(n)

Ψ

mb

∑
k∈K

c2k(n) +

(∑
k∈K ck(n)

)2
γ(n)

× EB(n−1),∆(n−1)

[
‖∇F (w(n))‖2

]
+

Mσ2

2K2γ(n)
.

(65)

Substituting (58) and (65) in (55) and rearranging, we get

EB(n),d(n),...,d(0) [F (w(n+ 1))− F (w(n))]

≤
−EB(n−1),∆(n−1)

[
‖∇F (w(n))‖2

]
√
γ(n)

×

η∑
k∈K

ck(n)− Lη2

2
√
γ(n)

(∑
k∈K

ck(n)

)2


+
Lη2

2γ(n)

[
Ψ

mb

∑
k∈K

c2k(n) +
Mσ2

2K2

]
. (66)

Since 0 < η

K
√
γ(n)

∑
k∈K |hk(n)|

√
pk(n) < 2

L , it can

be shown that η
∑
k∈K ck(n) − Lη2

2
√
γ(n)

(∑
k∈K ck(n)

)2
> 0.

From (8) we get EB(n−1),∆(n−1)

[
‖∇F (w(n))‖2

]
≥ 2δ
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(
EB(n−1),∆(n−1) [F (w(n))]− F ∗

)
. Substituting this in (66),

we get

G(n+ 1) ≤

1− 2δη√
γ(n)

∑
k∈K

ck(n) +
δLη2

2γ(n)

(∑
k∈K

ck(n)

)2


×G(n) + βn, (67)

where βn = Lη2

2γ(n)

(
Ψ
mb

∑
k∈K c

2
k(n) + Mσ2

2K2

)
. Substituting

ck(n) = |hk(n)|
√
pk(n)/K in (67) yields (12).

B. Proof of Corollary 1

From (12), we can further upper bound G(n+ 1) as

G(n+ 1) ≤ α0G(n) + βsup, (68)

where α0 = 1 − 2δη0 + δLη2
0 , βsup = supn∈N {βn}, and

supn∈N {·} denotes supremum.
Consider the map S : R → R where S(φ) = α0φ + βsup.

Since ηeff(n) < (2/L) and γ(n) > 0, from (17), we get βsup <
∞. Hence, for any φ1, φ2 ∈ R, we get |S(φ1)− S(φ2)| =
α0 |φ1 − φ2|. Since η0 < (2/L), from (13), we get α0 < 1.
Thus, S(.) is a contraction mapping. Therefore, from Banach’s
fixed-point theorem [39], there exists a fixed-point φ∗ < ∞
at which S(φ∗) = φ∗, and the following iterative update
converges to φ∗:

U(n+ 1) = S(U(n)). (69)

Setting U(0) = G(0), we get U(1) = α0G(0) + βsup.
From (68), it follows that G(1) ≤ U(1). From (68), we
get G(2) ≤ α0G(1) + βsup ≤ α0U(1) + βsup. Thus, from
(69), we get G(2) ≤ U(2). Similarly, we can show that
G(n) ≤ U(n),∀n ∈ N. Since limn→∞ U(n) = φ∗ < ∞,
we get

lim
n→∞

G(n) ≤ φ∗ <∞. (70)

C. Proof of Lemma 1

Let µ(n) = {µk,n, k ∈ K}. Then, the dual problem of P(n)
2

can be formulated as follows:

Φ : min
z(n),λn,µ(n)

{L (z(n), λn,µ(n))} , (71a)

s.t. λn 6= 0, (71b)
µk,n ≥ 0,∀k ∈ K, (71c)

where λn and µ(n) are the dual variables and

L (z(n), λn,µ(n))

=
bn
Γ2
n

+
an
Γ2
n

∑
k∈K

θ2
k,nz2

k,n

− λn

(∑
k∈K

θk,nzk,n − Γn

)
+
∑
k∈K

µk,n (zk,n − ζ) . (72)

The dual problem Φ in (71) is convex in z(n). Differenti-
ating L(.) with respect to zk,n and equating it to 0, we get

∂L
∂zk,n

=
2a

Γ2
n

θ2
k,nzk,n − λnθk,n + µk,n = 0. (73)

When the constraint in (30b) is inactive, µk,n = 0. Hence,
from (73), zk,n = λnΓ2

n/ (2aθk,n). Furthermore, k /∈ An by
definition of the PPL set. When the constraint is active, we
have µk,n > 0, zk,n = ζ, and k ∈ An. Substituting these in
(30b) yields

ζ
∑
j∈An

θj,n +
λnΓ2

n (K − |An|)
2a

= Γn. (74)

Rearranging terms, we get
(
λnΓ2

n/2a
)

=(
Γn − ζ

∑
j∈An

θj,n

)
/ (K − |An|). Substituting this in

zk,n = λnΓ2
n/ (2aθk,n) yields (31).

D. Brief Proof of Lemma 2

From (32), the residual errors βn(An) and βn(An \ {i}) as
a function of An are given by

βn(An) =
bn
Γ2
n

+
anζ

2

Γ2
n

∑
k∈An

θ2
k,n

+
an
Γ2
n

(
Γn − ζ

∑
k∈An

θk,n
)2

K − |An|
, (75)

βn(An \ {i}) =
bn
Γ2
n

+
anζ

2

Γ2
n

∑
k∈An\{i}

θ2
k,n

+
an
Γ2
n

(
Γn − ζ

∑
k∈An\{i} θk,n

)2

K + 1− |An|
. (76)

After algebraic simplifications, we can show that βn(An) −
βn(An \ {i}) is a perfect square and is, thus, positive.

E. Proof of Lemma 3

An cannot be K for the following reason. If An = K, then
all the devices transmit at peak power. Hence, zk,n = ζ,∀k ∈
K. From (30b), we get Γn = ζ

∑
k∈K θk,n ≥ Kζθ[K],n. Thus,

An = K violates the upper limit of Γn.
Applying Lemma 2, we get βn (An) ≥ βn (∅). Substituting
An = ∅ in (31) yields zk,n = Γn/ (Kθk,n). For 0 < Γn <
Kζθ[K],n, this solution is feasible since

∑
k∈K θk,nzk,n = Γn,

which satisfies (30b), and zk,n < ζθ[K],n/θk,n < ζ, ∀k ∈ K,
which satisfies (30c). Thus, A∗n = ∅.

F. Proof of Lemma 4

The proof hinges on the following three observations.
First, since Γn = Kζθ[K],n, from (31), we get z[K],n = ζ.

Thus, A∗n 6= ∅ since [K] ∈ A∗n.
Second, An = {[K]} is feasible. This is because, from (31),

it follows that zk,n = ζθ[K],n/θk,n, which satisfies (30c).
Third, An = {[i]} for i 6= K is sub-optimal. The logic is

as follows. We substitute An = {[i]} and An = {[K]} in the
formula for the residual error in (32) and subtract the resulting
expressions. We then get

βn ({[i]})− βn ({[K]}) =
an
Γ2
n

ζ2
(
θ2

[i],n − θ
2
[K],n

)
+
an
Γ2
n

(
Γn − ζθ[i],n

)2 − (Γn − ζθ[K],n

)2
K − 1

. (77)
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We can show using algebraic simplifications that the above
expression is a perfect square. We skip the steps due to space
constraints. Therefore, βn ({[i]}) ≥ βn ({[K]}).

Lemma 2 then implies that the residual error of any subset
of K that contains [i] for i 6= K is greater than or equal
to βn ({[K]}). Thus, A∗n = {[K]}. From above, we get
z∗k,n = ζθ[K],n/θk,n.

G. Proof of Lemma 5

We first note that An = ∅ is not a feasible PPL set. This is
because, from (34), the lower limit Γn > KζθK,n implies
z[K],n = Γn/

(
Kθ[K],n

)
> ζ. This violates the constraint

in (30c).
Furthermore, An = K is also infeasible. In this case, zk,n =

ζ,∀k ∈ K. This implies Γn = ζ
∑
k∈K θk,n, which exceeds

the upper limit for Γn in Region II.

H. Proof of Theorem 2

From the definition of an and bn in (26), (Ψ/mb)�Mσ2

implies that an � bn. The minimum residual errors in the
three regions simplify as follows:
• Region Ib: From (37), we get β∗n ({[K]}) = an/K.
• Region II: From Lemma 5, we get K ⊃ A∗n ⊃ ∅. Thus,

from Lemma 2, we get β∗n (A∗n) ≥ βn (∅) ≥ an/K.
• Region III: Using the Cauchy-Schwartz inequality, we

have
(∑

k∈K θk,n
)2 ≤ K

∑
k∈K θ

2
k,n. Substituting this

in (40), we get

β∗n(K) ≥ bn

ζ2
(∑

k∈K θk,n
)2 +

an
K

>
an
K
. (78)

Thus, Region Ib yields the lowest residual error.

I. Proof of Theorem 3

Let α′n denote the contraction factor and β′n denote the
residual error of CDA-A with effective learning rate ηtgt(n).
From (20), the error floor ΞA of CDA-A is given by

ΞA = lim
N→∞

N−2∑
n=0

 N−1∏
j=n+1

α′j

β′n + β′N−1

 . (79)

Since 0 < ηtgt(n) < (2/L), we get α′n < 1. Therefore, from
(79), we get ΞA ≤ limN→∞

∑N−1
n=0 β

′
n.

For Pmax → ∞, from (43), we get β′n =
LΨη2

tgt(n)/ (2Kmb). Hence,

ΞA ≤
LΨ

2Kmb

(
lim
N→∞

N−1∑
n=0

η2
tgt(n)

)
<∞. (80)

J. Proof of Corollary 2

For CDA-F, αn = 1 − 2δη0 + Lδη2
0 when ηtgt(n) = η0.

Furthermore, for Pmax → ∞, we get βn = LΨη2
0/ (2Kmb)

from (43). Substituting these in (20) and simplifying, we get
the error floor ΞF of CDA-F to be

ΞF =
LΨη0

2Kmbδ (2−Lη0)
. (81)

ΞF in (81) is greater than the upper bound of ΞA in (80)
when

∑∞
n=0 η

2
tgt(n) ≤ η0/ (δ (2−Lη0)). From (46), we get∑∞

n=0 η
2
tgt(n) ≤ η2

0 (1 + (R/3)). Therefore, ΞA ≤ ΞF when

η2
0

(
1 +

R

3

)
≤ η0

δ (2−Lη0)
. (82)

It can be shown that this is true for any 0 < η0 < (2/L) when
R ≤ 3 ((L/δ)− 1).
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