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INI and ICI in Mixed-Numerology MIMO-OFDM
Systems 1n Spatially Correlated Time-Varying
Wideband Channels: Analysis and Mitigation
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Abstract—5G new radio (NR) is based on the mixed-
numerology multiple-input multiple-out (MIMO) orthogonal
frequency division multiplexing (OFDM) physical layer. Unlike
conventional single-numerology systems, subcarriers of different
numerologies interfere with each other. The larger Doppler
spreads and phase noise that occur at higher speeds and carrier
frequencies make the channel vary with time, which affects inter-
numerology interference (INI) and exacerbates inter-carrier
interference (ICI). We derive novel insightful expressions for
the INI and ICI covariances for a mixed-numerology, multi-
user MIMO-OFDM system in a wideband spatially correlated
time-varying channel with phase noise. On the other hand,
the literature has only studied simpler single-input single-out
systems or MIMO channels with several limitations. With this
analytical foundation, we propose a first-of-its-kind joint INI and
ICI mitigation technique that is based on statistical information
and incorporates fairness. We derive the precoder for each user
that achieves the single-user ergodic capacity. We also determine
a novel power allocation that maximizes the weighted sum rate.
We solve this using an iterative algorithm based on the difference
of convex programming framework. The proposed approach
achieves a higher weighted sum rate than several benchmarks.
Our results highlight the joint impact of INI and ICI and the
influence of various system parameters.

Index Terms—Mixed-numerology, Inter-numerology interfer-
ence, Inter-carrier interference, OFDM, MIMO, Antenna corre-
lation, Doppler spread.

I. INTRODUCTION

The fifth generation (5G) new radio (NR) standard is
designed to meet the requirements of diverse use cases,
which include enhanced mobile broadband (eMBB), massive
machine-type communications (mMTC), and ultra-reliable
and low-latency communications (URLLC). eMBB provides
high data rates up to 20 Gbps, URLLC supports latencies
smaller than 1 millisecond and extremely high reliability, and
mMTC supports a high connection density up to 1 million
devices/km? [2]. Even more aggressive targets are envisaged
in 6G [3].

To satisfy the diverse requirements of the services,
mixed-numerology orthogonal frequency division multiplex-
ing (OFDM) has been introduced in 5G systems. This is a
first step towards the flexible physical layer envisaged for
6G. A numerology specifies the parameters of an OFDM
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waveform such as subcarrier spacing and cyclic prefix (CP)
length. Subcarrier spacings of 15, 30, and 60 kHz are used
in the sub-6 GHz band. On the other hand, in the millimeter
wave bands, larger subcarrier spacings up to 960 kHz are used
to alleviate the effect of phase noise and limit the discrete
Fourier transform (DFT) size. However, mixed-numerology
OFDM systems suffer from inter-numerology interference
(INI) between subcarriers belonging to distinct numerologies
even though these subcarriers occupy non-overlapping time-
frequency blocks.

Several works in the literature analyze the INI for single-
input single-output (SISO)-OFDM systems and propose tech-
niques to mitigate it [4]-[9]. However, the analysis and mitiga-
tion of INI in multiple-input-multiple-output (MIMO)-OFDM
systems over time-varying fading channels has received much
less attention. This is an important problem because MIMO, in
combination with OFDM, is a key technology that underpins
the 5G physical layer and enables it to achieve high spectral
efficiency and reliability. The analysis of MIMO systems is
more sophisticated than for SISO systems due to the richer
and larger space of MIMO channels. Furthermore, practical
deployments necessarily have to work in time-varying chan-
nels.

Broadly, two classes of MIMO precoder designs have
been studied in the literature. In statistical channel state
information (CSI)-based precoders, the precoding is adapted
based on channel statistics, such as transmit and receive
spatial correlation [10]. Whereas, in instantaneous CSI-based
precoders, the precoding is adapted based on the instantaneous
channel condition. The latter requires feedback at least once
in a coherence interval from the receiver to the transmitter,
which then adapts its precoder and rate. When the channel
varies faster, the feedback overhead increases. Such frequent
feedback is not needed in statistical CSI-based precoders.

The time-variations in the channel also cause a loss of
orthogonality among the subcarriers of the same numerology.
This generates inter-carrier interference (ICI) and affects the
INI [11]. Instabilities in the local oscillators used for gener-
ating the carriers at the transmitter and the receiver, which
cause phase noise, aggravate these time variations [12], [13].
The effects of phase noise are more severe at higher carrier
frequencies [14]. A comprehensive analysis of INI in MIMO-
OFDM systems with time-varying fading channels and phase
noise is, therefore, necessary to efficiently operate 5G and
beyond systems.
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A. Literature Survey

We first summarize the literature on INI in SISO-OFDM
and MIMO-OFDM systems and then on ICI, and point out
some shortcomings.

a) INI in SISO-OFDM Systems: Expressions for the INI
power as a function of the frequency offset between the
interfering and victim subcarriers are derived in [4]. However,
a time-invariant channel is assumed. Expressions for the
fading-averaged INI power in the presence of phase noise
for time-varying channels are derived in [9]. A subcarrier
power allocation method is proposed in [15] to maximize
the packet arrival rate that can be supported by the mixed-
numerology system subject to a packet delay requirement. A
spectrally efficient way of implementing the guard band to
reduce the INI is proposed in [16]. In [6], an instantaneous-
CSI based joint subcarrier and power allocation scheme is
proposed to deal with the INI in a coordinated multi-point
system. However, all the above works focus on SISO. Also,
they do not consider phase noise, with the exception of [9].

b) INI in MIMO-OFDM Systems: In [5], an instantaneous-
CSI based zero-forcing (ZF) precoding is proposed to nullify
the INI in massive MIMO downlink systems, but only when
the number of transmit antennas is greater than or equal to
the number of subcarriers. Linear detectors are proposed to
mitigate the INI in [17] for massive MIMO uplink systems.
An INI cancellation scheme is proposed for deterministic
channels in [18] for a massive-MIMO OFDM uplink receiver.
A suppression scheme at the transmitter to mitigate the INI
in a massive-MIMO OFDM downlink is proposed in [19].
However, none of these works consider time-varying fading
channels, spatial correlation, phase noise, or fairness. Another
major shortcoming of these works is that they focus on
only single-antenna users. Table I summarizes the relevant
literature on INI.

c) ICI in MIMO-OFDM Systems: Given the vast literature
on ICI, which also arises in conventional single-numerology
OFDM systems, we limit our discussion to MIMO-OFDM
systems. We refer the reader to [20] for the literature on
ICI in SISO systems. The ICI covariance is derived for
fading channels in [11]. Time-domain filtering methods at the
receiver to mitigate ICI are also proposed. To mitigate ICI,
ZF equalization is proposed in [21] and frequency-domain
partial response coding is proposed in [22]. However, spatial
correlation is not considered in [11], [21], [22]. In [23], the
precoder and power allocation are numerically determined for
time-varying channels. However, perfect instantaneous CSI is
assumed at the transmitter. Furthermore, the time variation of
the channel within an OFDM symbol is assumed to follow a
linear curve. A robust precoder design is proposed in [24] for
the Kronecker channel correlation model, but it only applies
to the massive MIMO regime.

B. Focus and Contributions

We derive novel expressions for the INI and ICI covariance
matrices in the downlink of a mixed-numerology MIMO-
OFDM system. Our model is more comprehensive and novel
compared to the literature as it accounts for spatial correlation,

time variations due to Doppler spread, phase noise, guard
bands, and partially occupied subcarriers. It applies to the
entire family of numerologies in 5G NR. Lastly, we propose
a first-of-its-kind transmit-signal covariance design that jointly
mitigates INI and ICI. We make the following contributions:

« For a spatially correlated, wideband MIMO fading chan-

nel that varies in time due to both Doppler and phase
noise, we derive novel, insightful closed-form expres-
sions for the INI and ICI covariance matrices. Spatial
correlation arises only in MIMO channels and not in
SISO channels. It depends on the antenna spacing and
scattering in the environment. We study the Kronecker
spatial correlation model, which is widely used for link-
level simulations and on which the tapped delay line
(TDL) and clustered delay line (CDL) models defined
in the 3GPP standards are based [25].
We show that the INI and ICI covariances are propor-
tional to the receive spatial correlation matrix, while the
proportionality constants depend on the transmit spatial
correlation. In addition, the constants also depend on
the temporal auto-correlation of the channel, phase noise
auto-correlation, and transmit signal covariances of the
users. Such an analysis is essential for a system designer
to quantitatively understand the dependence of INI and
ICI on key system parameters such as Doppler spread,
phase noise bandwidth, and spatial correlation.

o With the above analytical foundation, we then develop
a novel transmit-side precoding and power allocation
technique that jointly mitigates INI and ICI. Here, we
make the following two contributions:

1) We show that the optimal precoder that achieves the
single-user ergodic capacity in the presence of both
ICT and INI is the matrix of eigenvectors of the trans-
mit spatial correlation matrix. The combined influence
of INI, ICI, phase noise, and spatial correlation on the
precoder design has not been studied in the literature.

2) For the above precoder, we present a novel problem
formulation that optimizes the allocation of powers
to the spatial eigenmodes of the MIMO channels of
the users to maximize the weighted sum rate. We
employ an iterative algorithm based on successive
convex approximation (SCA) to solve the problem.
The algorithm provably converges to an allocation that
locally maximizes the weighted sum rate. While SCA
is well known, the novelty of our approach lies in
its accounting for the combined effect of INI and
ICI, which make the optimization problem non-convex
and different from the statistical CSI-based power
allocation considered in the literature. Our approach
also incorporates user fairness, which has received
limited attention in the literature on INI in both SISO-
OFDM and MIMO-OFDM systems.

o Our approach achieves a larger weighted sum rate than
several benchmarks that are based on existing works
and also variations that help understand the effect of
the precoder or the power allocation. We find that ICI
and INI can lead to solutions that are non-intuitive at
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first sight where less power is assigned to the stronger
MIMO eigenmodes compared to the weaker ones at
larger Doppler spreads or phase noise bandwidths. Our
numerical results bring out how the numerology affects
the power allocation.

Comparisons: Our results differ from those in [5], [17]-
[19], which study only a given or deterministic channel real-
ization. However, in practice, channel models are specified in
terms of a power delay profile, which generates an ensemble
of channel realizations. These works also do not consider
phase noise or time variations. Another difference is that our
precoder and power allocation are based on statistical CSI.
On the other hand, the approaches in [5], [19], [23] require
instantaneous CSI, which entails a larger feedback overhead.
Unlike the method in [24], our work is applicable in all
antenna regimes.

The results in [11], which focuses only on ICI and assumes
a spatially white MIMO channel, are a special case of our
work. Our manuscript also generalizes the result in [10] to a
MIMO-OFDM system with INI, ICI, and phase noise.

C. Outline and Notation

Section II presents the mixed-numerology MIMO-OFDM
system model. In Section III, we analyze INI and ICI. In
Section IV, we derive the optimal transmit precoders and
power allocation matrices. Numerical results are presented in
Section V. Our conclusions follow in Section VI.

Notation: The notation X ~ CAN(c?) means that X is a
zero-mean, circularly symmetric complex Gaussian random
variable (RV) with variance ¢2. And, X ~ Y means that X
and Y have the same probability distribution. We use lower-
case bold letters for vectors and upper-case bold letters for
matrices. The expectation with respect to an RV X is denoted
by Ex|[]; the subscript is dropped when X is obvious from
the context. We denote the conjugate by (-)*, transpose by
()", and Hermitian transpose by (-)'. The inner product
Tr{BTA} between two matrices A and B is denoted by
(A, B). We denote the covariance of a random vector x by
Cov (x). For a matrix A, we denote its ith row by Ai.,
j*™ column by A.;, and (¢,)™" element by A;; or [A], ..
The n x n identity matrix is denoted by I,. The notation
A > 0 means that A is a positive semi-definite matrix. We
denote the gradient with respect to A by V . We denote the
sequence Xo, X1,...,Xg_1 by {Xk}kgol, and the sequence
of matrices {A(i)}iK:l,i;ék by AR,

II. SYSTEM MODEL

We consider a mixed-numerology MIMO-OFDM downlink
system with K users. The base station (BS) has M; transmit
antennas and each user has M, receive antennas.

We first define a base numerology 0. It has a subcarrier
spacing b(®) = 15 kHz and CP of duration CPy = 4.7 pus.
For a numerology ¢, the DFT length is Ny, the subcarrier
bandwidth is b(), and the CP length is CP,. In 5G NR, b(®)
and CP, are related to the base numerology as follows:
CPy
ue’

b = 20 and CP, = (1)
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Fig. 1. System model for a mixed-numerology downlink MIMO-OFDM
system with K users.

where ¢ € {0,1,2,...,6}. The numerology that can be
assigned depends on the frequency band of operation. The
bands are divided into three frequency ranges (FR), namely
FR1, FR2-1, and FR2-2 [33, Chap. 28]. For data transmission,
£ €{0,1,2} in FR1, £ €{2,3} in FR2-1, and ¢ €{3,5,6} in
FR2-2. Note that ¢ = 4 is not used for data transmission.

In 5G NR, each user can be assigned multiple bandwidth
parts. A bandwidth part is a set of contiguous physical
resource blocks over which the BS can transmit data to the
user. Only one among the assigned bandwidth parts can be
active at any time. The user only needs to look in the active
bandwidth part for its signal. Let user k be assigned an
active bandwidth part with numerology ¢. Let the number of
contiguous subcarriers allocated to it be Z,. Notice that FR1,
FR2-1, and FR2-2 each support at most three numerologies.
Therefore, when K > 4, some of the users will have the same
numerology.

The transmitted vector signal x[n] € CM+*1 in baseband
at time sample n in this system is given by

K
x[n] = VI " xWn), 2)
k=1

where the vector x(*)[n] € CM:*1 is the signal of user k and
[n] is the phase noise due to the transmitter.

For user k, x(*)[n] is given by

1 Or+Zr—1 [e%e]
x®)[p] = TZIL Z Z £ ®) [u, v]g® [n—vNT]

V=—00

« ejlz\,—zu(nfcm,vag)

)

where %) [u,v] € CM:*! is the precoded symbol vector
of subcarrier v of OFDM symbol v, NkT is the number of
samples in the OFDM symbol duration including the CP, Oy
is the numerology’s offset, and N; = N +CP},. This general
formulation allows for arbitrary-sized guard bands between
the users. The OFDM symbol duration Ts(k) equals NiTsamp,
where Tmp is the sampling duration. The transmit window
g®M[n] is 1, for 0 <n < N/, and is 0, otherwise.

The precoded symbol vector X*)[u,v] can be written in
terms of the information symbol vector s(*)[u,v] and the
unitary precoder Fy, as

1/2
(%) [u,v] = Fy, (P(k)) s(k) [w, V], 4)
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4
TABLE I
LITERATURE ON INI IN MIXED-NUMEROLOGY OFDM SYSTEMS
Reference Channel model Doppler spread  Phase noise ~ SISO/MIMO  Fairness Mitigation technique
Zhang et al. [4] Deterministic No No SISO No Cancellation at receiver
Chen et al. [26] Deterministic No No SISO No -
Mao et al. [27] Deterministic No No SISO Yes Power allocation
Shen et al. [6] Deterministic No No SISO Yes Subcarrier and power allocation
Su et al. [15] Block fading No No MISO No Power allocation across subcarriers
Memisoglu et al. [16] Block fading No No SISO No Method for implementing guard bands
Kihero et al. [28] AWGN No No SISO No Common CP insertion
Marijanovic et al. [29] AWGN No No SISO No -
Mao et al. [30] AWGN (continuous-time) No No SISO No -
Choi et al. [31] Block fading (flat) No No SISO No  Spreading and combining at transmitter
cancellation at receiver
Zhang et al. [32] Deterministic No Yes SISO No Cancellation at receiver
Sreedhar et al. [9] Time-varying Yes Yes SISO No Power allocation across subcarriers
Son et al. [5] Deterministic No No MIMO No ZF precoding at transmitter
Son et al. [17] Deterministic No No MIMO No Linear combining at receiver
Cheng et al. [19] Deterministic No No MIMO No Pre-cancellation at transmitter
Cheng et al. [18] Deterministic No No MIMO No Cancellation at receiver
Proposed work Time-varying Yes Yes MIMO Yes Precoder and power allocation

across eigenmodes

where P(*) is a diagonal power allocation matrix. The com- E [hﬁ’“j [n; 7] h(k. [n; ]}, Vn,7,j. Let the eigenvalue de-

%OFE(%S[ of ]S((];))[:E’v,] }'jlrizlero-mean and uncorrelated. Thus, compositions of T(k) and R® be T — UgC)Ag{C)Ug@T
S u,v|s u,vf| = .J\/]t' ) (%) and R(k) — U%‘C)A%@)Ugﬁ’ where Ugif) c (CIMtXMt and
From above, the transmit power of user k is Z;Tr {P } U« CMoxM, . .
In 5G, the powers are operationally specified in terms of the R € are unitary matrices. *)
energy-per-resource-element (EPRE) EPj,, which is defined In terms of the power angular spectrum (PAS) 5™, the
as EP;, = N, Tr {P(k)} /M, for user k. A key point to note  receive spatial correlation R;’" between antennas ¢ and j of
is that the ratio of EPREs of two users can exhibit a large  user k is given by [39, Ch. 3]
dynamic range from —32 dB to 32 dB [34, Ch. 13]. (k) (k) 27 |i—jdy cos()
After passing through a wideband, frequency-selective Rij = /_ . Syt () € ’ o, @)
channel, the n'" time-sample of the received signal y*) [n] €

. .. where d,. is the wavelength-normalized inter-antenna spacing.
CMr*1 for the user with numerology k is given by " g pactng

For example, for the Laplacian PAS adopted by 3GPP [25],

L—1
bl valo—m®
y® [n] = VB S HO ;7] x50 (), 3) s )= LT ©
=0 T \fs(k) )
where mq(nk) and s(k) are the mean and standard deviation,
respectively, of the angles-of-arrival at user k. The transmit

where {H® [n,r]}f;ol are the time-domain channel tap
matrices of user k, which represent small-scale fading, Sy

is the pathloss for user k, ¢y[n] is the sum of the phase noise (k
. . tial lation T; /" bet t d j of the BS
1[n] at the BS and the phase noise (i [n] at user k’s receiver, spatia corretatiof etween antennas ¢ and j of the

and z®(n) is additive white Gaussian noise (AWGN) at 1S given by a similar f())rmula in terms of the mean m;") a
user k’s receiver. Here, 7 tracks the tap-delays. The effective ~ Standard deviation St of the angles-of-departure from the
phase noise ¢y, [n] is a Wiener process with two-sided 3-dB ~ BS to user k.
bandwidth ;. Its auto-correlation is given by [35], [36] (kY)“ime Var f’g)tions Model: The temporal auto-correlation
E |:€j¢k[nl]€_j¢k[n2]:| ol 9 Ty © rr |w] of hi [n; 7] is defined as
r®u] 2 E [0 o+ w; 7] B s 7] = 0 [0]7 0 fw].

MIMO Channel Model: The (i,7)™ entry of H®) [n;7] ©)

is denoted by hl(-i-) [n;r].. As per the wide-sense stationary Here, 1t )[O] accounts for the dependency on the tap-delay
and uncorrel%t_e? scattering model (WSSUS) [37, Ch. 3], index 7. When viewed as a function of 7, 7"( )[0} gives the
{hgkj) [n; T}} are zero-mean, wide-sense stationary, and  power delay profile (PDP). Thus, #(*)[w] is a normalized
uncorrelated for all (n, 7). The WSSUS assumption underpins temporal auto-correlation function. Without loss of generality,
all the channel profiles, such as TDL and CDL, specified by  let ZT o ﬁk)[ 0] = 1. The temporal auto-correlation 7{*) [w]

3GPP. depends on the Doppler spread fd of user k.

The transmit and receive spatial correlation matrices for The WSSUS model implies that the statistics of the MIMO
usekr k are giver}C by T al?d R(k): respectively [38]. Here, channels of the different subcarriers are the same [40]. Note,
Tg j) = E {hy(;’j)* [n; 7] hE j), [TL;T]}, Vn, 7,1, and RE Z), = however, that the MIMO channel realizations of different
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subcarriers are different with probability 1. Hence, we use the
same precoder and power allocation for all the subcarriers of
a user. From (4), the transmit signal covariance Q*) equals

Q¥ =E [)‘((k) [u, 0] P [u, v]} = FkP(k)Fz. (10)

III. INI AND ICI ANALYSIS

Substituting (2) in (5), the expression for y*) [n] becomes

L—1 K
/5kea‘¢k[n] Z H®) [n; 7] Z < [n
7=0 =1

+2z®(n). (1)

Note that at user k’s receiver, the signals of all users pass
through the same channel H(*) [n;7] and are perturbed by
the same phase-noise and AWGN. The receiver performs an
Ny-point DFT after removing the CP of length CP;, > L —1.
The demodulated signal §*)[p,m] at subcarrier p of OFDM
symbol m is given by

OF
Nk Zy

n=—oo

y ™ [n] =

B n —mN{)

% efjﬁ,—zp[nfcprmN,ﬂ

, (12

where ¢(®)[n] is the rectangular receive window. It is 1 for
CPr. <n< N,?, and is 0 otherwise.

From (3), (11), and (12), we notice that ¥(¥)[p, m] is the
summation of the precoded information symbol vectors of
the users. Since the symbols of different users are mutually
independent, the covariance Kl(fn) (p) of the total INI at
subcarrier p of user k due to all other users is given by

k
K (0) Z K& (p,QD), (13)

1=1,l#k

where K\ (p, Q1)) is the covariance of the INI at subcarrier
p of user k due to user [ alone. It follows that it is sufficient to
first derive the INI covariances for any two users, say a and
b. Substituting these covariances in the summation in (13)
for each user pair (k,l), while giving due consideration to
the ratio of subcarrier spacings of the users k and [, gives
the total INI covariance for a user. When there are more
users than numerologies, some of the users will have the
same numerology. These users do not cause INI to each other.
Thus, Kgcn) (p, QW) = 0 when users k and [ have the same
numerology.

We now analyze the INI between any two users a and b
with different numerologies. Without loss of generality, let
user a have a narrower subcarrier spacing than user b. Let

11 = log, (b“b) /b<4a>) . (14)

Thus, the OFDM symbol duration of user a is 2* times that
of user b.

We introduce the following notation:

o The interference due to X(*)[¢,v], which is transmitted

on subcarrier ¢ and OFDM symbol v of user b, seen
at subcarrier p and OFDM symbol m of user a is

G (p,m, q,v)x ") [q,v]. As we shall see below, the
(i,7)*™ element of G(**)(p,m,q,v) is given by

— /B, Zem[n] Zhw ;7]

n=—oo

a,b
G( '(p,m, q,v

(b) T j—N q[n—CPb—va —T]
X —= n—ouNy, —T1le’ N
/72,7 g [ b ]

b

The notation is involved, but required, as we need to
track the transmit and receive antennas, subcarrier, and
symbol indices of all users.

o The instantaneous INI and ICI at subcarrier p and OFDM
symbol m of user a are denoted by INI,[p, m] € CM-x1
and ICl,[p, m] € CM-*1 respectively.

2* OFDM symbols of user b overlap in time-domain
with an OFDM symbol of user a. Thus, without loss of
generality, let us consider symbol O of user a and symbols
{0,1,...,2# —1} of user b. From (12), the frequency-domain
signal y(@ [p, 0] received by user a at subcarrier p and OFDM
symbol 0 can be decomposed as follows:

7 [p,0] = G (p,0,p, 0)%(*)[p, 0] + IClu[p, 0]
+ NI, [p, 0] + 2@ [p,0]. (16)
Here, ICl,[p,0] is the sum of the interferences due to all the

subcarriers of user a (excluding subcarrier p), INI, [p, 0] is the
sum of the interferences due to all the subcarriers of user b,
and z(@) [p, 0] is the noise on subcarrier p. After some algebra,
the interferences |Cl,[p, 0] and INI,[p, 0] can be shown to be
Ou+Za—1
ICla[p,0] = >
q=0a,q#p
241 Oy+Zp—1

INL[p.0] = >~ > G(p,0,q,v)x[g,0]. (18)

v=0 q=04

G (p,0,¢,0)%[q,0], (17)

Similarly, the frequency-domain signal received by user b
at subcarrier p and OFDM symbol m € {0,1,...,2* — 1} is

O [p, m] = GO (p,m, p,m)x® [p, m] + ICly[p, m]

+ INly[p,m] + 2P [p,m]. (19)

Here, ICly[p, m] is the sum of the interferences due to all the
subcarriers of user b (excluding subcarrier p), INly[p, m] is
the sum of the interferences due to all the subcarriers of user
a, and Z(®) [p, m] is the noise at subcarrier p. Here,
Ov+7Z,—1

> GO (p,m,q,m)xPg,ml,
q=0y,q7#p
OutZa—1

> GPI(p,m,q,0%[q,0].

q=0,

ICly[p,m] = (20)

INIy[p, m] = 21

Comment: The ICI at a user is due to its own infor-
mation symbols. Therefore, the summation in (17) is over
the subcarriers (except subcarrier p) occupied by user a in
OFDM symbol 0. Similarly, the summation in (20) is over
the subcarriers (except subcarrier p) occupied by user b in
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OFDM symbol m. On the other hand, INI is caused by the
overlapping OFDM symbols of the interfering user. Hence,
(18) has a double summation; the inner summation is over all
the subcarriers occupied by user b and the outer summation is
over its 2* symbols. On the other hand, in (21), there is only
one summation that accounts for the subcarriers occupied in
OFDM symbol 0 by user a.

A. INI Analysis
We now derive closed-form expressions for KI(I?I% (p, Q(b))
b a
and KI(N)I(p, Q®).
Result /: The covariance matrix K\ (p, Q®)) of the INI
at subcarrier p of user a is given by

a a,b) a a
Ko (0. Q") =" ) (@®, T R™, 22
where
M+71—1

S (M +7—Juwl)

Op+Zp—1 L— 1[
w=—(M+71-1)

i (0) = T ZbMt > >

q=0;, T7=0

x (@) ]~ w1 Tam o ¥y (2" a=P)w | (9 _ 9)

NI -1
X Z (NbT_ |U)|)T7(_a)[ ] —7|w|Qq Tw“pej (21 g—p)w
w=- (N7 -1

Ny —7—1
+ Z(NbT—T—|’w|)r7(_a) [w]e—ﬂ"w|9 T\dmpeJN (2% q— p)u;|7
w=—(NI'—7-1)

(23)

and M = N —
Proof: The proof is given in Appendix A. [ ]
Result 1 shows that Kl(ff]f (p, Q") x R(®. The scaling

constant ’yl(ﬁfb) (p) captures the combined effect of the tempo-

ral auto-correlation of user a’s channel, which depends on the
user a’s Doppler spread and the subcarriers allocated to user
b. It is also an exponential function of the 3-dB bandwidth
), of the effective phase noise at user a. The covariance is
also proportional to the inner-product of the transmit spatial
correlation matrix T(®) of user a’s channel and the transmit
signal covariance Q(®) of user b.

Result 2: The covariance matrix K2)(p, Q) of the INT
at subcarrier p of user b is given by

Kii(p. Q™) = i () (Q@, T®) RV, 24)

where
g, Oetfaml Nl
(b,a) b
i (p) £ NoZ. I, Z (Np — [wl)

=0, w=—(Np—1)
% =W Tamp :(b) [w]ejf% (a—2"p)(w) (25)

Proof: The proof is given in Appendix B. ]
Result 2 shows that K{2)(p, Q@) x R(®). However, the

expressions for ’yl(f,i )( ) and 'yI(N’ )( ) are quite different. One
manifestation of this is that the INI covariance at user b does
not depend upon the powers réb) [0], r§b) [0],.. r(L) 110] of the
channel taps. On the other hand, the INI at user a does depend

on r§[0],r[0],..., 7 [0].

The total INI covariance on user k in (13) can be computed
using Results 1 and 2 as follows. In the summation in (13),
for I < k, K (p, QW) is computed by substituting b = &
and a = [ in (24). When [ > k, it is computed by substituting
a=Fand b =1 1in (22).

B. ICI Analysis

Result 3: The covariance matrix Kl(gl) (p, Q¥)) of the ICI
at subcarrier p of any user k is given by

k k
Ki (. QM) = 2 () (@, T®) RO, 26)

where
B Ok+Zi—1 Np—1
k k
REETE 4=Ona#p w=—(Np—1)
X eiwlwlgszwumplf;(k) [w}e]]f;,:(q_p)w‘| . (27)
Proof: The proof is given in Appendix C. [ ]

We see that Kl(él) (p, Q")) oc R(F). A subtle point to note
is that the scaling constant ”Yl(ckl) (p) is, in general, a function
of the subcarrier index p. Only when all the subcarriers are
occupied (Z; = Nj and Oy = 0), does 71((1361) (p) become the
same for all subcarriers. In this case, (27) simplifies to

Ni—1 Ni—1

k k
’YI(CI)( )= VI(CI) = N2 Mt Z Z

=1 w=—(Nx—1)

(Nk = [w])

o 64\w|mmmpf(k)[w]ejf%qw, Vp. (28)

IV. OPTIMAL TRANSMIT PRECODER

We now derive the optimal precoder for each user that max-
imizes its ergodic capacity given the other users’ precoders.!
The ergodic rate C'¥) (p, Q) Q(\k)) of user k on subcarrier
p can be written as the following difference of two terms [41]:

o) (p7 Q™. Q(\k))
k
=F {log2 (det [UQIM,r + Kl(é}) (. Q™) + KI(NI)( )
+ GER) (p,m, p,m) QI GER (p,m, p,m)|
—(k
/ det [Ty, + K& (p,Q9) + KN )] )] 29)

Here, the expectation is over G(k’k)(p,m,p, m), which is a
function of the MIMO channel from the BS to user k. Using
the linearity of expectation, we get

o®) (p’ Q™ Q(\k)) — Cék>(p7 Q™ Q(\k))
ci”(r.Q®,QW), (o)

IBy definition, the ergodic capacity is the supremum of the rates achieved
by all possible transmit and receive architectures.
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where
Cém(n Q™. Q(\k))
B 2 (k) N7
=E|log, ( det |07In, + Kiep (p, Q™) + Kini (p)
+ GED (p,m, p,m) QM GEI (g, mp,m)| )], @1
and
C}k)(p, Q™. Q(\k))

—(k
—log, ( det [oLy, + K{&(n, Q") + K (0)] ). 32
The above expression is different from the expression in [10],
which does not consider INI and ICI. Notice that the expres-
sion for C}k)(p, Q™, Q(\") does not have an expectation.

The ergodic capacity of user k£ on subcarrier p is the
solution of the following optimization problem P:

P:max C® (p,Q<k>,Q<\k>) : (33)
Q™

st. QW = o, (34)

Tr {QW} < pk) | (35)

The constraint in (34) arises because Q¥) is a covariance
matrix and must, therefore, be positive semi-definite. And,
(35) constrains the transmit power per subcarrier to be less
than or equal to P,SJ?X. The solution of P is as follows.

Result 4: For any given power allocation {P(i)}iK:1 and
precoders {Fl}fi“ 41, » the optimal precoder F* for any
subcarrier of user k is the matrix of eigenvectors of the
transmit spatial correlation T*) of the channel of user k:

For = Ul (36)

Proof: The proof is given in Appendix D. ]

We shall refer to the columns of Ugf€ ) as the statistical
(k)

or spatial eigenmodes of user k. Thus, each column of Uy,
carries one information symbol of the vector s(*)[u, v].

A. Power Allocation

Given the precoders, we now determine the optimal power
allocation matrices of the users that maximize the weighted
sum rate of the mixed-numerology MIMO-OFDM system.
The weighted sum rate C (Q™), ..., Q) is given by

c(QW, ...,
( )Ok—&-Zk 1

SIS ST

p=0%

®,Q\W), @37)

where wy, > 0 are the weights. Assigning different weights to
the users enables the BS to ensure user fairness [42, Ch. 2].
Typically, a cell-edge user with a weaker channel is assigned
a larger weight so that its rate is prioritized more by the BS.

From Result 4, Q(k) = UgF)P(k)Ug?)T. The constrained

7
optimization problem can be stated as’
K Or+Zr—1
max  Yowe Y P (pq®,QW), 38)
PO =1 p=on
K
> 2T {PM} < P, (39)
P =0, Vke{1,2,...,K}. (40)
Recall that Q\\*) corresponds to {QW }l 1.1 The con-

straint (39) limits the total transmit power of the BS on all
subcarriers to Pp,ax, and the constraint (40) follows from (34).
From (30), the objective function in (38) becomes

K Or+Zr—1
k=1 p=0Ok
K Op+Zi—1
- [Zwk 3 C}’“)(p’Q(’“),Q(W)]. (41)
k=1 p=0k

Each function above within the square brackets is a concave
function. Hence, the expression in (41) is a difference of
two concave functions. Thus, the optimization problem is
non-convex. We use the SCA approach to determine the
optimal power allocation as follows. In the t*" iteration,
we replace the second concave function of the objective
function in (41) with the following first-order approximation

fi—1 (P( ). ,P(K)) about the point (P,(i)l, cey P,(:]f%)
K
for (PO, PUY) 23,
k=1
Or+Zi—1
k k k
S ep.a o)
p=0y
K .
+ Z <VP<j>C}k)<pv z(fli)lﬂ g\ikl)),P(]) - Pgli)1> (42)
j=1
(k) (k) p (k) 17kt (\k) 0
H =U,'P,2 U, d =
ere, Qi -1 and Q¢ { =1 }l 11k

Appendix E contains the closed-form expressions for the
gradients. We then obtain the following relaxed convex opti-
mization problem 73,5'

Or+2Zr—1
P max Zwk )3 Cék)<p7Q(k)’Q(\k))
{P( )}k 1k? 1 p*Ok
~foa (PO, ), 43)
s.t. ZZkTr{P(’“)}ngax, (44)
k=1
P* = 0,vke{1,2,...,K}. (45)

Let the solution of P; be (P,ﬁl),...,PEK)). It can be

2A more general problem is to jointly optimize the powers and the

precoding matrices. However, this problem is intractable because the sum
. . K-1 . .

rate of each user is a function of {Q(k) }k:O . Due to this, the weighted

o Lo . K-1
sum rate objective function is no longer a separable function of {P(’“) } k=0
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found by standard tools such as CVX and Matlab. Note
that the function Cgk)(-,-,-) in (31) is in terms of an
expectation of a determinant. Given the involved form of
the terms inside the determinant, no closed-form expres-
sion for the expectation exists. Therefore, we compute it
by taking an empirical average generated from 7' inde-
pendent and identically distributed (i.i.d.) random channel
realizations.> Thus, we generate a sequence of solutions
(o0, 2) - (B R

he constraint set of P, is compact. Furthermore, the
sequence of values of the objective function is monotonically
non-decreasing. Therefore, our algorithm provably converges
to a local maximum Pil), e PgK) [43].

Algorithm 1 shows the procedure to obtain the power
allocation.

Complexity: Let Ny be the iterations used to solve the
convex problem P; through sequential quadratic program-
ming approach. The complexity of computing the Hessian
is O (TK (K Mt)Q) and that of solving a quadratic program

is O (K Mt)3). Thus, the computational complexity for an
SCA iteration is O (TK®*M? + Ny K3 M}P).

Algorithm 1: Power allocation

1 Initialize iteration counter ¢ = 0 and tolerance to e.

2 P = Praxdas, /(K ZuMy), VE €{1,2,..., K}

3 repeat

4 Calculate C’gk)(p, Q™ , Q(\M)) by taking an empirical
average from 7' i.i.d. channel realizations.

5 Solve the convex optimization problem P; in (43) to

obtain (P,gl), e 7PI(SK)).

6 t+—t+1
7 until

C(Q,....q) ~ 0 (a.....al)| <
8 return (Pﬁl),...,PgK)) = (Pgl),...,PgK)

V. NUMERICAL RESULTS

We now present Monte Carlo simulation results to quantita-
tively understand the behavior of the INI and ICI covariances,
the weighted sum rate, and the power allocation.

Simulation Settings: We consider a BS and three users with
three numerologies. As mentioned earlier, no more than three
numerologies can be used in a frequency range in 5G NR even
with more users. Each user is equipped with a half-wavelength
spaced antenna linear array and a Laplacian PAS [25]. Unless
mentioned otherwise, M; = M, = 4. We use the TDL-
C channel model, which is one of the test models adopted
by 3GPP [25]. The delay spread is 100 ns. The MIMO and
OFDM parameters are given in Table II.

Each user is allocated 12 subcarriers. User 1, which uses
the base numerology, occupies subcarriers 0 to 11. User 2

3We cannot use deterministic equivalents to avoid averaging because we are
not operating in the massive MIMO regime with a large number of transmit
antennas.

<User I » <+—User2—>» <+«————— Userd ——
Subcarrier indices specific to numerology
0 1---11 7T .- 18 10 21
T T T T T T T T
0 1---11121314--- <+-36 37 38 39 40 41 42 43 --- <. 838485

Subcarrier indices (with respect to 15 kHz base numerology)

Fig. 2. Subcarrier locations of the users.

occupies subcarriers 7 to 18 as per its numerology 1, which
correspond to subcarriers 13 to 37 in the base numerology.
User 3 occupies subcarriers 10 to 21 as per its numerology
2, which correspond to subcarriers 38 to 86 in the base
numerology. Notice that the subcarriers are partially occupied
and there are guard bands between the subcarriers assigned
to the users. Fig. 2 illustrates the subcarrier allocations. The
indices shown at the top indicate the subcarrier indices of the
users specific to their numerologies, while the indices shown
at the bottom represent the subcarrier indices with respect to
the base numerology. The sampling rate is 7.68 MHz. The
expectation in (31) is computed as an empirical average of
10000 independent channel realizations.

TABLE II
SIMULATION PARAMETERS
Parameter User 1 User 2 User 3
Numerology (¢;,) 0 1 2
DFT length (Ng) 512 256 128
Number of subcarriers (Zx) 12 12 12
Offset (Og) 0 7 10
Subcarrier spacing (b)) 15 kHz 30 kHz 60 kHz
OFDM symbol duration (I\"))  66.67 us  33.33 pus  16.66 us
AoD mean (m{") 45° 20° 30°
AoD standard deviation (s\") 15° 30° 20°
AoA mean (m(™) 45° 20° 30°
AoA standard deviation (sgk)) 15° 30° 20°

A. INI and ICI Powers

Fig. 3 plots the normalized total INI power (summed
over the antennas) at each subcarrier when Q®) = I,,Vk,
for equal power allocation (EPA). Specifically, it plots
Tr {KI(Q (p)} / (BkEPy), for k = 1,2. This ratio measures
the INI power relative to the EPRE. Since it is a dimension-
less quantity, its units are in dB. Also shown is the INI power
contributed by each of the other users. Figs. 3(a) and 3(b)
show the results for users 1 and 2, respectively. The INI
power exhibits a wide dynamic range of 9.7 dB across the
subcarriers for user 1 and 7.6 dB for user 2. We observe that
user 2 experiences a higher INI power at its edge subcarriers
than at its middle subcarriers, due to interference from user
1 on the left and user 3 on the right. For user 1, the right
edge subcarriers face more INI from the nearby interfering
users. At user 1, the INI powers caused by users 2 and 3 are
both oscillatory in nature. In contrast, at user 2, the INI power
caused by user 3 is oscillatory, while that caused by user 1 is
monotonic. The oscillatory behavior of the INI follows from
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Fig. 3. Normalized total INI power as a function of the subcarrier index
(B1 = B3 = —3dB, B> = —1dB, i = 500 Hz, ¥ = (¥ = 600 Hz,
and 2; = Q2 = Q3 = 50 Hz). Simulation results are shown using the
marker ‘o’, and analysis results are shown using lines.

the form of (23). It has the form of the DFT of a decreasing
ramp function that is evaluated at multiples of b, b2, and
b(). This can be shown to cause the oscillations. The analysis
and simulation results match each other well. The trends for
user 3 are similar to that of user 1 except that its left edge
subcarriers face more INI from both users 1 and 2. Its plot is
not shown to conserve space.

Fig. 4 plots the total normalized ICI power, summed over
all the antennas, at each subcarrier when Q%) = I,,Vk
for EPA. It plots Tr{K%) (p, I4)} / (BKEPL) as a function
of the subcarrier index for two Doppler spreads. Figs. 4(a)
and 4(b) show the results for users 1 and 2, respectively. The
precoder Ugrk ) is used with EPA. For both users, the ICI power
remains relatively flat across subcarriers, except for the edge
subcarriers. The ICI power at the edge subcarriers is 2 dB
lower than that at the central subcarriers. This is because the
contribution of the adjacent subcarriers in the total ICI power
is larger. Thus, the ICI power has a smaller dynamic range
compared to INI power. The total ICI power for user 2 is
3.8 dB lower than that of user 1. This is because the subcarrier
spacing of user 2 is twice that of user 1. The trends are similar
for user 3, whose plot is not shown to avoid clutter. Its total
ICI power is 3.5 dB lower than that of user 2. We also observe
that the INI and ICI powers at the edge subcarriers exhibit
qualitatively different trends.

B. Weighted Sum Rate: Benchmarking and Trends

We benchmark our method with the following:

o INI and ICI-Unaware Power Allocation (I?UPA) [10]:
The precoder for user k is ngk ). The power allocation
is obtained from the convex optimization-based method
of [10]. This comparison is instructive as it brings out the
impact of INI and ICI. We also present this comparison
given the seminal nature of the result in [10] on statistical
CSlI-based precoding, which is also employed in recent
works such as [44]-[46].

—— Analysis
o Simulation

-20

1Y = 1000 Hz
-22

24

f49 =500 Hz

719 = 1000 Hz

-28

Normalized total ICI power (dB)

o)
g (2) _
—— Analysis 2 fi7 =500 Hz

o Simulation

Normalized total ICI power (dB)

-30

-30

D
A2 00X 00N R

Subcarrier index p

QN U D X 9 oA D 9,00
Subcarrier index p

(a) User 1 (b) User 2

Fig. 4. Normalized total ICI power as a function of the subcarrier index
(B1 = P3 = —3dB, B2 = —1dB, and Q1 = Q2 = Q3 = 50 Hz).

e DFT Precoder with INI and ICI-Aware Power Allocation
(DFT-I?’APA): The precoder for all the users is the DFT
matrix of size M;. The power allocation is obtained
by numerically maximizing the weighted sum rate. This
comparison brings out the impact of the precoder.

e EPA: In this method, all the eigenmodes are assigned
equal power. As a result, Q) o I, for any unitary
precoder. Hence, we do not need to specify the precoder
for EPA. This comparison brings out the impact of the
power allocation.

o Singular Value Decomposition (SVD)-based Method:
This method employs the SVD-based precoder and the
water-filling power allocation. It ignores INI and ICI.
This comparison brings out the impact of INI, ICI, and
the precoder.

o Strongest Eigenmode Method: In this method, the trans-
mitter assigns all the available power to the statistical
eigenmode with the largest eigenvalue. This comparison
brings out the impact of power allocation.

e ZF Precoder [5]: In this method, a ZF precoder, which
uses instantaneous CSI, is employed to mitigate the INL
This comparison brings out the impact of the precoder.

We note that a comparison with the scheme in [18] is not
possible since it focuses on receiver-side mitigation. And,
no transmit power constraint is imposed in the INI pre-
cancellation technique proposed in [19]; as a result, a fair
comparison is challenging. A comparison with the works
in [4], [6], [26], [27], [31] is not possible because they all
focus on SISO.

Fig. 5 plots the weighted sum rate of the proposed power
allocation method as a function of the scaled Doppler spread
f;l)TSQ). We set w; = w3z = 0.4 and wy = 0.2 to illustrate
that users 1 and 3 can be given a higher preference than user
2. The results are shown for 2; = Q5 = Q3 = 100 Hz and
Q1 = Oy = Q3 = 300 Hz. The Doppler spread of users 2
and 3 is equal to that of user 1. We see that the weighted sum
rate decreases when fél)TS(l) increases. When f(fll)Ts(l) =0,
the weighted sum rate is 3.29 bps/Hz for Q; = Qy = Q3 =
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Fig. 5. Zoomed-in view of weighted sum rate as a function of the scaled
Doppler spread (w1 = w3z = 0.4, wa = 0.2, 1 = B3 = —3 dB, [z =
—1 dB, Pmax/02? = 20 dB).

100 Hz and is 2.92 bps/Hz for Q; = Qs = Q3 = 300 Hz.
This shows how the phase noise lowers the weighted sum
rate.

Fig. 6 plots the weighted sum rate of the proposed power
allocation method, DFT-I’APA, I’UPA, EPA, SVD-based
method, and strongest eigenmode method as a function of
the normalized transmit power Ppax/ 2. The weighted sum
rate of all the methods increases as Pyax/ o2 increases. The
proposed method has a higher weighted sum rate than the
other methods at all powers. For example, when the normal-
ized transmit power is 18 dB, the weighted sum rate of the
proposed algorithm is 3.17 bps/Hz, while those of the DFT-
I?APA, I°UPA, EPA, SVD-based, and the strongest eigen-
mode methods are 2.82, 2.762, 2.761, 2.58, and 1.82 bps/Hz,
respectively. The gap between weighted sum rates of all other
methods and the proposed method increases as Pmax/a2
increases. While I2UPA achieves a higher weighted sum rate
than EPA, the difference between the two is marginal due to
INI and ICI. The strongest eigenmode method has the smallest
weighted sum rate among all the methods, which shows the
importance of using multiple eigenmodes.

To understand the above trends, Fig. 7 plots the fraction
of the total power per subcarrier allocated to the eigenmodes
of user 1 as a function of Pax/ o2. Recall that eigenmode
i refers to the eigenvector associated with the ‘" largest
eigenvalue of T(). Fig. 7(a) plots the results for the proposed
method and Fig. 7(b) plots the results for IUPA. Also
shown is a horizontal line that corresponds to EPA. At low
powers, the proposed method allocates the highest power to
the strongest eigenmode. However, as Pmax/02 increases,
the power allocated to the eigenmode 1 decreases while the
powers assigned to the other eigenmodes increase. On the
other hand, I?’UPA always assigns the maximum power to
the strongest eigenmode. As P,y increases, I?UPA allocates
the same power to all the eigenmodes unlike the proposed
scheme.

We compare the weighted sum rates of the proposed
method and the ZF precoder in Fig. 8. We show this compar-
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Fig. 6. Zoomed-in view of weighted sum rate as a function of the normalized
transmit power (w1 = w3z = 0.4, wp = 0.2, B1 = B3 = —3 dB, [z =
—1.dB, £V =500 Hz, ;¥ = ¥ = 600 Hz, and Q; = Qo = Q3 =
150 Hz).
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Fig. 7. Fractional power allocated to each eigenmode of user 1 as a function
of the normalized transmit power (w1 = w3 = 0.4, wy = 0.2, f1 =
B3 = —3dB, B2 = —1 dB, 1" =500 Hz, ¥ = f{* = 600 Hz, and
Ql = QQ = Q3 =150 HZ).

ison separately because the ZF precoder of [5] applies only to
users with one receive antenna and requires that the number
of transmit antennas is greater than or equal to the number
of subcarriers per user. Even in a setup tailored for the ZF
precoder, the proposed method achieves a higher weighted
sum rate. For example, when the normalized transmit power
is 9 dB, the weighted sum rate of the proposed algorithm is
2.65 bps/Hz while that of the ZF precoder is 1.68 bps/Hz.

Fig. 9 plots the weighted sum rate as a function of the
number of iterations of the proposed algorithm. It shows
results for different MIMO configurations. We observe that
the algorithm converges within 30 iterations. The number of
iterations required to converge is insensitive to the number of
antennas.

Fig. 10 plots the weighted sum rate of the proposed power
allocation method as a function of the standard deviation
of the AoD sgk). It shows the results for different MIMO
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configuations and SISO. The larger the standard deviation,
the less spatially correlated the channel. Hence, for all the
MIMO configurations, the weighted sum rate increases as sgk)
increases. The figure also shows the weighted sum rate in the
absence of INI and ICI. We observe that INI and ICI have a
more severe impact on the weighted sum rate as the number

of antennas increases.

VI. CONCLUSIONS

We saw that the INI and ICI covariances were scaled
versions of the receive spatial correlation matrix, while
the scaling constant was a function of the temporal auto-
correlation of the channel, the Doppler spread, the channel
power delay profile, the effective phase noise auto-correlation,
and the transmit spatial correlation matrix. We derived the
precoder for each user that achieved the single-user ergodic
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Fig. 10. Zoomed-in view of weighted sum rate as a function of the standard
deviation of AoD (w1 = wg = 0.4, wy = 0.2, B1 = B3 = —3 dB,
By = —1dB, £ =500 Hz, £{? = 1% = 600 Hz, and Q1 = Q5 =
Q3 = 150 Hz).

capacity. It was the matrix of eigenvectors of the transmit
spatial correlation matrix even for our more general model that
considered INI and ICI. However, INI and ICI significantly
altered the powers allocated to the spatial eigenmodes and led
to lesser powers being assigned to the stronger eigenmodes
at larger transmit powers. They made the power allocation
problem non-convex. The proposed method achieved a higher
weighted sum rate than several other approaches.

Analyzing the INI between OFDM and orthogonal time
frequency space (OTFS), and for MIMO channel models
more general than the Kronecker model, are avenues for
future work. Another potential research direction is reducing
the computational complexity of the algorithm. This can be
achieved by developing analytically tractable bounds or ap-
proximations that forsake the need for Monte Carlo methods
to compute the objective function. The above analytical form
will also influence the number of iterations required by the
algorithm to converge. Furthermore, characterizing the impact
of imperfect synchronization and co-designing the transmit-
receive architecture to better mitigate INI and ICI are open
problems.
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APPENDIX

A. Proof of Result 1

The INI covariance matrix Kl(flz (p, Q®) for subcarrier p

of user k£ due to user b is defined as

K{4 (9, Q®) £ Cov (INI,[p,m]) . (46)
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Substituting (18) in (46), we get

K (n,Q®)
2H—1 Op+Zp—1

=Cov Y > Gp0,qv)8"[g0]|. 7

v=0 ¢=0,

Since () [0, v], ) [0, +1,], .. .,
independent, we get
2H—1 Op+Zp—1

K (7. Q")=>" > Cov |G (p,0,q,0)x"[g.v]] .
v=0 q:Ob
(48)

[0y + Z), — 1,] are

Since %(")[¢, v] is zero-mean, we have
Cov [G(“’b) (p,0,q,v)x®[q, v]}
=E |G (p,0,¢,0)QV G (p,0,g,0)| . (49)

Hence, the (i,7)" element of KI({\II; (p, Q™) is given by

K Q")

B [6 " (.0.0.0Q0G D (p0.0.0)]] . 50

Using the definition of matrix multiplication, we can show

[E[G“"(p,0,4,0)QWG D (p,0,q,v)]|

2H -1 0p+Zp—1

=2 X

v=0 ¢=0,

Z’j
Mi—1 M:—1
ab a,b)=
=Y Y E [G( (p,0,q,v)G%” (p,O,qw)}
c=0 d=0

< QY. (51

Expression for E {Ggflc’b) (p, O,qm)G;ild’b)*(p, 0, q,v)}: We
compute it separately for the three cases: v = 0, 1 < v <
24 — 2, and v = 2# — 1.

1) v = 0: Substituting the expressions from (15) for
G (p,0,4,0) and G1%” (p,0,¢,0) yields
E (G (9,0,0.00G" (9,0,4,0)

— L
NoZy M,

N -1+l 11
jalna]p (@) . J&=(2*q—p)n
xE[( § §:€J¢[l]hi,c [n1;71] e N na
’I’LIICPQ T1:O
> e—.jHZ?“q(CPb—Hl)ejﬁ,’;pCPa)

F—14+1 1

Z Z eﬂm[nz]h(a) [no; 2] e~ J 3= (24 q—p)n2

no=CP, m2=0

21 Hq _j2r
x R 2 a(CPota) ”@pcpa]- (52)

12

Using the linearity of expectation, we get

BG4 (9,0,0,0)G(" (5,0.4,0)]
_ Pa
N Zy My
NF -1+l -1 NF -1+l 11

Z Z Z Z e-j%(2“q—P)(n1—n2)

n,=CP, 71=0 ny=CP, 12=0
21 9p _
« e Ing 2" a(ri—72)

XE{GJ(%[M] %[nz])h(a) [ 1]h;2 [n2;72] | (53)

The phase noise is independent of the channel tap gains.
Moreover, V11 # T2, we have

E (1) s m) A Inai ]| = 0, (54)

because the channel coefficients corresponding to distinct
delays are uncorrelated. Hence, (53) simplifies to

Ba

o] -
ie (:0,4,0)G; 57 (p,0,4,0) NoZy M,

L—1 Ny =147 N —1+7

DD DD DR

7=0 n,;=CP, ns=CP,

x B[ ol =0ulD |8 1) [y 7] B [rzi 7] (59)

= (2¥gq—p)(n1—n2)

From (6), we get
E [ewa[m]m[nz])} — oI —n2|Q Ty (56)

Also, we know that

B [ s 7] B i 7] = RY), (57)
E[n (s 7] A" (s 7] = T, (58)
E [h” ;7] AL [nmﬂ =@y —nal.  (59)

Hence, (55) reduces to

E {Ggfﬁ’b) (p.0,4,0)G%"" (p, 0,4, 0)}

L—1NT =147 NI 147

()*
“Nar Y L X ROT

7=0 n;=CP, ny=CP,
x i [ny — ny)
X e_ﬂ—l"l_n2‘QaTsampej%(2Mq7p)(n17n2). (60)

Substituting M = NbT — CP, and w = n; — ns in (60), and
enumerating the terms for each value of w, we get

(ab) (a,b)x Ba
]E . . = ——
|:Gzc (p707q70)G ,d (p707Qa0):| NaZbMt
M+7—1 —
P> Z REVTE) (M + 7 )l u)]
—(M+71-1)

X e 77T|’LU|Q ,Tsampej N (Q‘Lq p)w. (61)
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2) 1 < v < 2¢ — 2: Substituting the expressions for

Ggflc’b) (p,0,q,v) and Gfd’b) (p,0, ¢, v) from (15) yields
Ba
NoZy M,

L—1 (v N +7
[(53 o edmIp [y ry) R i

T1=0 ny=v N +7;

E (G5 (9,0,0,0)G (9,0,4,0)] =

% e—jfv’;2uq(CPb+uNbT+n)ejfv’;pc1>a>

L—1 (v+1) N 472

DD

72=0 na=v NI+,

eI R [ng; 7]

.2 m 27 op T _i2m
« e I RE (2 a=p)n2 Li 752" q(CPL+uN, +72) , ]N"'pcpnl' (62)

Following the procedure in Appendix Al, we can show that

Ba

E [G(a ,b) G(,a’b)* i| =N 7 s
(p, 0,q,v ) j,d (p’ 0,9, U) Ny Zy M,

L—1 N -1

DD

7=0 w=—(NT-1)

RT (N — ] )r(® u]

_ j 27 (QH g
X e Wlw‘QaTsampej Na (2 q p)w' (63)

3) v = 2" —1: Substituting the expressions from (15) for
G(a b)(p,O q,2*—1) and G(a b)(p,O q,2*—1) in (51) yields

E [G(.“’b) (p,0,4.2 — )GL%P" (p,0,¢, 2" — 1)}

S[6>N>

T1=0n =24 —1)NF +7;

eI%a [nl]hgflc) [n1; 7]

N ZbMt

« IR (2 a—p)m ,—i 52" (CPb+(2"'1)N§+Tl)ej§,zpcpa)

L—1 NT
XD D e )
T2=0ny=(20—1)NL +72

« oI B (@ q—p)na i B2 q(CPy+ (2~ 1)NT +72) ,— 3 pCPa

(64)
Following the procedure in Appendix Al, we get

HﬂG““@nqzﬂ DG (,0,0,2" = 1)]

—7'1

= N.ZyM, ZbMt Z Z

w=—(N'-7-1)

(YT (N =7~ fwl)

x (@ [w]e I Tam oI K7 (2"a=p)w  (65)

Substituting (61), (63), and (65) in (50) yields (22).

B. Brief Proof of Result 2

Substituting (21) in (46) and using the fact that
z@[0,,0],x [0, + 1,0],...,%x [0, + Z, — 1,0] are
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independent, we get the following expression for any m:
OutZa—1
b _
KNp. Q)= Y Cov [G(b’“) (p,m, q, 0% [q,O]} :
q=0q
(66)
Furthermore, Cov [G(bva) (p,m, q,0)x@[q, 0]] =
E [G(b’a)(p7 m,q,0)QW GOt (p m, q, 0)] Thus, the
(i,7)" element of Kl(lz)l(p, Q) is given by
Ou+Za—1
b a
Kw.Q™)] = Y
’ q=0,

[]E |:G(b,a)(p, m, q,0)Q@ G (p, m, q,O)” . (67)

9

Similar to (51), we can show that the (4, j)th element of

E [G®9(p,m,q,00Q@W GOV (p,m,q,0)] is

[E [G(b’“) (p,m,q,0)QWGEDT(p,m, q, O)H -
2,7
M, —1M,—1

=Y Y B[N 0m q,0G" (b.m.a,0)] QL.

=0 d=0
(68)

Upon substituting the expressions for Ggf’éa) (p,m,q,0) and

Gf&w (p, m, q,0) from (15), the expectation term in the right
side of (68) becomes

Bb
Zo Ny M;

(m+1)NS =1 -1
" E[( S S el [y gy R G2

n1=mNF +CP, T1=0

E G (p,m, 0,00 G (,m,0,0)| =

s 27 s 27 T
X e—] %aq(CPa+T1)eJW2P(mNb +CPb)>

(m+1) Nb -1 -1

— b* 52T (a_9K
« § E :e Jbb[n2] h [no; 7o) € I~z (g=2"p)n2

No= mNT-'rCPb T2=0

. om _i2n T
% GJTGQ(CPa+TQ)e I N, p(mN, +Cpb)‘| . (69)

Following the procedure in Appendix Al, we get

[E [G(b’a) (p,m, q,0)QWGEIT (p m, q, 0)” A

.7
B, L-1 Ny—1

R(b) —7|w|Q Tsamp
= oNaL Y o
T= Ow_f(Nb 1)

X (Ny = [w])r®u]e? ¥ @2 2w (QU), 7)) (70)

Substituting r&b)[ | = i )[O] () [w] and Zf;& ) 0] =1
in (70), and then substituting the result in (67) yields (24).

C. Brief Proof of Result 3

The ICI covariance matrix KI(gI) (p, Q(k)) for subcarrier p
of user k is defined as
k
K¢l (p, Q")

£ Cov (IClg[p,m]) . (71)
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Substituting a = k in (17), and then in (71), and following a
procedure similar to Appendices A and B, we can show that

My—1 M,—1

-2 > ab

c=0 d=0
< E[GUP (pm.q. )G (pomq.m)] . (72)

[Kl(él (p, Q(k }

Proceeding along the lines of Appendices A and B, the
expectation term in (72) is given by

k.k k,k)*
E [0 (p,m.q.m) G (pym.g.m)|
B (Ic)T(k)*

" NuZieM, ed
(Nx—1)
X Z _W‘wlﬂkTsamp(Nk_ |'UJ|) (k)[ ] (q p)
ﬂ}:—(Nk—l)
(73)

Substituting (73) in (72) yields (26).

D. Proof for Result 4

We first state the following lemma about the statistics
of G**)(p,m,p,m). We then We use it to simplify the
expressions for Cé )( Q™" , Q\ ) to a special form given
by Lemma 2. Lemma 3 uses this special form to lay the

groundwork for applying a nulling technique first used in [10].
Lemma /: G*%)(p m, p,m
1/2 1/2

as Ug)Ag) / WAgC) / UE,{C)T, where W has i.i.d. entries

with W, ; ~ CN (ag), Vi, j, and

) has the same distribution

/8 Ni—1
& _ Pk E , =Wl Tamp (77, ®
s e w
. > (N), = [w])F [w].
: (74)

Proof: From (73), the correlation between the (4, c)*" and
(4,d)*™ elements of G**)(p, m,p, m) is given by

k.k k. k)* ) e (K )
E |:G§C )(pvmvpam)G;d ) (pamapvm):| = Ok R( )Tg,; )

(75)
where ay, is given in (74). Hence, G*)(p,m,p,m) can be
decomposed as:

G*(p,m,p,m) = RO PwT®? - (76)

where ¥ has iid. entries with ¥, ; ~ CN (ax), Vi,j.
Substituting the eigen-decompositions for T*) and R®*)
in (76), we get

G*8) (p,m, p,m)
K1/2

1/2
AP PuPteud Al PP (7)

Since the complex Gaussian distribution is rotationally in-
variant, U T®UY ~ W, where W has i.i.d. entries with

W, ~CN (o), Vi, j. n
Let Q) = UPQUPT. Thus, @, = UPQWUP.

Since Q(k) is positive semi-definite, €2;. Furthermore,
Tr {2} Tr{Q"®)}. Thus, the same constraints (34)

14

and (35) apply to €. Substituting (30) in (33), the objective
function in (30) in terms of €2 is

Cgﬂ(p’ U, ub, Q(\k))

- P UPRUPT QW) . 8)

Lemma 2: The first term in (78) simplifies to
cP(puPuP’,Q\W) ~E llog2 ((det [o*Lay,
k k k
A () a1

T Z V(kl) < (l)7T(k)>A5§)
1=1,l#£k

+ A§§’)1/2WA$>1/2QkA¥>1/2WTA§.§)1/2] )] . (19)
The second term in (78) simplifies to
C§’“>(p, uh o, ubt, Q<\k>) = log, (det [&IMT
i s a) &

+llzl:;ﬁk’yl(£ll) < (l)’T(k)>A§§)}). 80)

Proof: In terms of €, the ICI covariance in (26) is given
k k k k
by Ki&(2.QY) = &) (Ve U’ ) RE).
Substituting this in (31), we get

CO(p. UPRUPT,QO) = E | log, (det [2Ly,

+71(é€1)( )<U(k>ﬂ Ut >R(k)

Z (kD) <Q<l> T(k)>R()

=1,l
+GED (p, m, p,m) UL UGN (p,m, p,m) | )] :
1)

By virtue of Lemma 1, (81) becomes

¢ (p, UP U, Q) =B | log, (det |07y,

k k k
+71(CI)( )<U( )QkU%)T,T(k)>

+ Z 71(111€1l <Q(l

z=1,z#k

>R(k)

1/2 1/2 1/2 1/2
LUPAR waA® i, a® wia ui)

(82)
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We know that
(UP U ) 1 {TOTUP U,

- <Qk, A¥“>>. (83)

Substituting the eigen-decomposition for R*) in (82), us-
ing (83), Iy, = Ug)Ug)T, and the multiplicative prop-
erty of the determinant yields (79). The expression for
Cgk)(p, Ug)QkUg)T,Q(\k)) follows in a similar manner.

|

The simplified forms in (79) and (80) enable us to apply
the nulling technique of [10] to optimize the precoder. Let I1
be a diagonal matrix whose diagonal entries are 1 except for
the (s, s)*™" entry, which is —1. Then, the entries of TT,€, TI{
are equal to those of €2 except for the off-diagonal elements
in the s row and s column, whose sign is reversed. We
first get the following invariance relation.

Lemma 3:
c(p U memiu®’, QW)

= cP(p.uPauP Q). 64

Proof: Since the columns of W are statistically inde-
pendent and their distribution is symmetric, W and WII,
have the same statistics. As a result, reversing the sign of the
s column does not alter the distribution of W. Replacing
Q. with Hsﬂkﬂl in (79), the function value remains the

1/2
same. This is because the diagonal matrices AP and II,
commute and <Qk,A¥)> = <HSQkHLA¥C) ) [

Since C’ék)<p, Ugc)ﬂ U, Q(\k))
from Jensen’s inequality, we get

ILQ,II + O
Cék)(p7 U ( RIIL + k) Ug{v)T7Q(\k)>

is concave over 2,

2
N Cék)(p’ Ug{“)HéQkHIUg)T’ Q(\k))
- 2
Cék)( ,Ugf)QkUgfm, Q(\k))
+ 5 , (85)
= P (p. P U, Q). (86)
Furthermore,
<Hsnkni+ﬂk7A¥>>
2
1 1
_ A (K) - k)
=2 <HSQkHS,AT > . <Qk,A > (87)
_ <Qk, A<Tk>> . (88)

Thus, from (87) and (80), we can show that

II,Q.IIf + Q,
O}k)<p, up ( k 23 k> Ugc)T’Q(\k)>

= C}'”(zv, v, uPr Q(\’“)> . (89)

15

Substituting (86) and (89) in (78) yields
QI + Q
o) (p7 U ( k 25 + k> Ukt Q(\k))

> ¢ (p,UP UL Q). 90)

The matrix [TT,€2,II} + €24]/2 has entries equal to those
of Q) except for the off-diagonals in the s*" row and the
5" column, which are zero. Thus, nulling the off-diagonal
entries of any column and the corresponding row of €2; can
only increase C'¥) (p, Ugg)ﬂkUgf)T, Q(\k)).

Repeating the same process for s € {1,2,..., M;} proves
that the ergodic capacity is maximized when €2 is diagonal.

E. Derivation for Gradients in (42)

Substituting Q¥) = UM P®UPMT in (80) yields

C}"”( Uk phy®t Q(\k))

= 10g2 <det [UQINIT + ('71(CI)( ) <P(k)a Agc)>

+ Z Wi ) (UPPOURY, T(k)>>A§:§)]>‘ 1)
We can show that

1=1,l#k
<U¥)P(1)U¥)T’ T(k)> - <P<l>, A(k,z>> ()

where A is a positive semi-definite diagonal matrix whose
t*h diagonal element is given by

i
[ato] — [uPiuR] Al [uPiul] L 93)
tt *t wt
Then, substituting (93) in (92) and taking gradients yields
meC§ )( U(k)P(k)U Q(\k))
k , e
_ e @O PONAR, itk o
ryI(NI’])( )f(P(k)’P(\k))A(kj), 61567
where
f(P(k),P(\’“))
(k)
M, A }
_ [ Bl
X7 el (P, AP [aF]
k.l i
+ Zl:l,l;ék 'YI(NI )(p) <P(l)’ A(k’l)> {A%)L .
95)
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