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Abstract— A fundamental trade-off exists between the time and
energy allocated to pilots and data, accuracy of channel estimates,
and data rate in a reconfigurable intelligent surface (RIS)-
aided system. We optimize the above trade-off for a two-phase
training scheme. In the first phase, the base station (BS) estimates
the channel from the uplink pilots and configures the RIS.
In the second phase, the user equipment estimates the channel
from the downlink pilots and coherently demodulates the data.
We derive an expression for the achievable rate that accounts for
the impact of the channel estimation errors on the RIS phase-
shift configuration and data demodulation. Our analysis uses a
novel tractable approximation for the effective downlink channel
gain and a novel proof that it is asymptotically Gaussian even in
the presence of spatial correlation. Our analysis applies to the
scenario where enough pilots are sent to estimate the cascaded
channels and the cascaded channel grouping scenario that uses
fewer pilots. We also study two channel models that depend on the
location of the RIS relative to the BS. We derive insightful, closed-
form expressions for the optimal powers and training durations.
The optimal solution highlights the importance of boosting the
pilot powers.

Index Terms— Reconfigurable intelligent surface, channel esti-
mation, power allocation, pilots, achievable rate, grouping.

I. INTRODUCTION

ECONFIGURABLE intelligent surfaces (RISs) consist

of thin reflecting elements of metamaterials or patch-
arrays that can change the electromagnetic properties of the
impinging waves, such as phase, in a controllable manner [2].
RISs are easily deployable as no dedicated power supply is
required by them to transmit in their passive configuration [3].
An appropriately configured RIS can enhance coverage in
scenarios where the user equipment (UE) is blocked from its
base station (BS), enhance data rate by improving the signal-
to-noise ratio (SNR), or null an interferer [4], [5]. This makes
RIS an appealing technology for 6G [5].
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In order to benefit from the RIS, the reflection coefficients
of its elements need to be configured appropriately. Broadly,
three methods have been studied for configuring the RIS in the
literature. In the instantaneous channel state information (CSI)-
based methods, the instantaneous CSI of the direct channel
between the BS and the UE and the cascaded channels is
used to configure the RIS [6], [7], [8]. In codebook-based
methods, the best RIS phase-shift configuration is selected
from a set of predefined codebook of configurations [9],
[10]. In statistical CSI-based methods, the RIS configuration
is based on channel statistics such as covariance [11], [12],
[13]. The above methods vary in the training overhead they
require and the passive RIS beamforming gains they can
generate.

For the instantaneous CSI-based method, the channel train-
ing is based on the on/off method, in which the RIS elements
are turned on sequentially one at a time [7], [8], [14], [15],
or the discrete Fourier transform (DFT)/Hadamard matrix-
based method, in which the RIS configuration is chosen from
the columns of a DFT/Hadamard matrix [6], [7], [16]. In [6],
the least squares (LS) estimator and linear minimum mean
squared error (LMMSE) estimator-based cascaded channel
estimation is studied. The RIS phase-shifts and power allo-
cation are optimized to maximize the rate. In [7], pilot and
data power allocations are optimized to maximize the achiev-
able rate. In [8], an achievable rate-maximizing pilot power
allocation is investigated. Cascaded channel estimation when
the transmitter and receiver have multiple antennas is studied
in [16]. While the beamforming gain of the instantaneous-CSI
based methods is large, the training overhead is proportional
to the number of the RIS elements.

To reduce the training overhead, the cascaded channel
grouping technique, in which only the sum of cascaded
channels per group needs to be estimated, is studied in [14],
[15]. In [15], the focus is on optimizing the RIS configuration
and the transmit power to maximize the achievable rate. The
optimal grouping size that maximizes the achievable rate is
investigated in [14]. The channel estimation scheme proposed
in [17] makes use of the eigenvectors of the spatial correlation
matrix of the cascaded channel gain vector. As a result, the
pilot overhead is proportional to the rank of the correlation
matrix, which is smaller. Machine learning-based approaches
are studied for cascaded channel estimation in [18] and [19].
A convolutional neural network-based deep learning scheme
is proposed in [18], while a federated learning-based approach
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is studied in [19]. A compressed sensing-based two-stage
cascaded channel estimation method, which exploits the low-
rank nature of the sparse channel to reduce the training
overhead, is studied in [20].

In the codebook-based methods, the training overhead and
the beamforming gain depend on the size of the codebook [21].
Two codebook designs, one with random phase-shift entries
and the other in which the Euclidean distance between the
codes is maximized, are studied in [9], [10]. In [9], rate-
maximizing active and passive beamforming are studied. The
focus in [10] is on minimizing the transmit power.

In the statistical CSI-based methods, the training overhead
is lower when amortized over time since the channel statistics
vary slowly. However, the beamforming gain is also lower
due to the reduced degrees of freedom in configuring the
RIS. To configure the RIS reflection coefficients, a genetic
algorithm-based approach is studied in [12], a gradient
ascent algorithm is developed in [11], and a majorization-
minimization-based approach is employed in [13]. The above
three works focus on maximizing the uplink rate.

A. Contributions

We focus on the instantaneous CSI-based method because
it was among the first methods proposed for determining the
RIS phase-shift configuration and has attracted considerable
attention in the literature. In this method, noise during channel
estimation leads to channel estimation errors that affect the
RIS-aided system in multiple ways. First, the channel estima-
tion errors result in a sub-optimal configuration of the RIS
reflection coefficients. Furthermore, the estimation errors have
a non-linear impact on the phase-shifts of the RIS elements.
This alters the effective gain of the BS-to-RIS-to-UE channel,
as it is a function of the cascaded channel gains and reflection
coefficients of the RIS elements. Second, the errors lead to an
imperfect estimate of the above effective channel gain itself.
Increasing the pilot energy or training duration improves the
accuracy of the channel estimates that are used for configuring
the RIS phase-shifts and for demodulating the data symbols.
However, doing so reduces the number of data symbols that
can be transmitted in a coherence interval and the energy
available at the BS for transmitting them. We comprehensively
address the above fundamental trade-off and characterize the
cumulative impact of the channel estimation errors on the
downlink achievable rate for the data transmitted by the BS
to the UE via the RIS. We make the following contributions:

1) Comprehensive Channel Models and Training Scenarios:
We consider two channel models that depend on the location of
the RIS relative to the BS. In the first model, the BS-RIS link
is a deterministic line-of-sight (LoS) link. This arises when the
RIS is placed at a height close to the BS [6]. In the second
model, the BS-RIS link is a non-line-of-sight (NLoS) link [22].
This is suitable for an urban scenario where the LoS between
the BS and the RIS can be blocked. In both models, the RIS-
UE link is a NLoS link.

We study a two-phase training scheme that exploits channel
reciprocity of time-division duplex (TDD) systems. In the first
uplink training phase, the BS estimates the cascaded channel
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gains from the uplink pilots and then configures the phase-
shifts of the RIS. In the second downlink training phase, the
BS sends pilots followed by data. The UE estimates the effec-
tive BS-UE channel gain and uses it to coherently demodulate
the data. Thus, no feedback from the BS to the UE is required.

Another comprehensive aspect of our study is that it covers
two training scenarios. In the first scenario, enough pilots
are sent to estimate each of the individual cascaded channel
gains. In the second scenario, which arises in cascaded channel
grouping, the number of pilots is less than the number of
reflecting elements.

2) Lower Bound on Achievable Data Rate: We derive a
novel lower bound on the achievable ergodic data rate for
the above training scheme that accounts for the training over-
heads and the combined impact of the imperfect phase-shift
configuration of the RIS, due to the uplink channel estimation
errors, and the downlink channel estimation errors on data
demodulation. To make the derivation tractable, we propose
a novel approximation for the effective BS-UE channel gain
with channel estimation errors.

3) Gaussianity of BS-UE Channel Gain for a Large RIS:
The above bound on the achievable rate assumes that the
effective BS-UE channel gain in the presence of channel
estimation errors is a Gaussian random variable (RV). This
is motivated by the central limit theorem. When a large
number of independent and identically distributed RVs are
summed, it is sufficient for the RVs to have a finite variance
for the central limit theorem to apply. However, this is no
longer sufficient when the RVs are correlated. Instead, our
proof employs more sophisticated p-mixing arguments [23].
We show numerically that this result also applies to planar
RISs with just a few elements. We note that the Gaussian
assumption has been employed in the RIS literature without
any such theoretical backing [7].

4) Numerical Results: Our numerical results show that
the proposed optimal scheme outperforms the allocation of
equal power for training and data transmission and the on/off-
based training scheme. We find that grouping of the RIS
elements significantly improves the achievable rate. We deter-
mine the optimal group size that maximizes the achievable
data rate. We note that a comprehensive comparison with the
codebook-based methods [9], [10] and statistical CSI-based
methods [11], [12], [13] is beyond the scope of this paper.
Such a comparison depends on several system variables, the
codebook size, and how often the channel gains and their
statistics change.

Comparison with Literature: There are fundamental differ-
ences between our system model, training model, and analysis
of the achievable rate and those considered in the literature.
In [7], the focus is on the uplink. As a result, the BS can
employ the same channel estimates to configure the RIS and
demodulate the data. In [8], the impact of noise on only the
phase-shift configuration is studied. However, the effective
channel gain is implicitly assumed to be perfectly known at
the UE when it demodulates the data. In [6], [15], [16], the
actual channel gain is replaced with the estimated gain in the
rate expression. The rate expression so obtained is neither
the channel capacity nor an achievable rate. In [14], [17],
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Fig. 1. System model showing an RIS-aided BS transmitting data to a UE.

Also shown are the uplink training, downlink training, and data transmission
phases, with the corresponding durations and transmit powers.

[18], [19], [20], the focus is on minimizing the mean squared
error (MSE) or the training overhead. The impact of channel
estimation error on the rate is not studied. Lastly, the cascaded
channel gains are assumed to be uncorrelated in [7], [8], [14].

B. Outline and Notations

Section II describes the system model, the training
scheme, and the achievable data rate-maximization problem.
In Section III, we prove the asymptotic Gaussianity of the
downlink channel gain, numerically verify it for smaller RIS
systems, and derive the optimal training durations and transmit
powers. We analyze the impact of grouping of RIS elements
on the data rate in Section IV. Numerical results and our
conclusions follow in Sections V and VI, respectively.

Notation: We show scalar variables in normal font and
matrices in bold font. E [X], E[X|Y], Var[X], and Fx (.)
denote expectation, expectation conditioned on Y, variance,
and cumulative distribution function (CDF) of X, respectively.
Cov [X,Y] denotes the covariance between X and Y. The
operators |.|, Z., (.)*, R[], and I[.] represent the absolute
value, angle, complex conjugate, real part, and imaginary part,
respectively. X and X” denote Hermitian and transpose of
X, respectively. I, denotes the identity matrix of order n. The
notation X ~ CN (/,L, 72) means that X has a complex normal
distribution with mean 4 and variance 72. The (i, k)™ element
of X is denoted as X (i, k).

II. SYSTEM MODEL AND PROBLEM FORMULATION

An RIS with N passive reflecting elements is deployed,
as shown in Figure 1(a). Let dy and dy be the width and
height of an RIS element normalized by the wavelength, and
Ny and Ny be the number of RIS elements in the horizontal
and vertical directions. Let N = NyxNy. The reflection
coefficient of the i*? reflecting element is ¢; = e/%, where
0; € [0,2m) [6]. The BS configures the phases 61, ...,0y by
sending control signals over a wired link.
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The channel coefficients from the BS to the i*" element
of the RIS and from the i*" element of the RIS to the
UE are denoted as v; and wu;, respectively. The cascaded
channel gain h; between the BS and the UE through the i
element of the RIS is h; = v;u;. Let v = L};l,...,vN]T,
u = [u,...,un]", and h = [hy,...,hy]". The direct
link between the BS and UE is assumed to be blocked by
obstacles. We consider a single-antenna BS and UE because
the cumulative impact of channel estimation errors on the
statistics of the effective channel gain and the achievable
rate, and the joint optimization of the training durations, pilot
power, and data power to address this impact are not fully
understood even for this model in the literature. In multiple
antenna systems, the training overhead is larger and the impact
of the channel estimation errors on the precoding vector at the
BS also needs to be considered.

The RIS-UE link is an NLoS Rayleigh channel. Then, u ~
CN (0, B,R), where §3, is the pathloss from the RIS to the UE.
Here, R=E [uuH ] /By denotes the spatial correlation matrix
of the RIS. We focus on the correlation model developed
in [22] for an isotropic scattering environment. In it, the
(i, k)™ entry of R is given by R(i, k) = sinc (2d;1), where
d;  is the wavelength-normalized distance between the left-
bottom corners of the i*" and the k' elements of the RIS.
Based on the nature of the BS-RIS link, we consider the
following two channel models.

1) LoS-NLoS Model: In this model, the BS-RIS link is
a deterministic LoS link. Let ¢,, and ¢, be the azimuth
and elevation angles of arrival at the RIS. Then, v; =
\/EejZ‘fr[mod(i—l,NH)dH COS e Sin a4 (i—1) /Ny | dy sin @e] for i €
{1,...,N} [22]. Here, (3, is the pathloss in the BS-RIS
link. Thus, h; ~ CN (0, 8,03y). We note that 3, and 3, are
proportional to the area of the reflecting element [22].

2) NLoS-NLoS Model: In this model, the BS-RIS channels
undergo Rayleigh fading. Then, v ~ CN (0, 5,R). Further-
more, v; and u; are independent since the BS and the UE are
far apart [22]. Thus, E [h;] = 0 and Var[h;] = (3,0, for all
ie{l,...,N}.

A. Training Scheme

The proposed training scheme is shown in Figure 1(b).
A coherence block of length 7, symbols consists of the
following two phases.

1) Uplink Training Phase: The UE transmits T,"" pilots in
the uplink with transmit power pi-. Let ) (k) be the pilot
symbol in the k' transmission. Without loss of generality,
at (k) = 1 for all k € {1,...,TY"}. Then, the received
signal vector ygL at the BS is given by

yo- =/p@"h +n"". (D
Here, ®Y- ¢ CT}H XN is the reflection coefficient matrix of the
RIS during uplink training and nV* ~ CA/ (0, O'QITPUL is the
additive white Gaussian noise (AWGN) at the BS. We choose
&Y such that (V)" UL = TUMy and [@Y- (i, )) |2 =
1forallie {1,..., 7Y} and j € {1,..., N'}. These require-
ments are fulfilled when ®U is constructed by taking, for
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example, N columns of a DFT matrix or a Hadamard matrix
of size T x TF“. This decorrelates the noise components
in the observations corresponding to each of the cascaded
channels [6], [24].

From ygl‘, the BS estimates h. Let the estimate of h; be

. - R . 1T
h; and let h = [hl, .. .,hN} . The BS then configures the

reflection coefficients of the RIS elements as a function of h
such that the effective channel strength is maximized. Thus,
it sets the reflection coefficient ¢; of the i*" reflecting element
as [8]

$i = eI4M. @

2) Downlink Training and Data Transmission Phase: After
configuring the RIS in the uplink training phase, the BS
transmits T pilots followed by Tp" data symbols in the
downlink with powers pP and pg*, respectively. The received
pilot signal vector yP" at the UE is

Yoo = /rRg(h)x)" + 3)

DL TP 1 pL\H _pDL _
p €C p) Xp =

T[PL, nEL ~CN (0, 0'21’1';PL) denotes the AWGN vector at the

~

where the pilot vector x satisfies (x

UE during pilot reception, and g(h) is the effective channel
gain between the BS and UE. It is given by

N
g(h) = quihi- 4)
i=1

Notice that g(ﬁ) is affected by the noise in the uplink training
phase.

The received data signal yX (k) at the UE when the &}
data symbol zD (k) is transmitted is

Yo (k) = /PR g(h)aD (k) + nBv (k). 5)

Here, ni" (k) ~ CN (0,0?) is AWGN and E [|2D" (k) |*] =
1 for all k. R
From yD, the UE estimates g(h). Let its estimate be

~ ~

denoted by g(h). Then, the UE employs g(h) to coherently

demodulate z2 (k) from y2¥ (k). Thus, g(h) is affected by
the noise in the uplink and downlink training phases.

B. Problem Formulation

Our aim is to optimize the number of training symbols and
the transmit powers during training and data transmission to
maximize the ergodic rate, subject to the following constraints.

1) UE Energy Budget Constraint: The energy consumed
by the UE during the uplink training in a coherence block is
limited to Eyg. Thus, ngTSJL = FyE.

2) BS Energy Budget Constraint: The total energy consumed
by the BS during the downlink training and data transmission
phases in a coherence block is FEps. It can be written as
pRETPL = aFgg and pELTFPL = (1 — «) Eps. Here, the
energy allocation factor o € [0,1] is fraction of energy spent
on downlink data transmission and is a parameter that we shall
optimize.
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Note: The above formulation does not combine the energy
budgets of the UE and the BS. This acknowledges the fact that
the energy expended on the uplink is by an energy-constrained
UE, while that on the downlink is by the BS, which is not
as constrained because it is often connected to the power
grid. A single total energy budget is a special case of this
formulation.

Additionally, the uplink and downlink training and the data
transmission must occur within the coherence interval. Let
C (a, TY%, TP) denote the ergodic rate. Then, the ergodic
rate-maximization problem can be formulated as follows:

: C YL DL 6
P aG[O,l],ﬁ}LaZXN,TIPLZ1 { (O" p o7p )}7 (6)
S.t. ngT;jL _ EUE, (7)

peTy" = aFEgs, )

P Tyt = (1—a) Egs,  (9)
TN+ TP + TV = Te. (10)

III. OPTIMAL SOLUTION

We first derive in Section III-A a tractable lower bound for
C (a, T%, TP"), which accounts for the channel estimation
errors in both uplink and downlink training phases, assuming
that g(h) is a Gaussian RV. Next, in Section III-B, we derive
closed-form expressions for the mean and the variance of

g(h). In Section III-C, we prove that g(h) is asymptotically
Gaussian as N increases. In Section III-D, we solve Py.

A. Tractable Lower Bound on C (a, T[,UL, TPDL)

~ ~

Let ge(h) be the estimation error in estimating g(h). Thus,

ge(h) = g(i’\l) - /g\(i’\l) Then, we can rewrite the received

downlink data signal in (5) as

P5"ge(h)zg" (k) + ng" (k).

(1D
Consider the downlink pilot signal in (3). Let Q}EL =
(XEL)H v/ ( pI?LTI?L). Assuming that g(h) is a Gaussian

~

v~ (k) = \/pd-g(h)ag" (k) +

RV, the minimum mean square error (MMSE) estimate g(h)

~

of g(h) is given by [25, Ch. 12.3]
co [o). ]
Var [PV ]

Cov [g(h), 55"
o Var[]

i(h) = R+ E [g(h)]

E[5"]-

Let E [g(ﬂ)} = pg and Var [g(ﬂ)} = 0. We can show that
Cov [g(h), G| = o2, Var [§P4] = 02 + 02/ (pP-TP), and
E [g5%] = pg- Substituting these expressions in (12) yields

(12)

2 2
) = — g+ [ 1= 2 |y (13)
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Since ﬁ(fl) is an MMSE estimate of g(lAl),
we know that E[ge(h)@(h)} = 0 [26]. Furthermore,

E [deL (k) g& (fl)ﬁ]\(ﬁ)} = 0 since z}* (k) is independent of
ge(h). Let 2P- (k) ~ CA (0,1). Then, C (o, TYV, TPY) can
be lower bounded as [26], [27]:
C (o, T)", TV
> Cip (oI5, TY")
PR a(h)P
ARE [lge(B)21g(R)] + o2

(14)

where the expectation is over ’g\(ﬂ) The above expression
arises when the term +/pl ge(h) L (k) + nt (k) in (11)
is treated as the effective noise, wh1ch is uncorrelated with
the first term given g(h).

Henceforth, we focus on the case where 7)™ > 1 since the

data rate in (14) scales linearly with TPb.

To further simplify (14), we compute E [|ge(ﬂ) |2 \’g\(ﬁ)} and
E “?]\(E)P} in closed-form below.
Lemma 1: E[\ge( )?|g(h ] = 0.0 2/(p DLTPLo? + o).

~ 2 2
And. B [[§(0)[2] = 02 — oo + gl
P P g
Proof: The proof is given in Appendix A. [ |
Applying Lemma 1 in (14) and simplifying yields
)

TDL R N
Cup (o TP TPY) = ~S-F [10g; (1 + SNRe[Goorm (B)
C

(15)
2
where |§norm(h) \ /( — m‘ﬂlhﬂ )
and
DLTDL 2 (52 4 4 oPLi 1262
SNR.; 2 Pd p ( l1g] ) pd- ligl®o . (16)

%07+ TP + o
Since E {|§nmm(fl)|2} = 1, which follows from Lemma 1,

SNR,¢ can be interpreted as the effective SNR in the downlink.
It is a function of TpUL, TP?L, and «.

B. Expressions for Mean (1, and Variance 03 of g(lAl)

Let ot = [@ ()] " yit / (\/oSM T ). Let s be the
LMMSE estimate of h;. Then, as in (12), lAzl is given by
7 /Buﬁv ~
hi = ———— . (17)
Bufv + PULTTC

Substituting the simplified expression for pr from (1) and
rearranging, we get

hi = yhi + €, (18)
where v = GA/(Bb+ ) and @ =
v [® (:, 1) ] n"/ (, /ngTI}JL). Note that ¢ and

€, are uncorrelated for all ¢+ # k. This is because

9423

—_
o
o

NMSE in the approximation of g(h)
>
A

-©-NLoS-NLoS model
—4--L0S-NLoS model

0 5 10 15 20 25 30
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Fig. 2. Normalized MSE of approximation of g(h) as a function of
EugfuBe/o? (N =64 x 8, dv =du = %, pu, = 36°, and e = 60°).

Eleet] = 2 (UL (i ] UL (. /<pUL (1) )
and the orthogonality of the columns of ®UL implies that
[@U (-,1)] " U (k) = 0 for i # k.

From the definition of ¢; in (2), we get

. h* yhY + €
G = = = (19)
\hil  |vhi + €l

We note that noise appears in both the numerator and the
denominator of (19), which makes the derivation of pg and
o'g intractable. To get a tractable expression for gZA)i, we use the
following approximation, which is motivated by considering
the high SNR regime during the uplink training phase. In this
regime, v — 1 and ¢; — 0. Then,

kit €

bi ]
We shall assess its accuracy in the low SNR regime below
and also in Section V. Substituting (20) in the expression for
g( ) in (4) and rearranging terms yield

(20)

N
g(h) = > (v|hi| + e;e? M) . 1)
i=1
An alternate approximation can be obtained by substituting
~ = 1 in the numerator as well as the denominator of (19).
However, it is less accurate.
1) Accuracy of Approximation: In Figure 2, we plot the

MSE E hiter N oihl 4 ereihi) |
Zz 1 Tyhiteih] i = it (Yhal + el M)

between the unapproximated effective channel gain

g(h) DO %h obtained by substituting (19)

in (4), and its approximation in (21) as a function of
EUE/BU/BV/O'Q for the two channel models. It is normalized

by E |:‘ Zz 1 %
value of the unapproximated g(fl) The simulation is done
for N = 512 and (8,0y/0?) = 0 dB. The expectations
are computed numerically by Monte Carlo simulations
for 5 x 10* uplink noise samples and fading states. The
normalized MSE (NMSE) decreases as Fyg increases for

both channel models. It is less than 10% when Eyg(.0,/ o?
is as small as 5 dB for both models.

2
}, which is the mean square
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9424

[ ]
dy 11 T8
2 13 |4 lld
2d d

Fig. 3. Illustration of an RIS plane that shows indexing of reflecting elements
and their inter-element distance (N =4 X 4).

2) Expressions:
channel models.

Lemma 2: For the LoS-NLoS model, 1, and ag are given
by

We now derive 11, and o for the two

(22a)

_gN’Y\/ﬂuﬁvv
T g 11
— TS AAF (2,2; 1RG4

=1 k=1

pULTI}JL Z Buﬁv; (22b)

where F (.;.;.) is the hypergeometric function [28, Ch. 15].
For the NLoS-NLoS model, the corresponding expressions are

ungz\wm,
o§=” 222@,@{ ( ,_1,1,[3@,@]2)]2

(23a)

i=1 k=1
2 2 2
o T Ar2.2
N————m — —N 0Oy 23b
+ LTI T G ¥ BB (23b)
Proof: The proof is given in Appendix B. ]

C. Asymptotic Gaussianity of g(ﬂ)

For ease of exposition, we focus on dy = dy = d. A similar,
but more involved, proof also holds for dy # dy. Let the ith
summand of g(h) in (21) be denoted by x;. Then,

Xi = ’Y|hi| + Ejejéhi'

Let d;, be the distance between the points
(mod (i — 1, Nu)d, [(i —1)/Nu|d) and (mod(k — 1, Ny)
d, | (k —1)/Nu] d) in the RIS plane. These points correspond
to the left-bottom corners of the i*® and the k" RIS elements.
For example, d; 11 is shown in Figure 3.

The normalized correlation coefficient between y; and X
is defined as

(24)

oy Elaoxg] —E DGl E X 25
p (Xis Xk) = Vo Ve ] (25)

Let
Psup (1) = sup {Jp (1 xe) [} (26)

n

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 23, NO. 8, AUGUST 2024

where sup {.} denotes the supremum and S,, is the set of
indices of the RIS elements that satisfy d;j, > nd. For
example, in Figure 3, So = {3,4,7,8,...,16}. Thus, when
psup (1) = 0, p(x1,xk) — 0 for all k € S,.

Definition [23]: A sequence {Xi}il\il is said to be p-
mixing when 1, ..., xn are asymptotically independent, i.e.,
Psup (1) — 0 as n — oo.

We now derive the expressions for pp (1).

Lemma 3: Let ig, be the index of an RIS element such that
psup (N) = |p (X1, Xin,) |- Then, pp (n) for the LoS-NLoS
and NLoS-NLoS models is given by

Psup (1)
w60y | F (~3, 351 (R (1Lip))”) — 1]
R
B for LoS NLoS model, (27a)
= 728, By H]—'(—, 2,1,[R(17isup)]2)r_1:|
16 (Ao — B2 + ) ’
for NLOS NLoS model. (27b)

Proof: The proof is given in Appendix C. [ ]
Using Lemma 3, we now prove that the sequence {Xi}f\il
is p-mixing.

Lemma 4: The sequence {XL}qj\il is p-mixing when N —

0.

Proof: The proof is given in Appendix D. [ ]
From [23, Th. 0], the sum of a p-mixing
sequence .., x; becomes a Gaussian RV as

n — oo when the following three conditions hold:
(@) Varlx;] < oo, (b) lim,_,oo Var[} i, xi] — oo,
and (¢) Y77 psup (2) < o0. Lemma 4 leads to the following
key theorem.
Theorem 1: g(h)
RV as N — oc.
Proof: The proof is given in Appendix E. [ ]
Note that the real and imaginary parts of g(h) = Ziv Xi
are independent. This is because the real and imaginary parts
of x; are independent since h; and ¢; are independent of each
other and both are circularly symmetric.
1) Numerical Assessment: We first
NLoS-NLoS model. Let E R [g(ﬂ)“ =  UR

Var [§R [ (IAl)u = o%. When R g(ﬁ)} is Gaussian, we know

that F%[ @] @ ) = 1-Q((x — ur)/or), where Q(.) is

the Gaussian-() function. Figures 4(a) and 4(b) compare

Q! (1 — Fyymy (x)) (denoted by Numerical CDFg) with
(r — pr)/or (denoted by GaussianCDFR) for two values
of N. Here, Fy, ()] (z), pr, and og are determined
numerically from Monte Carlo simulations.
Q" (1= Fygyi) (@)
the more Gaussian the distribution is. This method is referred
to as the Gaussian probability paper test [29, Ch. 6]. We see

N .
> ;=1 Xi becomes a complex Gaussian

consider the
and

The closer
is to the straight line (z — ur)/oR,
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Fig. 4. CDF of real and imaginary parts of g(ﬁ) on Gaussian probability

paper for two values of N (d = 1/4).

that as N increases, the two curves are closer to each other
over a wider range.

The corresponding results for < g(fl) are  shown
in Figures 4(c) and 4(d). In them, we compare
Q! (1 Fyyiy (@) (denoted by  Numerical CDFy)
with  (z — p1)/o1  (denoted by GaussianCDFy).
E{%[g(ﬁ)]] = u and Var {%[g(ﬂ)]l = of. We see
that NumericalCDF; converges to aussianCDF; even
for sAmall values of N. This follows from (21) because
S[g(h)] = SN, S [ere?“™], and h; and ¢; are independent
of each other and both are circularly symmetric. Thus,
Figure 4 shows that Theorem 1 can be applied even for small
N. Similar results arise for the LoS-NLoS model. We skip
them to conserve space.

Here,

D. Optimal Training Durations and Transmit Powers

We first find the optimal power allocation factor as a
function of TPL.
Lemma 5: Given TP, the optimal value o* (T7") of « is

given by

o (TPY) = ¢ (TPY) — \JC (TP [¢ (1Y) — ], (28)
where
EBSO'Q + 0'2 TDL
TDL _ g d 29
C(d ) EBSJS T(PL*17 ( )
o EBSUS (0'; + |:ug‘2) + ‘Ug|20'2 (30)
Egso? (02 + |ug?)
Proof: The proof is given in Appendix F. ]
Substituting " = o* (TPY) Eps/Ty", pRTP"

[1—o* (TP")] Eps, and the expression of a* (TDL)
from (28) in (15) yields

DL UL DL
Ci (O‘* (Td ) Iy T )
DL ~ . F (02 + |2)
d ~ 2 LBS 0y T |Hyg
= E (1 1 worm (D) [ ———————~
Tc Og2 < + |g O] ( )| 0_2 (Tc]l)L _ 1)
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€1y

< Ve - e - })] .

We prove the following monotonicity property of
Cip (a* (TPV), TV, TPV,

Theorem 2: Cig (a* (T(?L) ,TIPL, TIPL) is a monotonically
increasing function of 7Pt

Proof: The proof is given in Appendix G. [ ]

This can be explained as follows. When TLPL decreases, the
uplink channel estimates become less accurate, due to which
the effective channel strength and SNR.¢ decrease. However,
this decrease is within a logarithmic term. On the other hand,
the increase in TPV is in a pre-log factor in (15), which
dominates. The same logic applies to T ",

It follows from Theorem 2 that the optimal uplink training
duration T, -, and the optimal downlink training duration T,
are given by

TUL

DL
popt = AV and T} 1,

popt = (32)

as these are the minimum number of pilots required to estimate
N cascaded channel gains in the uplink and a single effective
channel gain in the downlink, respectively. Then, TPt = T, —
N —1.
Corollary 1: The optimal value oy of the energy alloca-
tion factor is given by
FEgso 3 + o2
EBsU 5

where w = (I.-N-1)/(T.—N—-2) and v =

[EBso'ngO'z]w [EBso'ngO'z]w EBSUS(J§+|pg\2)+\pg|202 =
EBsO'2 EBsO'2 - : ur-

-, (33)

Qlopt =

Egso2 (o 2+|Mg\2)

thermore, the optimal uplmk pilot power pp opt> the optimal
downlink pilot power pp,opt, and the optimal downlink data
power ppe, are given by

E
Poon = (34)
E Epso? + o
DL BS g
= — 35
pd,OPt Tc —_N—-1 ( EBSO'E w ¢ ) ( )
(1o Bt (36)
= - w .
Pp,opt BS EBSU_g
Proof: Equation (33) follows from (28). Simi-

larly, (34), (35), and (36) follow from the constraints in (7), (8),
and (9). |

IV. IMPACT OF CASCADED CHANNEL GROUPING

In grouping, the NN reflecting elements are divided into K
groups. Each group contains N/K elements. We assume N/ K
to be an integer. All the elements in a group use the same
reflection coefficient [15]. The training and data transmission
phases are now as follows.

A. Uplink Channel Estimation and RIS Configuration
The UE sends 7T, > K pilots in the uplink with power

py". Then, as in (1), the received pilot vector at the BS is
given by

pL®G[G1,...,Gk]" +ng. (37)
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Here, ®¢ is a T x K matrix, Gy = 7, hi is the effective
cascaded channel gain of the k" group, Cj, is the set of indices
of the reflecting elements that belong to the k' group, and
ng ~ CN (0,0%Ix) is AWGN. As before, (<I>G)H d; =
TyM i and |® (i, k) | = 1. It can be constructed by choosing
K columns of a DFT matrix or a Hadamard matrix of size
TUL x TUL,

We assume that Gy, ...,
is reasonable for large N. Then, E [G}]

G are statistically identical. This
= 0. Let 0g2rp =

Var (G| = Zieck Zi,eckE[hihj]. For any 1 < k < K,
we can show that
Ugrp
> > BuwivjiR(i, 1), for LoS-NLoS model,  (38)
1€Cx i’ €Ck
Z Z BuBy [R(i,7))°, for NLoS-NLoS model. (39)
1€Ck i’ €Cy,

As in (12), we can find the LMMSE estimate CAv'k of G}, from
Jo.k = [®c (:, k)] HYG/( PPt T
Y6 = crgrp / O'grp + T;u) Substituting the expression for
Y, and simplifying ylefds

) as ék = YG¥c,k, Where

Gy, = 16Ck + €G, k> (40)
where e 1 = 76 [P (;, nc,/(1 / ULTUL The BS now

sets the reflection coefﬁments of all the elements in group k
as ¢ = e/4C1, and the effective channel gain is given as

Z oeGr = Z 4Giay,

k=1
Gr,....Gx|
during the uplink training phase.

(41)

where G = . It is a function of the noise

B. Optimal Training Durations and o

We focus on the LoS-NLoS model. The derivation of
the mean and the variance of g(G) is intractable for the
NLoS-NLoS model because the correlation coefficient for the
envelopes among the effective channels of the groups are not
known to the best of our knowledge. For the LoS-NLoS model,

we have Gy, ~ CN (0,0 ) forall k € {1,...,K}. As in
Section III-B, ¢, ~ (v6Gk + €c.k) /|Gl Substituting this
in (41) and simplifying yields the following expression of
9(G):
~ K
9(G) =~ Z (76|Gk| + eakejéak) . (42)
k=1
This leads to the following result about the mean and the
variance of g(G).
Lemma 6: The mean and the variance of g(CA-‘r) with group-
ing are given by

2
Ugrp

E[9(&)] = V7K 430
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_1 _1. 1: [ZiECk Zi’eck, 6uUiU;R(i, i/)
27 3

2
Ogp

2 2
GO
UL7UL
Py Ty

LK - TK*07 (43b)

grp*

Proof: The proof is given in Appendix H. [ ]

Substituting (43a) and (43b) in (12) gives the linear esti-
mator for g(G). We can prove the asymptotic Gaussianity
of g(G) for sufficiently large K in a manner similar to
Section III-C. We skip the details to conserve space. With
grouping, the same expression for the achievable rate in (31)
applies except that p, and 05 are as given in (43a) and (43b),
respectively. Similar to Theorem 2, we can prove that the
achievable rate is an increasing function of T(?L. Therefore,
the optimal uplink and downlink training durations are

)M = K and TY" = (44)

Substituting TPY = T, — K — 1 in (28) yields the expression
for the optimal «.

Since K < N, the rate-maximizing uplink training duration
is smaller than that without grouping. Thus, more time is
available for data transmission. However, as the number of
elements per group N / K increases, the SNR in the down-
link decreases since |g(G )|2 decreases. This is because of a
decrease in the degrees of freedom available for combining
the multiple reflected paths constructively.

V. NUMERICAL RESULTS

We quantify the dependence of the rate Cig (v, Ty'", T%),
the optimal downlink pilot and data powers, and the extent
of grouping on various system parameters and the training
overhead. We consider the uniform planar array configuration
for the RIS. We set dy = dy = d = 1/4, ¢,, = 36°, and
@1 = 60°. For d = 1/4, we set 3,4,/0% = 0 dB.

The analytical curves for the achievable rate are obtained
from (31), with the outer expectation being computed numer-
ically. They are compared with the value measured from
Monte Carlo simulations. In the simulations, q@z is computed as
per (2) (without any high SNR approximation), y, and 02 are
measured numerically from (4), and then the rate is computed
as per (15) for a fixed a. Then, the rate-maximizing « is
determined numerically by a bisection search method.

We benchmark the optimal power allocation in Section III-D
with the following schemes:

o Equal Power Allocation (EPA): The BS employs equal
power for the downlink data and the pilot transmis-
sions, i.e., po~ = pg~ = Eps/(T. — N) [26]. Here,
TPL and « are determined numerically to maximize
CLB( TUL TDL)

. On/oﬁ‘—Based Scheme: The RIS elements are turned on
sequentially one by one during the uplink training.
This scheme is employed in [7] and [8]. Then, we get
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Fig. 5. Rate as a function of EygBu8v/ o2 for the two channel models

(N =64 x 8, EgsBufy/0? =10 dB, T. = 800, and no grouping).

2

v = ﬁuﬁv/ (ﬁuﬁv + ﬁ) and € = ’YnUL (z)/ ng.
We substitute these two expressions in (18). The rate is
computed numerically from (15).

o Genie-Aided Scheme: g(h) is assumed to be perfectly
known to the UE and the entire BS energy is used for
the downlink data transmission. This assumption is made
in [8]. Then, from (5), the rate can be shown to be equal
o TME, 5, [1og2 (1 + pPg(h)? /02)] /T, which we
compute numerically.

Figure 5 compares the rates of the optimal scheme,
EPA, on/off-based scheme, and genie-aided scheme for the
LoS-NLoS model in Figure 5(a) and for the NLoS-NLoS
model in Figure 5(b). For a given Fyg, the accuracy of the
uplink estimates in the on/off-based scheme is lower compared
to DFT-based training. And, EPA requires a larger training
duration in the downlink than the optimal scheme, which
reduces the available time for data transmission. Hence, the
optimal scheme outperforms the on/off-based scheme and
EPA. The rate of the genie-aided scheme serves as an upper
bound because all the BS energy is spent on data transmission
and the channel estimate in the downlink is assumed to
be noise-free. As FEyg increases, the rates of all schemes
increase because the channel estimates at the BS become
more accurate. The gap between the analysis and simulation
curves of the optimal scheme decreases as Eyg increases and
becomes negligible for FEygf3,0y /02 > 10 dB. For small
Eyg, the analytical expression lower bounds the numerical
value. Similarly, as Epg increases, the rate increases since the
accuracy of the downlink channel gain estimate increases and
so does the effective SNR. We do not show the dependence of
the rate on Epg to avoid clutter. The trends are qualitatively
similar. Due to the deterministic nature of the BS-RIS link, the
LoS-NLoS model achieves a higher rate than the NLoS-NLoS
model.

The impact of grouping of the RIS elements on the rate
is shown for the LoS-NLoS model in Figure 6(a) and for
the NLoS-NLoS model in Figure 6(b). As K/N increases,
the rate initially increases because fewer elements per group
leads to an increase in the SNR. Then, the rate peaks and
decreases thereafter. This is because the increase in the training
overhead counteracts the increase in the SNR. The rate that
the optimum grouping size achieves is 230% of that without
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d=1/4, T, = 800, and LoS-NLoS model).

grouping (K{/N = 1). The trends are qualitatively similar
for the two models. Figure 6(a) also plots the analytical
results. They match match well with the simulation results
for K/N > 0.03. For smaller K /N, there is a gap between
the two because g(h) does not contain sufficiently many terms
for the Gaussian approximation to be accurate.

Figure 7 plots the rate as a function of K/N for differ-
ent distances between the RIS elements. We see that as d
increases, the rate increases for all values of K/N. This is
because the pathloss (3,3, is proportional to d* [22]. This
dominates the decrease in the rate due to the decrease in
the spatial correlation. The optimal group size turns out to
be insensitive to d except when d is very small.

Figure 8 plots the normalized downlink pilot and data
powers pP Gufy/0? and pg{;ptﬂuﬁv /o? as a function of T, for
two values of N. For both N, we see that substantially more
power is allocated to the downlink pilots than the data. The
data power is insensitive to both 7}, and IV because much more
time is available for data transmission compared to downlink
training, which needs only 1 symbol duration. Furthermore,
as N increases, both TP" and Egps decrease. Since T is
fixed, a smaller power is allocated during training because of
which pgl(;pt decreases as N increases.

In Figure 9, we study the impact of the training overhead
on the rate. We plot the rate as a function of the number of
downlink training symbols for different numbers of the uplink
training symbols. For a given T>", as T)'" increases from its
optimal value of 256, the rate decreases. When TPUL increases,
the uplink channel estimates become more accurate and the
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effective SNR SNR. in (15) increases. However, this increase
is within a logarithmic term, while the decrease in the data
duration due to the increased training overhead is in a pre-
log factor. The latter dominates. Similarly, for a given T3\,
as TP?L increases from its optimal value 1, the rate decreases.
This validates the optimality of the result in (32).

VI. CONCLUSION

We studied a training scheme for an RIS-aided TDD system,
in which both BS and UE estimated the channel gains. We did
so for two scenarios. While sufficient number of uplink pilots
were employed to estimate the cascaded channel gains in the
first scenario, fewer pilots were sent in the second scenario
that used cascaded channel grouping. We characterized the
effective downlink channel gain through the RIS in the pres-
ence of the channel estimation errors. For both LoS-NLoS and
NLoS-NLoS channel models, we saw that it had a Gaussian
distribution even in the presence of spatial correlation (due to
closely-spaced RIS elements) and channel estimation errors.
Following this, we derived a novel lower bound on the achiev-
able rate that accounted for the cumulative impact of the uplink
and downlink channel estimation errors on the RIS phase-
shift configuration and data demodulation. The closed-form
expressions for the optimal pilot durations and transmit powers
that maximized the achievable rate under energy constraints
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at the BS and UE brought out the importance of boosting the
pilot powers relative to the data power.

The proposed scheme achieved a larger rate compared to
equal power allocation and the on/off-based scheme. Grouping
led to a higher rate as it incurred a lower optimal training
overhead and exploited spatial correlation. Extending this
study to other spatial correlation models and fading models,
such as Rician fading, is an interesting avenue for future
work. Another avenue is analyzing the impact of channel
estimation errors on multiple antenna, multi-user RIS systems
and systems with active RISs.

APPENDIX
A. Brief Proof of Lemma 1
Since §(}A1) and ge(ﬁ) are independent, E [\ge(fl)\2|§(ﬁ) =
E {|ge(A)|2} From [25, Ch. 12.3], we have E {|ge(f1)|2 =

Var {g — |Cov {g h), QEL} |2 /Var [g2%]. Substituting the
expressions for each term from Section III-A and simplifying

yields E [\ge( } =0 02/(pDLTDLU +0?).
From g(h) g(h) + ge(h), we get Var [@\( }
is unbiased, E [ 1?1)} =

03 —E [|ge } Since g(h
sfom)] | - ;-

Then, E [|§(h)| } = Var [fq\(h)} +

og_0 2
oTtor ez T |kgl™
B. Proof of Lemma 2

Taking expectation on both sides of (21) yields
N

g = (VE[hi]] + E [efe?“"]) = yNE[|ha]] .

i=1

(45)
The second equality follows because hi,...,hy are identi-

cally distributed, and, from Section III-B, ¢; is independent of
h; and is zero mean. Similarly, we can show that

N N
o3 =33 (PElAlIb] + Bl E [/ <h=m)])

i=1 k=1
- |/~Lg|2
N 22
o 2
[vil log [V B [Ju] [u]] + N —grgr — gl
% AT

(46)
Here, the second equality follows because |h;| = |v;||u;| and

v; and u; are independent. Furthermore, E [¢f¢j,] = 0 for i # k
and E [|¢;]*] = v%0?/ (oS TY").

We now derive E [|h;|] and E [|h;||hg|] for the LoS-NLoS
and NLoS-NLoS models.

a) LoS-NLoS Model: In it, |h] is a Rayleigh RV with mean
V7 Bufy/2 [30, Ch. 1]. Substituting this in (45) yields (22a).

From Section II, we get E [|v;||vg|] = By and E [u;uf] =
BuR (3, k). Then, from the expression for the correlation coef-
ficient for Rayleigh envelopes in [30, Sec. 1.3], we get

Bl = T47 (~5. -3 LRGOF). @
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Hence, E [|hlhel] = 55,4 (~3,—5; i [R (i, K)]*). Sub-
stituting this along with the expression for u, from (22a)
in (46) yields (22b).

b) NLoS-NLoS Model: In it, are Rayleigh
RVs with means /703,/2 and /7(3,/2, respectively. Hence,
E [|h1]] = mv/BvBu/4. Substituting this in (45) yields (23a).

As above we can show that IE|v;||vg]]
T0.F (-3 -5 LIRGEK]?)  and  EfJuiug) =
IBF (-3, -5 LR ,k)]?). Thus,

772 1 1 2 2

E ; = 7L MvMu _7a_7;1; .7 .

Il = 3o [ 7 (-3, 3o R 1)

Substituting this and p, from (23a) in (46) yields (23b).

C. Proof of Lemma 3

From Section III-B, we have E [eimp} = El[¢] = 0,
E [ef€i,,] = 0, and e and ¢;,, are independent of hy and
hi,,- This combined with the expression for y; in (24) imply

Baxi,] = 7B [l nd Bba) =[x,
YE [|1]]. Furthermore, Var[x1] = 72E [|h1|?] + E [|e1 ] —
Y?[E[|h1|] |* = Var [xi,,]. Substituting these in (25), we get

V?E [|halhiy, ] — Y*E[[ha]]]?
VE [|ha?] + E[lex|P] — 2 [Iha [][*

We now compute the terms in (48) for the LoS-NLoS and
NLoS-NLoS models.

a) LoS-NLoS Model: The expression for E [|h1]|h;,|]
is given in Appendix B. Substituting this along with
E[h] = V7Buby/2, E[|h1|2] = fBufy, and ]E[‘El‘z]

202/ (pELTEL) in (48) and simplifying yields (27a).

b) NLoS-NLoS Model: Substituting the expression for
E [|h1]|hi,,|] from Appendix B, E[[h1]] = mv/BuBi/4,
E |h1|2] = [ufy, and E [|€1|2] = 7202/(,05LTPUL) in (48)
and simplifying yields (27b).

P (X15 Xiny) = (48)

D. Proof of Lemma 4

From the definition of iy, Wwe have, pgp(n)
|p (X1, Xiy,) |- From the definition of pyy (1) in (26), di 4,
nd. Hence, as n — oo, dy;,, — o0. Therefore, R(1, isp)
sine (2d1.4,,) — 0 and F (=5, 3 L [R (L)) —
Substituting this in (27a) and (27b), we get pgp (n) — 0 as
n — oo for both models.

vl

—_

E. Proof of Theorem I

1) LoS-NLoS Model: The three parts of the proof are as
follows.

a) Proof of Var[y;] < oo: From (24), Var[y,] =

VE 2] + E[|e)?] Y2[E[|R;[]|?.  Substituting
E [|hz|] = \/ ﬂ—ﬂuﬁv/2 “th] = ﬂuﬁva and
E[le?] = a?/(p LTUL) in the above expression,
we get
o? 7 BuBy 2
Var [x;] = (Buﬁv + ST T4 V<o (49)
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b) Proof of limy_, o, Var [Zf\il Xz} — oo: From (24),
this is equivalent to proving that limy_. 03 — 00. Since
F(-3%.-3:La) > 1 for x € [0,1], it follows from (22b)
that o7 > No?/(pg“TY"). From this, it is easy to see that
NJQ/(pULTUL) — oo as N — oo. Hence, limpy_, o 03 — 00.

¢) Proof of 3721 pup (2) < oco: F(—1,-1:1;2) is a
convex function that monotonically increases from 1 to 4/7
for x € [0,1] [28, Ch. 15]. Thus,

e SR
™

5 5 for x € [0,1].

(50)

This implies that F (=%, —1;1;2) <1+, for z € [0,1].
Thus, applying F (—1, %, 1; [R(l,isup)]2> < 1+
[R(1, isup)]2 in (27a) and simplifying yields

; 7BuBy [R (1, igup)]?
psup (2°) = 1P (X1, Xip) | < T
1(8u8, - B + 2 )
.9
sinc®(2dy ;
_ 7Bufy ( 1 sup) . 51)
4 (s — BB + o)
.9 1 1 -
We knowl Ehat sinc” (2dy4,,) < 7 - < Gy since
dlﬁimp > 2'd. Hence,
7 Wﬂ ﬂv 1
paup (2) < . (52)

T o i+12°
4 (ﬁuﬁv - ﬁiﬁv + pll)JL;pUL) 4 d

Since {1/47}:° | converges, we get

S )€ b () 4
Psup (27) < — () — < 00.
= BBy — e 4 Ad?) =4

UL TUL

(53)

As above, we can show that

2
us v
ULTUL - 16(3“5 7

2) NLoS-NLoS Model:
varlal = (BB +
Var {Zﬁl Xz} =02 > No?[(pf"T)") — oo as N — oo.

Applying F (- ,Qﬁﬂameﬁs1+ma%wF
in (27b) and simplifying yields

2
7r26uﬂv |:([R (17 Z.sup)}z + 1) — 1]

16 (ﬁuﬁv T2Pab T)

Simplifying (54) and upper bounding along lines similar
to (52), we can show that

Z Psup (2
i=1

< oo and

(54)

Psup (21) <

7 Bufy
T Buﬁv + ULTUL)

1%&@

1 1
(16d4 Z 6 o Z 4i> - 59
=1

Since both {1/16°};°, and {1/4'} converge, we get
Dot psup (27) < o0
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FE. Proof of Lemma 5

Substituting pg" = aFps/TP" from (8) and pPtT)% =
(1 — a) Eps from (9) in (16) yields

Egs (02 + |pgl? ak — a?
SNResr = 2(13DL o) < DL )7 (56)
o (Ty = 1) C(I7™) —a
where ¢ (T7") = 7E“;:S;a Tgﬁml and kK =
d
[Bso? (02 + ligl?) + 11g%0°] / Ensy (o2 + 1sg ).

By first order conditions, the optimal « satisfies
BSNRe“ = 0. Solving this equation yields a =
¢ T(PL + /C(TPY)[C(TPY) — k]. We now prove that
C(TPY) > &, Wthh implies that « is real. Since

(Epso? + %) (02 + 19l*) = Biasorg (o5 + lig|?) + 0%y
and TP"Egsos > (TP — 1) Egsos, it follows that
[TDLEBSJ ] (EBSJ +o ) (Ug + |1g] ) > (T(?L — 1)
x Egsoy (Essoy (00 + |igl?) + 02 |ugl?) - (57)
Rearranging the terms in (57) and substituting the definitions
of ¢ (TP") and k, we can show that ¢ (T}%) > k.

Furthermore, ¢ (TP%) —+/¢ (TPY) [ (TPY) — k] is the opti-
mal solution since « € [0, 1].

G. Proof of Theorem 2

a* (TdDL) 7TvUL TDL

We shall prove that 2 Ty Ca— ) > 0 for TPh > 1.
d

From (31), we get
(90]_]3 (Oé* (TCPL) ,TIPL, TIPL)
aTPr

|: T | Gnorm (ﬁ) > OSNRey :|
14-SNReit|Goom (h) 2 OT"

log (2) Tt
E [log (1 -+ SNReff|/g\norm(ﬁ)|2)}
log (2) T,
From the expression for SNR¢s in (31), we get
OSNR
aTP"
 B3od (o3 + gl?)
Egso20? (TR - 1)
Ve - VT ]
\/C TDL TDL) — K] (‘)TDL

2
+ [em - o =] B 03+ )

+

(58)

5
% 8TDL <EB50'20'2 TDL > ( 9)
DL
Substituting 8%L> = —¢(TP")/[TP™ (TP" — 1)], which
follows from the definition of ( (T(})L) in (30), and
) 1 _ 2
Tyt Egsoo? (T£L1)> B _1/ <EBSU‘302 (T(PL B 1) )
in (59) and rearranging terms yields
OSNR _ SNRegr | 1 ¢ (T(})L) 1 60)
oIt TP —1 TP\ c@Py =k |
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¢(7")

G T\ (TP =~

ing (60) in (58) and rearranging yields
dCis (a* (TPY), TY", TP )
aTPr
E [log (1 + SNRet[Goorn (B) ) |
log (2) T¢
~ 2
log (2) T,

From Appendix F, we know that ¢ (T(PL) -k > 0.
Hence, \/C (TPY) /(¢ (TPY) — k) > 1, from which we get
- P /[T TP — 8| < (TP - 1) /TP
Rearranging this inequality yields A (T(})L) < 1. Hence,

dCLp (a* (TPY) , TR, TPN)
oTP-
E [log (1 + SNRufghom ()|
= log (2) Tt
SRt Goorm () ]
L+ SNRet[Goorm () |
log (2) Tc
Applying log (1 + x) > x/(1 + x), for x > 0, in the above

ac * (DL, oL oL
LB(a (8dT(P?4 P ’7p ) > 0.

Let A(TPY) = A& {1 ~ } Substitut-

expression yields

H. Proof of Lemma 6

The net channel gains of all groups are statistically identical,
Elecx] = 0, and egy is independent of Gj. Therefore,
from (42), we get

K
)] =76 > ElGH]
k=1

Since Gy, ~ CN (O,Ug,p), substituing E [|G}|] =
in the above expression yields (43a).
From (25), the normalized correlation coefficient between
G} and Gy is given by
Diec,, 2irec,, VivyE [uiu]
p (Gk; Gk’) _ €Cx €Cy, ’

2
Ogrp

E[g(G = KcE(Gil). (62

o5y /2

(63)

where E [u;uf] = B,R(4,4'). As in Appendix B, we get

1 1

E (|G|, |Gr|] = 1 grp.7:< 5;1;/)2 (Gk,Gk/)) . (64)
Also, since E {EG’keak/} = 0 and E[legw[?] =
'yéaz/(pULTUL), we get

K K 20

Var [9(@)] =26 32 3_ ENG] 16w+ K i
k=1k/—1
- [e[s@]]" (65)

Substituting the expression for p (Gy, Gis) in (64) and then
in (65) along with (43a) yields (43b).
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