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Abstract—Mixed numerology is a new feature of the orthog-
onal frequency division multiplexing-based physical layer of 5G
new radio (NR). It enables 5G to serve diverse use cases and
services. However, the subcarriers of different numerologies,
despite being non-overlapping in frequency, interfere with each
other due to their different bandwidths and symbol durations.
We derive novel expressions for the fading-averaged INI power
at each subcarrier of a numerology in a wideband time-
varying channel. These expressions cover the general family of
numerologies of 5G NR, account for the guard band (which
is used to mitigate INI), and apply to line-of-sight (LoS) and
non-LoS channels. These lead to insightful expressions and tight
bounds for the bandwidth-averaged INI power. They reveal that
the INI power increases quadratically with the Doppler spread
of the channel and affects higher-rate modulation and coding
schemes.

I. INTRODUCTION

Fifth generation (5G) wireless systems have been de-
signed to provide unprecedented flexibility in supporting
services with diverse requirements. In order to enable this,
mixed numerology orthogonal frequency division multiplex-
ing (OFDM) has been chosen as the physical layer [1]. The
system bandwidth is divided into several non-overlapping
bandwidth parts, and each bandwidth part can be assigned
a different numerology.

Numerology specifies the subcarrier spacing, OFDM sym-
bol duration, and cyclic prefix. The numerology chosen for
a user depends upon the type of service and the frequency
band of operation. For example, users with high mobility or
stringent latency requirements use a larger subcarrier spacing.
A larger spacing also counters the phase noise at higher carrier
frequencies. On the other hand, a smaller subcarrier spacing
is suitable for users operating in highly dispersive channels.

However, subcarriers with different bandwidths interfere
with each other even though they are centered at different
frequencies [2]. This leads to inter-numerology interference
(INI) despite different physical resource blocks being assigned
to different users. This new aspect of 5G OFDM systems
causes an increase in the bit error rate (BER) and block
error rate (BLER) and even error floors. The variation of
the INI power across the subcarriers also affects the choice
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of subcarriers for reference signals [3]. While guard bands
between the numerologies can be introduced to reduce the
INI power, they reduce the spectral efficiency of the system.

A. Contributions and Comparison with Literature

In this paper, we develop a novel analysis of the INI powers
encountered by mixed numerology systems in time-varying
fading channels. We make the following contributions:
• We derive exact expressions for the fading-averaged INI

power at each subcarrier in wideband fading channels.
These general expressions apply to the family of nu-
merologies adopted by 5G new radio (NR) in which the
ratio of subcarrier bandwidths of the users is a power of
two (e.g., 2, 4, 8, and 16). They account for the guard
band, if present, and they apply to both line-of-sight
(LoS) and non-LoS (NLoS) channels.

• We derive insightful expressions for the bandwidth-
averaged INI power, which measures the INI power
averaged across the subcarriers. Using these expressions,
we derive novel and tight lower and upper bounds for the
bandwidth-averaged INI power that show that it increases
quadratically with the Doppler spread.

• Our numerical results using the tapped delay line (TDL)
LoS and NLoS channel models specified in the 5G
standard show that the INI due to numerologies with
smaller or larger subcarrier spacings exhibits fundamen-
tally different non-oscillatory and oscillatory behaviors.
They reveal that the INI power is sufficiently large to
affect the BLERs of modulation and coding schemes
(MCSs) of 5G NR that use 64-QAM and 256-QAM [4,
Table 5.1.3.1].

Literature and Comparisons: In [2], a spectrally efficient
approach of allocating a guard band in mixed numerology
systems is proposed. In [5], a resource allocation policy is pro-
posed to minimize the inter-slice interference when network
slicing is used. In [6], inter-slice/service-band-interference
cancellation algrithms are proposed. In [7], closed-form ex-
pressions for INI are derived for a universal filtered multi-
carrier based mixed numerology system for an additive white
Gaussian noise (AWGN) channel. These expressions are used
to determine the numerology and to allocate time-frequency
resources to users in [8]. In [9], the power allocation and
numerology are jointly selected for the uplink.

However, time-varying fading channels, which occur in
many deployments, are not considered in [2], [5], [7]–[9].
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Fig. 1. Illustration of inter-numerology interference in a mixed numerology
OFDM system (b2 = 2b1).

In [10], a block fading channel model is assumed, while
in [3], a deterministic channel is assumed. These models do
not capture the effect of Doppler spread. While [11] studies
the factors that affect INI, it presents only simulation results
for an AWGN channel.

B. Outline and Notation
The paper is organized as follows. In Section II, we present

the system model. In Section III, we analyze INI in wideband
time-varying fading channels. In Section IV, we derive bounds
for the bandwidth-averaged INI power. Numerical results are
presented in Section V. Our conclusions follow in Section VI.

Notation: The conjugate of a complex number z is denoted
by z∗. Expectation is denoted by E[·]. We denote the sequence
X0, X1, . . . , XK−1 by {Xk}K−1

k=0 .

II. SYSTEM MODEL

Consider an OFDM downlink system with two users. User i
is assigned a bandwidth part with numerology i. In the family
of numerologies adopted in 5G NR, we have

b2 = 2µb1 and NCP
2 = NCP

1 /2µ, (1)

where bi and NCP
i are the subcarrier spacing and cyclic

prefix length, respectively, of numerology i, and µ is a
positive integer. Without loss of generality, numerology 1 has
a narrower subcarrier spacing. This analysis easily generalizes
to the case of more than two users since the INI powers add
up.

The nth time-sample of the transmitted signal is given by

s (n) =
√
P1s

(1) (n) +
√
P2s

(2) (n) , (2)

where s(i) (n) is the signal for the user with numerology i,
which has Zi contiguous subcarriers and transmit power Pi.

For numerology i, s(i)(n) is given by

s(i) (n) =
1√
Zi

Zi−1∑
u=0

∞∑
v=−∞

x(i)
u,vg

(i)
(
n− vN tot

i

)
× exp

(
j

2π

Ni
(u+Oi)

(
n−NCP

i − vN tot
i

))
, (3)

where, for numerology i, x(i)
u,v is the symbol transmitted over

subcarrier u of OFDM symbol v, N tot
i is the OFDM symbol

duration, and Oi is the frequency offset. Also, E
[
|x(i)
u,v|2

]
=

1 and N tot
i = Ni + NCP

i , where Ni is the discrete Fourier
transform (DFT) length. The transmit window g(i) (n) is 1,
for 0 ≤ n < N tot

i , and is 0, otherwise.

The nth time-sample of the received signal y(i) (n) of the
user with numerology i is given by

y(i) (n) =

L−1∑
l=0

h
(i)
l (n) s(n− l) + ω(i) (n) , (4)

where
{
h

(i)
l (n)

}L−1

l=0
are the time-domain channel taps of

the user with numerology i. They are zero-mean, wide-sense
stationary, and uncorrelated [13, Ch. 3]. And, ω(i) (n) is
AWGN noise with variance σ2. The auto-correlation r(i)

l (w)
of the lth channel tap is defined as

r
(i)
l (w) , E

[
h

(i)
l (n+ w)

(
h

(i)
l (n)

)∗]
. (5)

For example, for the classical Jakes’ fading model, we have
r

(i)
l (w) = r

(i)
l (0) J0(2πfdwTsamp), where J0(·) is the zeroth-

order Bessel function of the first kind, fd is the Doppler
spread, and Tsamp is the sampling duration [14]. Without loss
of generality, let

∑L−1
l=0 r

(i)
l (0) = 1. Note that both users’

signals pass through the same channel for a given receiver.

Substituting (2) in (4), the expression for y(i) (n) becomes

y(i) (n) =

L−1∑
l=0

hl (n) s(1) (n− l)

+

L−1∑
l=0

hl (n) s(2) (n− l) + ω(i) (n) . (6)

For the receiver of the user with numerology i, the demodu-
lated signal ŷ(i)

k,m at subcarrier k of OFDM symbol m is

ŷ
(i)
k,m =

1√
Ni

∞∑
n=−∞

y(i) (n) q(i)
(
n−mN tot

i

)
× exp

(
−j 2π

Ni
(k +Oi)

(
n−NCP

i −mN tot
i

))
, (7)

where q(i) (n) is the rectangular receive window. It is 1, for
NCP
i ≤ n < N tot

i , and is 0, otherwise.

From (7), it follows that the instantaneous INI I INI
1 (k,m)

at subcarrier k and OFDM symbol m at user 1’s receiver due
to numerology 2 is given by

I INI
1 (k,m) =

√
P2

N1

∞∑
n=−∞

L−1∑
l=0

h
(1)
l (n) s(2) (n− l)

× q(1)
(
n−mN tot

1

)
e−j

2π
N1

(k+O1)(n−NCP
1 −mN

tot
1 ). (8)

Similarly, the INI I INI
2 (k,m) at subcarrier k and OFDM
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symbol m at user 2’s receiver due to numerology 1 equals

I INI
2 (k,m) =

√
P1

N2

∞∑
n=−∞

L−1∑
l=0

h
(2)
l (n) s(1) (n− l)

× q(2)
(
n−mN tot

2

)
e−j

2π
N2

(k+O2)(n−NCP
2 −mN

tot
2 ). (9)

III. INI ANALYSIS

We analyze the INI at the receivers of users 1 and 2
separately. Fig. 1 illustrates the INI at the two numerologies.

A. INI at User 1

Result 1: The fading-averaged INI power P INI
1 (k) at sub-

carrier k of user 1’s receiver due to numerology 2 equals

P INI
1 (k) =

P2

N1Z2

Z2−1∑
u=0

L−1∑
l=0 M−1+l∑

w=−(M−1+l)

r
(1)
l (w) (M + l − |w|)e−j

2π∆
(1)
k

w

N1

+ (2µ − 2)

N tot
2 −1∑

w=−(N tot
2 −1)

r
(1)
l (w)

(
N tot

2 − |w|
)
e−j

2π∆
(1)
k

w

N1

+

N tot
2 −1−l∑

w=−(N tot
2 −1−l)

r
(1)
l (w)

(
N tot

2 − l − |w|
)
e−j

2π∆
(1)
k

w

N1

 , (10)

where M = N tot
2 −NCP

1 and ∆
(1)
k = k +O1 − 2µ (u+O2).

Proof: The proof is given in Appendix A.
∆

(1)
k is the spectral distance between subcarrier k of

numerology 1 and the interfering subcarrier u of numerology
2 [3]. It specifies how separated these two subcarriers are in
multiples of numerology 1’s subcarrier bandwidth.

B. INI at User 2

Result 2: The fading-averaged INI power P INI
2 (k) at sub-

carrier k of user 2’s receiver due to numerology 1 equals

P INI
2 (k) =

P1

N2Z1

Z1−1∑
u=0

L−1∑
l=0

N2−1∑
w=−(N2−1)

r
(2)
l (w)

× (N2 − |w|) e−j
2π
N1

∆
(2)
k w, (11)

where ∆
(2)
k = 2µ (k +O2)−(u+O1) is the spectral distance

between the victim subcarrier k of numerology 2 and the
interfering subcarrier u of numerology 1.

Proof: The proof is similar to Appendix A, and is
skipped.

The above results apply to LoS and NLoS fading channels,
for which the expressions for r(i)

0 (w) are different.

IV. INSIGHTS: BANDWIDTH-AVERAGED INI POWER AND
BOUNDS

To gain further insights, we analyze the band-width
averaged INI power P

INI
1 , which is defined as P

INI
1 =(∑Z1−1

k=0 P INI
1 (k)

)
/Z1. Intuitively, the larger this value, the

more is the INI. We focus on the scenario where the two
numerologies together occupy the entire bandwidth, i.e.,
Z2 + (Z1/2

µ) = N2, O1 = 0, and there is no guard band,
i.e., O2 = Z1/2

µ. The expressions and bounds for µ ≥ 2 can
be obtained in a similar manner. They are lengthier and are
not shown to conserve space.

As shown in Appendix B,

P
INI
1 =

P2

N1Z1Z2

[
N1Z1Z2

− 2

L−1∑
l=0

M−1+l∑
w=1

r
(1)
l (w) (M + l − w)φ1(w, µ)

− 2 (2µ − 2)

L−1∑
l=0

N tot
2 −1∑
w=1

r
(1)
l (w)

(
N tot

2 − w
)
φ1(w, µ)

−2

L−1∑
l=0

N tot
2 −1−l∑
w=1

r
(1)
l (w)

(
N tot

2 − l − w
)
φ1(w, µ)

 , (12)

where the function φi(., .) is defined as

φi(w, µ) ,
cos
(
πw(2µ−1)

Ni

) [
sin
(
πZiw
Ni

)]2
sin
(
πw
Ni

)
sin
(
π2µw
Ni

) . (13)

We now bound P
INI
1 . Let α1 ,

∫ fd
−fd

(
f
fd

)2

S (f) df and

α2 ,
∫ fd
−fd

(
f
fd

)4

S (f) df denote the normalized second
and fourth moments, respectively, of the Doppler spectrum
S (f) [15]. For example, for the Jakes’ fading model, α1 =
1/2 and α2 = 3/8.

Result 3: The bandwidth-averaged INI power P
INI
1 at user

1 is upper and lower bounded as follows:

P
INI
1 ≤

P2

N1Z1Z2

L−1∑
l=0

r
(1)
l (0)

[
N1Z1Z2

− ψ1 (0,M + l)− ψ1

(
0, N tot

2 − l
)

+
α1

2

[
ψ1 (2,M + l) + ψ1

(
2, N tot

2 − l
)](2πfdT

(1)
s

N1

)2]
,

(14)

P
INI
1 ≥

P2

N1Z1Z2

L−1∑
l=0

r
(1)
l (0)

[
N1Z1Z2

− ψ1 (0,M + l)− ψ1

(
0, N tot

2 − l
)

+
α1

2

[
ψ1 (2,M + l) + ψ1

(
2, N tot

2 − l
)](2πfdT

(1)
s

N1

)2

− α2

24

[
ψ1 (4,M + l) + ψ1

(
4, N tot

2 − l
)](2πfdT

(1)
s

N1

)4]
,

(15)
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where the function ψi(., .) is defined as

ψi(p, q) ,
q−1∑
w=1

wp(q − w)

(
sin(πwZi/Ni)

sin(πw/Ni)

)2

. (16)

Proof: The proof is given in Appendix C.
Similarly, from Result 2, we can show that the bandwidth-

averaged INI power P
INI
2 at user 2, which is defined as P

INI
2 =(∑Z2−1

k=0 P INI
2 (k)

)
/Z2, is given by

P
INI
2 =

P1

N2Z1Z2

[
N2Z1Z2

− 2

L−1∑
l=0

N2−1∑
w=1

r
(2)
l (w) (N2 − w)φ1(w, µ)

]
. (17)

As above, we can prove that P
INI
2 is upper and lower

bounded as follows:

P
INI
2 ≤

P1

N2Z1Z2

[
N2Z1Z2 − ψ1 (0, N2)

+
α1

2
ψ1 (2, N2)

(
2πfdT

(1)
s

N1

)2]
, (18)

P
INI
2 ≥

P1

N2Z1Z2

[
N2Z1Z2 +

α1

2
ψ1 (2, N2)

(
2πfdT

(1)
s

N1

)2

− ψ1 (0, N2)− α2

24
ψ1 (4, N2)

(
2πfdT

(1)
s

N1

)4]
. (19)

Comments: Equations (12) and (17) bring out the depen-
dence of the bandwidth-averaged INI powers on the number
of subcarriers, transmit powers, and spectral distances of the
two numerologies and the auto-correlation of the channel.

The effect of the Doppler spectrum is captured by the

two moments α1 and α2. The quadratic term
(
fdT

(1)
s

)2

is dominant in the bounds for both users. While it
is α1 [ψ1 (2,M + l) + ψ1 (2, N tot

2 − l)] /2 for user 1, it is
α1ψ1 (2, N2) /2 for user 2. Another difference is that the
bounds in (18) and (19) for the bandwidth-averaged INI power
at user 2 do not depend on the powers of the channel taps
r

(2)
0 (0) , r

(2)
1 (0) , . . . , r

(2)
L−1 (0). However, this is not the case

for user 1. This can be understood as follows. The second
argument of the ψ1(., .) is the overlap between the receive
window of the victim numerology and the channel-delayed
transmit window of the interfering numerology. For user 2’s
receiver, this overlapping window length is the same for all
paths. On the other hand, for user 1’s receiver, the overlapping
window length is a function of the path delay.

V. NUMERICAL RESULTS

We use the following parameters in our Monte Carlo
simulations. For numerology 1, the subcarrier spacing is
15 kHz, OFDM symbol duration is 66.67 µs, and DFT
size is 512. For numerology 2, we use multiple sets of
parameters to understand its impact; these are mentioned in

0 2 4 6 8 10

-25

-20

-15

-10

-5

0

Fig. 2. Normalized fading-averaged INI power at each subcarrier of user 1,
P INI
1 (k)/(P1/Z1), in TDL-D LoS channel (P2 = P1, Z1 = 12, Z2 = 12,
O1 = 60, O2 = 36, T (1)

s = 66.67 µs, N2 = 256 when b2 = 30 kHz, and
N2 = 128 when b2 = 60 kHz).

the figure descriptions. The sampling rate is 7.68 MHz for
all the numerologies. We use the TDL-C and TDL-D models
that are specified in 5G NR for NLoS and LoS channels,
respectively [16]. The delay spread is 100 ns and fd = 30 Hz.
The simulation results are averaged over 1000 independent
channel realizations.

Fig. 2 plots the fading-averaged INI power normalized with
respect to the power per subcarrier, i.e., P INI

1 (k)/(P1/Z1),
at each subcarrier of user 1. The results are generated for
the TDL-D LoS channel for two subcarrier bandwidths of
numerology 2, and with and without a guard band. The
analytical and simulation results match well. The INI power
exhibits an oscillatory behavior. Subcarriers closer to the
interfering numerology experience more INI compared to
those that are farther. Increasing the guard band reduces the
INI power on each subcarrier of numerology 1. When the
subcarrier spacing of numerology 2 is 30 kHz and there is no
guard band, the normalized fading-averaged INI power varies
from −4 to −24 dB. Thus, the INI power exhibits a wide
dynamic range of 20 dB across the subcarriers.

Fig. 3 shows the corresponding results for the fading-
averaged INI power at each subcarrier of user 2. The INI
power at user 2 also has a large dynamic range of 21.7 dB.
Unlike Fig. 2, the INI power at user 2 monotonically decreases
as the subcarrier index increases. The oscillatory behavior in
Fig. 2 can be understood from (10), which has the form of a
discrete Fourier transform of a decreasing ramp function that
is evaluated at the spectral distance ∆

(1)
k . This is oscillatory

in nature. While (11) also has a similar form, it is evaluated
at the spectral distance ∆

(2)
k , which is larger by a factor 2µ.

Fig. 4 plots the bandwidth-averaged INI power at user 1,
which is given in (12), as a function of the scaled Doppler
spread fdT

(i)
s . The INI power is normalized with respect to

the transmit power per subcarrier of the user’s numerology. It
is plotted in linear scale in order to easily see its dependence
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Fig. 3. Normalized fading-averaged INI power at each subcarrier of user 2,
P INI
2 (k)/(P2/Z2), in TDL-D LoS channel (P2 = P1, Z1 = 12, Z2 = 12,
O1 = 60, O2 = 36, and T (1)

s = 66.67 µs, N2 = 256 when b2 = 30 kHz,
and N2 = 128 when b2 = 60 kHz).

0 0.1 0.2 0.3 0.4
11.6e-3

11.7e-3

11.8e-3

11.9e-3

12.0e-3

12.1e-3

12.2e-3

exact

upper bound

lower bound

Fig. 4. Normalized bandwidth-averaged INI power, P INI
1 /(P1/Z1), and

bounds for user 1 in the TDL-C NLoS channel. Results are shown in linear
scale (P2 = 2P1, Z1 = 256, T (1)

s = 66.67 µs, Z2 = 128, N2 = 256, no
guard band, and b2 = 30 kHz).

on fd. Also shown are the bounds. We see that the bounds are
tight, which shows the efficacy of the bounding approach, and
the bandwidth-averaged INI power scales quadratically with
fd. The INI power is non-zero even for fd = 0 Hz. It takes
a value of 11.65× 10−3(−19.3 dB), which is significant for
higher order MCSs that require signal-to-noise-ratios (SNRs)
greater than 22.25 dB for successful decoding. The same trend
is observed in the case of user 2, whose figure is not shown.

Impact of INI: Fig. 5 studies the impact of INI at each user
for different MCSs specified in 5G NR and for different values
of P1 and P2. For this, it plots the BLER, which is the metric
used to evaluate performance of a block of coded data that is
transmitted in a cellular system, as a function of the SNR. The
BLER curves are generated using the 5G toolbox of Matlab as
follows. The 5G physical layer compliant mixed numerology
signal containing transport blocks of both numerologies is
generated and transmitted through a realization of the TDL-C

10 20 30 40

SNR (dB)

10
-3

10
-2

10
-1

10
0

B
L
E

R
 o

f 
u
s
e
r 

1

No INI

INI from numerology 2

256-QAM

16-QAM

64-QAM

(a) On user 1 (P2 = 5P1)

10 20 30 40

SNR (dB)

10-3

10-2

10-1

100

B
L

E
R

 o
f 

u
s
e

r 
2

No INI

INI from numerology 1

16-QAM

64-QAM

256-QAM

(b) On user 2 (P1 = 7P2)

Fig. 5. Degradation of BLER due to INI of users 1 and 2 for different
MCSs of 5G NR in TDL-C NLoS channel (Z1 = 12, Z2 = 84, O1 = 6,
O2 = 172, N2 = 256, b2 = 30 kHz, and 90 kHzguard band).

channel. The AWGN noise is added at each user’s receiver.
The corresponding decoding blocks for each user’s receiver
are implemented. In the computation of the log-likelihood ra-
tios, which are passed to the low-density parity check decoder
to decode the transport block, the instantaneous INI powers
at the subcarriers of both the users, computed using [3, (57)],
are used. We show results for MCSs 16 and 28, which use
16-QAM and 64-QAM modulations, respectively [4, Table
5.1.3.1-1], and MCS 27, which uses 256-QAM modulation [4,
Table 5.1.3.1-2]. The results are shown with and without INI.
We see that INI causes a significant degradation of BLER for
the higher rate MCSs that use 64-QAM and 256-QAM.

VI. CONCLUSIONS

We derived closed-form expressions for the fading-
averaged and bandwidth-averaged INI powers in the downlink
of mixed numerology OFDM systems that are employed by
5G NR. The INI powers exhibited a wide dynamic range
across the subcarriers. The INI power at the numerology
with narrower subcarrier bandwidths showed an oscillatory
behavior while that at the other numerology did not. The INI
powers of the subcarriers closer to the interfering numerology
were larger than for the central subcarriers. We also derived
novel and insightful expressions and lower and upper bounds
for the bandwidth-averaged INI power, which brought out its
quadratic dependence on the Doppler spread. Our analysis
showed that the INI power was sufficiently large to affect the
BLERs of the higher rate MCSs of 5G NR and necessity of
INI mitigation techniques.

APPENDIX

A. Proof of Result 1

The transmit symbols
{
x

(2)
u,2µm

}Z2−1

u=0
,{

x
(2)
u,2µm+1

}Z2−1

u=0
, . . . ,

{
x

(2)
u,2µ(m+1)−1

}Z2−1

u=0
are

independent and identically distributed with zero-mean
and unit variance, and the channel taps are uncorrelated.
Therefore, from (8), we get
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[∣∣I INI
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∣∣∣∣∣
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hl
(
n′ +NCP
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)
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j2π
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hl
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n′+NCP
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1

)
e−

j2π
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+E
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hl
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n′+NCP

1 +mN tot
1

)
e−

j2π
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∆
(1)
k n′

∣∣∣∣∣
2
 .

(20)

Using the definition of auto-correlation in (5), we get

P INI
1 (k) =

P2

N1Z2

Z2−1∑
u=0

L−1∑
l=0[

M−1+l∑
s=0

M−1+l∑
t=0

r
(1)
l (s− t) e−j

2π
N1

∆
(1)
k (s−t)

+ (2µ − 2)

N tot
2 −1∑
s=0

N tot
2 −1∑
t=0

r
(1)
l (s− t) e−j

2π
N1

∆
(1)
k (s−t)

+

N tot
2 −1−l∑
s=0

N tot
2 −1−l∑
t=0

r
(1)
l (s− t) e−j

2π
N1

∆
(1)
k (s−t)

]
. (21)

Using the transformation s− t = w yields the result in (10).

B. Derivation of (12)

From (10), the bandwidth-averaged INI power P
INI
1 at user

1 is given by

P
INI
1 =

P2

N1Z2Z1

Z1−1∑
k=0

Z2−1∑
u=0

L−1∑
l=0 M−1+l∑

w=−(M−1+l)

r
(1)
l (w) (M + l − |w|)e

−j2π∆
(1)
k

w

N1

+ (2µ − 2)

N tot
2 −1∑

w=−(N tot
2 −1)

r
(1)
l (w) (N tot

2 − |w|)e
−j2π∆

(1)
k

w

N1

+

N tot
2 −1−l∑

w=−(N tot
2 −1−l)

r
(1)
l (w) (N tot

2 − l − |w|)e
−j2π∆

(1)
k

w

N1

 . (22)

The innermost summation in (22) can be simplified using the
following identity, whose proof we skip:

Z1−1∑
k=0

Z2−1∑
u=0

K−1∑
w=−(K−1)

r
(1)
l (w) (K − |w|) e

−j2π(k−2µu−Z1)w
N1

= KZ1Z2r
(1)
l (0)− 2

K−1∑
w=1

r
(1)
l (w) (K − w)φ1(w, µ). (23)

It holds when Z1 and Z2 are even. Substituting this and N1 =
M +N tot

2 in (22) yields (12).

C. Proof of Result 3

The proof is based on the following two inequalities for the
auto-correlation r(i)

l (w) of the lth channel tap [15, Sec. III-
B]:

r
(i)
l (w) ≥ r(i)

l (0)

1− α1

2

(
2πfdwT

(i)
s

Ni

)2
 , (24)

r
(i)
l (w) ≤ r(i)

l (0)

[
1− α1

2

(
2πfdwT

(i)
s

Ni

)2

+
α2

24

(
2πfdwT

(i)
s

Ni

)4]
. (25)

Substituting the above bounds in (12) and (17), and simpli-
fying much further yields the bounds for P

INI
1 and P

INI
2 .
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