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Abstract—Antenna selection (AS) provides most of the benefits
of multiple-antenna systems at drastically reduced hardware
costs. In receive AS, the receiver connects a dynamically selected
subset of N available antennas to the L available RF chains.
The “best” subset to be used for data reception is determined by
means of channel estimates acquired using training sequences.
Due to the nature of AS, the channel estimates at different
antennas are obtained from different transmissions of the pilot
sequence, and are, thus, outdated by different amounts in a time-
varying channel. We show that a linear weighting of the estimates
is optimum for the subset selection process, where the weights
are related to the temporal correlation of the channel variations.
When L is not an integer divisor of N , we highlight a new
issue of “training voids”, in which the last pilot transmission
is not fully exploited by the receiver. We present a “void-filling”
method for fully exploiting these voids, which essentially provides
more accurate training for some antennas, and derive the optimal
subset selection rule for any void-filling method. We also derive
new closed-form equations for the performance of receive AS
with optimal subset selection.

I. INTRODUCTION

Antenna selection (AS) is a popular technique to reduce the
hardware costs at the transmitter or receiver of a wireless sys-
tem [1]–[4]. It uses a small number, L, of radio frequency (RF)
chains and a larger number, N , of antennas, and only processes
signals from a dynamically selected subset of antennas. This
is advantageous since antenna elements are typically cheap,
while the RF chains are expensive. Consequently, many next
generation wireless communications standards such as IEEE
802.11n, third generation partnership project (3GPP) long term
evolution (LTE), and the IEEE 802.16m Advanced WiMax
have standardized or are standardizing AS at the transmitter
or the receiver, or both.

We focus on receive AS in this paper, and consider a
transmitter with one antenna. While receive AS has received
attention in the literature, the topic of training – i.e., the
estimation of channel states to determine the optimum antenna
subset that should be used for reception – is often treated
cursorily and/or based on highly idealized assumptions. For
example, several papers assume perfect channel state informa-
tion (CSI) at the receiver. In practice, the CSI is acquired using
a pilot-based training scheme, and is imperfect because of
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outdated and noisy channel estimates. Imperfect CSI can lead
to inaccurate selection and imperfect data decoding, both of
which increase the symbol error probability (SEP). While [5],
[6] explored receive AS with imperfect channel estimates,
they did not consider the effect of outdated estimates in
time-varying channels. While [7]–[9] did consider outdated
channel estimates as well, they did not account for the fact
that estimates at different antennas are outdated by different
amounts, as detailed in the next paragraph.

The basic operation of AS imposes the constraint that only
L antennas channel gains can be estimated at any time with
L RF chains. Therefore, in receive AS, the transmitter needs
to transmit the pilots multiple times so that the receiver can
estimate the channels of all the available antennas and choose
the antenna subset with the best channels. For example, in
the IEEE 802.11n standard, a multiple access control (MAC)
based training protocol is used for transmit and/or receive
AS, in which a sequence of consecutive ‘training packets’ are
transmitted to obtain the CSI of all antennas [10]. The primary
reason for doing this is to ensure that the physical layer pro-
tocols in the standard do not have to be modified considerably
to accommodate AS training. The pilots embedded in the
physical layer header of each training packet help estimate the
channel gains. Each training packet, which carries a physical
layer header and a data payload, can be several milliseconds
long. For this reason, the pilots sent across the training packets
are also spaced several milliseconds apart. Thus, the CSI
at different antennas is outdated by different amounts. This
fact significantly impacts how the antenna subset should be
selected, as was shown for single receive AS (L = 1) in [11].1

In this paper, we consider the more general case of optimal
subset selection for L > 1. Considering subset selection also
leads to new interesting questions about how to allocate the
available L RF chains at the receiver for training when L is
not an integer divisor of N . With N receive antennas and L
RF chains, the minimum number of training symbols required
is �N

L �, and N −L
⌊

N
L

⌋
RF chains are unused in the last pilot

symbol, where �.� and �.� denote the ceil and floor functions,
respectively. We shall call the unused RF chains as training
voids. Such voids do not occur when L divides N , which
occurs, for example, for L = 1.

As an example, consider Fig. 1 with N = 5 and L = 2. To

1For example, sorting estimated channel gains in decreasing order and
selecting the first L of them, as is done for time-invariant channels, is no
longer optimal. Intuitively, the antenna with the highest channel gain estimate
may not be the best one to select in case its estimate is very outdated.
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estimate the channels of all 5 antennas, at least 3 pilot trans-
missions are needed. The first pilot helps estimate channels of
antennas #1 and #2, the second pilot helps estimate channels
of antennas #3 and #4. For the third pilot, only one antenna’s
(#5) channel remains to be estimated. Consequently, one of
the two RF chains is not needed for receiving the third pilot.

Instead of leaving the RF chains unused, we propose con-
necting them to some of the antennas. In our example above,
this would imply connecting the second RF chain during the
third pilot symbol to antenna #1, #2, #3, or #4. For the
antenna so connected, the receiver now has two estimates
of the channel to the transmitter, and can, thus, reduce the
estimation error for it. We shall call this void-filling, and shall
show that it significantly improves performance.

Our specific contributions are the following:

• We analyze and optimize the performance of antenna
subset selection (L > 1) over time-varying Rayleigh
fading channels given a practical training model for AS.
The model leads to noisy channel estimates, which affect
both the subset selection and demodulation. We derive,
for the first time, optimal criteria for selecting the best
antenna subset as a function of the time correlation of
the channel. We also derive closed-form expressions for
the SEP with optimal subset selection. These results
generalize the results of [11], which considered only
L = 1.

• We develop the optimal subset selection rule for any
given void-filling rule. Thereafter, we develop a new
random void-filling method that fully utilizes all the
available RF chains at the receiver all the time and yields
better performance. To the best of our knowledge, this is
the first paper that introduces the practical problem of
training voids in receive AS and proposes an effective
and analytically tractable method to address it.

The outline of this paper is as follows. The AS training is
described in Sec. II and analyzed in Sec. III. Void-filling is
investigated in Sec. IV. Simulation results and conclusions
follow in Sec. V and Sec. VI, respectively. Mathematical
details are relegated to the Appendix.

II. SYSTEM MODEL

Consider a system with one transmit antenna, N receive
antennas, and L RF chains at the receiver. Let hk(t) denote
the frequency-flat channel between the transmitter and the
kth receive antenna at time t. It is modeled as a circularly
symmetric complex Gaussian random variable (RV) with unit
variance. Furthermore, the channel gains for different receive
antennas are assumed to be independent and identically dis-
tributed (i.i.d.).

A. Channel Estimation

To enable the receiver to estimate the channel gains of all
N antennas, the transmitter first transmits the pilot symbol pp

(of energy E and duration Ts) �N/L� times, as illustrated in
Fig. 1. Two consecutive pilot symbols are separated in time

1 5
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antenna
index

Received by selected 
antenna subset

2

DataPilots
time

3
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Fig. 1. Illustration of training for receive AS with N = 5 antennas and L = 2
RF chains. The illustration shows how � 5

2
� = 3 pilots are transmitted, and

the sequence in which the receiver estimates channel gains.

by a duration Tp.2 The pilots are followed by D data symbols,
each of duration Ts and average energy E.

The pilot symbol received by the kth receive antenna at time
T�k/L� is

rk

(
T�k/L�

)
= pphk

(
T�k/L�

)
+ nk

(
T�k/L�

)
, (1)

where the noise nk(t) is an additive white circularly symmetric
complex Gaussian noise process, which is independent of
hk(t), and has a variance of N0. Based on rk

(
T�k/L�

)
, the

channel estimate at the kth receive antenna is

ĥk

(
T�k/L�

)
=

rk

(
T�k/L�

)
pp

= hk

(
T�k/L�

)
+ ek, (2)

where ek =
nk(T�k/L�)

pp
is the noise-induced channel estima-

tion error with variance σ2
e = N0

E � γ−1. (γ is the average
signal-to-noise-ratio (SNR) per receive antenna.)

B. Outdated channel estimates

Due to the time-varying nature of the wireless links, the
N channels will have changed by the time data transmission
starts. Specifically, the channel for receive antenna i at time
t + δ can be written in terms of its channel at time t as [12],
[13]3

hi(t + δ) = ρi(δ)hi(t) +
√

1 − |ρi(δ)|2n′
i(t + δ), (3)

where ρi(δ) is the channel correlation coefficient. For all i =
1, 2, . . . , N , the variation n′

i(t + δ) is a circularly symmetric

2In order to reduce overhead IEEE 802.11n usually transmits payload data
together with each pilot tone. These payload data have to be received with the
same antenna for which the pilot tone is intended. Thus, the error probability
for the payload does not depend on any selection algorithm, and is irrelevant
for the purposes of this paper. Note that Tp also captures the inter-packet
spacing required to switch between antennas. However, the switching time is
small compared to a packet duration.

3The model in (3) assumes that the channel realizations at different times
can be computed based only on the correlation with the channel at time
t = 0, and not as a realization of a stochastic process with a continuous
correlation function. This approximation is good so long as the maximum
Doppler frequency times δ is small, and shall be verified in Sec. V.
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complex Gaussian RV with unit variance that is independent
of hi(t). The channel correlation coefficient depends on the
time difference δ and the Doppler spectrum. This accounts for
channel variations during training as well as data transmission.

C. Data Reception

Let Ω̂L denote the antenna subset selected for data reception
based on the estimates ĥk

(
T�k/L�

)
, for 1 ≤ k ≤ N . When

the ith data symbol, si, is transmitted, the signal received by
the antenna subset Ω̂L at time ti, after matched filtering, is

yk(ti) = hk(ti)si + nk(ti), k ∈ Ω̂L. (4)

The data symbols are drawn from the MPSK constellation with
equal probability.

III. OPTIMAL SUBSET SELECTION AND SEP ANALYSIS

Henceforth, we simplify our notation as follows: we denote
ĥk

(
T�k/L�

)
by ĥk, n′

k(t) by n′
k, nk(ti) by nk, and yk(ti)

by yk. The expectation and variance of a RV A are denoted
by E [A] and var [A], respectively. Similarly, E [A|B] and
var [A|B] denote the conditional expectation and variance,
respectively, of A given B. The probability of event A and
the probability of A given B are denoted by Pr (A) and
Pr (A|B), respectively. x∗ denotes the complex conjugate of
x, and {xi}N

i=1 denotes the set {x1, . . . , xN}.

A. Decision Variable and its Statistics

Conditioned on ĥk and si, yk is a complex Gaussian RV
with conditional mean and variance given by

E
[
yk

⏐⏐⏐ĥk, si

]
= siĥkρ

(i)
k (1 + γ−1)−1, (5)

var
[
yk

⏐⏐⏐ĥk, si

]
= E

(
1+γ−1−

∣∣∣ρ(i)
k

∣∣∣2(1+γ−1)−1

)
, (6)

where ρ
(i)
k is the correlation between hk(ti) and hk

(
T�k/L�

)
.

The decision variable, D, at a maximum likelihood receiver
for detecting the data received at time ti is based on the
observables yk and ĥk, for 1 ≤ k ≤ N . Accounting for the
dependence of the variance of yk on k (as per (6)), D can be
shown to be:

D =
∑

k∈Ω̂L

(
ĥkρ

(i)
k

)∗
yk

1+γ−1−
∣∣∣ρ(i)

k

∣∣∣2(1+γ−1)−1

. (7)

Making use of the above results, we now derive the optimal
subset selection rule.

B. Optimal Subset Selection Rule

Theorem 1: Let

wopt
k,i =

∣∣∣ρ(i)
k

∣∣∣2
(1 + γ−1)2 −

∣∣∣ρ(i)
k

∣∣∣2 , (8)

Let the weighted estimates wopt
k,i

∣∣∣ĥk

∣∣∣2, for 1 ≤ k ≤ N , be
sorted in descending order as

wopt
ˆ[1],i

∣∣∣ĥ ˆ[1]

∣∣∣2 > wopt
ˆ[2],i

∣∣∣ĥ ˆ[2]

∣∣∣2 > · · · > wopt
ˆ[N ],i

∣∣∣ĥ ˆ[N ]

∣∣∣2 , (9)

where ˆ[k] denotes the index of the antenna with the kth largest
weighted channel estimate. Then, the optimal antenna subset
that minimizes the SEP of the MPSK symbol received at time
ti is given by4

Ω̂L =
{

ˆ[1], ˆ[2], · · · , ˆ[L]
}

. (10)

Proof: The proof is given in Appendix A.
The above result is intuitively satisfying because the weight
for an antenna’s channel estimate depends on how outdated
it is. The smaller the correlation ρ

(i)
k , the smaller the weight

wopt
k,i.

C. SEP of MPSK with Optimal Subset Selection

Theorem 2: With outdated and noisy channel estimates
and optimal weights, the SEP of an MPSK symbol transmitted
at time ti, is given by

P MPSK
i (γ) =

1
π

∑
λ∈PN

⎛⎝⎛⎝ N∏
k=1

[
k∑

m=1

Γλ(k)

Γλ(m)

]−1
⎞⎠

×
N∑

n=1

⎛⎜⎝ N∏
l=1
l �=n

fn(λ)
fn(λ) − fl(λ)

⎞⎟⎠[M − 1
M

π

−
√

fn(λ)
1+fn(λ)

tan−1

(√
1+fn(λ)

fn(λ)
tan
(

M−1
M

π

))])
,

(11)

where PN is the set of all permutations of {1, 2, . . . , N}
and the summation is over all permutations λ ∈ PN . For

n ≤ L, fn(λ) = n
[∑n

p=1
1

Γλ(p)

]−1

and, for n > L, fn(λ) =

L
[∑n

p=1
1

Γλ(p)

]−1

, and Γk =

∣∣∣ρ(i)
k

∣∣∣2
(1+γ−1)2−

∣∣∣ρ(i)
k

∣∣∣2 sin2
(

π
M

)
.

Proof: The proof is given in Appendix B.

IV. OPTIMAL SUBSET SELECTION WITH VOID-FILLING

As mentioned, when L does not divide N , some of the
RF chains are left unused when receiving the last pilot. In a
system with N receive antennas and L RF chains, the number
of voids (unused RF chains) that need to be filled is υ =
N − L

⌊
N
L

⌋
. Without loss of generality, let antennas 1, . . . , L

get estimated using the first pilot, antennas L + 1, . . . , 2L get
estimated using the second pilot, and so on. The specific order
in which antennas are trained does not matter since the channel
gains of different antennas are assumed to be i.i.d.

4We introduce a ‘̂·’ in ˆ[k] in order to emphasize the fact that subset selection
is done using noisy channel estimates and is not perfect.
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A. Optimal Subset Selection Given a Specific Void-Filling Rule

Let Sυ denote the υ-element subset of receive antennas
chosen to fill the training voids that occur when receiving
the last pilot symbol at time T�N/L�. For these antennas, in
addition to an observation at T�k/L� (given by (1)), the receiver
also makes another observation at time T�N/L�, which equals

rk

(
T�N/L�

)
= pphk

(
T�N/L�

)
+ nk

(
T�N/L�

)
, k ∈ Sυ. (12)

The correlation between the two observations can be ex-
ploited to refine the channel estimates for these antennas and,
hence, to improve the subset selection accuracy. Let ξk denote
the correlation between hk(T�N/L�) and hk

(
T�k/L�

)
. Then,

the refined MMSE estimate of the kth fading link at time

T�N/L�, denoted by ˆ̂
hk, is given by

ˆ̂
hk =

p∗p
E

rk(T�N/L�)
1 + γ−1 − |ξk|2

(1 + γ−1)2 − |ξk|2

+
p∗p
E

rk

(
T�k/L�

) ξ∗kγ−1

(1 + γ−1)2 − |ξk|2
. (13)

Therefore, ˆ̂
hk is a circular symmetric com-

plex Gaussian RV with variance given by

var
[ˆ̂
hk

]
� σ2

k = (1+γ−1)3−|ξk|2(1+γ−1)(2−γ−2)+|ξk|4(1−γ−1)
((1+γ−1)2−|ξk|2)2 .

We will now show that, given Sυ , the optimal subset selection
rule again linearly weights the channel estimates, but the
optimal weights are different from those in (8). This is
because some of the antennas have refined estimates.

Theorem 3: When voids are filled with antenna subset Sυ ,
the optimal antenna subset that minimizes the SEP of the ith

MPSK symbol, received at time ti, is given by

Ω′
L =

{
[̂l]
}L

l=1
, (14)

where [̂i] is the index of the antenna with the ith largest entry
in the following ordering of weighted channel estimates:

w′
ˆ[1],i

∣∣∣ĥ′
ˆ[1]

∣∣∣2 > w′
ˆ[2],i

∣∣∣ĥ′
ˆ[2]

∣∣∣2 > · · · > w′
ˆ[N ],i

∣∣∣ĥ′
ˆ[N ]

∣∣∣2 . (15)

Here, w′
k,i =

∣∣∣ζ(i)
k

∣∣∣2
σ′

k
2
(

σ′
k
2(1+γ−1)−

∣∣∣ζ(i)
k

∣∣∣2) ,

ĥ′
k =

{
ĥk, if k /∈ Sυ

ˆ̂
hk, if k ∈ Sυ

, (16)

ζ
(i)
k =

⎧⎨⎩ ρ
(i)
k , if k /∈ Sυ

ρ
(i)
N (1−|ξk|2+γ−1)+ρ

(i)
k ξ∗

kγ−1

(1+γ−1)2−|ξk|2 , if k ∈ Sυ

, (17)

σ′
k
2 =

{
1 + γ−1, if k /∈ Sυ

σ2
k, if k ∈ Sυ

. (18)

Proof: The proof is given in Appendix C.
It can be clearly seen that the parameters ĥ′

k, ζ
(i)
k , and σ′

k
2, and

consequently the corresponding linear weights, are updated
only for antennas whose channels are estimated twice.

B. Random Void-Filling Rule

We propose below a simple void-filling rule, in which
the receiver randomly picks υ distinct antennas from the
set
{
1, 2, . . . , L

⌊
N
L

⌋}
. Note that this set excludes antennas

that have an RF chain allocated to them during the last
pilot’s transmission. Its optimal subset selection rule is derived
in Theorem 3. Its SEP can be derived along the lines of
Theorem 2, and is given in [14]. Thus, random void-filling is
an analytically tractable rule and serves as a good benchmark
to compare against. In general, more sophisticated criteria to
fill voids can be developed that exploit the channel estimates
of the antennas that have already been estimated in the
previous �N

L � − 1 pilots. These are developed in [14]. One
such rule linearly weights the channel estimates based on the
outdatedness of the CSI.

V. SIMULATIONS

We now present graphically the results derived in Sec. III
and Sec. IV, and study the effect of the number of re-
ceive RF chains (L) on the SEP. While our analysis
is valid for arbitrary Doppler spectra, we use the clas-
sical Jakes spectrum in our simulations. Therefore, the
correlation values for k = 1, . . . , N , i = 1, 2, . . . ,D,
equal ρ

(i)
k = J0

(
2πfd

((�N
L � − � k

L�
)
Tp + iTs

))
and ξk =

J0

(
2πfd

((�N
L � − � k

L�
)
Tp

))
, where J0(.) is the zeroth order

Bessel function of the first kind [15] and fd is the maximum
Doppler frequency. The figures are plotted for Tp = 10Ts and
for the first data symbol of the packet. The SEP behavior for
subsequent data symbols is similar [14].

Figure 2 plots the SEP as a function of SNR for MPSK with
N = 4 antennas and L = 2 RF chains. In this case, no voids
occur since 2 is an integer divisor of 4. We see that while the
SEP decreases to 0 as the SNR increases when fdTp = 0, an
error floor exists when fdTp > 0. The error floor increases
as fdTp increases. We see that optimal weighting significantly
outperforms no-weighting even when fdTp is as small as 0.06.
As expected, no-weighting is optimal only when fdTp ≈ 0.
Notice the excellent match between analytical and simulation
results for both the weighting schemes.

Figure 3 compares the SEP of the random void-filling rule
with the case where the voids are not filled. The SEP is plotted
for 8PSK and N = 5 with L = 3 and L = 4. It brings out an
interesting scenario where, at high SNR, the SEP for L = 4
is worse than L = 3 when the single void is not filled. This is
because at high SNR, how outdated the estimates are affects
SEP the most. With L = 4, only one out of the 5 antennas
gets a fresh (less outdated) estimate from the last (second)
pilot and three RF chains are not used for receiving the second
pilot symbol. Where as, with L = 3, two antennas get a fresh
(less outdated) estimate from the second (last) pilot and one
RF chain is not used to receive the second pilot symbol. With
void filling, L antennas are always trained in the last pilot
transmission. Therefore, the number of fresh estimates is L,
and the SEP monotonically decreases as L increases for all
SNR.
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Fig. 2. Effect of normalized Doppler spread and selection weights (8PSK,
Tp = 10Ts, L = 2, and N = 4).
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VI. CONCLUSIONS

We investigated training and selection criteria for receive
antenna subset selection in time-varying channels given the
practical constraints imposed by next generation wireless
standards. In a practical training scheme for AS, the training
delays are considerable and the channel estimates of different
antennas are outdated by different amounts. We saw that
this changes the criterion used to select the antennas subset
and significantly affects the overall SEP. We showed that, in
order to minimize the SEP, the optimal subset of antennas
should be selected on the basis of a linear weighting of the
channel estimates. We developed closed-form expressions for
the weights and the SEP with optimal subset selection for any
L.

We discovered the problem of training voids, which oc-
curs when L does not divide N as some of the RF chains
remained unused in receiving the last pilot. We showed that
filling the voids, i.e., using the unused RF chains to refine
the estimates already obtained for some of the antennas,
significantly improves the performance. We showed that the

optimal subset selection rule still uses a linear weighting of
the refined channel estimates, albeit with different weights.
We saw that filling the voids by randomly chosen antennas
improves performance and serves as a useful benchmark for
void-filling schemes, in general. We even saw that when the
number of RF chains increases the SEP can increase without
void-filling, and that random void-filling resolves this anomaly.

APPENDIX

A. Proof of Theorem 1

Since D, conditioned on Ω̂L and
{

ĥl

}
l∈Ω̂L

, is a Gaussian

RV, the standard SEP expression for MPSK is [16, (40)]

Pi

(
Ω̂L,

{̂
hl

}
l∈Ω̂L

, si

)
=

1
π

∫ M−1
M π

0

exp

(
− |μD|2 sin2

(
π
M

)
σ2
D sin2 θ

)
dθ.

(19)
Using (5) and (6) and standard results on moments of condi-
tional Gaussian RVs, the conditional first and second moments
of D required in (19) can be shown to be related as

μD
si(1 + γ−1)−1

=
σ2
D

E
=
∑

k∈Ω̂L

∣∣∣ĥk

∣∣∣2 ∣∣∣ρ(i)
k

∣∣∣2
1+γ−1−

∣∣∣ρ(i)
k

∣∣∣2(1+γ−1)−1

.

Substituting the above result in (19) yields

Pi

(
Ω̂L,

{̂
hl

}
l∈Ω̂L

)
=

1
π

∫ M−1
M π

0

exp

⎛⎜⎝∑
k∈Ω̂L

−Γk

∣∣∣ĥk

∣∣∣2
(1+γ−1) sin2 θ

⎞⎟⎠dθ,

(20)
where Γk is defined in Theorem 2. From the above equation,
it is clear that the optimal antenna subset, Ω̂L, that minimizes

the SEP of MPSK should maximize
∑

k∈Ω̂L
Γk

∣∣∣ĥk

∣∣∣2. Hence,
the result follows.

B. Proof of Theorem 2

To conserve space, we outline the key steps below.
A detailed derivation is given in [14]. Let Xk �
Γk

∣∣∣ĥk

∣∣∣2 (1+γ−1
)−1

. It is an exponential RV with mean

E [Xk] � Γk. Furthermore, X1, . . . , XN are mutually inde-
pendent (but non-identical). When sorted in decreasing order,
we get X[1] > X[2] > · · · > X[N ]. Let Y �

∑L
k=1 X[k].

For a given permutation λ of the set {1, 2, · · · , N}, let
Aλ denote the event that it gives the sorted order above, i.e.,
[1] = λ(1), [2] = λ(2), · · · , [N ] = λ(N). Since the Xis are
independent exponential RVs, the probability of Aλ can be
shown to be equal to [17]

Pr (Aλ) =
N∏

k=1

[
k∑

m=1

Γλ(k)

Γλ(m)

]−1

. (21)

Furthermore, we also have [17]

MY |Aσ
(y|Aλ)=

N∏
n=1

1
1+yfn(λ)

. (22)
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Therefore, the SEP expression in (20), when averaged over
fading, can be written as

P MPSK
i (γ)=

1
π

∑
λ∈PN

Pr (Aλ)
∫ M−1

M π

0

MY |Aλ

(
1

sin2 θ

)
dθ,

(23)
where PN is the set of all permutations of {1, 2, . . . , N}.
where fn is as defined in the theorem statement. Substitut-
ing (21) and (22) in (23), we get

P MPSK
i (γ) =

1
π

∑
λ∈PN

⎛⎝ N∏
k=1

[
k∑

m=1

Γλ(k)

Γλ(m)

]−1
⎞⎠

×
∫ M−1

M π

0

N∏
n=1

sin2 θ

sin2 θ + fn(λ)
dθ. (24)

The partial fraction expansion of the integrand in (24) is

N∏
n=1

sin2 θ

sin2 θ + fn(λ)
=

N∑
n=1

⎡⎢⎣ N∏
k=1
k �=n

fn(λ)
fn(λ)−fk(λ)

⎤⎥⎦ sin2 θ

sin2 θ+fn(λ)
.

Furthermore, the integral of each term above can be written
in closed-form using the following identity [15, (2.562)]:∫ M−1

M π

0

sin2 θ

sin2 θ+fn(λ)
dθ =

M−1
M

π

−
√

fn(λ)
1+fn(λ)

tan−1

(√
1+fn(λ)

fn(λ)
tan

(
M−1

M
π

))
. (25)

Substituting (25) in (24) yields the desired result.

C. Proof of Theorem 3

The proof is along the lines of Theorem 1. Therefore, we
outline only the key steps to conserve space. Proceeding in a
manner similar to (5) and (6), the new decision variable for
maximum likelihood detection of si is given by

D′ =
∑

k∈Ω′
L

(
ζ
(i)
k ĥ′

k

)∗
yk

σ′
k
2 −

∣∣∣ζ(i)
k

∣∣∣2 + γ−1σ′
k
2
, (26)

where ĥ′
k, ζ

(i)
k , and σ′

k
2 are as given in (16), (17), and (18),

respectively. Note that D′ differs slightly from the decision
variable D in (7) because the channel estimates of the receive
antennas that filled voids have been refined.

Consequently, for D′, its conditional mean, μD′ �
E
[
D′
⏐⏐⏐Sυ,Ω′

L,
{

ĥ′
k

}
k∈Ω′

L

, si

]
, and its conditional variance,

σ2
D′ � var

[
D′
⏐⏐⏐Sυ,Ω′

L,
{

ĥ′
k

}
k∈Ω′

L

, si

]
, are related as

μD′

si
=

σ2
D′

E
=
∑

k∈Ω′
L

∣∣∣ζ(i)
k

∣∣∣2 ∣∣∣ĥ′
k

∣∣∣2
σ′

k
2

(
(1 + γ−1) σ′

k
2 −

∣∣∣ζ(i)
k

∣∣∣2) .

Conditioned on Sυ, Ω′
L, and

{
ĥ′

k

}
k∈Ω′

L

, the SEP of the MPSK

symbol transmitted at time ti is

Pi

(
Sυ,Ω′

L,
{

ĥ′
k

}
k∈Ω′

L

)

=
1
π

∫ M−1
M π

0

exp

⎛⎜⎜⎝−∑
k∈Ω′

L

∣∣∣ζ(i)
k

∣∣∣2 ∣∣∣ĥ′
k

∣∣∣2 sin2
(

π
M

)
/ sin2 θ

σ′
k
2

(
(1+γ−1)σ′

k
2−
∣∣∣ζ(i)

k

∣∣∣2)
⎞⎟⎟⎠dθ.

From the above equation its clear that the optimal an-
tenna subset, Ω′

L, that minimizes the SEP should maximize∑
k∈Ω′

L
w′

k,i

∣∣∣ĥ′
k

∣∣∣2, with w′
k,i, as defined in theorem statement.

Hence, the desired result follows.
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