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Abstract—Multi-packet reception (MPR), in which a receiver
can decode multiple simultaneous transmissions, significantly
improves the uplink throughput of wireless local area networks
(WLANs). However, the medium access control (MAC) layer
must be redesigned to encourage, and not avoid, simultaneous
transmissions. Asynchronous MPR MAC protocols, in which
nodes independently access the channel so long as the number
of ongoing transmissions is less than a threshold, are promising
solutions for enabling MPR in IEEE 802.11-based WLANSs. In
this paper, we highlight the problem of acknowledgment (ACK)
delays that arises in asynchronous MPR when multiple nodes
transmit in succession without the channel becoming idle. We
propose a novel asynchronous MAC protocol that reduces the
ACK delays, increases throughput, and retains the distributed
nature of the 802.11 distributed coordination function (DCF).
An accurate renewal theoretic fixed-point analysis that leads to
general analytical expressions for the saturation throughput is
also developed.

I. INTRODUCTION

IEEE 802.11 wireless local area networks (WLANs) are
very popular, but are facing increasing demands for higher
data rates and greater spectral efficiency. These WLANs use
the distributed coordination function (DCF) and its variants
such as enhanced DCF (EDCF) for medium access control
(MAC) [1]-[3]. The design of the DCF is based on the premise
that when multiple stations transmit simultaneously in a time
slot, a collision occurs and the receiver cannot decode any
transmission. Therefore, the DCF uses carrier sense multiple
access with collision avoidance (CSMA/CA) to discourage
transmissions by more than one user at any time. This is
accomplished by freezing the backoff timer anytime a node
senses a busy channel.

However, wireless receivers today are capable of employing
sophisticated signal processing and multi-user detection tech-
nologies such as successive interference cancellation (SIC),
space-time coding, and multiple antennas [4], and can receive
multiple packets simultaneously. This capability has been re-
ferred to as multi-packet reception (MPR) in the literature [S]—
[9]. MPR promises significant throughput gains in the uplink,
i.e., the link from the stations to the access point (AP) [10].
However, it also engenders a fundamental redesign of the
MAC protocol, which must now facilitate — and not discourage
— simultaneous transmissions by multiple users. At the same
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time, it is desirable that the MAC retains its distributed nature,
which is a key reason for the success of IEEE 802.11 DCFE.

While MPR has been considered in the literature, e.g., [7],
[10], [11], a synchronous access scenario is often assumed.
In it, multiple nodes can start transmitting simultaneously, but
no node can start a transmission if it senses the channel to
be busy. This leads to the MPR capability not being fully
harnessed. This problem was first addressed by Babich and
Comisso in [12], who analyzed an asynchronous protocol
using a Markov chain model. In it, a node decrements its
backoff timer as long as the number of ongoing transmissions
sensed by it is below a threshold. The number of receive
antennas in the node determines the number of transmissions
that it can sense. However, acknowledgements (ACKs) were
not modeled. It was implicitly assumed that a node knows
whether its transmission was successful or not as soon as its
packet transmission ends.

In fact, in the asynchronous MPR setup, ACKs can get
significantly delayed. This is because multiple transmissions
to the AP can now occur in succession without any idle
period in between. Thus, the AP, which is a half-duplex node,
must continue to receive these time overlapping transmissions
even after a particular node completes its transmission. It can
acknowledge all the packets it successfully received only after
the channel becomes idle. However, a node chooses its backoff
timer parameters and schedules its next transmission only after
it receives its ACK or when it times out waiting for the
ACK. Therefore, this delay can degrade the protocol’s per-
formance. Furthermore, in [12], a memoryless distribution of
packet lengths was assumed in order to facilitate a Markovian
analysis. This assumption does not hold under heavy traffic
situations when there are many retransmissions.

In this paper, we first highlight a problem related to ACK
delays that is unique to an asynchronous MPR MAC protocol.
To show that the ACK delays can degrade the performance of
such protocols we compare the performances of two protocols.
The first one is similar to the one analyzed in [12] except
that ACKs are now incorporated in the protocol. The second
protocol, which we propose in this paper, reduces ACK delays
by modifying the rules that govern when the timer should
be decremented and frozen. We show that the modifications
reduce the ACK delays and increase the saturation throughput,
while retaining the distributed nature of conventional DCF.

Another important contribution of this paper is a fixed-point
analysis of the proposed asynchronous MPR MAC protocol
based on renewal theory [13]. Unlike [12], it captures the
effect of ACK delays on the protocol’s performance and leads
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to general analytical expressions for the throughput and packet
collision probability. It also generalizes the analysis in [14],
which is applicable only to conventional DCFE. The packet
lengths are no longer required to be geometrically distributed
in our model. Further, the effect of packet dropping after a
finite number of retransmissions is now explicitly included.
Thus, our approach provides a more general analysis of the
asynchronous MPR MAC.

The paper is organized as follows. Section II develops
the system model. The proposed protocol is analyzed in
Section III. Simulation results are presented in Section IV, and
are followed by our conclusions in Section V. Mathematical
derivations are relegated to the Appendix.

II. SYSTEM MODEL AND PROTOCOL DESCRIPTION

Consider an IEEE 802.11 network that consists of n con-
tending nodes. We assume that the AP can decode up to
two simultaneous transmissions, and each node can correctly
estimate whether there is zero, one, or more than one ongoing
transmission in the channel, as was also assumed in [12].! This
is easily achieved when each node is equipped with at least two
antennas by means of direction of arrival (DOA) techniques
based on eigen-decomposition of the received signal’s array
correlation matrix [16] [12, Sec. VI].

All nodes follow the binary exponential backoff scheme, as
specified in 802.11 DCF. Before each packet transmission, a
node selects the backoff period in multiples of a slot duration
d. The multiple is chosen uniformly from {0,1,...,w — 1},
where w is called the contention window. It depends on the
number of failed transmissions of a packet. In the first attempt,
w is set equal to the minimum contention window CWi,iy.
After each unsuccessful transmission, w is doubled, up to a
maximum value of CWy,ax = 2™ C'Wiyin. A packet is dropped
by a node after K + 1 failed transmission attempts.

A. Protocol 1: Asynchronous MPR Protocol in [12] with ACKs

In the following we describe a protocol similar to that
in [12] but with ACKSs incorporated in it. As mentioned earlier,
the AP is assumed to be able to decode up to two simultaneous
transmissions. In this protocol, a node having a packet to
transmit samples a backoff timer value and starts decrementing
it once it senses the channel to be idle for a distributed inter-
frame space (DIFS) of duration Tps. The backoff timer is
decremented as long as the node senses 0 or 1 transmissions
in the channel. When the sensed number of transmissions
becomes greater than or equal to 2, the node freezes its backoff
timer. It is resumed from the last stored value as soon as the
number of sensed transmissions again falls to 1. The node
transmits its packet when the backoff timer value becomes
Zero.

'We focus on the case with two simultaneous transmissions since it is both
analytically rich and insightful and practically relevant. As we show, it leads
to close to 100% gains in saturation throughput and delay over conventional
DCF. Further, it requires nodes to have just two antennas, which is feasible
today [4], [15]. The analysis can be generalized to handle more than two
simultaneous transmissions, though the expressions become more involved.
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Fig. 1. Timing diagram for the proposed scheme showing a system-wide
renewal interval in which two simultaneous asynchronous transmissions to the
AP occur.

When the channel becomes idle after the end of the
overlapping transmissions, the AP sends a cumulative ACK
of duration Tack, which acknowledges all the successful
transmissions together [7]. As in conventional DCF, it waits
for the channel to remain idle for a short inter-frame space
(SIFS) of duration Tsrs before commencing its transmission
of the ACK. By setting Tprs > Tsirs, the ACK gets priority
over other transmissions when the channel is idle. However,
unlike conventional DCEF, a node expects its ACK to arrive
within a duration Touyr = Ipigs after the channel becomes
idle, and not after it has completed its packet transmission. In
case the ACK does not arrive, the node times out, updates its
contention window, chooses a new backoff timer value, and
starts decrementing it.

B. Protocol 2: Proposed Protocol

We now propose an asynchronous MPR MAC protocol that
reduces the ACK delays. As in the previous protocol, a node
with a packet samples a backoff timer and starts decrementing
it when it finds the channel to be idle for Tpps duration. It
transmits its packet when the timer reaches zero. However, the
proposed protocol differs with respect to the conditions under
which the backoff timer is frozen and remains frozen. The rule
is as follows: During the backoff phase, a node freezes its timer
once the number of ongoing transmissions exceeds two or once
it decreases. Thereafter, the node resumes decrementing its
timer only when the channel has remained idle for a duration
Tpirs. The operation of the AP remains the same as before.

The above protocol is illustrated in Figure 1 for three nodes
A, B, and C. In it, A transmits first. While A is transmitting,
B and C continue decrementing their timers since there is
only one ongoing transmission in the channel. Once B starts
transmitting, C' freezes its timer. The timer of C' remains
frozen even after A’s transmission ends. Only after an idle
period of duration Tpyrs, do all the nodes resume decrementing
their timers. In Protocol 1 instead, C' will start decrementing
its timer as soon as A’s transmission ends. As a result, its
timer may become zero while B is transmitting.
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III. ANALYSIS

We now analyze the proposed MPR scheme in saturated
traffic conditions in which transmission queue of each node
is assumed to be always non-empty. This gives a limit on
the system throughput in heavy traffic loads, and has been
extensively analyzed for conventional DCF; see, for exam-
ple, [1], [14]. To simplify the analysis, the nodes are assumed
to be statistically identical and the transmission rate is fixed
at 2 [1], [14]. A transmitted packet is received successfully
unless it is involved in a collision. To get compact analytical
results, we assume that a data packet transmission lasts for a
duration of A slots. This also illustrates that a non-memoryless
packet length distribution can be analyzed, unlike the Markov
chain approach of [1], [12]. We also assume that ACKs are
successfully received by all the nodes.

As all the nodes use the same backoff parameters, we make
the following two classical decoupling approximations, which
enable a fixed-point analysis [1], [14]:

1) Each transmitted packet suffers a collision with a proba-
bility ~y, regardless of the number of its retransmissions
and independent of all other nodes. We shall call v as
the conditional packet collision probability.

2) Each node attempts a transmission in a slot where
it is allowed to transmit with a probability 3 that is
independent of all other nodes. The parameter 3 will be
referred to as the attempt rate.

Note that over a sufficiently long time, « can be interpreted
as the ratio of the total number of collisions occurring in the
network to the total number of transmission attempts by all
nodes under saturated traffic conditions. Similarly, 3, in the
long run, is the average (taken over all nodes) of the ratio
of the total number of transmission attempts by a node to the
total number of slots in which the node is in its backoff phase.
Based on these decoupling approximations, the following two
renewal processes can be constructed.

Node-specific renewal process: Consider a given node,
which we henceforth call the tagged node. Let A; and B;
respectively denote the number of attempts and total backoff
duration (in slots) needed by the tagged node to transmit its j
packet. From the first approximation it follows that the backoff
process of a tagged node is a renewal process with renewal
lifetimes Bj, j > 1, and with the time instants at which the
node starts the final transmission of its j™ packet as renewal
epochs. If we treat A;, 7 > 1, as the reward gained in each
renewal cycle, then from the renewal reward theorem [13],
we have § = %, where E [-] denotes expectation. It can be
shown that the at]tempt rate 3 as a function of v is given by

1+v+--+9"

AN
:G = )
b ™) bo 4+ yby + - - -+ Kbk

ey

where b, = % (2’“CWmin — 1), for 0 < k < K, is the mean
backoff duration (in slots) before the (k + 1)® transmission
attempt of a packet. The proof is similar to that in [14], and
is not shown here to conserve space.

System-wide renewal process: Consider the aggregate at-
tempt process by all the n nodes on the channel. Due to the
decoupling approximations, the aggregate process is another
renewal process. As shown in Figure 1, a renewal interval
starts when all the nodes start decrementing their backoff
timers and ends with either an ACK timeout (in case of a
collision) or the transmission of a cumulative ACK by the AP
(in case of a success) followed by an idle of duration Tpyps.

Unlike conventional DCF, more than one packet can get
transmitted in a renewal interval. We, therefore, define the first
packet and second packet of a renewal interval as follows. A
packet is called the first packet in a renewal interval if the
channel is idle when its transmission commences. A packet
is called the second packet if there is already one ongoing
transmission in the channel when its transmission commences.
Given that a tagged node has transmitted a packet, let a denote
the probability that the packet is the first packet in the renewal
interval.

Lemma /: Given that a tagged node transmits in a renewal
interval, the probability « that it is the first packet in the
interval is given by

o K1(B)
Ki(B) + Ka(B3)’

where K;(3) is the probability that the i packet in a re-
newal interval is the tagged node’s packet. Further, K1(03) =
3 _ (n=1)p2a-pnta-(1-p* D7)
gy and Ka(B) = - gma—a g
Proof: The proof is relegated to Appendix A. |
Theorem /: The conditional packet collision probability,

v, as a function of [ is given by

v £ () = aPi(B) + (1 — a)P2(p), A3)

where P;(3), for ¢ = 1, 2, denotes the probability of collision
of the i" transmitted packet in a renewal interval. Further,

2

(==t = -1BA-p)"?)
Pl(ﬁ)_ 1_(1_ﬁ)n,1
<(1-a=-9). @
P(B)=1-(1-p"" ®)
Proof: The proof is relegated to Appendix B. [ ]

Hence, by combining (1), (2), and (3), we get the fol-
lowing fixed-point equation: v = T'(G(y)). Since T'(G(v))
is a continuous mapping from the closed set [0, 1] to itself,
Brouwer’s fixed-point theorem implies that there exists a fixed
point in [0, 1] [14]. Solving this equation numerically yields
7. Then, (1) directly yields 3.2

A. Saturation Throughput

Let ¢ denote the amount of successfully transmitted data
in a renewal interval of duration 7". From the renewal reward
theorem [13], the saturation throughput, .S, is given by

s El

E[T] (6)

2We have observed that the fixed point is unique for the parameters of
interest. However, proving uniqueness remains a challenging problem.
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We now develop expressions for E [(] and E [T']. As shown If idle If busy

in Figure 1, a renewal interval of length 7' starts with an
idle period of duration 7jge. It is followed by a busy period
of duration Tiygy, which includes packet transmission(s), a
cumulative ACK (if success occurs), and an idle duration of
length Tpirs. Depending on whether a success or collision has
occurred, we refer to the busy period that occurs after the

. . . . .. If idle and
idle period as a success period (of duration Tiyc) or a collision packet'(s)efe’c‘eive 4
period (of duration T¢). Further, let 73" and T" denote the successfully

minimum values of T, and Ty, respectively. It can be seen
that Tcr(r)’lin = X0+ Tpigs and Tmin — A+ Tsigs + Tack + I Diks-

suc

Lemma 2: The expected length of the renewal interval is Y

@)

where D¢, and Dy, are the contributions to the average

E [T] =E [ﬂdle] + Dcol + Dsuc,

If idle and
no packets received
successfully

Decode received
packet(s).
Wait for the channel
to become idle

Wait for the
channel to become
busy

Transmit
cumulative ACK of
Tack
duration

Wait for
Tsirs
duration

busy period duration from the collision and success events,

respectively. Further, E [Tiqe] = L

=a-pr
_[1-@a-p)" —np—p)"t
O e
_n(n — l)ﬂz(l - ﬂ)n_2:| Tmin
20-(1-pm) |

+

nB(1-p)""(1-1-8)""—(n-1)B(1~-pB)"?)

Fig. 2. Proposed protocol: Finite state machine for the access point

If no packet If not found idle for
arrives Tprrs _duration

Wait for new

If new packet
arrives

Wait until
channel is idle
for Tpirs
duration

If cumulative ACK

RO DI
X |: (1 — (1 — ﬁ)o‘*l)(nfl)) Tcl(?lin

n 1— (1= p)ADe=D (X~ (A=1)(1—-p)"1)
T (1B
and
Do =11 - "2+ 2801 - HAD

5‘| , (8) Ifidle

2(1=(1=p)")
n(n—1)A21-B)" 11— p)" 2
1-0=pma->0=p""

X [ (1 —(1- ﬂ)()\—l)(n—l)) Tsrfllcin
+1 — (1= p)A-bn=D) ()\ O —1)(1— ﬂ)n—l)

+

(1-Q1=p5""
Proof: The proof is relegated to Appendix C.

Lemma 3: The expected amount of data transmitted in a
renewal interval, with a transmission rate of €, is given by

n(n —1)p(1 - )"
2(1=(1=p)")

E [¢] = 2)6Q (

L - DEA-p) [ - At - (1 - HANY]

5] . 9)

A-1=p)rH1-01-6)")
+ Q2
I=(1=p"
Proof: The proof is relegated to Appendix D.

no(1 - B

packet
Drop
. packet
If cumulative

ACK does not
arrive and
retransmissions
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arrives within
Tour duration

Wait for
cumulative ACK
for Tour
duration

If channel is found
idle for
Tprrs duration

Freeze backoff
timer

If the number
of sensed
transmissions
becomes
greater than or
equal to 2
or decreases

If busy If cumulative ACI

Wait for the does not arrive and

( channel to less than K + 1
retransmissions

have occurred

Transmit
packet

become idle

Decrement
backoff
timer

If backoff timer value
becomes zero

If the number of sensed
transmissions less than or
equal to 2, itis
not decreasing, and
backoff timer has not expired

Fig. 3. Proposed protocol: Finite state machine for a node

IV. NUMERICAL RESULTS

u We now present the results obtained from Monte Carlo sim-

ulations that use 50,000 samples for different MAC protocols,
and compare them with analytical results. An event-driven
simulation platform written in C programming language was
used to implement the MPR protocols described in Section II.
This provides independent verification of the analytical results.
In it, each node is modeled as a finite state machine (FSM)
having several states as per the protocols. The FSMs that
model the AP and the nodes for the proposed protocol are

(10) shown in Figures 2 and 3, respectively. The parameter values

used in the simulations are: 6 = 20 us, Tpirs = Tour = 50 us,
B Tsps = 10 ps, Tack = 304 ps, CWiin = 32, CWiax =

The expression for the normalized saturation throughput then 1024, K =7, and A = 400 slots.

follows directly from Lemmas 2 and 3.

Figure 4 plots the normalized saturation throughput, S/€2,
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Fig. 4. Saturation throughput as a function of the number of nodes
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Fig. 5. Saturation delay as a function of the number of nodes

as a function of the number of contending nodes, n, for
conventional DCF, Protocol 1, and the proposed Protocol
2. Also plotted is the throughput of a synchronous MPR
protocol in which the nodes freeze their backoff timers if
they sense the channel to be busy regardless of the number of
ongoing transmissions in the channel. However, if one or two
nodes transmit simultaneously, their packets will be received
successfully by the AP. The ACKs are incorporated in all
the protocols in order to ensure a fair comparison. We see
that the throughput of the proposed protocol is twice that of
conventional DCF, 10-15% more than Protocol 1, and 16-38%
more than the synchronous MPR version.?

Figure 5 plots the average head-of line packet delay, i.e.,
the average time spent by a packet at the head of a node’s
queue until the node receives an ACK confirming successful
transmission or the node drops the packet. Again, the proposed
protocol outperforms the two benchmark protocols. The head-
of-line delay is an important performance metric that affects
the performance of higher layers of the protocol stack [17].

The conditional packet collision probability as a function of

3For the general case where the AP can decode up to L > 2 overlapping
transmissions, Protocol 2 can be generalized as follows. A node freezes its
timer when the number of transmissions in the channel exceeds L — 1 or
when the number of transmissions starts decreasing. For . = 3, 4, and 5,
the throughput of Protocol 2 is 2.96, 3.95, and 4.98 times, respectively, more
than the throughput of conventional DCF. It is at least 10% more than the
that of Protocol 1.
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Fig. 6. Conditional packet collision probability as a function of the number
of nodes

n is shown in Figure 6. Notice that the analysis and simulation
results match each other well. Further, as n increases, the
percentage error decreases. This is in consonance with the
results in mean field interaction theory, which provides a
mathematical justification for this behavior [18].

V. CONCLUSIONS

We saw that making the nodes freeze their backoff timers
once the number of ongoing transmissions in the channel has
crossed a threshold value or decreased from its previous value
reduces the ACK delays in the asynchronous MPR setup. It
restricts the number of ovelapping transmissions in a renewal
interval, and leads to saturation throughput gains over the
asynchronous MPR MAC protocol considered in the literature
and over conventional DCF. We saw that our renewal-theoretic
fixed-point analysis is accurate and general. It enables the
modeling of packet dropping after K retransmissions. Also,
unlike the Markovian analysis, it does not need to assume a
memoryless packet length distribution.

Future work includes evaluating the effect of adaptive
modulation and coding and imperfect estimation of the number
of ongoing transmissions in the channel, and determining the
non-saturated throughput. Corresponding throughput improve-
ments in the downlink, which can be achieved using trans-
missions techniques such as superposition coding or spatial
multiplexing at the AP, are also worth investigating.

APPENDIX
A. Proof of Lemma 1

Expression for Ki((): Let the tagged node transmit in
slot ¢ (¢t > 1) of the renewal interval. This occurs with
probability (1 — 3)"*~1 3, since none of the n nodes should
have transmitted in the slots 1,...,¢# — 1 and the tagged node
must transmit in slot ¢. Hence,

Ka(8) = 3 A1 = 98 =
t=1

Expression for Ko(/3): Let the first transmission from ex-
actly one node other than the tagged node begin in slot ¢; of
the renewal interval, where ¢; > 1, and let the tagged node
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transmit in slot ¢; 4¢3 + 1. Clearly, 0 < t5 < X\ — 2, since the
proposed protocol does not permit the tagged node to transmit
once the channel becomes idle. The probability of this event
is

(1 - ﬁ)n(hfl) (n — 1)5(1 _ ﬁ)n*Q(l _ ﬂ)(l _ ﬂ)(nfl)tgﬁ.

Summing the probabilities over ¢; and ¢, yields the desired
expression for Ko(f3).

The expression in (2) for « in terms of K (5) and K2(3)
follows directly from Baye’s rule.

B. Proof of Theorem I

A packet transmitted by the tagged node suffers a collision
under the following two scenarios.

1) It is the first packet in the interval: In this case, the
packet suffers a collision only if, in any of its A slots, at least
two among the other n — 1 nodes transmit. The probability
that the first ¢ slots (0 < 7 < X\ — 1) of the transmitted
packet are free from collisions is (1 — 3)¥ (™=, And, the
probability that two or more nodes transmit in the (i+1)™ slot
is 1 - (1 —ﬁ)"*l (n—1)B(1 = B)"~2. Thus, we have P, =
S A=) (1= (1 - B = (n—1)B(1 - B)"2),
Wthh simplifies to (5).

2) It is the second packet in the interval: In this case, a colli-
sion can occur only in the first slot of the packet. This happens
when at least one among the remaining n — 2 nodes transmits
in the slot, which occurs with probability 1 — (1 — 3)"~2.

C. Proof of Lemma 2

Let P[-] denote probability.

Expression for E [Tae): Clearly, P[Tige > x] = (1 — 3)"*,
for x = 0,1,..., because no node must transmit for at least
x slots. Hence we get E[Tae] = Yoo PlTiae > 2] =
Yaco(l = B)"" = =gy

Expresszon for Dcy: When two or more nodes start
transmitting simultaneously just after the idle period ends,
we have T, = T2™ This occurs with probabil-

n__ n 1 n(n 1) n—2
ity 1-(=p)"—nb 1@(175) ) . The denominator

term of 1 — (1 — 3)™ arises due to conditioning on the event
that the idle period has ended. Now, T, = Tcmm + 26,
for 1 < x < X — 1, when exactly one among the n
nodes starts transmitting after the idle period is over, none
of the remaining n — 1 nodes transmit in the next z — 1
slots, and at least two of the remaining n — 1 nodes trans-

mit in the followmég slot. This happens with probability
nﬁ(l )'n. 1 1 B (x—1)(n— 1)(1 [(31) )n 1 (’I’L 1)6(1 )'n. 2) Sum_
1—B)" :

ming over x results in (8).

Expression for Dy,.: If just after the idle period, only
one node transmits in the whole renewal interval or ex-
actly two nodes start transmitting simultaneously then a
success occurs and Ty, = Tsﬁ’cm. Its probability of oc-
n(n2—1)ﬁ2(1_ﬁ)n_2+n5(1 5)n—1(1_ﬁ)(,\—1)(n—1)
) ) —-(1-p)" )
ilarly, it can be shown that P[Tgy. =

nap A DO D 60" o) < g < A L.

B)
Summing over z yields the desired expression in (9).

Sim-
Tmin 28] =

currence is

D. Brief Proof of Lemma 3

If a collision occurs in a renewal interval, then the AP
cannot decode any of the transmitted packets. Hence, in this
case ( = 0. Otherwise, ¢ equals iAdQ2 if ¢ € {1,2} nodes
transmit in the renewal interval. The probabilities of these
events have been derived in Appendix C. Therefore,

_nB(1—pPeY (3820 -
S i v v S e
- nln = DB = A2 — gD
+ ; o 2000, (11)

The expression above simplifies to (10).
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