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Abstract—Amplify-and-forward (AF) relay based cooperation
has been investigated in the literature given its simplicity and
practicality. Two models for AF, namely, fixed gain and fixed
power relaying, have been extensively studied. In fixed gain
relaying, the relay gain is fixed but its transmit power varies as
a function of the source-relay (SR) channel gain. In fixed power
relaying, the relay’s instantaneous transmit power is fixed, but
its gain varies. We propose a general AF cooperation model in
which an average transmit power constrained relay jointly adapts
its gain and transmit power as a function of the channel gains.
We derive the optimal AF gain policy that minimizes the fading-
averaged symbol error probability (SEP) of MPSK and present
insightful and tractable lower and upper bounds for it. We then
analyze the SEP of the optimal policy. Our results show that the
optimal scheme is up to 39.7% and 47.5% more energy-efficient
than fixed power relaying and fixed gain relaying, respectively.
Further, the weaker the direct source-destination link, the greater
are the energy-efficiency gains.

I. INTRODUCTION

Relay-based cooperative communications exploits spatial
diversity to combat wireless fading. In amplify-and-forward
(AF) relaying, the relay amplifies the noisy and faded signal
it receives from the source and transmits it to the destination;
it does not decode the source’s message [1]-[8]. AF is con-
sidered to be simple and, yet, achieves full diversity.

Two AF relaying models have been extensively investigated
in the literature, namely, fixed power and fixed gain relay-
ing. In fixed power relaying, the relay adjusts its gain as a
function of the source-relay (SR) channel gain such that its
instantaneous transmit power, when averaged over the noise
in the SR channel and the data symbols, is fixed [1]-[6].
On the other hand, in fixed gain relaying, the relay gain is
fixed. As a result, its instantaneous transmit power depends
on the SR channel gain. The fixed gain is set so that the
relay meets an average power constraint [7], [8]. While fixed
gain relaying is considered easier to implement, fixed power
relaying simplifies the design of a power amplifier at the relay.

In this paper, we generalize the AF relaying model and
consider an AF relay that adapts its gain as well as power as
a function of the channel gains, subject to an average power
constraint. We refer to this as adaptive relay gain and transmit
power (ARGTP) relaying. While the average power constraint
model has been used in several wireless systems [9], its role in
AF relaying has not been fully explored to the best of the our
knowledge. For example, in [10] and the references therein, the
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total power of the source and the AF relay is constrained, but a
relay is still subject to a fixed instantaneous power constraint.

While the model considered in [11] also considers an
average power constraint and varies the relay gain as a function
of the SR and relay-destination (RD) channel gains, our design
objectives and the depth of our results are vastly different.
In [11], the relay adjusts its transmit power as a function of
the SR and RD channel gains so as to maximize the end-to-
end SNR. We instead focus on minimizing the fading-averaged
end-to-end SEP. In [11], the optimal gain was determined
numerically as a function of the channel gains using com-
putationally efficient quasi-convex optimization techniques.
Instead, we analytically characterize the SEP-optimal relay
gain and also develop insightful closed-form upper and lower
bounds for the relay gain. Another important contribution of
the paper is the SEP analysis of the optimal policy. Our results
show that ARGTP leads to significant energy savings over
fixed power relaying and fixed gain relaying. The savings
increase when the direct source-destination (SD) link is absent.

The paper is organized as follows. Section II describes
our system model. Section III derives the optimal ARGTP
relaying rule and its SEP. Our results and conclusions follow
in Sections IV and V. Mathematical details are relegated to
the Appendix.

II. SYSTEM MODEL

Consider a three node system consisting of a source S,
a destination D, and a half-duplex relay R. Each node is
equipped with a single transmit or receive antenna. The SR,
RD, and SD channels are assumed to be block fading channels
that undergo independent frequency-flat Rayleigh fading. They
need not be statistically identical. All transmissions occur over
the same bandwidth. The relay is assumed to know its local
SR and RD channel gains [11], [12]. In practice, these can
be acquired by a training protocol; see [13] and references
therein. However, the relay need not know the SD channel
gain.

We use the following notation henceforth. The probability
of an event A is denoted by Pr(A). For a random variable
(RV) X, its probability density function (PDF), expectation,
and variance are denoted by px(z), E[X], and var [X],
respectively. CA/(0, o2) represents a zero-mean circular sym-
metric complex Gaussian RV with variance o2, and z* denotes

220



Proceedings of the 2012 IEEE ICCS

complex conjugate of x.

A. Cooperative AF Protocol

The cooperative AF relaying protocol occurs over two
phases, and is similar to that for fixed gain or fixed power
AF relaying [1]-[6]. In the first phase, the source broadcasts
a data symbol « that is drawn with equal probability from the
M-ary PSK (MPSK) constellation of size M. The received
signals ysq and ys, at the destination and relay, respectively,
are given by

Ysd = V Pshsda + Nsd, (1)
Ysr = V Pshsra + Nsr, (2)

where P; is the source transmit power, hgq is the SD channel
gain and is a CN'(0,02;) RV, hy, is the SR channel gain and
is a CN'(0,02,) RV, and |a|> = 1. The additive noise terms
ns- and ngg are CN(0,1) RVs, and are independent of each
other and the channel gains.

In the second phase, the relay amplifies the signal it receives,
Ysr» by a factor 4/ Bﬁr, where P, is the average relay transmit
power. Therefore, the destination receives the signal ¥4,
which is given by

Yrd = ﬁﬁrhrdym" + Nrd,

=V ﬁ?rpshsrhrda + B?rhrdnsr + Npg. (3)

Let Vsd = |hsd‘ips’ Vsr = |hzr|2 Ps’ and Yrd éfr ‘hrd‘2~
Further, let Ved = E [’YSd]’ Vor = E [’YST]’ and Yrd = E [’de}'

B. General AF Relaying Model

In fixed power AF relaying [1], [2], [5], the relay gain for
the above relay transmission model is given by § = vrilﬂ
On the other hand, in fixed gain AF relaying, the relay gain

1

equals g = e

In our model, however, the relay gain is a function of the
local SR and RD channel gains, v4- and ~,.4. As mentioned,
we do not assume that the relay knows the SD channel gain, as
this would require channel state feedback from the destination.
Henceforth, the relay gain will be denoted by S(7ysr,rd) in
order to explicitly show its dependence on 7, and 7,4. The
relay is subject to an average relay transmit power constraint,
which is E [ﬁ(vsm'yrd) (’YST + 1)] =1

The destination coherently determines « using its two
observables ys4 and y,.4. We assume that it knows the SR, RD,
and SD channel gains [1]-[3]. The SNR ~p at the destination

receiver when it employs maximal ratio combining is given

b
Y VsrVrd

. 4
Yrd + 5('Vsra ’Y’r‘d)_l
III. OPTIMAL ARGTP RELAYING AND SEP ANALYSIS

YE = Ysd T

We first derive the SEP-optimal relay gain policy. The
fading-averaged SEP for MPSK at the destination is given

by [14, (8.23)]
(M) in? (=
SEP = l/ E |exp <7EW>] dg. (5)
0 n“6

™

Averaging over 7sq4, which is an exponential RV that is
independent of Ysr, Vra, and B(Ysr, Yrd), We get

2
_ YorYr sin”( 77 )
1 (7M1J1)‘n’ E |:exp< 'Yrd“!‘ﬁ(w'srvii}’f‘d)il sin? 0 >:|
sgp_ L / i o),
7Jo sin (%)

1+ Vsd sin? 6
(6)
The SEP expression in (6) cannot be simplified further
because the relay gain is itself a function of v, and 7,4,
and it is this function that we seek to optimize. To gain further
insights, we derive below an analytically tractable upper bound
for the SEP and shall minimize it instead. Using the inequality
sin?f < 1 only for the term inside the expectation in the
integrand in (6), we get

VsrVrd

2 T
'Yrd+ﬂ(78r7r>/rd)_l o (M)>] .
(7

SEP < SEPyE {exp <—

Here, it can be shown that [6, (9)]

1 —1
1 ) in? (= M—1
SEPO:—/ R . L e12 )
0 n-6

()

A. AF Relaying Optimization
Since SEP; does not depend on the relay gain, the SEP
minimization problem reduces to finding the optimal function
Bopt (]R“‘)2 — R, which is a function of two variables

Ysr and 7,.q, that minimizes the expectation term in (7).
Mathematically, the optimization problem can be stated as

. YsrVrd .o (T
min E |ex sin® ( — 9)
B |: p< 'Yrd+ﬁ(’YsTafYrd)_1 (M)>:|
such that E [5(Vsr, Vrd) (7sr +1)] = 1, and (10)
6(737‘777@) 2 07 for all Vsr Z vayrd 2 0. (11)

The optimal solution is as follows.
Result /: Let

.9 s 2(
N VsrYrd SIN (ﬁ) 2 Ysr7Yrd S (ﬁ)
r)=exp| ——————— | (@ypqg + 1) —————.
(b( ) p< Vrd + r—1 ( v ) )\(’Ysr+ 1)
(12)
For ¥4 > B(7sr), #(z) has a unique positive root zo (s, Yra)
and

_ xO('Vsra 'Yrd)a Yrd Z B('ysr)
ﬁopt(’Ysrv’Yrd) - { 07 otherwise ) (13)
where N 1
B(yer) & —5 72y (1 + ) : (14)
S1n (ﬁ) Vsr

The Lagrange multiplier A\ is chosen to satisfy the average
power constraint in (10).
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Fig. 1. Comparison of optimum relay gain Sopt, its upper bound 3., and
its lower bound f;, as a function of the instantaneous RD link SNR +,.4
(ysr = 0.5 dB, A = 0.1, and QPSK).

Proof: The proof is relegated to Appendix A. |
Note that the Lagrange multiplier depends on the channel
fading statistics of the SR and RD links and not their in-
stantaneous channel gains. It, therefore, needs to be numer-
ically computed only once. However, zo(vsr, Vrq) needs to
be computed by numerically solving (12) for each realization
of v and ,.q. We now present upper and lower bounds
for Bopi(VsrsYra) that have an explicit closed-form character-
ization. These provide new insights into the structure of the
optimal AF relaying scheme.
Result 2: The optimal AF relay gain B,y is upper and
lower bounded as follows:

ﬁopt(’}/sry ’de) S Bu('}/srv 'Yrd)
sin2 ( I
R (i ()
> )
yra (1492, sin? (7)) s Yra 2 Bysr)

0, otherwise
(15)

—1+

Bopt('ysm ’Yrd) Z Bl ('Ysr, '77>d)

75,«yrdsin2(ﬁ) 'ysrsinz(ﬁ
exp| — 5

A(vsr+1)

-l
Yrd s Vrd ZBl( sr) )
0, otherwise
(16)

where By (vsr) = B(7sr) exp (%T sin? (ﬁ))
Proof: The proof is given in Appendix B. |
The above two bounds and [,y are shown in Figure 1.
We see that the bounds track B?pt well. They together show

that SBop(Ysr, Vra) decays as 7,.;* for large ~,.4. Their closed-
form characterization also makes them amenable to a practical
implementation.

B. SEP Analysis of Optimal ARGTP Relaying

Expanding the expectation term in the integrand in (6)
results in a triple-integral expression for the SEP. Using the

inequality sin?@ < 1, we get the following SEP upper bound
SEP,,:

SEP, [ [™ sryrasin® (&
SEPMZ%/ / xp [ Ter e (M)_1
YsrVrd Jo JO Yrd + Bopt('y.sra 'Yrd)

X exp <—7”> exp (—W> dYer dyra. (17)
v

sr rd

It is in the form of a double-integral, which can be simplified
as shown below.

Result 3: The SEP of optimal ARGTP relaying is upper
bounded as follows:

B sTr
+b27,.4 €Xp <—(7 )>

77'(1
+2by+/ba17, 4 erfc (

—B(%T) exp (—ﬁ> dysr
Wrd Vsr ’

(18)

SEP, [ B(7sr
SEP<SEP, <SEP,, 2 I, + > -° / [bei <(_V)>
YrdVsr JO Yrd

'y?r sin‘%%) b
14+~2, sin4(ﬁ) V2

where SEP, is given by (8), by =

Ysr sin® ()
Avar+1) (1472, sin? (£
Ed

2 A
—exp | —— - p — -
Vsr ( Yrd Sln2 (ﬁ) ) Yrd S1n2 (]y[)

4\
K —_—— . (19
< ( 737’77“01 Sinz (%) >:| ( )

Here, erfc(+) is the complementary error function, Ei(-) is the
exponential integral [15, (8.211.1)], and K; (-) denotes the
modified Bessel function of second kind and first order [16,
(9.6)].

Proof: The derivation is given in Appendix C. [ |

Nk and

)\767’

i :SEPO[I -

IV. NUMERICAL RESULTS AND DISCUSSION

We now verify our analytical results using Monte Carlo
simulations that use up to 10° fading and noise realizations,
and benchmark the performance of ARGTP relaying with both
fixed power and fixed gain relaying. In the simulations, we set
E [|h57.\2} ~—1and E [\hrd\z = 1. Recall that the additive
noise power is normalized to unity. We consider below the
following two scenarios: (i) where the SD link is comparable

in strength to the SR and RD links (E {|hsd|2} = 1), and
(ii) where the SD link is absent (E [\hsdﬂ - 0).

A. With SD link

Figure 2 plots the SEP of ARGTP relaying as a function of
the average relay transmit power for QPSK. The results from
Monte Carlo simulations and the SEP upper bounds SEP,,
in (7) and SEP,,, are also plotted. We see that SEP, and
SEP,,,, are within 0.3 dB and 0.7 dB, respectively, at an SEP
of 1072,
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Fig. 2. SEP and its bounds as a function of average relay transmit power,

Py Vsr =Vrd = Vsa = Ps, Ps = Pr, and QPSK).

—g— ARGTP with Bom : exact analysis

O ARGTP with Bom : simulations

= © = Fixed power relaying [4]
= = = Fixed gain relaying [17]

SEP

0 5 10 15 20
Average relay transmit power (dB)

Fig. 3. With SD link: Comparison of SEPs of AF relaying schemes as a
function of average relay transmit power, P, (Ps = P and 7, = 7,4 =
Ysq = Ps, and QPSK).

Figure 3 plots the SEP as a function of the average relay
transmit power for QPSK. It compares the SEPs of ARGTP
relaying, fixed gain relaying, and fixed power relaying when
P, = P,. We see that ARGTP relaying requires 2.0 dB
(36.9%) less power than fixed power relaying and 2.4 dB
(42.5%) less power than fixed gain relaying at an SEP of 1072,
For 8PSK (figure not shown), the power savings increase to
2.2 dB (39.7%) over fixed power relaying and 2.8 dB (47.5%)
over fixed gain relaying.

B. Without SD link

Figure 4 plots the SEP of ARGTP relaying as a function of
the average relay transmit power for QPSK. The corresponding
SEP curves for fixed gain and fixed power relaying are also
shown. Now ARGTP relaying outperforms both fixed gain
and fixed power AF relaying by an even larger margin. For
example, the savings are 4.3 dB (62.8%) over fixed power
relaying and 7.7 dB (83.0%) over fixed gain relaying at an SEP
of 2 x 1072, This is because in the absence of the direct SD
link, the relay influences the signal quality at the destination
much more.

—8— ARGTP relaying with ﬁupl

= = =Fixed gain relaying
= © = Fixed power relaying

0 5 10 15 20 25 30
Average relay transmit power (dB)

Fig. 4. Without SD link: Comparison of SEPs of AF relaying schemes as a
function of average relay transmit power, Py (Vy. = ¥,.q = Ps, Y4q = 0,
and QPSK).

V. CONCLUSIONS

We proposed ARGTP relaying, which generalized the popu-
lar fixed power (but variable gain) and fixed gain (but variable
power) AF relaying rules. In ARGTP relaying, the relay adapts
both its instantaneous transmit power and gain as a function
of the channel gains of the links incident on the relay. We
derived the SEP-optimal AF relay gain policy and practically
amenable closed-form bounds for it. We also analyzed its SEP.

We saw that ARGTP relaying is considerably more energy-
efficient than both fixed power and fixed gain relaying. Fur-
thermore, the weaker the direct source-destination link, the
more marked is the energy-efficiency. The substantial gains
achieved by ARGTP relaying motivate its use in AF cooper-
ative networks. An interesting problem for future work is an
analysis of the impact of imperfect channel state information
on the performance of ARGTP relaying, and its extension to
a system with multiple AF relays.

APPENDIX
A. Proof of Result 1
 Ysryrasin® (%)
Yra+z 1
straint are convex in x. Therefore, using Lagrange multipliers,
the problem at hand is equivalent to minimizing Ly (x) for
each value of g, and 7,4, where

The function exp ( ) and the power con-

I

.2
VsrYrd S (]\4)
Ly(z)&exp|—————M2 4\ (2 (yer+ 1) — 1). (20
@) p< TSI A (@ (1) < 1) Q0)
Note that the expectation operator has been dropped since in
the unconstrained formulation x can now be optimized for
each 7, and 7,4. Since Ly(z) is convex in x, the optimal
value of x is unique. It is the non-negative solution of
OLx(z) _ ~exp [ 2 sin® (%) \ Ysryrasin® ()
('Vde + 1)2

2D

or Yra + 21
+ )‘(’Ysr + 1) =0,

if it exists, and is 0, otherwise. Let the non-negative solution
be denoted by x¢(Ysr, Vra). Simplifying (21) results in (12).
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The boundary of the region in which Bop(Vsr, ¥ra) 18 0 is
obtained by substituting * = 0 in (12). Further, it can be
verified that Sop(Vsr, Vra) = 0, for all vp.q < B(7sr)-

B. Proof of Result 2
Using the inequality exp(z) > 1+ 22, for & > 0, in (12),
we get, for .4 > B(vsr)s

o(z) > (290a + 1)? (1 +

a’z? > a
(I’Yrd + 1)2 A (78r + 1)7
where a £ v, 7rq sin’ (ﬁ) Simplifying further, we get

a
o(x _.
) G 1)
Expanding the right side of the above inequality and rearrang-

ing terms yields the following quadratic form in x:
a

A(Ver +1)

> (xyrd + 1)2 +a’2? — (22)

2 Q(x).
(23)
When v,q > B(7sr), it can be easily verified that Q(x) has

exactly one positive root 3y (ysr, ¥ra), Which is given in (15).
Since ¢(z) > Q(x) and since both are convex for z > 0, it

can be shown that ﬁopt(’Ysm’YTd) S 6u(73r77rd)~
C. Derivation of Result 3

6(x) > (74 + a®) 2% + 2z + 1 -

Yeryra sin® ()
7rd+ﬁopl(7$7‘77rd)71

) _ Der7rasin (&)

From (12), exp ( D)

X (Bopt (Vsrs Yra)Yra + 1)~ 7, for g4 > B(7s,), and is equal
to 1, otherwise. Therefore, the expression for SEP, above
becomes

SEPy [ [B0er) o 5
SEP,=— 0 / / exp < X > exp ( X d> dVsrdYra
’Ysr’}/rd ’Vsr ’Y’I”d

SEP + 1
+ — _0 / / ,YST . 2 a ) (Bopl(’)/sra 7rd)7rd+1)
YsrVrd B(vsr) VsrVrd sin (AI)

X exp (—3 )e p< = ) drysr dyrq.  (24)
sr rd

Let the first term in the expression for SEP,, above be denoted
by I;. Using [15, (3.324.1)], it can be shown that I; simplifies
in closed-form to (19).

Since Bopt < Bu, it can be shown from (15) that, for v,.q >

B(7vsr),
Bopt('Ysrv ’Yrd)’YTd +1 S Bu(lysra 'yrd)%"d +1

it () 250D (1 45zt (7))
1442 sin* (ﬁ)

<

(25)

Using the above inequality and substituting (19) in (24), we
get

SEP, < SEP,, = I,
2
SEPO ’Ysr + ]-) (bl + V b27’r‘d)

Wsrird / /B('yw) YsrVrd Sin2 (%)

X exp ( 75 > exp <—3‘d> dyer dyrq, (26)
sr rd

+

where b; and bs are defined in the result statement. The double
integral term in (26), which is denoted by 5, can be recast as

SEP
I = 0 / B fYS’I €xXp ( ) ('731") d%r, (27)
str’Y'rd
. 2
where .[12n IB(%T) b1+b27rd;tibl\/b27rd CXp( "w) dYra.
Further, I3 can be split as
I = bi1 + bapa + 2b1v/baps, (28)
where ¢ fg(o%r) viexp( z:d) dvrq = Ei (%),
fB(% exp —2 d%d = F,qexp (-2 (Jf;) and

= J5rn) \/% exp (=57 | dyra = VT erfe (B(V: )
Substltutlng all the above expressions in (26) yields the desired
expression in (18).
The derivation of the lower bound expression is skipped due
to space constraints, and is available in [17].
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