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Abstract—Transmit antenna selection (AS) has been adopted
in contemporary wideband wireless standards such as Long Term
Evolution (LTE). We analyze a comprehensive new model for AS
that captures several key features about its operation in wide-
band orthogonal frequency division multiple access (OFDMA)
systems. These include the use of channel-aware frequency-
domain scheduling (FDS) in conjunction with AS, the hardware
constraint that a user must transmit using the same antenna
over all its assigned subcarriers, and the scheduling constraint
that the subcarriers assigned to a user must be contiguous.
The model also captures the novel dual pilot training scheme
that is used in LTE, in which a coarse system bandwidth-wide
sounding reference signal is used to acquire relatively noisy
channel state information (CSI) for AS and FDS, and a dense
narrow-band demodulation reference signal is used to acquire
accurate CSI for data demodulation. We analyze the symbol error
probability when AS is done in conjunction with the channel-
unaware, but fair, round-robin scheduling and with channel-
aware greedy FDS. Our results quantify how effective joint AS-
FDS is in dispersive environments, the interactions between the
above features, and the ability of the user to lower SRS power
with minimal performance degradation.

Index Terms—Antenna selection, fading channels, OFDMA,
scheduling, symbol error probability, diversity techniques, mul-
tiple antennas, imperfect channel knowledge.

I. INTRODUCTION

ULTIPLE input multiple output (MIMO) systems im-

prove capacity and provide spatial diversity. However,
their use increases the hardware complexity at the transmitter
or at the receiver. For example, every antenna element at the
transmitter requires a radio frequency (RF) chain consisting
of a digital-to-analog converter, an up-converter, and a power
amplifier. Antenna selection (AS) is a popular technique that
uses fewer RF chains to reduce the hardware complexity
[1], [2]. In single transmit AS, the best antenna is selected
as a function of instantaneous channel gains. Despite its
lower complexity, AS achieves full diversity with perfect and
imperfect channel state information (CSI) [3]-[6].
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Given its advantages, many contemporary standards such
as IEEE 802.11n, Long Term Evolution (LTE) [7], and IEEE
802.16m Advanced WiMAX [8] have standardized AS. These
wideband standards use orthogonal frequency division multi-
plexing (OFDM) or orthogonal frequency division multiple ac-
cess (OFDMA). In wideband frequency-selective channels, AS
faces several new challenges. Firstly, different antennas may
be optimum for different subcarriers, which can diminish the
gains from AS. Secondly, in cellular systems, AS happens in
conjunction with frequency-domain scheduling (FDS). Thus,
for joint AS-FDS, the BS needs to determine the user and
the transmit antenna pair to assign to each subcarrier, and the
user transmits with the same antenna over all the subcarriers
assigned to it. Thirdly, to limit peak-to-average power ratio
(PAPR) and to control signaling overheads, a standard such
as LTE constrains the BS to assign only a contiguous group
of subcarriers to a user.

Fourthly, in OFDMA systems, training is used to acquire the
CSI required not just for data demodulation but also for FDS
and AS. Intuitively, determining the best user to assign to a
subcarrier and the best antenna it should transmit with requires
less accurate channel estimates since the base station (BS) only
needs to distinguish among a small number of possibilities. On
the other hand, for data demodulation, the channel estimates
need to be as accurate as possible. Furthermore, for FDS,
the BS needs system bandwidth-wide channel estimates, while
for data demodulation it only needs to estimate the channel
over the subcarriers assigned to the user. This has led to the
adoption of a novel dual pilot training scheme in the LTE
uplink. In it, a user transmits a coarse system bandwidth-wide
sounding reference signal (SRS) every 2-10 ms to enable the
BS to acquire CSI for both AS and FDS. On the other hand, a
user transmits a dense demodulation reference signal (DMRS)
every time it transmits data — but only on subcarriers that are
assigned to it — to enable the BS to get accurate estimates for
data demodulation.

Finally, the hardware constraints that motivate AS also
affect the OFDMA training procedure. A pilot can be trans-
mitted from only one antenna of a user at a time. Thus, a user
alternately sends the SRS from its two transmit antennas, as
shown in Fig. 1. The BS estimates the wideband channels of
the two transmit antennas to it, and determines and feeds back
to the user which subcarriers and which antenna it should use
to transmit DMRS and data symbols.
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Fig. 1. Ilustration of dual pilot training scheme to enable FDS, AS, and

coherent data demodulation.

A. Related Literature on AS

We now discuss some key references below.

Flat-fading with Perfect CSI: AS has been extensively
investigated in the literature for flat-fading channels. In [9],
algorithms for receive AS to maximize capacity are presented.
The gap between the capacity of a MIMO system that employs
AS and the one that does not is shown in [10], while in [11],
the outage probability, symbol error probability (SEP), and
capacity for a hybrid selection scheme are analyzed. Joint user
scheduling and AS is analyzed in [12]. In [13], the capacity
of a multiuser scheduling system for selective transmission
or reception is derived. Multiuser diversity gain is derived in
terms of the outage probability in [14].

Flat-fading with Imperfect CSI: In [4], the bit error rate
(BER) is derived for diversity systems. In [15], the SEP of
receive AS with outdated, imperfect CSI for a time-varying
channel is analyzed. The pairwise error probability (PEP) of
AS in a space-time coded system is derived in [6], and the
PEP for both transmit and receive AS is analyzed in [5].

Frequency-selective OFDM Systems with Perfect CSI:
In [16], average signal-to-noise-ratio (SNR) gain, outage prob-
ability, and BER are analyzed for AS in space-frequency
coded OFDM systems. User scheduling schemes without AS
for MIMO-OFDM systems that employ orthogonal space-
frequency block coding are investigated in [17]. Joint transmit-
ter and receive antenna subset selection for frequency-selective
channels is analyzed in [18]. In [19], upper bounds on the
PEP of AS in a space-time coded OFDM system are derived.
The per-tone AS model, in which different antennas of the
same user can be assigned to different subcarriers, is analyzed
in [16], [20], [21]. However, no FDS is considered in [20],
[21].

Frequency-selective OFDM Systems with Imperfect CSI:
In [22], receive AS in a MIMO-OFDM system is analyzed.
However, the same pilot, which is always sent with data, is
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used for both selection and demodulation. Further, no FDS is
considered. In [8] and in standards contributions [23], only
simulation results are presented for evaluating AS-FDS with
dual pilot training.

Thus, while considerable work has been done on AS, its
performance analysis in contemporary, wideband OFDMA
systems with and without FDS and with imperfect CSI ob-
tained from the dual pilot training scheme remains an open
problem, and is the focus of this paper. Borrowing terminology
from LTE, we henceforth call the smallest time-frequency
resource that can be allocated to a user as a physical resource
block (PRB). It consists of F' contiguous subcarriers and
T OFDMA symbols. For example, in LTE, F' = 12 and
T = 14. The smallest data unit consists of one subcarrier
and one OFDMA symbol; it is called a resource element.
Multiple PRBs can be allocated to a user, but they must all be
contiguous. A group of C' contiguous PRBs is called a chunk
and the 7" chunk consists of the PRBs (i — 1)C' +1,...,iC.

B. Focus and Contributions

To characterize the interactions between AS, FDS, and the
scheduling constraints, we analyze the performance of AS
in OFDMA systems first with the channel-unaware, but fair,
round-robin (RR) scheduler and then with the opportunis-
tic, channel-aware greedy frequency-domain scheduler [24].
Unlike the RR scheduler, the greedy scheduler takes the
instantaneous SRS channel gain estimates into account to
determine which user to assign to each chunk of PRBs.
Altogether, these two schedulers cover a wide range of the
throughput vs. fairness trade-off. The performance of other
schedulers, e.g., the proportional fair scheduler [25], will lie
in between these schedulers.

We first derive a closed-form expression for the SEP of AS
with an RR scheduler, in which the BS assigns a chunk of
C' contiguous PRBs to a user in a pre-determined manner.
Only the antenna is selected using the SRS-based channel
estimates. The user must use the same antenna to transmit
data and DMRS symbols over the entire chunk assigned to
it. The analysis takes into account the impact of the imperfect
SRS and DMRS-based channel estimates on both AS and data
demodulation.

We then analyze AS with FDS, in which both the user and
its most appropriate antenna are chosen based on the noisy
SRS channel estimates. As before, at most one chunk of C'
contiguous PRBs is assigned to a user, which then uses the
same antenna to transmit data and DMRS symbols. Unlike
AS with the RR scheduler, in this case, the SEP of different
chunks is different. We, therefore, develop expressions for the
SEP chunk by chunk.

We present several numerical that show the effectiveness of
AS in dispersive channels even at lower SRS powers, which
is a unique advantage of the dual pilot training scheme.

Outline: The paper is organized as follows. The system
model is developed in Sec. II. The SEP of AS with the RR
scheduler is derived in Sec. III. The SEP of AS with FDS
is derived in Sec. IV. Our results and conclusions follow in
Sec. V and Sec. VI, respectively.

Notation: We denote matrices and vectors in boldface
uppercase and in boldface lowercase, respectively. The conju-
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gate, Hermitian transpose, transpose, and determinant opera-
tors are denoted by (.)*, (.)T, (.)7, and det(.), respectively. An
n x n identity matrix is denoted by I,,. The (i, j)™ element of
A is denoted by (A); ;. Further, A(r, c) denotes the submatrix
of A with r denoting the vector of row indices and c denoting
the vector of column indices. A(:,c) denotes the submatrix
of A with all its rows but columns drawn from c. Expectation
and variance are denoted by E [.] and var [.], respectively. The
notation X ~ CN'(K) means that X is a circular symmetric
complex Gaussian random vector with covariance K. The
probability of an event B is denoted by Pr(B) and the
probability density function (pdf) of a random variable (RV)
X is denoted by px(x), with the subscript dropped if the
RV is obvious from context. Similarly, Pr(B|C') denotes the
conditional probability of B given C, and px|y(z) denotes
the conditional pdf of X given Y. The Npgr-point discrete
Fourier transform (DFT) matrix is denoted by 2.

II. SYSTEM MODEL

We consider a multiuser scenario with N users. Each of
the users has two transmit antennas and a single transmit
RF chain. The receiver has one antenna, as has also been
assumed in [4], [15], [26]." The i"" channel tap of the L-tap
baseband channel response arrives with a delay of 7;, where
0<i<L-1.LetT=][rpm -+ Tr—1). The channel gain
of the i tap from the &™ antenna of the j" user is denoted by
hjk(i). Let hjk = [hjk(()) hjk(l) ce- hjk(L — 1)]T. Further,
we assume Rayleigh fading. Therefore, hj, ~ CN(Ay), for
7=1,...,Nand k = 1,2, and Ay, is the channel power delay
profile and is a diagonal matrix. For all j and k, the channels
h i, are independent and identically distributed (i.i.d.). H;x(n)
denotes the channel gain of the n™ subcarrier of the k"
transmit antenna of the j™ user.

Comments about Model and Extensions: Our model, which
is described in detail below, captures the key features of an AS
training model in LTE such as the dual pilot scheme, different
quality of estimates for AS, FDS and data demodulation,
the use of FDS in conjunction with AS, and the scheduling
constraints. Several of these aspects are new relative to what
has been analyzed in the AS literature.

However, in order to gain analytical insights, we do make
some simplifications. Firstly, we focus on OFDMA and not
on single carrier frequency division multiple access (SC-
FDMA), which is used in the LTE uplink. Note, however, that
OFDMA is being actively considered for the uplink in LTE-
Advanced [29]. Secondly, we focus on uncoded transmissions
and, thus, evaluate SEP. We do so because the uncoded case is
theoretically rich, tractable, and insightful, and has often been
analyzed in the AS literature [3], [4], [15], [30]. In general,
in the uplink, error control coding along with the precoding
techniques, such as DFT spreading [31], are applied across
the PRBs. However, these are beyond the scope of this paper.

'We note that the analysis gets considerably more involved for the general
case with multiple receive antennas even for flat-fading. For example, in [11],
[27], numerical techniques are used to invert the characteristic function or the
moment generating function. In [28], two special cases involving selecting 2
out of 3 or 4 receive antennas are analyzed, but the resultant SEP expressions
are only for binary coherent modulations and are in the form of an infinite
series of Gaussian hypergeometric functions.
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A. Channel Estimation for AS and FDS Using SRS

A user sends out the wideband SRS alternately from its
two transmit antennas to enable the BS to estimate the L-tap
channel gains of the user’s two transmit antennas. Without
loss of generality (w.l.o.g.), the pilot symbols are all set as
ones. The frequency-domain signal y > € CNVs*1 received at
the BS when the k" antenna of the ]‘h user transmits SRS is
ESQShj+ws, k=12andj=12,.. N,

D
where ES is the average SRS pilot SNR for a subcarrier and
ij = Q(C’jk, 7) € CNs*L consists of Ng rows of €2 that
correspond to the set of subcarriers C* i on which the Ng
SRS pilots are sent out by user j and its antenna k. Its L
columns correspond to the tap positions 7. 'wfk ~CN(Ing)
is complex additive white Gaussian noise (CAWGN).

Given the observables y>, from the SRS the minimum

S _
Yk =

mean square error estlmate (MMSE) hjk of hj; can be

written as [32], h k = 1,2 and 7 =

1,2,...,N, where mf = E[ Jkyjk} ( [yfkyf”)
ESALQS (ESQSALQS, +In,) . The estimate H5, ()

of the n'h subcamer gain of the k™ transmit antenna of user
7 is then given by

= mTy ik>

Hf(n) =w,mlyf, k=12andj=12...N, (2

where w,, = Q(n, 7).

B. Refined Channel Estimates for Data Demodulation

Let user j and its antenna k be selected. The criterion
on the basis of which the users and antenna are selected is
specified in Sec. III and Sec. IV. In the chunk of C' contiguous
PRBs that are assigned to the user, let ka denote the set
of Np subcarriers on which it transmits the DMRS from
antenna k.> We assume that the duration of the PRB is smaller
than the coherence time of the channel, which is justified
since a PRB duration is of the order of a millisecond. The
frequency-domain signal yl; € CVP*! received over these
Np subcarriers is

yh = \/EPQUL i, + wh, (3)

where, w.l.0.g., all the DMRS symbols are set to one, B is
the average DMRS SNR per subcarrier, ij = (C’j oy T )
CNexE and wh ~ CN (I, ) is CAWGN.

The receiver has access to both the SRS and the DMRS
observables from the selected antenna of the best user. There-
fore, for accurate coherent data demodulation, it uses both of
them to obtain a refined time-domain MMSE estimate hy,

f the L hannel. It is given by fux = g' lyS" 42|
of the L-tap channel. It is given by h;; = g {yjk yjk],

’Note that in the LTE uplink, the DMRS is sent once in every two
subcarriers in the 4" and the 11" OFDM symbols of a PRB. We assume
that the channel does not change over the 1 ms duration of a PRB. This is,
therefore, equivalent to a single OFDM symbol that is dedicated for DMRS
transmission in which all the subcarriers allotted to a user carry pilot symbols.
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where, using (1), (3), and the orthogonality principle [32], it
can be shown that

o= o] st ]

o]
+1
E yjkyjk E ijkijk
This simplifies to
/_ —1
ot = [\ JESOS\[EPO] HC ol - ®
where A = E5Q AhQ + Iy, B = C’T

EBS \JEPQS.AQD, and D' = EPQRAQD + Ly,
Therefore, the refined frequency- domam channel gain estimate
Hjj(n) of the n™ subcarrier for the selected user j and its
antenna k is given by

_ - t
Hjr(n) = wohjr, = wag' [yfg ym . ©)

The resource elements in the chunk of PRBs assigned to
user j that are not used for DMRS or SRS pilots are used
for data transmission. When the user transmits a data symbol
X, on the n™ subcarrier, the signal Yji(n) received on that
subcarrier is

Yjr(n) = Hjr(n)Xa + Wjk(n), @)

where W, (n) ~ CN (1) is CAWGN. The data symbols are
drawn from the MPSK constellation with uniform probability.
Let E, = E [|X4|?] denote the data SNR per subcarrier.

III. SEP ANALYSIS: AS WITH RR SCHEDULER

In the RR scheduler, every chunk of C' contiguous PRBs
is assigned to a different user in a pre-determined manner
without considering the estimated channel gains. However, the
antenna is selected based on the estimated SRS channel gains.
The selected antenna is used for transmission over all the C
contiguous PRBs that are assigned to the user.

Selection Rule: Consider the i™ chunk of PRBs. Let user u
and its antenna s be selected for it. Let ng = us, where the
notation - emphasizes the fact that selection is based on noisy
estimates. As mentioned, with the RR scheduler, the choice of
u does not depend on the SRS channel gains. The antenna s
is selected on the basis of the following rule, which we shall
refer to as the sum rule. It takes into account the SRS-based
channel estimates of all the PRBs assigned to it and ensures
that the performance is the same over all of them. Let n,
denote the first subcarrier of the p PRB. Then, the sum rule
is given by

iC
— 7S
s = argmax (El)CHHuz(np) : ®)
p=(i—

Comments About the Sum Rule:

1) For contiguous PRB allocations, the sum rule works
as well as the rule that compares the Euclidean norm

2
) even for

of the estimates (Z;C_(i—l)c+1 ‘ﬁ;fl (np)
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dispersive channels such as the typical urban (TU) chan-
nel [33]. This is because the channel gains of subcarriers
within a PRB are highly correlated.

2) The sum rule can be generalized to compare the sums
of the subcarrier gain estimates of all the subcarriers in
the allocated PRBs instead of just their first subcarriers.
Our analysis easily carries over because it still needs to
deal with sums of correlated complex Gaussians.

3) The sum rule can also be generalized to the case
with multiple receive antennas. For example, with
two antennas at the receiver it gets modified to

N 2
r 1 ‘Zp (i—-1)C+1 H{?rl(np)
where s denotes the index of the selected antenna and
H? ,(n,) represents the SRS channel gain estimate for
the I transmit antenna and " receive antenna over the
first subcarrier n,, of the p" PRB of the u™ user.
Decoding: Consider the n subcarrier belonging to the
i™ chunk of PRBs. The maximum likelihood (ML) decision
variable for detecting X, transmitted on the n'" subcarrier is

Yo =H; (n)'Y; (n) = Hy (n)!(Hj,(n)Xa+ W, (n))(.g)

5 = argmaxj—i 2

The SEP of MPSK can be written as [34, Chp. 5]

(M—1)m 9 . 2/
~ 1 M —
Pr(Err‘HAi(n)):—/ exp —W"JS—{“?(M) do,
™ Jo oy sin”f
(10)

where iy, and oF are the conditional mean and variance,
respectively, of Y, given X, the SRS-based estimates, and
the refined estimate. The following lemma characterizes the
conditional mean and variance of Y.

Lemma /: The conditional mean and variance of Y,, are
given by

~ 2
pr, = Cim)Qi(m) X |Hy, (n)] (an
~ 2
cr%n = ‘H@ (n)‘ (1 + EswnAth
— E.%;(n)Ai(n) " &i(n)T),  (12)
where, for the i chunk,
ESQS
(i(n)y; = (Ai(n))y; = wng' EDQ’?; Apwl,,
P "¢
(13a)
(Bi(1))1y = 1/ ESwn AL mawl, (13b)
ESQS Ahﬂs + Iy,
(Al(n))12:(Al(n))$1:wngT D st me
,/E;?EZ?QJ)iAhQJH
(13c¢)

(Ai(n))gy = ws

Ws =37 1)1 Wy and Qy(n) = (Ai(n)Y)(:, 1),
Proof: The proof is relegated to Appendix A. [ ]
A key point to note from the above lemma is that pvy,
and 0% are independent of the SRS-based channel estimates
given the refined channel estimate H 4,(n). The SEP of AS is
then given as follows.

:
m! (505 A0S+ In, ) mowl, (134)
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Result /: The SEP P\ (n) of the n™ subcarrier in the i A. SEP Analysis of First Chunk of PRBs

chunk is given by

M-1
M

i 2
Pé)(n): -

Li (0} + ¢3)
Li( 1-2+<p12)+1
™ 1 Li (0} 4+ ¢3) ( T )
g Hlen (\/Liwwfmco i
+1 Li(20’i2+<,012)
7r L; (202 + ¢?) + 2

T _1 L; (202 + ¢32) T
p Tren (\/Li 207+ ) 12" (M) ’

X

X
(14)
o [¥i(n)Q;(n)|”Es Si“2(ﬁ) 2
Where L'L — 1+E, (wnAth*‘I’i (n)Ai(n)‘l‘I’f (TL)T) s Ui —
(Ai(n);, (Ai(n)) o —|(Ai(n) | o (A,
I »and ¢F = SRx T,
Proof: The proof is relegated to Appendix B. |

The expression in (14) brings out the dependence of the
SEP on the SRS and DMRS powers and on the dispersion in
the channel profile, which determines the correlation between
the actual and estimated subcarrier channel gains. The above
analysis can also be generalized to cover M-QAM.

IV. SEP ANALYSIS: AS WITH FDS

We now analyze the SEP when both AS and FDS are done
on the basis of the noisy SRS channel estimates. As before,
C' contiguous PRBs are assigned to a user. The user must
use the same antenna to transmit the DMRS and data over
all the PRBs allotted to it. Once a user is assigned a chunk
of C' PRBEs, it is not considered for subsequent allocations.?
Let U = {1,2,..., N} denote the set of users and let P be
the set of PRBs. Let q@z denote the user and its antenna that
get assigned the i chunk of PRBs. Now, in addition to the
antenna, the user is also selected on the basis of the SRS
channel estimates. The first chunk of C' contiguous PRBs are
assigned as per the sum rule as follows:

} . (15)

Let (;31 = u151. The second chunk of PRBs is assigned to the
most appropriate user from the set U \ {u;}. Specifically,

$1 =arg max {

jEU k=1,2

C ~
Z Hﬁc(”z’)
p=1

2C
= ar ma. ff\[S n
b2 8 jeun\fus} k=12 2 Hi(ny)
p=C+1

(16)

The process is repeated until all the PRBs get allocated or
there are no more users left to assign.

3The scenario where the number of chunks assigned to a user is also
determined on the basis of the SRS channel estimates is beyond the scope of
this paper.

Unlike Sec. III, here the SEP of different chunks is different.
We, therefore, analyze the SEP chunk by chunk. Consider
a subcarrier n in the first chunk of PRBs. The ML deci-
sion variable for detecting the data symbol X, transmitted
by ¢1 on the n™ subcarrier is T, = Hj (n)'Y; (n) =
ﬁég (n)T(Hth (n)Xq + W<_Z>1 (n)). The conditional mean and
variance of T, are given in Lemma 1. The SEP for the first
chunk of PRBs is then as follows.

Result 2: The SEP P}(;) (n) of the ' subcarrier in the first
chunk of PRBs is given by

ON [ [ Lio? =
1 10
o= (S5
2 2 / Lo2 -1
xB(%H—%( = +1) N | o, (17)
o7 oi \sin“ 0

where L1, 0%, and (? are as defined in Result 1, and B(-, )
is the Beta function [35, (3.312.1)].
Proof: The proof is relegated to Appendix C. [ ]
The above SEP expression is in the form of a single integral in
6 and is evaluated numerically. Using the inequality sin®f <
1, a closed-form SEP upper bound can be obtained as follows.
Corollary /: The SEP P}(;)(n) of the n subcarrier be-
longing to the first chunk of PRBs is upper bounded as

2N (M - 1) <s0% % )72]\,)

P(l) < Bl—==+1— ———"———
e () o? o?(Lio? +1
(18)

7M (Lla% + 1)

B. SEP Analysis of Second Chunk of PRBs

Recall that (2/52 denotes the user and its antenna that are
selected for the second chunk of PRBs. Consider a subcarrier n
in the second chunk of PRBs. The ML decision variable for de-
tecting the data symbol X transmitted over the n™ subcarrier
is Y, = H$2 (’rL)TY:{52 (n) = H$2 (TL)T(HCZ)2 (TL)Xd + W$2 (TL))
The conditional mean and variance of Y, can again be
determined using Lemma 1. The SEP for the second chunk of
PRBs is then as follows.

Result 3: The SEP Pg) (n) of the n'™ subcarrier belonging
to the second chunk of PRBs is given by

where Lo, 03, and 3 are as defined in Result 1.

Proof: The proof is given in Appendix D. [ ]
The above SEP expression is again in the form of a single
integral in #, and can be written in an integral-free form
along the lines of Corollary 1 by replacing sin® 6 by 1. The
expression is not shown here to conserve space.
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General Case of i Chunk of PRBs: For the i chunk of
PRBs, for ¢ > 3, the integrand in the SEP formula turns out
to be a linear combination of Beta functions of the form

i—1 . -1
, -1 Lio?
2 1 I+i—1 ? 1Y 1
(=1) ( l sin” # *

=0
2 2 2 -1
w; w3 L;o;
xXB|l—=%+4+1--% L +1 2N =1) ).
< 2 2 <sin29 ) ( )>

0; 0;

C. General Lower Bound on the SEP of AS with FDS

We state below a general lower bound result about the SEP
that holds for the i™ chunk, for all i > 2. The advantage of
this result is its analytical simplicity and its generality.

Result 4: The SEP of the n'" subcarrier in the i chunk of
PRBs, for all ¢« > 2, is lower bounded by

" AN —i+1) [ (Lio?
Pl) n) > _7/ 107 +1
e (n) 2 ™ 0 (sin29
2 2/ o2 -1
x3<%+1—%< ! +1> 2(N —i+1)] db,
o1 o1 \sin“ 6
(20
where L1, 07, and ¢? are as defined in Result 1.
Proof: The proof is given in Appendix E. |

V. NUMERICAL RESULTS

We now numerically study the performance of AS with
the schedulers using Monte Carlo simulations that use 10°
samples, and verify our analysis. To understand the effect
of frequency-selectivity, we consider two popular channel
profiles, namely, TU and rural area (RA) [33]. The TU channel
is quite dispersive, as its maximum delay spread is 2.14 us
and its RMS delay spread is 0.50 ps. On the other hand, the
RA channel has a maximum delay spread of only 0.53 us and
an RMS delay spread of only 0.10 ps. For all the simulations,
the system bandwidth (BW) and the SRS BW are 5 MHz, the
SRS pilots are embedded in one out of every 6 subcarriers,
the DMRS symbols are embedded in every subcarrier of the
PRBs allocated to the user, the total number of subcarriers is
300, and the DFT size is 512. We allocate C' = 2 contiguous
PRBs to every user. Each PRB consists of 12 subcarriers.

A. AS with RR scheduler

Figure 2 plots the SEP for QPSK as a function of the sub-
carrier data SNR for the TU channel when E;? = EI’,D = F..
The analytical curves match very well with the simulation
curves. Also plotted are the curves for ideal single antenna
transmission with perfect CSI and ideal AS, in which perfect
CSI is available for both selection and data demodulation and
different transmit antennas may be used for different PRBs.
At an SEP of 102, for the sum rule with imperfect CSI, we
see that estimation errors induce a marginal loss in SNR of
0.35 dB relative to the sum rule with perfect CSI. The gap
between the SEPs of ideal AS and the sum rule with perfect
CSI is due to the highly dispersive nature of the TU channel.
Even with imperfect CSI, AS outperforms ideal single antenna
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Fig. 2. AS with RR scheduler, TU channel: SEP vs. subcarrier data SNR

(Ef = Ezf)D = E5 and QPSK).
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=—@— Sum rule with perfect CSI
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Subcarrier data SNR (dB)
Fig. 3. AS with RR scheduler, RA channel: SEP vs. subcarrier data SNR

(Ef = ED = E; and QPSK).

transmission, with the slopes of the two curves being different
as expected. We also see that the received signal power-based
selection rule of [22] gives very limited gains for the TU
channel. This is because it is better suited for a scenario where
the entire bandwidth is allocated to a single user.

Figure 3 plots the same for the RA channel. Now, the SEP of
AS with perfect CSI is very close to ideal AS because the RA
channel is less dispersive. As before, AS with imperfect CSI
outperforms ideal single antenna transmission. The received
signal power-based selection rule fares poorly even here.

Figures 4 and 5 investigate the effect of the SRS power Eg
on the SEP of 8PSK for the TU and RA channels, respectively.
The SEPs for three different SRS SNRs are shown in both the
figures. We see that when E;? is 5 dB lower than E, the loss in
SNR at an SEP of 10~2 is only 0.25 dB and 0.15 dB for the TU
and RA channels, respectively, relative to the case when EE =
FEs. When Eg is 10 dB lower than Ej, the corresponding
losses in SNR increase marginally to 0.6 dB and 0.35 dB.
The performance, thus, does not degrade much even when the
SRS pilot powers are lowered, which is a unique advantage
of the dual pilot training scheme.

Figure 6 plots throughput as a function of the subcarrier
data SNR for the TU channel. The throughput is defined as the
fraction of bits per symbol that reach the destination correctly.
This is done for QPSK and 8PSK, and for C' =2 and C' = 3.
The analytical results match well with the simulation results.
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Fig. 4. AS with RR scheduler, TU channel: Effect of SRS power on SEP

(8PSK and EPD = FE). Simulation results are shown using the marker ‘o’.
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Fig. 5. AS with RR scheduler, RA channel: Effect of SRS power on SEP

(8PSK and EPD = FE). Simulation results are shown using the marker ‘o’.

We see that C' = 2 achieves a marginally higher throughput
than C' = 3 because the same antenna is used for transmitting
over all the PRBs in a chunk. The trends are similar for the
RA channel, except that the curves for C' =2 and C' = 3 are
indistinguishable. The trends are also similar for the greedy
scheduler; the results are not plotted to conserve space.

B. AS with FDS

Figure 7 plots the SEP of the sum rule for QPSK as a
function of the subcarrier data SNR for a subcarrier from
the first, second, and third chunks. This is done for the RA
channel with Ef = Ef = F,. The analytical curves match
well with the simulation curves, which validates the analysis
for AS with FDS. The analysis and simulation results differ
marginally by 0.1 dB and 0.2 dB for the second and third
chunks, respectively, because of the correlation approximation
used in (42) in Appendix D. Also shown are the corresponding
SEP curves for the sum rule with: (i) perfect CSI and (ii) RR
scheduler. At an SEP of 1073, imperfect CSI induces a loss in
SNR of 0.5 dB for all the chunks. The SEP of AS with FDS
degrades for chunks that are allocated later, but is considerably
better than that with the RR scheduler.

Figure 8 plots the corresponding curves for the more dis-
persive TU channel. To avoid clutter, the results for the second
chunk are not shown. As in Figure 7, a slight mismatch of 1 dB
now arises between the analytical and the simulation curves
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Throughput (bits/source symbol)

. . . . .
0 2 4 6 8 10 12 14 16 18 20
Subcarrier data SNR (dB)

Fig. 6. Throughput of AS as a function of subcarrier data SNR (Eg =
EDP = E,, TU channel, and RR scheduler). Simulation results are shown
using the marker *o’.

third chunk

—j— RR scheduling (AS, imperfect CSI)
3t 3rd chunk, sum rule, imperfect CSI
—— 3rd chunk, sum rule, perfect CSI
""" ond chunk, sum rule, imperfect CSI
1074 =—p—2nd chunk, sum rule, perfect CSI
= = = 1% chunk, sum rule, imperfect CSI
—+— 15! chunk, sum rule, perfect CSI

Symbol error probability

. . .
0 1 2 3 4 5 6 7 8
Subcarrier data SNR (dB)

Fig. 7. AS with FDS, RA channel: SEP vs. subcarrier data SNR (Ef =
Ezf? = Fs, QPSK, and N = 15 users). Simulation results are shown using
the marker ‘o’.

for the SEP of subcarriers in the third chunk. Now, at an SEP
of 103, the loss in SNR for a subcarrier in the third chunk
is 0.7 dB relative to the first chunk. This is marginally lower
than that for the RA channel. Interestingly, from Figures 7
and 8, we see that the gains achieved by AS with FDS over
AS with the RR scheduler are more for a more frequency-
selective channel. For example, at an SEP of 0.1, while the
gain in the case of the RA channel is 4 dB, it is 5.4 dB for
the TU channel.

Figure 9 plots the lower and upper bounds (obtained by
replacing sin” @ with unity in (19)), and the SEP of the second
chunk for the TU channel. The results for the other chunks are
not shown to avoid clutter. Notice again the small mismatch of
0.5 dB between the analysis and the simulation results, which
is due to the correlated approximation used in Appendix D.
The gap reduces to 0.1 dB for the RA channel, the results for
which are not plotted to conserve space. The upper bound is
within 1 dB of the exact SEP for both channels.

Figure 10 shows the effect of lowering the SRS pilot power
on the SEP of the first chunk for AS with FDS for 8PSK. As
before, there is only a marginal degradation in the SEP. Joint
AS-FDS still outperforms AS with RR scheduler and is quite
close to the perfect CSI case as well. A similar behavior is
also observed for the RA channel and for other chunks.



3480

"""""" third chunk

—=j— RR scheduling (AS, imperfect CSI)
"""" 3" chunk, sum rule, imperfect CSI
—— 3 chunk, sum rule, perfect CSI
-t chunk, sum rule, imperfect CSI
—+— 15! chunk, sum rule, perfect CSI

0 1 2 3 4
Subcarrier data SNR (dB)

Symbol error probability

Fig. 8. AS with FDS, TU channel: SEP vs. subcarrier data SNR (Ez;9 =

EPD = Eg, QPSK, and N = 15 users). Simulation results are shown using
the marker ‘o’.

—@— Upper bound
== =pnd chunk, sum rule, imperfect CSI (analysis)

O 2" chunk, sum rule, imperfect CSI (simulation)
Lower bound

Symbol error probability

Subcarrier data SNR (dB)

Fig. 9. AS with FDS, TU channel: Lower and upper bounds for the SEP of
the 2°¢ chunk of PRBs (E; = ED = E,, QPSK, and N = 15 users).

VI. CONCLUSIONS

We analyzed a model for AS that captures several essential
features about its implementation in a contemporary, wideband
OFDMA cellular system. These include the use of AS in
conjunction with FDS, scheduling constraints, and a dual pilot
training scheme that provides channel estimates of different
accuracies for AS, FDS, and data demodulation. Our SEP
analysis accounted for the correlation of the SRS and the
DMRS-based estimates across subcarriers and the impact of
their noisy nature on user assignment, AS, and data demodu-
lation.

We saw that AS with the sum rule delivers gains even
in dispersive channels, and that the contiguous allocation
scheduling constraint is, in fact, beneficial for AS. The sum
rule outperforms the received signal power rule. The dual
pilot training scheme, by its very design, enables the user to
transmit the SRS at lower powers compared to DMRS and
data powers.

APPENDIX
A. Brief Proof of Lemma 1

To conserve space, we highlight the main steps below.
Evaluating  py,: The conditional mean of the
decision variable in (9) is given by pury, =
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Fig. 10. AS with FDS, TU channel: Effect of lowering the SRS power on
the SEP of the 1% chunk (8PSK, EZ’,D = Fs, and N = 15 users).

[ n‘ﬁ ﬁs( (i—1)C+1)s " H The

sum rule selects on the basis of Z

5:(n0); Xd]
(—1)C+1 Hj (np), and
the noise W ( ) is independent of the channel estimates

H¢; (n), H ﬁ (nG—1)c+1)s = ﬁg(nic), and X,. Hence,
e

wr, simplifies to
/mn:Hq;i (n) X4E [r‘z}:ﬁq;i (n) X ®;(n)A(n) 1z,
o1y
~ i ~

where réH&i(n), z 2 [H¢(n) D p=(i—1)C 41 H(f(np)} ,

W,(n) is the cross-covariance of r and =z, and

A;(n) is the covariance of z. Here, (21) follows

from standard results on conditional Gaussians [32].

The cross-covariance is given by W;(n) =

(B [ (), (0| B [y 0) 1 s S ()]]

Recall that Hj (n) = wyhg. Furthermore h;,
is independent of the noises wi and w? e and
E h h; = Aj,. Using these observations along
with (5) and (6), it can be shown that (¥;(n)),, =

i N VES QS .
E H¢L(n) H(z;i(n)q = wyg' =D S Apw!. Simi-

P
iC
larly. (¥i(n)),, = E[Hy () oy (-nen HE (np)1] =

S S
E w"héu( E§Q$ih$i+w¢;i) mzp (1Ot Wh,

S st iC
\/E;?wnAhQ@ My o Wh,

Next, we evaluate the covariance A;(n) of z. Its four
elements are evaluated separately below. From (6), we have

(A, =B ||, 0] ]

B ySyS' E ySyD' :
= wng L T gw,,.
Ely? y¢ B yfyf

22)
Using (5), we can show that (22) simplifies to (13a). Its
element (A;(n)),, is given by
Hy(n) > Hm)].

p=(i—1)C+1

(Ai(n)), = E
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+ .
F| By, S i

= |Wng ’ ; m w
E D, st Z np

ytigqyti;q p=(i—1)C+1

where (23) follows from (2) and (6). Using (1) and (3), it can
be shown that (23) simplifies to (13c). Similarly, expressions
for (A;(n))y, and (A;(n)),, can be derived.

To evaluate iy, in (21), we need ®;(n) (A;(n)) ", which
is a 1 x 2 matrix. Its first element K;(n), in terms of
the first column Q,(n) of (A;(n))”", is simply given as
Ki(n) = ¥;(n)(Ai(n)™ ) (;1) = ¥;(n)Q;(n). After
careful manipulation, it can be shown that its second element
is Ka(n) = ¥;(n) (Ai(n)~')(:,2) = 0. Substituting this
in (21) yields the desired expression for gy in (11).

Evaluating o3 : From (9) and the fact that E [|Xd|2} =F

2
and E UW¢ (n)‘ } = 1, the conditional variance 0% is

U%‘n = ‘ﬁ@(n)r (1+ Ey var[r|z]). (24)

Again using standard results on conditional Gaussians [32], we
can show that var [r|z] = var [r] — ¥, (n)A;(n) "' ¥,;(n)f =
WpApw! — W;(n)A;(n)"1¥,;(n)". Substituting this in (24)
yields (12).

B. Proof of Result 1
Let Of) 2 Elﬁ(iil)cﬂ ﬁfs (np). By symmetry, the prob-

ability Pg ) (n) that a symbol transmitted on the n'" subcarrier
of the i chunk of PRBs is in error (Err) is

P (n) = 2Pr(Err, ¢; = ul) = 2Pr(Erm, [0%)] < |0Y))).

(25)
Conditioning on the refined estimate, we get*
P ) =2 | Pr(En||Ho(m)] = =03 < 0]
% p(|Hua(n)| = 7,1033] < |0f)]) da. (26)

From Lemma 1, given the refined estimate qul(n), the
decision variable is independent of the SRS-based channel
estimates. Hence, the above equation simplifies to

P (n) = 2/0 Pr(Err|| Hy (n)] = x)

x p(|Hu1 (n)| = 2,108 < 109 dz.  (27)

From (10), we know that first term in the integrand above is

~ 1 (M;fl)ﬂ L2
a0 =) =+ [ e (<3575) @,
T Jo sin” 0 28)
i(n “(n)|? sin? (=&
where L; = [2:(r)Q, () |* B sin®( 7) follows

1+E5(wnAthL—
from (11) and (12).
We now evaluate the second term p(|ﬁu1 (n)] =
|O(i | < |Offl)|) in the integrand in (27). Conditioning
on O, we have p(|Hui(n)| = ,]05%] < |O%)))

O, (n)A;(n)~1W;(n)h)

ul>

4The notation p(X = x,A), where X is an RV and A is an event, is
defined as p(X = z, A) = lims_,o TH@SXSrH0.4),
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E [p(|fu(n)] = 2,]00] < 0%]|0
pendent of H,;(n), we get

} Since O') o 18 inde-

p(|Hyi (n)| = z,]08)| < [0%)])

(z) Pr (|08 < 03] (29)

o)

p|fru1<n>| o

Furthermore, since ﬁul(n) and ijl) are correlated complex
Gaussians, ‘Hul(n)‘ given Offl) can be shown to be a Rician
RV with conditional pdf 9

x° + v

2
T 2xv;

»(f):—exp<— )Io< ) x>0

o o? o? o2 )’ ’

(30)

where Iy(-) is the modified BessTI function of zeroth or-

o i () - (Ai(1))1,0,7

der v; = ‘E|: ‘O :| = W |2
(4) (Ai (1)1, (Ai (1)) —|(Ai(n))1,

1|03 = @m

Since v; is linearly proportional to |O1(fl)|, it is a

Rayleigh RV with power ¢?, which is given by ¢? =
E[(A:(n),,]08 [ (aim)] "

[ (IZ”_(“;V 12] |((A (n))))lz| Hence, the second

term inside the e2)2(pectati0n in (29) is equal to

. 2
Pr ( 01(;2| < |O(Z HO&)) =1—exp (—V—g) .

3

| Hyi ()|

and o? =

var [

(€29

Combining (28), (29), (30), and (31) into (27), rearrang-
ing terms, and using the identities in [35, (6.631.4)], [35
(8.406.1)], and [34, (5A.15)], reduces (27) to the final ex-
pression in (14).

C. Proof of Result 2
By symmetry, the probability P}(;)(n) that a symbol trans-
mitted on the n™ subcarrier belonging to the first chunk of
PRBs is in error is Pg)(n) = Pr(Err|¢; = 11). Conditioning
on the refined estimate and the fact that
p(|H11(n)| = z|¢y = 11) = 2Np(|H1 (n)| = 2, ¢1 = 11),

we get

P (n) = 2N/0 Pr(Ent||Hy1 (n)] = 2,1 = 11)

x p(|Hi1(n)| = 2,61 = 11)dz. (32)

Given the refined estimate ﬁn(n), the decision variable is
indepepdent of the SRS channel estimates, and, hence, of the
event ¢p; = 11. Thus,

Pél)(n) =2N /OOO Pr(Err‘|ﬁ11(n)| = 1)

x p(|Hii(n)] = @, ¢ = 11) da.

As in Appendix B, the first term in the integrand above is

(33)
(M—-1)=

1 M

<

where L; is given in Result 1.

EI‘I‘||H11 |—f1’)
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Next we evaluate the second term in the integrand in (33).
As in Appendix B, let Oj(,? £ Zle H35,(nyp), for j =
1,2,---,N and k = 1, 2. Conditioning on 0511)’ we get

p(|Hi1(n)| = 2,61 = 11) = E {pm (n) ||0<1>($)

108 < o |\o )] (35)

Unlike Appendix B, now (2N — 1) RVs instead of 1 RV are
less than Oﬁ) due to FDS. ‘Hll(n)‘ given Oﬁ) can again be
shown to be a Rician RV with conditional pdf

2 2
= 2—agexp <—I —&-21/11)]0(2%/211)720207
oy oy a1
(36)

x Pr (max{|0 [, -

\Halnﬂ|0“>()

ayd Aq(n o
where v = [B o] = ML
(A1(n),|°
i = v [u]oR)] = @ - TR

Further, v;; is a Rayleigh RV with power ¢? =
B(Asm)a O [ Grla]  jiaym)
(A1()3, PRI
In (35), conditioning on O11 is equivalent to conditioning
on vi;. Given 011), the RVs 0112),-~ ,0%2, which occur
inside the expectation in (35), are mutually independent.
Hence,

Pr (max{|0(l)|

L lo@ < 101107)

=Pr (max{ylz, <o UNet < V11|V11) )

2 2N -1
<1 — exp ( 1;)) .
¥1

Combining (34), (35), (36), and (37) into (33), rearrang-
ing terms, and using the identities in [35, (6.631.4)], [35,
(8.406.1)], and [35, (3.312.1)] reduces (33) to (17).

(37)

D. Proof of Result 3

By symmetry, the probability Pg) (n) that a symbol trans-
mitted on the n'" subcarrier belonging to the second chunk of
PRBs is in error is Pg) (n) = Pr(Err‘ngSQ =21,¢; = 11). The
key point that the analysis below addresses is that the choices
of ¢?2 and ¢?1 are coupled in (16). Conditioning on the refined
estimate, we get

PP (n) = /0 Pr(Err||Hai (n)] = 2, ¢ = 21,1 = 11)

x p(|Hai (n)] = 2|do = 21,61 = 11)dz. (38)

Again, given the refined estimate ﬁgl(n), the decision
variable is independent of the SRS-based channel estimates,
and, hence, the events ¢y = 11 and ¢ = 21. Further, by

symmetry,
p(|Ho1(n)| = x| by = 21,61 = 11)
= 4N(N — 1)p(|Ha1 (n)] =z, ¢y = 21,1 = 11). (39)
Thus,
PP (n) =4N(N — 1) h Pr(Err||Hai (n)| = )
0
X p(|Hay (n)| = @, g = 21,1 = 11) dx.  (40)
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The first term in the integrand in (40) is the
same as (34) except that L(1 )is replaced by
. |\Ilg(n)Q2(n)\ E,sin® (&
Lr = T (enhel st 7). e BoW
evaluate the second term in the integrand in (40).
For the second chunk, let Oj(-i) 2 H (),
for 7 = 2,--- N and k = 1,2. Recall that
1 c 5 .
O§k) 2 Ep:1HjSk(np)a j = 1,---,N and k£ = 1,2

From the joint AS-FDS algorithm in Sec. IV, we know that

p(|Hz1(n)| = x, ¢ = 21,61 = 11)

= p(|Hz1 (n)| = z,max{|0%)|,--- , |0} < |05,

max{[0}3],- [0} < [O1])- (D)

Since  the channel gains of a user are
correlated across subcarrlers the probability
of the event {rnax{|0 | |O 2|} <
|O | max{|0(1)| |O§\g|} < |O( |} is approx1mate1y
the same as that of the event {max{|0 | |O 2|} <
102, max{|0\2)],--- ,|0GAI} < |0?|}. Furthermore, it

can be seen that the latter event 1s the same as the event
{max{|0F)],---, 100} < [05], max{|OF],[0F [} <
|O§1)|}. Hence,

p(|ﬁ21(n)| =a,¢90=21,¢ = 11)
~ p(|Ha1 (n)| = z, max{|O% | 0%l < |0§%>|,
max{|0%)], |o<2>|} <10%]). @2

As before, ‘Hzl ‘ given 0221 is a Rician RV with

pdf the same as (36) but with vy; and o? replaced by
|(A2(n)),,0 |

2)
Vo1 = ‘E{Hgl(n)’Oglﬂ = S amm and 02 =
var {gzl \0<2>} _ (Az("))“(AfA(Zif)im' A2(n))12| e
spectively.
Further, 15, is a Rayleigh RV with power ¢3 =

B[ (8|08 [ (@201,

(A2 (”))22
be written as

(A
V- SI )

. Thus, (42) can

H . 1 2
p(|Ha1(n)| = z,¢9 = 21, ¢1 = 11) ;3/ =
vo1=0 02

2 + V2 2qv 2 N3
o (72 ) (52 (1o (-12))
2 2 125)
[ (e (-5)) Hoo (5)
X 1 —exp exp | —-
Z2=V21 @2 <)02 @2

21/21 — %1
X —5= exp 5 dzdve.  (43)
¥2 Y2
Substituting (43) in (40) and using the identities in [35,
(6.631.4)], [35, (8.406.1)], and [35, (3.312.1)] reduces (40)

to (19).

E. Brief Proof of Result 4
For the i™ chunk of PRBs, let

Z H ()]

p=(i—1)C+1

HJSQ (np)| ¢

i

p=(i—1)C+1

U; = max
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where j € U. Let X1 = max{Ui,...,Un_;+1} and X2 be
the +th largest RV among the N RVs Uy,...,Un.

We first show that X; > X5, which implies that the SEP
when the channel gain is X; is lower than that when the
channel gain is X5. This is easy to see because, by definition,
X is greater than at least N —¢ RVs among Uy, ..., Uy, but
X, is greater than exactly N — i RVs. Hence, X9 < X;. The
SEP expression in (20) then directly follows from Result 2,
with number of users equal to N — ¢ + 1 instead of V.
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