Lecture 3: Sets

1 Sets

Logic is built on set of axioms that are assumed true. Euclid attempted to use
the axiomatic constructions for Geometry in his book “The Elements”. Hilbert
formalized Euclidean Geometry in 1899, with a complete set of axioms.

Set theory is starting place for all rigorous mathematics. It was developed
formally by Georg Cantor in lat 19th century. We would develop set theory infor-
mally in this lecture. We would provide a glimpse of formal set theory developed
from an axiomatic system at the end of the lecture.

1.1 Basic Definitions.

We have an undefined term set, which will informally think of as a collection of
objects. Objects contained in the set are called the elements or members of the
set. If A is a set, and a is an element of the set A, we write a € A. If a is not
contained in A, then we write a ¢ A.

Axiom: Given any set A and any object a, we assume that precisely one of
a€ Aorag¢ Aholds.

Representation: A set is written as {a, b, ¢, d}, here ordering is irrelevant.

Definition 1.1 (Important sets). 1. Set of natural numbers is denoted by
N={1,2,...}.

2. Set of integers is denoted by Z = {...,—-2,—1,0,1,2,...}.
3. Set ofrational numbers, denoted by @, is set of fractions.
4. Set of real numbers is denoted by R.

5. Set of whole numbers, denoted by Ny, also called set of non-negative
integers.

6. Set with no elements is an empty set, denoted by ().



Example 1.2. Let S = {n € Z|n is a perfect square}, then

S = {n € Z|n = k* for somek € Z},
= {n € 7| is a perfect square k € 7 such that n = k*}.

Notice that n and k are dummy variables in this set notation.
Definition 1.3 (Intervals). Let a,b be real numbers.
e An open bounded interval is defined as

(a,b) 2 {x € R:a <z <b}.

A closed bounded interval is defined as

[a,b] :={z € R:a<x<b}.

A half-open interval is defined as

la,b) ={reR:a<z<h.

e An open unbounded interval is defined as

(a,00):={r€R:a<x}.

A closed unbounded interval is defined as

la,00) :=={z €R:a <z}

Remark 1. +00 and —oo are not real numbers.

Remark 2. Dummy variables cannot be used outside the definition without re-
defining them. For example, let y € [a,b], then y > a and y < b.

1.2 Relation between Sets

We are interested in finding relations between sets.

Definition 1.4 (Subset). Let A and B be sets. We say that A is a subset of B
if v € A implies x € B, and is denoted by A C B. If A is not a subset of B, we
write A ¢ B.

This is shown in the Figure [1| In other words, we can say that A C B if
Va([x € A] = [z € B]). While, we say that A € B if (3z)([x € A] A [z & B)).
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Figure 1: In first example, A C B. In second example, C' ¢ D.

Lemma 1.5. Let A, B, and C be sets, then the following are true.
1. ACA.
2. 0 C A
3. IfAC B and BC C then ACC.

Proof. Let A, B, and C' be sets.

1. Let x be an arbitrary element of set A. Since any element in A is in A itself,
therefore A C A.

2. We need to show that for any x € (), we have x € A. However, since empty
set () has no elements, conclusion necessarily follows.

3. Let’s assume A C B and B C C. Let x be an arbitrary element of set A,
then by assumption A C B, we have x € B. Further, since B C C', we have
x € C. Since choice of x was arbitrary in A, we conclude? A C C.

O

Definition 1.6 (Equality of Sets). Let A and B sets. We say that A equals B,
denoted A = B, if AC B and B C A.

To show A = B, we would show A C B and B C A. To show A C B, we
would choose arbitrary a € A, and logically deduce that a € B. Similarly, to show
B C A, we would choose arbitrary b € B and logically deduce that b € A.

Definition 1.7 (Proper Subset). We say that A is a proper subset of B if
A C B, and A # B, denoted as A ¢ B(A C B).



Lemma 1.8. Let A, B, and C' be sets, then following is true
1. A=A.
2. If A= B then B = A.
3. If A=B and B =C then A= C.

Definition 1.9 (Power Set). Let A be a set. The power set of A denoted by
P(A) is the set whose elements are subsets of A.

Example 1.10. Power set of S = {1,2}, is P = {{1}, {2}, {1,2},0}.
Example 1.11 (Russell’s Paradox). Let set S be defined as
S £ { set of all sets},
T={AeS|A¢g A}

Thenis T € T? If T € T, then T ¢ T by definition. If T ¢ T, then T' € T by
definition.

To resolve such paradoxes. Set theory is built from some basic axioms. One
such axiomatic system is discussed below.

2 Axiomatic System for Set Theory

We will study one of the widely accepted axiomatic system for set theory due
to Zermelo and Fraenkel. We would refer to them as ZF axioms. Informally we
tend to distinguish between sets and elements. In the ZF axioms we make no such
distinction. Everything in the ZF axioms is a set. Once we assume that everything
in the ZF axioms is a set, then the relation of membership, denoted by the symbol
€, is a relation between sets.

2.1 Zermelo-Fraenkel axioms

1. Axiom of Extensionality. Two sets are equal if they have the same ele-
ments. That is,
VaVyVz(z e x & 2z €y) = o =y

2. Axiom of Empty Set. There is a set z such that = ¢ z for all sets x.

3. Axiom of Pairing. If z and y are sets, then there exists a set which contains
x and y as elements. That is,

VaVydz(z € z Ay € z).
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Axiom of Union. The union over the elements of a set exists. Let x be a
set. There is a set z such that w € z if and only if there is some y € x such
that w € y. That is,

VedzVwl[(w e y ANy € x) = w € z].

Axiom of Power Set. Let x be a set. There is a set z such that w € z if
and only if w C x. That is,

VedyVz[(z C z) = z € y).

Axiom of Regularity. Every non-empty set x contains a member y such
that x and y are disjoint sets. That is,

Ve[da(a € ) = Jy(y € x A—=Fz(z € y A z € x))].

Axiom Schema of Specification/Separation/Restricted Comprehen-
sion. Let P(y) be a logical property of sets with one free variable y that can
be formulated in the context of the ZF axioms. Let x be a set. Then there
is a set z such that y € z if and only if y € x and P(y) is true.

Axiom Schema of Replacement. Image of any set = under any definable
function f : z — y will also fall inside a set z. Let f(s,t) be a functional
property of sets with two free variables s and ¢ that can be formulated in the
context of the ZF axioms. Let x be a set. Then there is a set z such that
y € z if and only if there is some w € x such that f(w,y) is true.

Axiom of Infinity. There exists a set having infinity many elements. Let’s
define s(w) = wU {w} for any set w. Then, there is a set x such that 0 € z,
and if y € = then s(y) € x. Formally,

[0 € x AVy(y € v = s(y) € x)].

Axiom of Choice. Let x be a set. Suppose that if y,w € x, then y # ()
and y Nw = (). Then there is a set z such that if y € x, then y N z contains
a single element.
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