Lecture 7: Properties of Random Samples

1 Continued From Last Class

Theorem 1.1. Let X1, X5, ....X,, be a random sample from a population with mean
w and variance o < 0o, then

a) EX = p,
b) VarX = %2,
c) ES? = o2,

Proof. Part (a) of the theorem can be simply proved as follows :

_ 1 — 1 - 1
EX=E|[=-) X;,|==E X; | = =nEX; = u. 1
() =i (Sx) = = "

A similar proof can be given for part(b) :

— 1 < 1 . 1 o
VarX = Var (E Zz_;XZ> = EVGT (; XZ») = ﬁnVaer = (2)

From the definition of sample variance and using the equation,
2

(n—1)S*=) (X;=X)’=> X]—nX, (3)
i€[n]

i€[n]

part (c) can be proved as follows:

E52:E< 1 : [§ :Xf—n72]>,
n_
=1

1 _
= ——(nEX} ~ nEX"),
1 2
= (n(02+u2)—n(a—+u2)) ,
n—1 n
=0’ (4)



Theorem 1.2. Let X, X5, ....X,, be a random sample from a pmf or pdf f(z|0),
where,

f(x]0) = h(z)e(0) exp (Z wi(e)ui>

is a member of an exponential family. Define statistics Ty, T, .... T}, as,

Ty(X1, X Xp) = > (X)), i =1,2...k.
j=1

If the set {wy(0),wo(0), ... wi(0) : O € O} contains an open subset of R¥, then the
distribution of (T, ...T}) is an exponential family of the form,

k
fr(uy, ....,ug|0) = H(uy, ....ux)[c(0)]" exp (Z w,-(@)uZ)

Example 1.3 (Sum of Bernoulli Random Variables). Let X;, X5,...X,, be
random sample of size n from a Bernoulli distribution. Thus,

P(Xy,...X,|p) = Bern(p),
= P(Xi|p) =p™ (1 —p) 7,

= (1 - p)exp (log Lf;pXID . (5)

Comparing with the exponential family equation above, we get h(X;) = 1, ¢(p) =
1 —p and wi(p) = log(1%).

2 Sampling from Normal distribution

Theorem 2.1. Let Xy,...X, be a random sample from a Normal distribution
N (p,0?) and X and S? are sample mean and variance respectively. Then,

a) X and S? are independent random variables.
b) X ~ N (1, %)
c) W has a chi-squared distribution with (n — 1) degrees of freedom.

Proof.  a) Without any loss of generality, we can assume that p =0 and o = 1.
It can be shown that if X; and X5 be two independent random variables,
then U; = ¢1(X;) and Uy = ¢2(X5) are also independent random variables
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where ¢g; and ¢, are functions of X; and X, respectively. Thus we aim to
show that X and S? are functions of independent random vectors. We can
write S? as a function of (n — 1) deviations as follows:

n—1 —
- ni 1 ((Xl - X)? +z:;(Xi —7)2>
= nil [Z(Xi_7> +Z(Xi_7)2 (6)

The last statement follows from the fact that > (X; — X) = 0. Hence, S*
can be written as a function of only the (n — 1) deviations (X, — X, X3 —
X,...,X,—X). We can show that these random variables are independent of
X and hence prove statement (a). The joint pdf of the sample X1, X, ..., X,
is given by

flzy,. ... x,) = exp [—%Zx?] —oo <z <oo, Vien| (7)
i=1

1
(2m)*
We make the following transformation,

=z,

Yo =T9 — T,

Yn = Ty — T. (8)

This linear transformation has a Jacobian of n and the distribution

n

fyr, ) = " exp [—%(yl - Zyi)Ql exp [—% Z(yz +11)°

(27) ? i=2
1/2

2
n \ /2 —ny; n 1, &
()" o [ 52| | -2 20 &
9)

Hence, the joint pdf factors and thus the random variables Y7,...,Y,, are
independent.

, —00 < Y < 00,




b) Consider a random sample X7, ..., X,, obtained from N (1, 0?). The moment

generating function (mgf) of X;, i € [n] is

M (1) = exp (ut + S0, (10)

Hence, for the variable %,the mgf is given by

t  o?t?
Mx; (t) = exp (u + 2n2) (11)

Now, or the sample mean X =

XXt t%) the mgf is given by

t o2 1"
My, (t) =

x, (1) [exp (M t 5 )} :
t  o*t?

= exp (- + ),

2t2
= t+—). 12
exp (put + Qn) (12)
Because the mgf of a distribution is unique to that distribution, this mgf
is from a Normal Distribution with mean p and variance %2 Hence, X ~
N(p, & ) The chi-squared pdf is a special case of the gamma pdf and is given
as,

1
NEZE

Some properties of the chi squared distribution with p degrees of freedom
are summarized in the following lemma.

fz) =

gP/A=1e/2 0<z<oo. (13)

Lemma 2.2. Let X,QQ denote a chi squared random variable with p degrees of
freedom, then,

(a) If Z ~ N(0,1), then Z* ~ X3, i.e., the square of a standard normal
random variable is a chi squared random variable.

(b) If X1, X5 ..., X,, are independent and X; ~ x2, then )7 | Xi ~ X5 .

Thus, independent chi squared variables add to a chi squared variable

and their degrees of freedom also add up.

To prove part (c), first we prove the recursive relations for sample mean and
_ n+1

variance. We know that, sample mean X, ,; = n%l > Xi. We obtain the
kf



recursive relations for sample mean as follows,
n+1

— 1
X = X
n+1 n+1 ; ks

1

= n—_H[Xn+1 + ;Xk],

1 —
= —— [ X1 +nX,).
n+ 1 [ n+1 n]
Hence the recursive relation for sample mean can be stated as,

1 —
Xp1=——[X, Xl 14
+ = 1 (X1 +nX,] (14)
Now we will proceed to derive the recursive relationship for sample variance.

For n + 1, random samples, the sample variance can be stated as,

n+1
1St = S X~ X (15)
k=1
Using , we have,
n+1 1
nS?LH = ;[Xk - n—_H[Xn—H + an]P,
n+1 1
=) [Xp— ——[X, 1-1)X,]P?
S~ e+ (1= D
n+1 1
=Y [Xp— X, — Xyt — X,
> = X = g~ Xl
n+1 1 1
= X — X,)? Xoi1 — Xo]P = 2——[ X1 — X[ X — X
;[( k ) +(n+1)2[ +1 ] TL—|—]_[ +1 ][ k ]]
(16)
Since > (X; — X) = 0, we have,
n+1 1 1
2 2 12 12
nSy 41 —;(Xk—Xn) +n—+1[Xn+1—Xn] —2n+1[Xn+1—Xn] ;
=D (X=X + |1 - Xost = X,
>0 =X+ |1 | M = X
=3 (X~ K [N — X (17)
— n+1
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Thus we have,
n _
nSfLJrl =(n—1)S%+ n——i—l[X"H - X, (18)

Replacing n by n — 1 in ([18)), we get a recursive relation for sample variance

as,
n—1

(n—1)S2=(n—2)S%_, + (X, — Xn_1] (19)

If we take n = 2 and use it in and if we define 0 x S? = 0, then from
([19), we have S3 = £(X, — X;)?.Since the distribution of \/LE(XQ — X)) is
Gaussian with parameter (0,1), part (a) of lemma [2.2 shows that S7 ~ 3.
Proceeding with induction, let us assume that for n =k, (k — 1)S? ~ x7_;.

So for n =k + 1, we can write from (|18)),

k _
kSpiq = (k—1)S; + LNk Xi)*. (20)

By inductive hypothesis, (kK — 1)S; ~ x3_,, so if we can establish that

= [Xin —Yk]Q ~ X} and is independent of S?, then from part (b) of
lemma , kSZ,1 ~ xi and the theorem will be proved.

The vector (Xgy1, Xx) is independent of S2, so is any function of this vector.
Furthermore, (X511 — X}) is a normally distributed random variable with
mean 0 and variance,

k+1

Var(Xp — Xi) = —

and therefore - [Xk“ — Yk]z ~ x2. This completes our proof of the the-

k+1
orern.

]

Order Statistics

Definition 3.1. The order statistics of a random sample X, X,,...X,, are the
sample values placed in ascending order. They are denoted by X1y, X(2),... X(n).

The order statistics are random variables satisfying Xy < --- < X(,). In



particular,

Xy = llgilélnXm
X(2) = second smallest X, < min XZ-> (21)
1<i<n, X # X (1)
X(n) = maXXZ-.
1<i<n

Theorem 3.2. Let fx be the probability density function associated with the pop-
ulation, then the joint density of order statistics can be written as,

n
n T fx (i), if 21 <xo...<xy,
i=1

fX(l),X<2),...X(n> (l’l, o, .. J?n) = (22)

0, otherwise.

Remark 1. The term n! comes into this formula, because for any set of values
x1,To ... Ty, there are n! equally likely assignments for these values to X1, X, ... X,
that all yields the same values of the order statistics.

Definition 3.3. The sample range, R = X(,) — X(1) is the distance between the
smallest and the largest observations. It is a measure of the dispersion of the
sample and should reflect the dispersion in the population.

Definition 3.4. The sample median, which we will denote by M, is a number
such that approximately one half of the observations are less than M and one half
are greater. In terms of order statistics, M can be defined as,
M= X(n+1)/2 if n is Odd, . . (23)

(Xnj2 + Xn2)41)/2, if n is even.

Definition 3.5. For any number p between 0 and 1, the (100p)th percentile is
the observation such that approximately np of the observations are less than this
observation and n(1 — p) are greater than it. As a special case, for p = .5, we have
the 50th sample percentile, which is nothing but the sample median.

Theorem 3.6. Let X1, Xo,...X,, be a random sample from a discrete distribution
with pmf fx(x;) = p; where x1 < x5 ... are the possible values of X in ascending



order. We define,

PO = Oa
Pl = D1,
Py = p1 + po, (24)

P =pi+ps...+pi,

Let X1y, X(2), ... X(n) be the order statistics from the sample. Then,

Py <0) = 3 () ) Pha - Py (25)

k=j

and

Py =a) =3 (3 )Pk - Py - PR - AL (20

k=j

Proof. First we fix i. Let Y be a random variable which counts the number of
X1,X5..., X, which are less than of equal to x;. For each of X;,X5...,X,,, we
denote the event {X; < z;} as success and the event {X; > z;} as failure. So Y
can be regarded as the number of successes in n trials. Since X, X,..., X, are
identically distributed, the probability of success for each trial is a same value,
which is P;. We can write P; as,

P = PIX; < xj]. (27)

The success or failure of the ;% trial is independent of the outcome of any other
trial, since X; is independent of other X;’s. Thus we can write Y ~ Bin(n, B;).
The event {X; < z;} is equivalent to the event Y > j; that is, atleast j of the
sample values are less than or equal to x;. Since Y follows a Binomial distribution,
we can write,

Pz =Y (1) pHa - Ryt 29

h=j
As P(Y > j) = P(X(j) < x;), we can write,

Pixg <o) =30 ())pha - py, (29)



This completes the proof of . For the proof of , we note that,
P(X(j) = i) = P(Xj) < @) = P(X5) < @ia).
Hence, we can write using ,

n
Py =a) =3 (3 )Pk - Py - PR - AL @
k=j
This completes our proof. Here, for the case i = 1, P(X(j) = z;) = P(X(j) < ;).
The definition of Py = 0,takes care of this situation. n

Theorem 3.7. Let X1, Xs,... X, denote the order statistics of a random sample,
X1, X, ... X, with cdf Fy(x) and pdf fx(x). Then the pdf of of X, is,

n!
Pt = G —

Proof. We will first find the cdf of X(;) and then will differentiate it to get the
pdf. As in theorem [3.6] let Y be a random variable which counts the number
of X1, Xs,...X, which are less than or equal to x. Then, if we consider the
event X; < z as success, then following the approach for the proof of |3.6, we can
write that Y ~ Bin(n, Fx(x)). It is to be noted that although X;, X5,... X, are
continuous random variables, Y is discrete.

Hence, we have,

Fx (@) Fx ()L = Fx ()" (31)

n

P2 9) = 3 (1) Pl - B 32

h=j
Since P(Y > j) = P(X; < ;) = Fx (), we will differentiate to obtain the
pdf of X(;). Thus,
d(Fx, (7))
o) = A5

After differentiating the above expression, it can be written as,

Z <Z) [k Fx ()1 (1= Fx ()" " fx (2) = Fx ()" (n = k) (1 = Fx (2))" " fx (2)]

- (?)jFx(ﬂf)j—l(l—Fx(ﬂﬁ))n_jfx($)+ 3 (Z) KFx ()" (1— Fx(2))"* fx (),

k=j-+1

_ nz_l <Z) Fx(2)(n — k)(1 — Fx(2))" " fx(2),

k=j



e T L)

n—1

+ (p + 1) (p+ 1) Fx(2)"(1 = Fx ()" " fx(x)

p=jJ

_ ?(Z) Fx(z)"(n — k)(1 — Fx(2))" ' fx(x).

The 1%¢ equality was obtained from the fact that the second term under the sum-
mation will be zero when n = k and the 2"¢ equality followed, when we make the
transformation p = k — 1. Thus,

qu)(x) - (j— 1)7!1(!71 - j)!fX@)FX(x)jil[l = Fx ()"
+ _. (pz 1) (p+ 1) Fx(2)"(1 = Fx(2))" 7" fx(2)

—i (Z) Fx(2)"(n — k)(1 = Fx ()"~ fx(2). (33)

Now we utilize the following results,

(pi1) %00 = Gy =

and

(Z) x(n—k):m+!_l)!k!.

Using these above 2 results, we can write as,

n!
(J = Dln = j)!

This completes our proof of the theorem. O

fx(@)Fx(z) 7M1 = Fx(2)]". (34)

fX(j) (QZ’) =

10
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