Lecture 9: Sufficient Statistics

11 Feb 2016

In the previous lecture, the concept and definition of sufficient statistics were
covered. In this lecture, an equivalent definition for sufficient statistics, Factoriza-
tion Theorem, concept of minimal sufficient statistics and relation between suffi-
ciency and hypothesis testing are discussed.

1 Sufficient Statistics

Definition 1.1. If py(x) is the joint pdf (or pmf) of X and ga(t) is the pdf (or pmf)
of T'(X), then T'(X) is a sufficient statistic, if the ratio ”(HT(X) does not depend on
0, Vx.

How can we find the sufficient statistics of a given population? Following
theorem helps us in finding the sufficient statistics in a systematic way.

Theorem 1.2 (Factorization Theorem). Let fy(x) denote the joint pdf of a
sample x from population with parameter 0. A statistic T'(X) is a sufficient statistic
for 0 if and only if there exists functions go(t), h(x) such that for all sample points
x and all parameter points 0,

fo(x) = go(T(x)) (). (1)

Proof. The following proof is for the discrete distribution. Suppose T(X) is a
sufficient statistic. Let go(t) = Py(T(x) =) and h(x) = P(X = x|T'(X) = T(x)).
As T'(X) is a sufficient statistic, the conditional probability defining h(x) does not
depend on 6. Thus the above choice is valid and we have,

fo(x) = Py(X=x),
= P((X=x)and T(X) =T(x)),
= B(T(X) =Tx)) k(X =xT(X) =T(x)),
= go(T(X))h(x). (2)



So factorization (1)) is proved. It is also clear that Py(T(X) = T'(x)) = go(T'(x)).
Thus, go(7T'(x)) is the pmf of T'(X).
Now assume, factorization (1)) exists. Let gy(f) be the pmf of T'(X). To show

T'(X) is sufficient, examine the ratio quEGT(a))' Define, Arx) =y : T(y) = T(x).

f@(X) _ g@(T<X))h(X) (3)
00(T'(x)) 0 (T(x))
gG(T(X))i(X) ’ (4)

> yea 9o(T(x))h(y)
90(T'(x))h(x)

90(T'(x)) >_yea h(y)
h(x)

ZyeA h(y)

where, follows from , from the definition of pmf of 7" and because T'
is constant on Ap(x). Since the ratio does not depend on 6, T'(X) is a sufficient
statistic for 6. N

Example 1.3 (Normal sufficient statistics, with variance 1). Let Xy, ..., X,
be iid n(u,0?), where 02 = 1. Let X = (X; + ... + X,,)/n. The joint pdf of the
sample X is

) = }j@ﬂ%exp (-8,

n

= (271')_%6}([) <_ Z M) ,

=1

= (QW)_%exp <_ Z (x; — T —|2— 7 — M)2> |

i=1

_ o Fexp (_(221 (20 = ) + (@ = u)2)> |

— (21) Bexp (— Diz (i ”3)2) exp (—M) . (7)

2 2

The above expression for the pdf was already derived in the last lecture.

Define, n 2
hi) = (2m) e (- = G20

which does not depend on the unknown parameter u. The factor in equation ([7))
that contains p depend on the sample x only through the function, 7'(x) = Z, the
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sample mean. So we have,

Gu(t) = exp (—M) ; )

fux) = gu(T(x))h(x). (9)
By Factorization Theorem, T'(X) = X is a sufficient statistic for j.

Example 1.4 (Uniform sufficient statistics). Let X, ..., X, be iid observa-
tions, from the discrete uniform distribution on 1,...,0, where the unknown pa-
rameter € is a positive integer and the pmf of X; is

fo(e) = {g r=1,2,...0.

0 otherwise.

The analysis can be carried out using indicator function as follows: I4(z) is the
indicator function of set A, and is equal to 1, if x € A and equal to 0 otherwise.
Let N = {1,2,...} be the set of positive integers and let Ny = {1,2,...,0}. Then
the joint pmf of Xy, ..., X, is

fo(r) = H 0~ I, (),

=07 [ L ) (10)

Define T'(x) = max z;. Then,

[Tra(e) = (H mm) 16T (). (1)

Thus, from equations and we obtain

n

folx) = 07" 1x, (T(x)) ] | 1) (12)

i=1
The first factor depends on 1, ..., z,, only through the value of T'(x) = max z;, and
second factor does not depend on . By the Factorization Theorem, 7'(x) = max z;

is a sufficient statistic for 6.



Example 1.5 (Normal sufficient statistics, both parameters unknown).
Consider a normal distribution as in example , but with unknown variance,
o?. The parameter vector is 6(u, 0?). As in example , we can write the joint
pdf of X as

fo(x) = (2m0%) " Zexp (— iy (222" + (@ = MQ)) : (13)

202

Any part of the joint pdf that depends on either y or o2 must be included in the g
function. The pdf depends on the sample x only through the two values T7(x) =

and Th(x) =s*=>1" | (x;:jl)Q. So, define:

h(x) = 1,
go(t) = Guuo2)(ti,t2) = (2m0?) " 2exp (—
fﬁ(x) = g(u,UQ)(T(X))h(X)'

(n— Dtz +n(ts — p)*
202 ) ’

(14)
By Factorization Theorem, T(X) = (T1(X),T»(X)) = ((X),S?) is a sufficient
statistic for (u,o?).
It should be noted that the definition of a sufficient statistic is model dependent.
For another model, that is, another family of densities, the sample mean and
variance may not be a sufficient statistic for the population mean and variance.

Definition 1.6 (Exponential family of distributions). An exponential family
is a family of pdfs or pmfs of the following form:

k

Jo(x) = h(x)c(@)exply  Wi(8)ti(x)] (15)

i=1
where 8 = (6;....... 0, W; : R* - Rand t; : R — R.

The pdf is an exponentiated weighted sums of functions of x where the weight
is controlled by 0. ¢(0) is the normalizing constant as fg(z) is a pdf. ¢(8) is
commonly called as the partition function.

The general exponential family generalizes a lot of results. Some of the known
distributions can be expressed in the form given in

Example 1.7 (Binomial distribution in terms of exponential family). Con-
sider a random variable X having a binomial distribution B[n, p] with probability



of success p. n is the number of trials.

f(z]6) = (Z)pﬂﬁ(l—p)("‘x),
Oz
— (Z) exp [xlog (%) + nlog(1 —P)] : (16)

The binomial distribution is thus expressed in terms of the exponential family
where h(z) = (7), ¢() =1, Wi(8) = log (%), ti(z) =z, Wa(0) = log(1 — p)
and to(z) = n.

Similarly, normal distribution with unknown o9 and p, gamma distribution etc.
can be represented in terms of the exponential family.

Theorem 1.8. Let X1,Xs,...,X,, be iid observations from a pdf or pmf f(x|0) that
belongs to an exponential family, then,

<Zt1 Z@ X)), ... ,Ztk(Xi)) (17)

1s a sufficient statistic for 6.

Proof. The pdf for an exponential family distribution is represented by the follow-

ing structure:
fo(x) = h(z)c(8)exp [Z Wi(O)ti(x)] . (18)

The above pdf can be represented as product of h(z) = h(z) and go(T(z)) =
c(@)exp [ZL WZ(O)tZ(x)] and hence according to the Factorization Theorem,

T(X) is the sufficient statistic. T'(x) in this case can be identified to be all ¢;(z)
for i = 1,2, .., k. Hence the theorem follows. O

1.1 Minimal Sufficient Statistics

In the preceding section, we found one sufficient statistic for each model considered.
In any problem, there may be many sufficient statistics. Out of all these, we are
interested to find the ’smallest’ (in the sense of data reduction) sufficient statistic.

Definition 1.9. A sufficient statistic 7'(X) is called minimal sufficient statistic if
for any other sufficient statistic 7"(X), T'(x) is a function of 7"(x), i.e., if T"(x) =
T'(y) then T'(x) = T(y).



A minimal sufficient statistic is a sufficient statistic which can be compared
with every other sufficient statistic and hence can be viewed to be the dominant
one. It is not unique though. For a minimal sufficient statistic, a one to one
function is also a minimal sufficient statistic.

Theorem 1.10. Let f(x|0) be the pdf of a sample. Suppose there ezists a function
f(x[0)

f(y10)
depend on 0 if and only if T'(x) = T(y), then T'(X) is a minimal sufficient statistic.

doesn’t

T(x) such that, for every two sample points x and y, the ratio

Proof. Let f(x]0) be the pdf of a sample, for all x € x and 6; f(x]0) > 0. Now, let
us first show that the function 7'(X) is a sufficient statistic. Let 7 = {t : t = T'(x)
for some x € x} be the image of x under 7'(x). Now, lets define partition sets
induced by T'(x) as

A ={x:T(x) =t} (19)

For each A, choose and fix one element x;, € A;. For any x € X, Xr(x) is the fixed
element that is in the same set A; as x. Since x and X7(y) are in the same set A,
T'(x) = T(xp(x)) and hence f(x|0)/f(xpx)|0) is constant as a function of 6. Thus,
we can define a function on x by h(x) = f(x|0)/f(xrx)|0) and h does not depend
on #. Define a function on 7 by g(t|0) = f(x:|¢). Then,

oy — Txreol6)f(x(9)
f(xl6) = f(xrpl0) 20)

= 9(T(x)|0)h(x). (21)

Now, we need to show that T(X) is the minimal sufficient statistic. Let 7"(X) be
any other sufficient statistic. By the Factorization Theorem, there exist functions
¢ and B/ such that f(x|0) = ¢'(T"(x)|6)h'(x). At any two sample points x and y,
let T"(x) = T"(y), then,

fx[0) _ g(T"(x)[0)h' (%) (22)
f(¥19) g (T"(y)I0)h (y)’

 M(x)

- oy (23)

Hence, it does not depend on § when 7"(x) = 7"(y). Thus, T'(X) is a function of
T'(X) and is the minimal sufficient statistic. O

Example 1.11 (Normal minimal sufficient statistic). Let X;,X5,....X,, be
iid with pdf n(u,o?) where both p and o2 are unknown. Let x = (z;....7,) and
y = (y1....yn) denote two sample points and let = and y denote the sample means



and Sy? and Sy2 denote the sample variance of the samples x and y respectively.
Then,

fl(p,0%)  _ (2ro?)”
fyl(n,a2)) (2m02)”

In this example, § = (u,0?). Hence, the above ratio doesn’t depend on 6 if and
only if (2)> — (§)* =0, Z —y = 0 and S,* — Sy* = 0. Thus, z = g and S,* = Sy*.
According to theorem [1.10} 7(X) = (X, S?) is a minimal sufficient statistic for
n(p, o?).

Example 1.12 (Uniform minimal sufficient statistic). Suppose Xj,...., X,

are iid uniform observations on interval (6,6 4+ 1), 6 € (—o0,00), then the joint
pdf of X is

1, fd<z<0+1,
fx10) = : (27)
0, otherwise.

As 0 < x; for all © = 1,2,...,n, then, § < minx;. Similarly, as x; < 6 + 1 for all

i =1,2....,n, hence maxx; — 1 < 6. Hence, f(x|0) can be written as,
7

1, if max x; — 1 <6 < min z;,
f(x10) = L l (28)
0, otherwise.
f(x10) .

Now, for any two samples x and vy, is positive if and only if f(x|6) =

f(yl0)

f(y|0) = 1. Hence, Max z; — 1<6< mlnmZ and maxy; — 1<0< mlnyZ Hence,
T(X) = (X@1), X)) is a minimum sufficient statistic.

2 Sufficient Statistics in Hypothesis Testing

In the first few lectures, we learnt about detection using hypothesis testing. In
this section, we will learn how sufficient statistics are related to hypothesis testing.

All the hypothesis testing were likelihood ratio tests. Likelihood ratio tests
using entire sample X is equivalent to performing the likelihood ratio test using
sufficient statistics T'(X). Hence, instead of considering the whole sample, we can
just use the sufficient statistics in these tests.
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Theorem 2.1. Consider a composite hypothesis test with Hy : @ € Ay, Hy : 0 €
Ay, Let T(X) be a sufficient statistic for 6. Let the generalized likelihood ratio
test (GLRT) be

P
_ e

AMx) = 2840
(x) max Py(z)’
0cAo

(29)

and the GLRT statistic based on T be

max Py (T (x)

N(t) = =2 , (30)
max Po(T'(x) =1)

I
-
~—r

then,
Ax) = A(T(x)), (31)

V x in the sample space.
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