
LECTURE 25 : LEVINSON FILTERING

Levinson filtering is concerned with one-step prediction of a random sequence whose second
order statistics are stationary in time. The goal is to find the best linear estimator of Yt+1

given the observations {Y0,Y1,...,Yt}.

Definition 0.1. Observation sequence {Yn} ,where n ∈ (−∞,∞) is “wide sense station-
ary” process (w.s.s), if the mean µ = E{Yn} is constant, and the covariance function,

Cy(τ) = Cy(t, t+ τ) = E{YtYt+τ}, ∀ τ ∈ Z,

depends only on the time difference τ .

Let, Xt = Yt+1 (refer lecture 24 for the notation), the cross-covariance function of
Xn = Yn+1 and Yn, where n ∈ (−∞,∞) is,

CX,Y (t, l) = Cov(Xt, Yl)

= Cov(Yt+1, Yl)

= Cy(t+ 1− l)

The Weiner-Hopf equation i.e σXY = Σyht becomes,Cy(t+ 1)
...

Cy(1)

 =

Cy(0) . . . Cy(t)
...

. . .
...

Cy(t) . . . Cy(0)


ht,0...
ht,t

 , (1)

a set of equations also known as Yule Walker equations.

Σ0:t
Y =

Cy(0) . . . Cy(t)
...

. . .
...

Cy(t) . . . Cy(0)

 ,
where Σ0:t

Y is a Toeplitz matrix , meaning its enries are constant along the diagonals. Also,
a t× t Toeplitz matrix can be inverted in number of operations that is of the order of t2,
as against t3 for a unstructured matrix.
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0.1 Levinson-Durbin algorithm

In this section, we discuss the algorithm to compute ht,0, . . . , ht,t in number of operations
of the order of t2. Let Ŷt+1 = −

∑t
n=0 at+1,t+1−nYn, then Yule-Walker equations become,

−

Cy(t+ 1)
...

Cy(1)

 =

Cy(0) . . . Cy(t)
...

. . .
...

Cy(t) . . . Cy(0)


at+1,t+1

...
at+1,1

 (2)

Let et+1 := Ŷt+1 − Yt+1, and let εt+1 = E{e2t+1},

εt+1 = E{et+1(−
t∑

n=0

at+1,t+1−nYn − Yt+1)},

= E{−et+1Yt+1},

= −E{(−
t∑

n=0

at+1,t+1−nYn − Yt+1)Yt+1},

= CY (0) +
t∑

n=0

Cy(t+ 1− n)at+1,t+1−n.

Now transform eq. (1) by, (a) making LHS=~0,0
...
0

 =

CY (0) . . . CY (t) CY (t+ 1)
...

. . .
...

...
cY (t) . . . CY (0) CY (1)



at+1,t+1

...
at+1,1

1

 , (3)

and (b) add equation for εt+1,
0
...
0
εt+1

 =


CY (0) . . . CY (t+ 1)

...
. . .

...
cY (t) . . . CY (1)

CY (t+ 1) . . . . . . Cy(0)



at+1,t+1

...
at+1,1

1

 . (4)

Now, consider normal equations for prediction at order (t+1). Let’s add an extra equation
αt+1

0
...
0
εt+1

 =


CY (0) . . . CY (t+ 1) Cy(t+ 2)
CY (1) CY (0) . . . CY (t+ 1)

...
...

. . .
...

CY (t+ 1) CY (t+ 1) . . . CY (0)




0
at+1,t+1

...
at+1,1

1

 , (5)
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where αt+1 := Cy(1)at+1,t+1 + . . .+Cy(t+ 1)at+1,1 +Cy(t+ 2). Transforming eqn. (5) by
reversing rows and then columns,

εt+1

0
...
0

αt+1

 =


CY (0) . . . CY (t+ 1) Cy(t+ 2)
CY (1) CY (0) . . . CY (t+ 1)

...
...

. . .
...

CY (t+ 2) CY (t+ 1) . . . CY (0)




1
at+1,1

...
at+1,t+1

0

 (6)

Now multiplying eqn. (6) with Kt+1 and then adding with eqn. (5), where Kt+1 = −αt+1

εt+1
,

we get

0
...
...
0

εt+1 −
α2
t+1

εt+1


=


CY (0) . . . CY (t+ 1) Cy(t+ 2)
CY (1) CY (0) . . . CY (t+ 1)

...
...

. . .
...

CY (t+ 2) CY (t+ 1) . . . CY (0)



bt+2,t+2

...

...
bt+2,1

 (7)

Comparing the form of eqn (7) and (4), by inspection, we get,

εt+2 = εt+1 −
α2
t+1

εt+1
= εt+1 −

(Kt+1εt+1)
2

εt+1
= εt+1(1−K2

t+1). (8)

For order of t operations, we have, at+2,t+2 = Kt+1, and at+2,t+2−n = at+1,t+2−n +
Kt+1at+1−n 1 ≤ n ≤ t+ 1.

Example 0.2. Illustration

Time 0 1 2
Observation φ Y0 Y0, Y1
To Predict Y0 Y1 Y2
Operations

a Ŷ0 = 0 a1,1 = K0 a2,2 = K1

b ε0 = Cy(0) ε1 = (1−K2
0 )ε0 a2,1 = a1,1 + k1a1,1

c k0 = −Cy(1)
Cy(0)

k1 = − [CY (2)+CY (1)a1,1]
ε1

ε2 = (1−K2
1 )ε1

d k2 = − [CY (3)+CY (2)a2,1+CY (1)a2,2]
ε2

0.2 Pseudocode: Levinson-Durbin

1: Initialize ε0 = Cy(0) and K0 = −CY (1)
CY (0)
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2: for t = 1, 2, . . . do
3: at,t = Kt−1

4: at,t−n = at−1,t−n +Kt−1at−1−n, where 1 ≤ n ≤ t− 1
5: εt = εt−1(1− k2t−1)

6: kt = −Cy(t+1)+
∑t−1

n=0 Cy(n+1)at,t−n

εt
7: end for

Remark 1. Interpretation of Kt:
By Orthogonality condition ’error and observation are orthogonal’, i.e., (Yt−Ŷt)

∐
(Y0, Y1, ....Yt−1).

But the error Yt − Ŷt need not be orthogonal to Y−1, and hence,

E[(Yt − Ŷt)Y−1] = E[(Yt +
t−1∑
n=0

at,t−nYn)Y−1],

= CY (t+ 1) +
t−1∑
n=0

at,t−nCY (n+ 1),

= αt.

Hence,

Kt = −αt
εt
,

=
E[(Ŷt − Yt)Y−1]

E[(Ŷt − Yt)2]
,

=
Cov[Ŷt − Yt, Y−1]

E[(Ŷt − Yt)2]
,

where Kt are called PARCOR (Partial Correlation) coefficients.

Remark 2. Mean square error (MSE) at time t is monotone, ε0 ≥ ε1 ≥ ε2 ≥ . . .
Remark 3. Suppose for all m > M , we have εm = εm+1 = . . . . This is called ”stalling”.
When stalling occurs, the prediction errors become orthogonal.
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